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Abstract

Let R be a commutative ring, let F' be a locally compact non-archimedean field of
finite residual field k of characteristic p, and let G be a connected reductive F-group. We
show that the pro-p-Iwahori Hecke R-algebra of G = G(F') admits a presentation similar
to the Iwahori-Matsumoto presentation of the Iwahori Hecke algebra of a Chevalley group,
and alcove walk bases satisfying Bernstein relations.
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1 Introduction

The study of congruences between classical modular forms naturally leads to representa-
tions over arbitrary commutative rings R, rather than to complex representations. In our
local setting, that means studying R-modules with a smooth action of G = G(F') where
F is a locally compact non-archimedean field of finite residue field k, and G is a connected
reductive group over F.

For any (R, F, G), we describe the pro-p-Iwahori Hecke R-algebra Hg(1) of G, where
p is the characteristic of k, generalizing the Iwahori and Matsumoto presentation of the
Iwahori Hecke R-algebra of a Chevalley group. The proof of the quadratic relations is
done by reduction to the analog Hecke R-algebra of a finite reductive group. The pro-
p-Iwahori subgroups of G are the analogues of the p-Sylow subgroups of a finite group
and the study of the smooth representations of G over an algebraically closed field C
of characteristic p involves naturally 2 (1). The Iwahori Hecke R-algebra Hp of G is a
quotient of Hr(1) and all our results transfer to analogous and simpler results for the
Iwahori Hecke R-algebra.

The Iwahori-Matsumoto presentation of the pro-p-Iwahori Hecke R-algebra of GG leads
naturally to the definition of R-algebras Hg(gs, cs) associated to a group W (1) and pa-
rameters (gs, ¢s) satisfying simple conditions. The group W (1) is an extension by a com-
mutative group Zj of an extended affine Weyl group W attached to a reduced root sys-
tem X, more general than the group W appearing in the Lusztig affine Hecke algebras
Hr(gs,qs — 1). The R-algebra Hpr(gs,cs) is a free R-module of basis indexed by the el-
ements of W (1) satisfying the braid relations and quadratic relations with coefficients
(gs, cs). We show that the algebra Hg(gs, cs) admits an alcove walk basis indexed by the
elements of W(1) for any Weyl chamber, a product formula involving alcove walk bases
associated to different Weyl chambers, and Bernstein relations. When the g5 are invertible
in R we obtain a presentation of the algebra Hg(¢s, ¢s) generalizing the Bernstein-Lusztig
presentation for the Iwahori Hecke algebra of a split group. Our proofs proceed by reduc-
tion to the case ¢, = 1.



The main point is that we have no restriction on the triple (R, F, G), the reductive
group G may be not split, the local field may have characteristic p, the commutative ring
R may be the ring of integers Z or a field of characteristic p.

When G is split, the complex Iwahori Hecke algebra H¢ of G was well understood. It
is the affine Hecke algebra attached to a based root datum of G and to the cardinal g of k
(the first proof is due to Iwahori and Matsumoto for a Chevalley group). Starting from the
Iwahori-Matsumoto presentation of Hc, Bernstein and Lusztig gave another presentation
of Hc, from which one can recover the center of H¢ and which is an essential step for
the classification of its simple modules. The classification was done for G = GL(n) by
Zelevinski and Rogawski, and for G simple with a connected center by Kazhdan-Lusztig,
and Ginzburg, using equivariant K-theory of the variety of Steinberg triples. Gortz realized
that the Bernstein basis could be understood using Ram’s alcove walks, and gave a simpler
proof of the Bernstein presentation of an affine Hecke algebra of a based root datum with
unequal invertible parameters. When G is split, I had shown that the pro-p-Iwahori Hecke
algebra of G admits an Iwahori-Matsumoto presentation and an integral Bernstein basis,
using Haines minimal expressions. A student Nicolas Schmidt of Grosse-Klonne, in his
unpublished diplomarbeit, defined the alcove walk basis, proved the product formula, and
studied the Bernstein relations for algebras Hg(gs, ¢s) containing the algebras arising from
a split G, but not all those arising from a general G.

Our motivation for studying the pro-p-Iwahori Hecke algebra of G comes from the
theory of smooth representations of G over an algebraically closed field C' of character-
istic p. In the complex case, the relation between the Hc(1)-modules and the smooth
C-representations of G is well understood. This is not the case when C is replaced by
C, but the pro-p-Iwahori Hecke algebra He(1) plays an important role in the theory of
smooth C-representations of G. In a forthcoming work with Abe, Henniart and Herzig, we
classify the irreducible admissible representations of G over an algebraically closed field
C' of characteristic p which are not supercuspidal, in term of the irreducible admissible
supercuspidal (= supersingular) representations of the Levi subgroups and of parabolic
induction. The Bernstein relations in the pro-p-Iwahori Hecke C-algebra Hc (1) of G,
which is isomorphic to a C-algebra He(0, ¢s) with parameters g5 = 0, are an ingredient
of the classification.

In a sequence to this paper, we will give application of the Bernstein relations to the
center of Hp(1) and to the classification of the simple H¢ (1)-modules.

Rachel Ollivier was the first to understand the importance of the different integral
Bernstein basis for the pro-p-Iwahori Hecke algebra of GG, in her work on the inverse Satake
isomorphism and on the classification of the supersingular modules (for G split). I had
many conversations with Noriyuki Abe on the Bernstein relations during his stay at the
Institute of mathematiques of Jussieu in 2013, and their relations with the change of weight
in irreducible smooth admissible C-representations of G. The unpublished diplomarbeit
of Nicolas Schmidt explaining in details the application by Gortz of the alcove walks of
Ram to the Bernstein presentation of the Lusztig affine Hecke algebras, and his own work
on the generic algebras generalizing the pro-p-Iwahori Hecke algebras when G is split,
were extremely helpful for writing this article.

2 Main Results

2.1 Iwahori-Masumoto presentation.

Let G be a connected reductive group over a local non-archimedean field F' of finite
residue field k of characteristic p with g elements, and let R be a commutative ring. We
fix an Iwahori subgroup I of G. Its pro-p-radical I(1) is called a pro-p-Iwahori group. The



Iwahori Hecke ring
H =Z[I\G/I]

with the convolution product, is isomorphic to the ring of intertwiners Endyq Z[I\G] of
the regular right representation Z[I\G|] of G associated to I. The Iwahori Hecke R-algebra
obtained by base change

(1) Hp = R®zH = R[I\G/I|.

is isomorphic to the R-algebra of intertwiners End g R[I\G]. We replace I by I(1) and
define in the same way the pro-p-Iwahori Hecke ring H (1) = Z[I(1)\G/I(1)] and the
pro-p-Iwahori Hecke R-algebra Hp(1).

The sets I\G/I and I(1)\G/I(1) have a natural group structure, isomorphic to the
Iwahori Weyl group W and the pro-p-Iwahori Weyl group W (1) defined as follows.

The Iwahori group I is the parahoric subgroup of G stabilizing an alcove € in the
building of the adjoint group of G. We choose an apartment 2 containing €. The apart-
ment 2 is associated to a maximal F-split subtorus S of G. The apartment 2 is a finite
dimensional affine euclidean real space with a locally finite set H of hyperplanes, such that
the orthogonal reflections with respect to H € H generate an affine Weyl group W (9),
and € is a connected component of A — Ugecy H. We denote by Z and N the centralizer
and the normalizer of S in G. The group N = N(F') acts on 2 by affine automorphisms
respecting A such that its subgroup Z = Z(F) acts by translations. The parahoric sub-
groups of G generate a subgroup G/, and G is generated by Z U G*/f. The unique
parahoric subgroup Zy of Z is contained in the unique maximal compact subgroup Zo,
acts trivially on 2, and

(2) ZNGY = 7,
(3) ZNI=2y,, ZNI1)=2Zy1), I=1I(1)%.

The action of N*/f = N 01 G%f on the apartment 2 induces an isomorphism
(4) well = NI 70 — W(H).

The groups Zy(1) C Zy are normalized by N and the maps n — Inl, n — I(1)nI(1)
induce bijections

(5) W = N/Zy — I\G/I, W(1) = N/Zo(1) — IA\G/I(1).

The pro-p-Iwahori-Weyl group W(1) is an extension of the Iwahori-Weyl group W by
Zo/Zo(1) >~ 1/I(1)

(6) 1= Zo/Zo(1) > W(1) > W — 1.

The extension does not split in general (see [?]).

For n € N, the double coset Inl depends only on the image w € W of n and the
corresponding intertwiner in the Iwahori Hecke ring H is denoted by T.,. Thus (T )wew
is a natural basis of H. We do the same for H(1) and W(1). The relations satisfied by
the products of these elements follow from the fact that W is a semi-direct product of the
affine Weyl group W4// by the image Q in W of the N-normalizer of €,

(7) W =wl Q.

Let S¢ff ¢ We/f be the set of orthogonal reflections with respect to the walls of €
(using the isomorphism (??)). The length ¢ of the Coxeter group (W4, Se/f) inflates to
a length of W constant on the double cosets modulo €, and to a length of W (1) constant



on the double cosets modulo the inverse image (1) of Q. The Bruhat order of Wa/f
inflates to W (1) and to W [?].

For n € N of image w in W or in W(1), the sets
(8) InI/I ~I(1)nI(1)/I(1)

have the same number of elements by (??). This number, denoted by g, is a power of ¢
and ¢s = g when s, s’ € S%f are conjugate in W (denoted by s ~ s').

Theorem 2.1. Iwahori-Matsumoto presentation of H The Iwahori Hecke ring H is the
free Z-module with basis (Ty)wew endowed with the unique ring structure satisfying

e The braid relations: Ty * Ty = Ty if L(w) + £(w") = L(ww).
e The quadratic relations: Ts x Tg = qs + (qs — 1)Ts if s € Safr,

The Iwahori Hecke R-algebra Hp has the same presentation over R by base change
(??7). By a general property of Hecke algebras ([?] 1.3.5) :

Corollary 2.2. The linear map H — 7Z :

Tw="Ts  TsyyTio = qu = sy - - Us if w=s1...8uwu (sl-ekS'aff?uEQ)7

L Se(w)
s a Ting homomorphism.

The elements in the basis (T )wew (1) of H(1) verify the braid relations, and similar
quadratic relations but more complicated. The integers gs — 1 are replaced by elements of
Z[I/1(1)], that we define now.

We denote by S*f(1) € W (1) the subset above S*//. Let s € S%//(1) and let Kz,
be the parahoric subgroup of G fixing the face of & supported on the wall fixed by s. The
square s? is an element of Z, = Zy/Zy(1). The quotient of Kz_ by its pro-p-radical is the
group Ky, 1 of k-points of a finite reductive connected group over k of semi-simple rank
1. The group Zj, is a maximal split torus of K, » and the root system ®z_ of Kz, ; with
respect to Z is contained in the root system ® of G with respect to S. We denote by
Ua, i the root subgroup associated to a a reduced root as € @z, (we have Usq, x C Ua, i
if 2a5 € @, 1) and by N the normalizer of Zy, in Kz, 4. For u € U} ; = Ua,x — {1},
the intersection

U—a,ktlU—q e N N = {maq, (u)}

consists of a single element. For u,u’ € U}, ., the product m(u’)~'m(u) is an element of
Zl/v,s =7 N K,Sk where K%k is the group generated by U,, ; and U_q, . Let

9) cs = Z m(u') " 'm(u) = Z cs(t)t.

u' e’y teZ,’m

We have
S W)= -1, c®l{tst) |t € Z) = -1 mod p.

teZ};,S

Theorem 2.3. Iwahori-Matsumoto presentation of H(1) The pro-p-Iwahori Hecke ring
H(1) is the free Z-module with basis (Tw)wew ) endowed with the unique ring structure
satisfying

o The braid relations: Ty * Ty = Ty if w,w’ € W(1),4(w) + £(w") = £(ww").

e The quadratic relations:

Ty« Ty = qss® + 5T, for s € S“ff(l).



The quadratic relation of Ts in H(1) is the same than the quadratic relation of T in
the finite Hecke algebra H (K5, k, Ua, k) ([?] proof of Prop. 6.8). The braid relations allow
to identify the group algebra Z[Q2(1)] to a subalgebra of H(1). The Z-module of basis (T,)
for w in the inverse image W/ (1) of W/ in W (1) is a subalgebra H*/f(1) and H(1)
is a twisted product

H(1) = HI (1)@ 412, Z[Q(1)).

The pro-p-Iwahori Hecke R-algebra Hg(1) has the same presentation by base change.
Theorems ?? and 7?7 imply:
Corollary 2.4. The surjective R-linear map Hr(1) — Hg :
Ty = Tw forw(l) € W(1) of image w € W,
ts a R-algebra homomorphism.

The properties of the pro-p-Iwahori Hecke R-algebra Hp(1) are transported to the
Iwahori Hecke R-algebra Hpy via this surjective R-algebra homomorphism.

Conversely, we describe the conditions on the elements (gs,cs) € R x R[Z] for
s € S%77(1), equivalent to the existence of an R-algebra Hg(qs,cs) of basis (T )wew)
satisfying the braid and quadratic relations of Thm. 77.

Proposition 2.5. The algebra Hgr(qs,cs) exists if and only if, for allt € Zy,w € W(1),
s~ s in SHT(1), ws'w s~ € Zy, we have:

1) ds = 4st = (qs’-
2) cst = sty D iep, ce (Hwtw™! = ws'w s Le,.

Let (gs,cs) € R x R[Z;] for s € S (1) satisfying the properties 1) and 2) of this
proposition. We introduce indeterminates qs for s € S%/7(1) satisfying 1). Let q5 = g°.
The R[(qs)]-algebra H g(q.) (ds, cs) is called the generic algebra.

Proposition 2.6. The algebra Hr(qs, cs) is the specialisation by qs — qs of the generic
algebra.
The generic algebra is a R[(qs)]-subalgebra of Hp, .=1y(qs, ¢s)-

The R[(qs,q;1)]- algebra Hpi(q.,q:1)(Gs: €s) is isomorphic to Hp, o1y (1, 95 tcs).

This proposition allows to prove by reduction to the simpler case ¢; = 1 for all s €
59t some relations between the elements of the algebra H r(gs, cs).

Remark 2.7. The presentation of # (Thm. ??) generalizing the Iwahori-Matsumoto
presentation for a Chevalley group [?], is not in the litterature but can be extracted by
quoting different results from Bruhat-Tits ([?] 5.2.12 Prop. (i) and (ii)) and exercises in
Bourbaki ([?] Ch. IV, §2, Ex. 8, 22, 23, 24, 25). See Borel [?] when G is semi-simple, for
the “non-connected” Iwahori subgroup I = IZ,. When G is F-quasisplit, Z is a torus,
I =1, then H is a Lusztig affine Hecke algebra attached to a based root datum of G and
to a system of unequal parameters (gs) [?]. But for a general G, H is not a Lusztig affine
Hecke algebra. When G is F-split, the quadratic relations in Theorem ?7 are proved in
[?] without reduction to finite reductive groups.

2.2 Alcove walk bases and Bernstein relations
The quadratic relations in the generic algebra Hgj(q,)(ds, cs) can be written as
ToxTr =T «xTs = qs5%, where T =T — cs.

The choice of a special vertex zg of € identifies the apartment 2 with an euclidean
real vector space V. The affine hyperplanes in §) are Ker(a + k) for k € Z and « in a



reduced root system ¥ in the dual of V. Let A be the basis of ¥ such that o € A takes
positive values on the alcove € and Ker « is a wall of €.

Let A’ be any basis of X.

The complement of an affine hyperplane H € § in V consists of two half-spaces. The
A’-negative half-space is the set of v € V — § where a(v) + k < 0 if H = Ker(a + k)
for k € Z and « positive for A’. For w € W(1) and for s € S4f(1) acting on V by the
orthogonal reflection with respect to Hy € ), we set

ea(w,s) =1 if and only if w(€) is contained in the A’-negative side of w(Hs).

Otherwise we set ear(w,s) = —1. When we walk from w(€) to ws(€) we cross the hy-
perplane H, in the positive direction if eas/(w,7) = 1 and in the negative direction if
ea(w,7) = —1. We set in the generic algebra

T;A’(w’s) =T, if ear(w,7) =1 and T;A’(w’s) =T!if ear(w,7) = —1.

Theorem 2.8. For w € W(1) of decomposition w = s1...8pu with v € Q(1) and
s; € SYT(1) for 1 < i < l(w), the element of the generic algebra

(10) En (’U)) — TselA/(l,sl)TSezA/(sl,s2) B TEA/(81...55(,w),1,sz(w))Tu

* T Se(w)

does not depend on the decomposition of w. It satisfies
(11) En (w) —Tw € Gw/ <wliTy .

For w,w’ € W(1), we have the product formula:
(12) En (w)wal(A’)(wl) = Qw,w'EA’ (wwl>7 qQu,w’ = (qwqw’q;}u’)l/Q'

The theorem implies that (Ea+(w))wew (1) is a basis of Hgj(q,))(ds, ¢s) as a Z-module.
The theorem is proved by reduction to ¢ = 1.

The finite Weyl group Wy = N/Z identifies with the subgroup of W%/ generated by
the orthogonal reflections sz with respect to Ker g for 5 € A’. The Iwahori-Weyl group
W is the semi-direct product

W =AxWy, where A=2/Z,
the kernel of the map W (1) — Wy is A(1) = Z/Zy(1), the simply transtive action of Wy
on the bases of ¥ inflates to an action of W and of W (1), and
W) = A()Wo(1),
where Wy(1) is the image inverse of Wy in W(1).

Corollary 2.9. The Z-module of basis (Ea/(\))xeaqr) i a subring Aa: of the generic
algebra with product
EA/()\)EA/ ()\/) = q)“)\/EA/()\)\/).
The existence of these subrings A/ have deep consequences on the structure of the
generic algebra (as in the case G split where 2a is commutative) which will be given in
a sequence to this work.

Let s € Wy(1) above the reflection sz € Wy with respect to Ker 8 for a root § in
A" U —A’ which takes positive values on €. Let A € A(1). The Bernstein relation in the
Iwahori Hecke ring #H (1) provides the expansion of

(13) Enr(s)(Esan(A) = Ear(N) = Ear(s(A) Ear(s) — Ear(s)Ear(A)

in the basis (Ea/(w))wew)-
Let v : A(1) — V be the homomorphism such that A act on V by translation by v(\).
We have 8 or(A) =0 if and only if v()) is fixed by s.



Lemma 2.10. When o v(A) =0, we have Egan(X) = Ear(N).

As the translation by v()) stabilizes £, we have 8 o v(\) € Z. When it is not 0, we
denote its sign by eg(\).

Theorem 2.11. (Bernstein relation in the generic algebra) We suppose 8 o v(\) # 0.
Then,

[Bov(A)[-1
En(s)(Byan(N) = Ex(\) = es(Mear(Ls) Y alk)e(k)Ear(u(k)),

k=0

where c(k) € Z|Zy|, u(k) € A1), Bov(u(k)) =2k —|Bov(N)|, and

ak) = T[T @™, mu(s) €N, Y mi(s) =€) — £u(k)).

seSaff/~

The theorem is proved by reduction to g; = 1. The values of q(k), c(k) and u(k) are
explicit (Cor. ??) and depend on (s, ) but not on A’. They are simpler when the image
of fowv is Z (the other possibility is 2Z). We have my(s) > 1 when £(sA) < £(\). When
Bov(A) # 0, moving the term indexed by k = 0 from the right hand side to the left hand
side, the Bernstein relation becomes:

[Bov(X)[—1
Ear(s\) = Egan(sA) = esany(L,s) Y a(k)as e(k)Ear(u(k)) if £(s\) < €(N),
k=1
|Bov(A)~1
Ear(s\) = Bar(s)Ear(N) = ear(L,s) > alk)e(k)Ear(u(k)) if £(sA) > £(N).
k=1

This form is well adapted to the specialisation q, — 0 for all s € S%/f because almost of
the terms in the sum will vanish.

Lemma 2.12. We suppose fov(A) > 1 and 0 < k < fov(A). Then, q(k) # 1.
When €(s\) < €(\), then q(k)q; ! # 1 for 1 < k < |Bov()\)|—1. Moreover, q(1)q; ' =1
if w(B) € A" and v(w(N)) is A’-dominant for some w € W.

Applying Thm. 7?7, ?? with A’ = —A, we obtain a presentation of the generic algebra.
We denote by S(1) the inverse image in W (1) of the set S of s, for a € A, and we
write E_a(w) = E(w) for w € W(1). We have E(s) =T, for s € S(1).

Theorem 2.13. (Bernstein presentation of the generic algebra)

The R[qs]-algebra Hpiq,)(ds,cs) is the free R[qs|-module of basis (E(w))wew (1) en-
dowed with the unique R[qs]-algebra structure satisfying:

- Braid relations for w,w’ € Wy(1), E(w)E(w') = E(ww") if {(w) + £(w') = L(ww').

- Quadratic relations for s € S(1), E(s)? = qs + csE(s).

- Product for M, N € A(1), ENEN)=axxEANX).

- Bernstein relations for s € S(1),A € A(1),

E(s(\)E(s) = E(s)E()\) when v(X) is fized by s,

E(s(\)E(s) — E(s)E(\) = e5(\) 1200 q(k)e(k) B, (u(k)), when v(X) is not fized
by s.

3 Review of Bruhat-Tit’s theory

The aim of this chapter is to give precise references for the properties extracted from
Bruhat-Tit’s theory which will be used in the proofs of our results. The reader familiar
with this theory should skip this chapter and proceed directly to chapter 77.



We keep the notations given in chapter 77.

For an algebraic group H defined over F, we denote H = H(F). Let X*(H) and
X.(H) the group of F-characters and F-cocharacters of H.

We insist on the fact that the characteristic of F' may be 0 or p, and that the root
system ® C X*(5) of G may be not reduced, ® is the union of its irreducible components
([7] VI. §1.2)

(14) ® =109

A basis A of ® is the union of basis of ®;, A = L5_;A;. The set of coroots ¥ C X,(S5)
is the union of the sets of coroots of ®;, &Y = Llj@;-/. The real vector space generated by
@Y is a direct sum of the vector spaces V; generated by <I>}/,

(15) V =@;V;.

The Weyl group Wy of @ is the direct product of the Weyl groups of ®;, Wy = Hj Wo.;-
The actions of Wy ; on Vj is irreducible, and the decomposition of V' is orthogonal for a
fixed positive definite bilinear form (, ) on V invariant by the action of Wy ([?] VI §1.2,
V §3.7). For a € ®, we have the root group U, (containing Us, if 2« is a root). We
denote by w the valuation of F' normalized by w(F — {0}) = Z.

3.1 Main Theorem

The results contained in the 316 pages of [?] and [?] are valid for the group G, by the
fundamental theorem ([?] 5.1.20, 5.1.23) :

Theorem 3.1. (Z,Ug)aco s a root datum generating G, and admitting a discrete valu-
ation (Ya)ace compatible with the valuation w of F.

The definition of “a root datum generating G” and of “a discrete valuation compatible
with w” is given in ([?] 6.1.1 and 6.1.2 (8)) and in ([?] 6.2.1, 6.2.21).

Let G’, resp. G}, be the subgroup of G generated by the root groups U, for a € @,
resp. ®;, and let Z' = ZNG', Z = ZNG,, for 1 < i <r, be the intersections of Z with
these groups.

Then, (Z',Uy)aca, resp. (Z],Us)aca,;, is a root datum generating G’, resp. G}, ad-
mitting a discrete valuation compatible with w. The subgroups G’, G are normal in G,
each element of G commutes with each element of G if i # j, and G} N G’; is contained
in the center of G’; this center is contained in Z and G = ZG’ ([?] 6.1.5, 6.2.12).

3.2 The element m,(u) for u € U}
For o € ® and u € UZ = U, — {1}, let (v}, (u), mq(u),vi(u)) in U_, X G x U_, be the
unique triple such that ([?] 6.1.2 (2)):

(16) u = v (uw)me (u)v (u).

(03

Remark 3.2. If 2a € ® and u € Us,, we have Usq C U, and maq(u) = mq(u) by
unicity.
If o € ®,u e U, then mo(u™t) = mg(u)~t.

The group Wy = N/Z identifies with the Weyl group of ® ([?] §5). The image s, of
me(u) in Wy is the reflection defined by «.

Lemma 3.3. The group N is generated by Z and Uycama(UL).
Proof. ([?] 6.1.2 (10), 6.1.3 c¢)) where can replace M, by mq(UZ). O



Proposition 3.4. Let A be a basis of ®. We can choose u, € U} for all o € A such
that, when o« # 3,

(17) Mo (ua)ma(ug) ... = mg(ug)me(ua) - - -,
where the number of factors is the order n(a, 8) of sasg € W.

Proof. a) When G is F-split, semisimple, and simply connected (we recall that G is
connected), we choose a Chevalley system z, : Ga — U, for a € ®. The elements
Ue = To(1) for a € A satisfy the proposition ([?] Lemma 56). We reduce to this case in
two steps.

b) From a) to the split case using a z-extension. We suppose that G is F-split. There
exists a reductive connected F-group H with a simply-connected derived group H?"
which is a central extension of G by a split F-torus ([?] Prop. 3.1, Remark 3.3 when
the characteristic of F' is 0; their proof is valid in positive characteristic). There exists
a maximal F-split subtorus Sy of H of image S in G, and Sy N H%" is a maximal F-
subtorus of H%". The root groups of H%" are equal to the root groups in H and identify
with the root groups in G by the map H — G ([?] Thm. 22.6). The group H9" satisfies
the condition of a). The image by the map H — G of a set of elements in H%" satisfying
the proposition is a set of elements in G satisfying the proposition.

¢) From the split case to the general case. By ([?] Prop. 7.2 (11)) G contains a split
connected subgroup G,,,, with the same maximal split torus S and the following proper-
ties: the system of roots of S in G, is the subset ®,,, C ® of non multipliable roots,
the root group in Gy, of v € @y is Uy o N Gy if /2 € @ and U, N Gy, otherwise.
A basis A of ® gives a basis Ay, = {anm |a € A} of Dy, where oy, = a if « is not
multipliable and «,,,, = 2a otherwise. The root subgroup in Gy, of @y, is contained in
U, for £a € A. The proposition is true for G, by b). A set of elements in G,,,,, satisfying
the proposition is contained in G. Applying Remark ?? the proposition is true for G.

O

3.3 The apartment

The existence of the apartment is a consequence of the existence of the discrete valuation
© = (¢Ya)acad compatible with w on the root datum (Z,U,)aca generating G.

Remark 3.5. A valuation is constructed for the classical groups ([?] Chapter 10), or
using a Chevalley-Steinberg system when G is F-quasi-split ([?] 4.1.3, 4.2.2, 4.2.3). In
general, G is quasi-split over an unramified finite Galois extension F'/F. A valuation
for G(F”) descends to G ([?] 9.1.11, 9.2.10) but not necessarily the Chevalley-Steinberg
valuation ([?] 5.1.15).

We consider the homomorphism v : Z — V defined by
(18) a(v(z)) = (wea)(z) (z€85aed)

The maximal compact subgroup ZQ of Z and the center of G are contained in the kernel
of v. The index of the subgroup SZy C Z is finite.

For a € ®, ¢, is a function from U = U, — {1} to R, satisfying properties described
in ([?]. 6.2.1 (VO0) to (V5)), which is compatible with w :

(19) 0oz uz) = po(u) —v(z) foralla € ®,uecUr z€ 7,

and discrete : T'y, = o (UY) is a discrete subset in R ([?] 6.2.21). If A is a basis of @, ¢ is
determined by (¢a)aca ([?] 6.2.8). We have ([?] 6.2.2):

(20) F—Ot = Fa lf [ AS @7 and @205 = 2()00(

Us.» T2a C2I,  if a,2a € .



For u € UZ, the elements v/, (u), v/ (u) € U*,, defined in (??) satisfy ([?] 6.2.1 (V5)):
(21) ot (8)) = oo (1)) = —pa ().

For x € V, the family ¢ + = = ((¢ + Z)a)acao defined by

(22) (p+2)a(u) := o(u) + a(z) forall a € ®,u € U,,

is also a discrete valuation compatible with w ([?] 6.2.5). The set of discrete valuations
compatible with w on (Z,Uy)ace is ([?] 5.1.23):

(23) A={p+2x, for vV}

This is an affine euclidean real space with an action v of N by affine automorphisms.
Recalling Lemma ??, the action v of N is defined by: v(z) is the translation by —v(z)
for z € Z, and v(mg(v)) is the orthogonal reflection sg, () With respect to the affine
hyperplane :

Hp ooy = ¢ + Ker(B + pp(v)),
for B € ®,v € Uz. We have ([?] 6.2.7 (1)) :
(24) mp(v)Y =1 = (B(v) + 9p(v))B” & (Ms(v) P)a = Yss(a) — w8(V)(BY) (a € ).
The equivalence follows from (??). The action v of N on 2
(25) V() (¥))a(w) = Yy-1(0)(n""un) (0 € ®,u € Ul,ne N —we W),
determines the valuation ¢, and conversely. The set of hyperplanes
(26) H={Hpsr =9+ Ker(a+7)| a € Pyeq,r €Ty}

is stable under the action v of N ([?] 6.2.10). By (??), when «, 2o € ®,r € I'y,, we have
r/2 €Ty and Hyqyr = Hyyr o € 9.

The affine space 2l contains a valuation ¢ such that 0 € (UZ) for all « in the set
D, of non-multipliable roots ([?] 6.2.15). We suppose, as we may, that 0 € T, for all
a € Py By (77),

(27) 0el', forallaec®.
In particular, ¢ is special ([?] 6.2.13).

For 1 <j <7, ¢; = (Pa)ace, is a discrete valuation of the root datum (ZJ’-7 (Ua)aca;)
compatible with w, 2 is a product of affine euclidean real spaces 2(; = ¢; 4+ V}, the set $

is the union of the sets 9; = {p; + Ker(a + 1) | € O rea, T € ['o} of affine hyperplanes
in 2; embedded in 2 by

(28) Hjl—>m1X...XQ(J'_1XH]‘XQ[]‘+1X...XQL,~ (HjEﬁj,lSjST—l).

The action v of N on 2 factorizes through an action v; of N on 2; such that v(n)(¢1,...,¢,) =
(1 (n)Y1, .., v (n)(y)) for (P1,...,%.) € A X ... x A,

10



3.4 The affine Weyl group

Let ¥ be the set of orthogonal reflections sy with respect to the hyperplanes H € H (?7)
and let W ($)) C v(N) be the group generated by . The group W($) is normal in v(NV).

The group W ($) is an affine Weyl group associated to a reduced root system ¥ of V*
([?] VI §2.1 Prop.1 and Prop. 2, §2.5 Prop. 8), and [?] 6.2.22), and

(29) H={Hpn=9¢+Ker(B+n) |8 X, necZ}.

The normal subgroup A($)) C W($) of translations identifies with the Z-module
Q(XY) generated by the set of coroots ¥V ([?] VL.2.1 Prop. 1). We have Hgypi1 =
Hgyn—(1/2)8Y where 8V is the coroot of 5. The translation by 8V is $g1,Sg4+n+1 Where
S84n = SHs,, ([?] V §2.4 Prop. 5).

Two points z,y € A are called $ equivalent if : for all H € $, either x,y € H or
they are in the same connnected component of 2 — H ([?] V §1.2, [?] 1.3). A facet F C 2
is an equivalence class. A facet of § is a facet contained in the closure § of §. A vertex
is a point which is a facet. A chamber of 2 (a connected component of A — UgcpnH)
is called an alcove ([?] V.1.3 Déf.2) to avoid a confusion with the chambers relatively
to H, = {H € H | ¢ € H} that we call Weyl chambers. The group W ($)) acts simply

transitively on the alcoves of 2 ([?] VI1.2.1).

We choose an alcove € C 2 of vertex the special point ¢. A face of € is a facet of
¢ contained in a single H € §), called its support. A wall of € is an hyperplane H € §)
containing a face of € ([?] V. §1.4, Déf. 3). The set

S(€)={sy | H € $H wall of ¢}
of orthogonal reflections sy with respect to the walls H of €, generates W($)) and
(W($H),S(€)) is a Coxeter system.
The type of a facet § of € is the set
(30) Sg={sy | HeHwallof ¢ FcCH}.
We have S¢ = 0. A facet § of € is determined by its type because
§={re€|zeH&FCH forany wall H of ¢}.
The bijection between the facets of € and their types reverses the inclusion:
5’ is a facet of § = Sz C Sy

The types of the facets of € are the subsets of S(€) generating a finite subgroup. A facet
of 2 is the image by an element of W ($)) of a unique facet of € and we can define the
type of any facet ([?] 1.3.5).

Let W, be the group generated by S,,. Then (W,,, S,) is a Coxeter system. As ¢ is a
special point ([?] V §3.10), W () is a semi-direct product ([?] V.3.10 Prop. 9 and Def. 1
and [?] 1.3):

(31) W(H) = A(H) x W,

the groups W,,, the Weyl group of 3, the Weyl group of ®, and the group Wy = N/Z are
isomorphic. The group W,,, acts simply transitively on the chambers of 2.

The set of affine roots is the subset of automorphisms of 2

Y ={B+n|BeX,nell)

11



The action of the group W () on 2 induces an action on ¥%//. We have Ker(3 + n) =
Ker(8' + n’) if and only if 8’ +n’ € {8+ n,—B8 — n}. We choose x € €. The sign of
(8 + n)(x) does not depend on the choice of . When the sign is positive we say that the
affine root 5 + n is €-positive and we write S + n > 0. The set of €-affine positive roots
is denoted by X¢/F+ . Let

(32) Aasz((’j) ={B+n e | Ker(8+n)isawall of € (3+n)(z)>0}

The set Aagff(ci) is in bijection with S(€) by the map § + n — sgi, and with a subset
Ax(€) of ¥ by the gradient map 5+ n +— . For s € S(€) we denote by S5 + ns € A(€)
its antecedent. We have:

1. An affine root is €-positive if and only if it belongs to 5, ca(e) Q+(8 + n).

2. s(Bs+mns)<0and s(B+n)>0forseS,f+neAC),B+n#Bs +ns,

3. w(Bs +ns) = (Bs +ng) & wsw ! =5 for 5,8 € S(€),w € W(8H).
For a facet § of €, the set

(33) AL ={B+neA(@)|FCKer(f+n)}.

is in bijection with the type Sz of § by the map 3 + n — sgi, and with a subset Ay 5
of ¥ by the gradient map. We have Ay ¢ = Aazfg =0 and Ay , = A%’E is a basis of X.

The affine group W ($) is the direct product of the affine Weyl groups W ($);) for 1 <
J < r, the reduced root systems X; associated to W ($);) are the irreducible components
of X, the facets of 2 are products of facets of 2; ([?] 6.2.12, [?] V §3.8 Prop. 6), the sets
S(¢), S,, Sz, B/ yafft Aasz(C), Ax(C), A“Ef§7 Ay g, are the disjoint unions of the
similar sets, for 1 < j < r. This allows to reduce to the case where the root system X is
irreducible.

By ([?] VL.1.8 Prop. 25, VI.2.3 Prop.5), the alcove €; is the set of ¢; + z for x € V

satisfying
(34) y(xz) > 0 for all v € Ayx, ,,, and Bi(x) <1 & 0<y(z) <1forallye E;.

where Bj = Z%AE_ n,7y is the highest root of Ej given explicitely in the tables of
Bourbaki ([?] pp. 250-275). We have

AY(€)) = As, o, UL=B; + 1}
Returning to X, we have Aasz(@ =As,U{-Fi+1,...,—3 +1}.

The vertices of €; are {p;,p; + nglwg (B € Asx, »;)} where wgv is a fundamental
coweight ([?] VI.2.3 Cor. to Prop. 5). The vertex ¢ + nglwﬁv is special if and only if
ng =1 ([?] VI §1.10, 2.2 Cor., §2.2 Prop. 3). Any set of vertices of €; is the set of vertices
of a facet of C. For Y C Ay, ,,, the facet §,, y of vertices ¢;, (p; + nElwgv)Bey is the
set of ; +x such that y(z) =0 for y € Ay, =Y, and 0 < B(z) < 1 for 3 € Y. The facet
Sz, of vertices (y; +n51w[3v)5€y is the set of ; +x such that y(z) = 0 for y € Ay, -V,
Bj(z) =1 and 0 < B(z) < 1 for B € Y. We have

AYT = Ay,

Ej,%’wj,y 7]

Y. A = (B~ VUL 1)

Lemma 3.6. The translation by v; € V; stabilises §; if and only if v(v;) € Z for all
v € ¥;. The translation by v; normalizes €; if and only if v; = 0.

Proof. v(x)+k = 0 is equivalent to y(z+v;)+k—v(v;) =0 and for r € R, Kery+7 € §;
if and only if 7 € Z. The image of €; by v € Ay, is an interval |a, b[. The image of €; +v;
by 7 is the interval Ja+~(v;), b+~ (v;)[. If € +v; = €;, we have y(v;) = 0 for all v € Ay,
hence v; = 0. O
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3.5 The filtration of U,
The properties ([?] 6.2.1) of the valuation ¢ imply that, for « € ® and r € R, the set
(35) Uar ={u € Uy | pa(u) 21}

is a compact open subgroup of U,, and (U, ,)rer, is a strictly decreasing filtration of
union U, and trivial intersection. For a € ®,r € T'y, let Uy, be the group Uy, for
r’" € Ty, 7’ > 7, and " minimal for these properties, and let

Uark = Uayr/Uapr, -
When the root system is not reduced, we make the following observation:
Lemma 3.7. For a,2a € ®,r € (1/2)Ta, C Ty, the sequence
1 = Usa2rk = Uaire = Uayr/Uayr, Uza2r — 1
s exact.

Proof. We have to show that Usa2r N Ua,r, = Usq,(2r),- By (??), the left hand side is
Usa,2r where 7/ is the smallest element of T',, with 7/ > r, and for " € T'y,, the strict
inequality 2r < r” is equivalent to the inequality 2r’ < . The right hand side is Usq
and U2a,2r/ = U2a,7‘” = U2oz,(27‘)+' O

For o, 2a € ®, we introduce the set
(36) T, =Ta—{re(1/2)2 | Uy =Ua,r,Usa2r} ={r € o | Usa2rk # Uari}-
This set is never empty ([?] 4.2.21). When o € ®,2a ¢ ® we put I/, = T',. We have a
bijection
(37) Uaea,. 0 +To = 9 = Uycpa + T,

sending o + 7 to 2a+ 2r if » € T/, and to o + r otherwise.

For o € ®,r € T, we say that « + r is €-positive when «(x) +r > 0 for x € €. The
bijection (?7?) respects €-positivity.

For a € ®, there exists a unique positive number e, > 0 such that the map

(38) OZ+TP—>€a(O[+T)IUaeq:.Oé‘FFa*)Zaff

is surjective, and restricts to a bijection from the €-positive elements of Uyco.  a + Ty

onto R4 H+ et
(39)  AYI(0), Aa(0), AYL, Asy and AGT (@), Aa(@), AL Aas

red

be the sets of €-positive elements of Uyca, ., a + I, and of ®3// in bijection with (?7),
(?7?) via the bijections induced by (??) and (??). The set Ag , = A%{g is a basis of ®.

It is obvious that e, = e_,. With (?7?),
(40) Fo =%Z o= e;l, if @ € Ppeq.

When a,2a € ®, we have ez = (1/2)eq, I'2q is a group because 0 € T'y (?7) ([?] Cor.
6.2.16), there exists a unique positive integer f, € N5 such that

(41) oo = 7207 Yoo = 2faey’, if a,2a € ®.
Lemma 3.8. e, is a positive integer for all o € ®, which is divisible by 2f, if 2a € .
Proof. By the proof of [?] Lemma I.2.10, T, contains n,'Z where n, € Ny for any

ac d. O
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3.6 The adjoint building

For x € V and o € 9,

(42) the smallest element r,(a) € T, such that a(z) + r,(a) > 0,

depends only on the facet § containing ¢+ x, and is also denoted by rz(a). Let 8 = e, €
Y. When a € ®,..4, the smallest integer r,(8) € Z such that S(x) +r,(8) > 0 is eqrz(a).

Example 3.9. r,(a) =0 for all o € P.

re(a) =0 if a € O is C-positive,

re(a) =e;l if @ € ®peq is C-negative,

re(20) = 2fne;t if a,2a € ® are €-negative.
Example 3.10. Let § be a facet of € contained in the wall Hyy,,v € Ty, of €. Then
rz(a) = —rg(—a) =r.

Let U, be the group generated by UseaUq,r, (o) and let N, be the fixator of ¢ + z in
N. The group N, normalizes U,, and

(43) P, = N,U,

is a group (denoted by P, iin [?] 7.1.8). These groups depending only on the facet §
containing ¢ + x, are also denoted by Ug, Ng, P5. For a € ® we have

(44) Pg NnU, = Uoz,'r'g(a)-

This is clear if a is not multipliable. If a,2a € @ this is true because Uy ry(24) =

Ua,rs (20)/2MU24 is contained in Uy, g (o) @S r5(2a) is the smallest element of I'y,, satisfying
rz(2a) > 2rg(a) by (?77) ([?] 7.4.1).

Definition 3.11. The adjoint building is
(45) B(Gaa) =G x A/ ~
where ~ is the equivalence relation on G x 2 defined by
(9,0 +2) ~ (h, o +y) < there existsn € N | ¢ +y =n.(¢ + ) and g~ 'hn € P,

with the natural action of G, induced by (g, (h,v)) — (gh,¥) for g,h € G,¢ € .

The map ¥ — (1,9) : A — B(Gaq) is an N-equivariant embedding. The facets, resp.
alcoves, of B(G,q) are the images by G of the facets, resp. alcoves, of 2. The G-orbit of
a facet contains a unique facet of the alcove €.

The group P, is obviously the G-fixator of (1, + ). The G-fixator Ps of a facet § is
the intersection of the G-fixators of its vertices. We denote by U™, resp. Ug.' the subgroup

of G generated by Uy, resp. Uy, (a), for a € &* . The product maps

red®
(46) H Ua — U+’ H Uaﬂ“&(a) - Ug
acdt agd] ,

are homeomorphisms ([?] 6.1.6, 6.4.9), whatever ordering we choose on @ ;. We have a
similar result for ®__ , = *(I):_edv Usg.U™.
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3.7 Parahoric subgroups

We denote by F° a maximal separable extension of F', by F*"" the maximal unramified
extension of F' contained in F'*, by Z = Gal(F*/F"“"") the inertia group and by o €
Gal(F“"" /F) the Frobenius automorphism. Let Z(G) be the center of the Langlands
dual group of G with the natural action of Gal(F*/F), also called the Borovoi algebraic
fundamental group of G.

Kottwitz ([?] 7.1 to 7.4) defined a functorial surjection

(47) ke G—= X" (Z(G))g.
vanishing on the unipotent subgroups U, for a € ®.

Definition 3.12. A parahoric subgroup of G is the fizator Kz = ker kNP5 in the kernel
of kg of a facet § of the building B(Gaq).

A pro-p-parahoric subgroup Kz(1) of G is the pro-p-radical of a parahoric subgroup
Kg Of G.

An Twahori, resp. pro-p-Iwahori, subgroup of G is the parahoric, resp. pro-p-parahoric,
subgroup firing an alcove.

This definition of parahoric subgroup by Haines and Rapoport [?], coincides with the
definition by Bruhat and Tits, denoted by &%(O%) in [?].

The pro-p-radical Kz(1) of a parahoric group Ky is the largest open normal pro-p-
subgroup ([?] 3.6). The quotient Kz, = Kz/Kz(1) is the group of k-points of a connected
reductive group over the residue field &k of F.

A parahoric subgroup of G is G-conjugate to a parahoric subgroup fixing a facet of
the alcove € of 2. The Iwahori, resp. pro-p-Iwahori, sugroups of G are conjugate.

From now on, § is a facet of €, I is the Iwahori subgroup fixing €, and positive means
¢-positive.

The group Z admits a unique parahoric subgroup Zj, which is the kernel of the Kot-
twitz morphism xz ([?] 4.1.1). The group Zj is a subgroup of finite index of the maximal

compact subgroup Zy of Z. The group N normalizes Z, Zq, Zy(1), and the subgroup Z(gp)
of elements of Zj of finite order prime to p. The quotient Z, = Zy = Zo/Zo(1) is the
group of points over k of a torus (non necessarily split). The quotient map Zy — Zi

restricted to Zép ) is an isomorphism, Z; is a semi-direct product
(48) Zo = Zo(1) x 2 ~ Zo(1) % Zy.

The group A = Z/Z; is finitely generated and commutative, of torsion subgroup Zo /Zo.
We have Zy = Zy when Z = S is a split torus or when G is unramified, or semi-simple
and simply connected ([?] Section 11). The group A(1) = Z/Zy(1) is finitely generated, of
torsion subgroup Zy/Zo(1) and may be not commutative.

The same considerations apply to the split torus S.

Proposition 3.13. ZN Kz = Z,.
Proof. ([?] Lemma 4.2.1). O

The group Uy generated by U; UUg (77) is normalized by Zo. The unipotent groups
Uy, a € O, beeing contained in Ker kg, we deduce from (?7?)

(49) KsNUs =Uspy) forac®, KgnUT=UF, KznU =U;.
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Proposition 3.14. ([?] 5.2.4) K3 = ZyUs = U3 U Uz Zy = U3 U# (N N K5).

For o € @, we denote r3(a) = rz(a)4 is « is constant on §, a(F) = —rz(a) € Ty, and
r3(a) = rz(a) otherwise. We have ([?] Lemma [.2.1):

(50) Kz(1) NUq = Ua s (a)-
Remark 3.15. When a,2a € ® and 2rz(a) € sy we have 2rz(a) = rz(2a), and
r3(2a) = r5(20) 4.

We denote
Kz()nU* =UF (1), Kz(1)nU~ =Uz (1).

As in (?7?), the product map

(51) H Uom“"%(a) - U;;_(l)v

acdt

red

is an homeomorphism whatever ordering we choose on @, ([?] 5.2.3). We have a similar
result for Uz (1).

Proposition 3.16. (Iwahori decomposition) Kz(1) = Ug(l)Zo(l)Ug(l) and the factors

commute.
Proof. ([?] Prop. 1.2.2). O

Corollary 3.17. (Iwahori decomposition) The Iwahori group I = I(1)Zy admits the
Twahori decomposition I = I~ Zglt = ITZy1~, the factors commute, and the product

maps
Il Vaor =1, ] Uperr =17

+ +
acd acd’

red

are homeomorphisms.

Proof. Example ?7. O
Corollary 3.18. The map § — Kj is decreasing and the map § — Kz(1) is increasing:
Kz(1) C Kz (1) C Ky C K,

if § 1s a facet of a facet F'.

Proof. If § is a facet of §’, the inclusions K3/ (1) C Kz C Kg are clear. The inclusion

Kz(1) € Kz (1) follows from (77). O
Fora € ®andr €'y, let Uy . =Usyr — Uapr, -

Lemma 3.19. Let a € ® constant on §, —a(F) € I'y. We have

ma( * ) CK@—K&(l).

a,rz(a)

Proof. Let u € U} (- Then ma(u) = v) (w)tuvf (u) ™ with v, (u), v (u) € U_q, —ry(a)
by (??) and (??). By (??), ma(u) € Kz because rz(—a) = —rz(«) by Example ??. The

image of m,(u) in Kz x is not trivial because 73 (a) = rz(a)+ # rz(a). O
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3.8 Finite quotients of parahoric groups

For H € ), the subset ®}; C ® of a such that H = Ker(a + r) for r € I, is never empty.
Let

(I’/s = USCHes’Jq’}%
We recall the set Af,  defined in (77).
Proposition 3.20. The torus Sy is a mazimal k-split torus of Kz 1, the root system of
K 1. with respect to Sy is ®%. The set Ay 5 is a basis of ®%. The root subgroup associated

to o € <I>~§ 18
U&',k,a = Ua,rg/Ua,r§(a) = Uoz,'r‘g (Oz)/Ua,’l“g(Oz)+

Proof. ([?] 5.1.31). O

Remark 3.21. When a,2a € ®, if 2a belongs to (I)IS but not o, we have

US,k,Za = a,r;(a)/Ua,rg(a)Jr»
because 2rz(a) = r5(2a) and Uy r:(a) = Ua,rs(a)s U2a,rs (20), by (27) and (77).

A minimal parabolic subgroup of Kz is Bz i = ZkUg'  of unipotent radical Ug B =
Haeqy; Ua 3.1 whatever ordering we choose on the set <I>’3+ of positive roots of <I>’ Let
N« be the subgroup of K ;. generated by Zx and mg (ux) for a € %, up € U} 5.5 and
let sqk € Nz i/Zi and sq(ur) € Ng i be the images of mq (ug).

Proposition 3.22. ([?] 5.2 Lemma, [?] 2.20) The finite group Kz is a strongly split
BN -pair of characteristic p with B = Bg y, N = Nz, S={sak |0 € A} 5}

A parabolic subgroup of K3 containing B j is called standard. If § is a facet of a
facet §', we have ®%, C O%.

Proposition 3.23. If § is a facet of a facet §', the subgroup Mg ;5 of Kz i generated by
Zy, and Uq, i, for a € @’3, is the Levi subgroup of a standard parabolic subgroup Qg k3 =
M{";’,k,{"{’B&k-

The parahoric subgroup Ky is the inverse image of Qg 13 in Kg, the pro-p-parahoric
subgroup Kg/(1) is the inverse image of the unipotent radical of Qg k5, and Ky p =~
Mg’kﬂg/ .

Proof. ([?] 4.6.33 and 5.1.32). O

Corollary 3.24. The reduction map Kz — Kj j, induces isomorphisms

(52) Kz \Kg/Ky ~ Qs \Kg/Qsr5, Ky(D)\Kz/Kg(1)~U$, < \Kz/UF,

Corollary 3.25. The pro-p-Iwahori subgroup I(1) and the Iwahori subgroup I are the
inverse images in Kz of Ul{k and of Bg .

For a € ®%, the parahoric subgroup Kz contains U () (?7). By Lemma ??, the
reduction map Kz — K5 ; induces an isomorphism
UHU]C:U;’TS(Q)%U Sk = agk {1}
and sends mq(u) € Kz to ma(ux) € Kg . We denote by s, € N/Z = Wy, Sairs(a) €
N/Zy, sa(u) € N/Zo(1) the images of mq (u). For u,w’ € U | ) we have me(u') I (u) €
ZNKgzand ZN Kz =ZNI = Z by Prop. 2?. We have

Bg’kma(uk)ngk/Bg’k =~ ngma(uk)U‘;k/ng ~ U&,k,ow
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Corollary 3.26. For a facet §, a € % and u € U, 5, we have
Ima(u)I/T ~ Usg ko = I(1)ma(u)I(1)/1(1).

For s € S(€), and § the face contained in the wall H; fixed by s, ®% has a single
element a5. The number of elements of I'mg (u)I/I, resp. Uz, k.a., is denoted by ¢s, resp.
gs,,- Cor. 7?7 implies:

Corollary 3.27. For s € S(€), gs = g5, = [I(1)mq (w)I(1)/I(1)].

3.9 The Iwahori Weyl groups

Let G*ff C G be the subgroup generated by the parahoric subgroups. The group G¢/f
is generated by Zo U U™ U U~ (Prop. 7?), and is a normal subgroup of G. We have
G =GYZ. Set N*/f = NnGetf, zef = 72 nGeft.

Definition 3.28. We call
Wo = N/Z, Wi = NI )z, W = N/Zy, W (1) = NI )7Z4(1), W(1) = N/Zy(1)
the finite, affine, Twahori, pro-p-affine, pro-p-Iwahori, Weyl groups of G.

The action of N%/f on 2 identifies W ($) with Wa// and S(€) with a set denoted
by S/, One of the most important application from the theory of Bruhat-Tits is ([?]
5.2.12) and ([?] 6.5, 5.1.3):

Theorem 3.29. (G I, N%f) is a double Tits system and the inclusion G C G is
I — NI _adapted of connected type.

To be a double Tits system means ([?] 1.2.6, 5.1.1) that (G%//, I, N*//) and (G%//, B*// N)
are Tits systems with affine Weyl group W4/ and finite Weyl group W, respectively.

Proposition 3.30. Bruhat Decompositions for G/ ([?] 1.2.7). We have
Goft — poff Noff gaff — [NoIf T — [(1)NITI(1).
The maps n +— B nBef nis Inl n— I(1)nI(1) induce bijections
Wo ~ BYIN\G /B welf ~ nge /1, well (1) ~ 1(0)\G*/ /1(1).

We have a similar Bruhat decomposition for G. Let B = ZU™.
Proposition 3.31. Bruhat Decompositions for G. We have

G=BNB=INI=1I(1)NI(1).
The maps n— BnB,n— Inl,n— I(1)nI(1) induce bijections
Wo ~ B\G/B, W ~I\G/I, W(1) ~ I(1)\G/I(1), InI/I ~I(1)nI(1)/I(1).

Proof. For B and I, the equalities and the isomorphism with Wy follow from G =
Gz N = N“'fZ B = B*fZ and from Prop. ??. For the isomorphism with W)
see also ([?] 5.1.32). The isomorphism with W follows from [?] 4.2.2 (iii) where W, Z; are
denoted by W, H.

We deduce G = I(1)NI(1) from G = INI, I = ZpI(1) and Z; C N. We have
Inl/I ~I(1)nI(1)/I(1) because

I/(INnIn™" =1(1)Zy/(I(1) NnI(1)n~1)Zy ~ I(1)/(I(1) NnI(1)n"t).

If I(1)nI(1) = I(1)n'I(1) we have InI = In’I and the images w, w’ of n,n’ in W are equal.
As I = ZyI(1), the double coset Inl = I(1)nZyI(1) is a disjoint union of I(1)nzI(1) for
2 € Zy/Zy(1) = Zy. This implies that the images of n,n’ in W (1) are equal. O
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The group G is the disjoint union
G = Upew, U Zn,UT, ny € N above w,

by the Bruhat decomposition and the fact that U~ is conjugate to UT by the longest
element of Wy. The Iwahori decomposition of I implies that

(53) NNI =2,

Let N¢ be the N-normalizer of the alcove € and Q, resp. (1), be its the image in W,
resp. W(1). We have

(54) Ne NN =7, N=NNg, NenZ=Kerv,

because W f acts simply transitively on the set of alcoves, a translation normalizing €
is trivial (Lemma ?7?), and z € Z acts on 2 by translation by —v(z) (??). The groups

(55) G/GY ~ 7/729T ~ N/NT ~ W/ W ~ N/ Zy

are commutative because Z/Zy is commutative ([?]). The G-normalizer of € is G¢ = N¢l
([?] page 105-106), and the G*//-normalizer G¢ NG/ of € is equal to his fixator by (??):

(56) GeNGYT =1,

Remark 3.32. ([?] Lemma 17, [?] Lemma 4.3) The kernel of the Kottwitz morphism kg
is G,

The subgroup W/ C W is normal. From (??), the morphism W — W/Wa// splits,
and we have

(57) W=w¥" % wa1)=w 1)), w1)nQ)=2z,.
The extension W (1) — W of kernel Zj, does not split in general [?].

The set S?/7 is invariant by conjugation by €2, hence the length ¢ of the Coxeter group
(Walf §a/f) is invariant by conjugation by €. The length extends to a map on W and
W (1), still called a length and denoted by ¢ :

(58) L(w(1)) = t(w) = £(w'),

for w(1) € W(1) of image w € W and w’ € W such that w = w'u,u € Q. The set of
elements of length 0 in W, resp. W (1), is Q, resp. Q(1).

The cardinal g, of |InI/I| = |I(1)nI(1)/I(1)] for n € N of image w € W or W(1)
(Prop. ?7), can be explicitely computed from its values ¢ for s € S¢/f (Cor. ?7) :

Proposition 3.33. 1) For wi,ws € W, quyw, = Quw, Qu, S equivalent to £(wy) + £(ws) =
L(wyws).
2) For s,s' € S conjugate in W, we have qs = qsr.

Proof. The map n + [I : INnIn~!]is invariant by conjugation by Ng¢ and £(w), ¢, are in-
variant by congugation by €2. It suffices to prove the braid relations 1) for Wa/f, For Waef/
the braid relations follow from the properties of the affine Tits system (Go// I, No/T).
This is well known but the only reference that I am aware of is ([?] IV §2 Ex. 3,8,23). O
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4 Iwahori-Masumoto presentations

4.1 Generalities on Hecke rings

In this preliminary subsection, G is an arbitrary locally profinite group containing a
compact open subgroup I, and R is a commutative ring.

The Hecke R-algebra Hr(G,I) of I in G is the ring of I-bi-invariant compactly sup-
ported functions from G to R, with the convolution product *. The value at 1 is an
isomorphism from the intertwining algebra Endgg R[I\G] to Hr(G, I). We have

Hr(G,I) = R®z Hz(G,I).

We call Hz(G, I) the Hecke ring of I in G.

For g € G, the characteristic function of IgI is denoted by T,. The Hecke R-algebra
Hr(G, 1) is a free R-module of basis (Ty)ger\a/1-

When [ is contained in a subgroup G’ of G, the free R-submodule of basis (Ty)gen g/ /1
in Hr(G,I) is a subalgebra identified with the Hecke R-algebra Hr(G',I).

For g, h € G, the convolution product Ty * T}, is

(59) Ty*Th = Z (Ty = Th) ()T,
@€IN\IgIhI/I

where (T, * Tj,)(z) is the cardinal of (IgI NzIh='1)/I ([?] 1.3.4 (3)), or equivalently,
(60) (T, * T,)(x) is the cardinal of {u € Y, | v~z € gIhI},

where Y, is a system of representatives of the cosets I/(glg~' NI). A system of represen-
tatives of the coset IgI/I is Y,g. The number of elements of IgI/I is denoted by ¢4. The
linear map

(61) d:Hr(G,I) =R, Ty—q, (9€G)

respects the product ([?] 1.3.5). For g, h € G, the formula (??) implies

Gan= Y, (TyoTh)(2)a
x€I\IgIhI/I

For x € IgIhl, (T,+T})(x) is a positive integer < min(qy, g,) and we have (T, *T},)(gh) >
1. Therefore q4qn > q4n and

(62) 4gqn = qgn  1s equivalent to T, * Tj, = Tgp,.
We have
(63) Ty+Ty, =Ty, if g or h normalizes I.

When [ is normal in G, the algebra Hr(G,I) identifies with the group ring R[G/I] and
the map d corresponds to the augmentation map R[G/I] — R.

4.2 Iwahori-Matsumoto presentation

We return to the reductive group G. The Hecke ring of the Iwahori subgroup I, resp. pro-
p-Iwahori subgroup I(1), in G is called the Iwahori Hecke ring H, resp. the pro-p-Iwahori
Hecke ring H(1), of G. For n € N of image w in W, resp. W (1), we write T,, = Ty, in H,
resp. H(1).
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Proposition 4.1. The Iwahori Hecke ring H, resp. pro-p-Iwahori Hecke ring H(1), is a
free Z-module with basis (Tw)wew , resp. (Tw)wew (1), satisfying the braid relations

Ty % T = T if L(ww”) = L(w) + L(w").
Proof. For the basis, Prop. ??. For the braid relations, (??), Prop. 7?7 and ?7?. O

Let S%//(1) € W (1) be the inverse image of S%/f. The elements T, in H, resp. H(1),
for s € S/ | resp. s € S4/F(1), satisfy quadratic relations. It is possible to prove them
using Bruhat-Tits theory as in [?] when G is split. But we will obtain them from the
quadratic relations in the Hecke rings of finite groups with a strongly split BN-pair [?]
using Prop. 77.

Let s € S/ H, the wall of the alcove € fixed by s and let § be a facet of € contained

in H; (for instance the face §). We have Hs = Ker(a + r5(a)) where o € Aj o (defined
n (??)). For u € U; ., the image of mq (u) in W is s. Let sq(u) € S%//(1) be the image

of mg(u) in W(1). Then T, € H belongs to the Hecke subring H(Kg,I) by Lemma ?7.
Similarly, T () € H(1) belongs to the Hecke subring H(Kg, I(1)).

The Iwahori subgroup I is the inverse image by the reduction map Kz — Kg  of
a minimal Borel subgroup B ; of Gz and I(1) is the inverse image of the unipotent
radical U;,k of Bg  (Cor. ?7?). The Hecke rings H(Kz,I) and Hg r = H(Ksx, Bs.r) are
isomorphic. The Hecke rings H (K, I(1)) and Hz (1) = H(K5 .k, U;k) are isomorphic.

The finite group Ky is a strongly split BNN-pair of characteristic p with B = Bg ;,
Prop. 7?7). The reduction uy of u € UZ . in Kz belongs to U* ., so(ug), s, are the
o, Ty 317

a,k?

images of ma(uk) in N&k,W&k = Ng,k/Zk and qs, = |Uo¢,3,k| (COI‘. ??)

The quadratic relations satisfied by Ts € 9,Ts € H(Kp,I),Ts, € Hg, . are the same.
The quadratic relations satisfied by T _ () € $(1), Ty () € H(K5,I1(1)), Ts_ (uy) € Hz k(1)
are the same.

Proposition 4.2. (Quadratic relations in )

Tsk * TSk = (s, + (qsk - 1)T3k in HS'JW
ToxTs=qs+ (gs— 1)Ts in H.

where ¢s = qs,, -

Proof. In Z[1/p] @ Hz 1 ([?] Thm. 3.3). The quadratic relation holds true in Hg 5, because
all the elements belong to Hz k. O

We need more notation for the quadratic relation satisfied by T (u,) € Hgx(1). Let
G;’k be the group generated by U, and U_, , and let Z;, = Zj ﬂG;’k in Kz . We have
ma(ug) € Gy, and mi(uk) = sa(ur)? € Zj. The braid relations identify Z[Z;] with a
subring of Hg 1 (1). Let ¢, (u,) = Ztez,; Cs,, (up) ()t € Z[Z}] where

(64) Csa(uk)(t) = |ma(uk)Ua7kma(uk) n Ua,kma(uk)tUka
Proposition 4.3. (Quadratic relations in $(1))

T (un) * Too(up) = G Sa(tn)® + cu s (uy i Hzw(l),
Ts1y * Ts1y = qs(1ys(1)* + csy Ty in H(L),

where (1) = sa(ur)t,t € Zg, Cs1) = Cs, (up)ts Qs(1) = sy, -
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Proof. The first relation follows from the proof of Prop. 6.8 (iii) in [?].
Tyt * Too(unyt = Tsouy) * Tso(uy)s(t)t = sy, Sa(ug)?s(t)t + Cs, (ur) Ts o (u)S(t)t =
QS(Sa(uk’)t)z F Co () Tsa (up)t- .

The Iwahori Hecke ring H and the pro-p-Iwahori Hecke ring H(1) are uniquely deter-
mined by Prop. 7?7 and the quadratic relations Prop. ?? and Prop. 77.

Proposition 4.4. The coefficient c,_ (v, of the quadratic relation satisfies:
1) csa(uk)(t)|{tskt715;1) |t € Zy} = —1 mod p, fort e Z,.
2) ZteZ{C Csa(uk)(t) =qs— L
3) Contun) = Lugevz , Maf) " ma (ur).

Proof. 1) (7] 6.10 (1)).

2) ([?] beginning of Proof of 6.10).

3) We have ¢, (u,) = D weu- . t(u') where t : U}, — Z; is the map defined by

mu'm = xmt(u')y x,y € U; ), m = mq(ug),

deduced from the Bruhat decomposition of G'O[Jc in a disjoint union of U, ynU, for
n € Zj UmZ}. Multiplying this relation on the left by m~'z~! and on the right by
y~im~! and remembering the definition of m, (u') (?7), we obtain m, (u') = t(u')m=1.
As ma(u') = mo(u/~1)7! (Remark ??), we have also mq (v ~1) " tm, (ux) = t(v'). Hence

Cso(ur) = Zu’GU;’k ma(u/)_lma(uk), O

4.3 Generic algebra

Let R be a commutative ring, let
(65) well s 1.9, W, Z, W(1),
satisfying:
al (Waff §2f/)is a Coxeter system.
a2  is a group acting on %/, hence on W7,
a3 W is the semi-direct product W/ x Q.
a3 Zj is a commutative group.
ad 1 — Z - W (1) - W — 1 is an extension of W by Z.
For a subset X of W, we denote by X (1) the inverse image of X in W(1).
The length ¢ of (W// S%/T) beeing invariant by conjugation by Q, extends to a
length ¢ of W constant on the double cosets of 2, and inflates to a length on W (1), still
denoted by £. The subgroup of elements of length 0 in W(1) is ©(1). The inverse image

of Waff in W(1) is a normal subgroup W2/7(1) such that Z, = W/f(1) n Q(1) and
W(1) = W (1)Q(1) as in (?7).

For w € W(1) and t € Zi, w(t) = wtw~! depends only on the image of w in W
because Zj is commutative. By linearity the conjugation defines an action

(w,c) » wec:W(1) x R[Z] — R[Zk]
of W(1) on R[Z}] factorizing through the map W (1) — W. Let S%//(1) be the inverse

image of S/ in W(1). For s,s" € S4f we write s ~ s’ if 5,5 € S%/ are conjugate in
W and s(1) ~ s'(1) for s(1),s'(1) € S4f(1) above s, s if s ~ 5.
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Theorem 4.5. Let (g5, cs) € R x R[Z] for all s € Seff(1). We have, for all s ~ s' in
Saff (1), we W(1), swz =ws', z,t € Zy,

ad ds = 4st = (s,
ab cgy = cst and w e ¢y = ws'w s e, if L(sw) > L(w), qsw @ ¢y = qows'w s e, if
U(sw) < b(w),

if and only if the R-free module of basis (T )wew (1) admits an R-algebra structure satis-
fying

the braid relations: TyTy = Tyw  for w,w’ € W(1), £(w) + L(w') = {(ww'),

the quadratic relations :  TsTs = qsTs2 + csTs  for s € S“ff(l).
This algebra is denoted by Hr(gs,cs) and called the R-algebra of W (1) with parameters
(QSa CS) .

When R has no zero divisors and g, # 0 for all s € S/7(1), then a6 is simply:

(66) Cor = Cst, wecy =wsw s e,

Proof. 1) We show that the conditions a5 on (gs) and a6 on (cs) are necessary. The braid
relations identify R[Z)] with a subalgebra of Hr(qs,cs) and Tyt = Ty = wtw ™17, for
w € W(1),t € Zy hence

(67) Twe=(wec)T, (c€ R[Zy],weW(1)).
The equalities ¢; = g5+ and cg; = ¢4t follow from
qs(st)? 4 cotTyy = (TuTy)s st = TutTst = TotTsr = qst(5t)* + ot Tt

The equalities ¢y = ¢, and wecy = ws'w™ s tc, for s, s' € S (1),w € W(1), swz = ws’
for some z € Zj, follow from the associativity of the product

(68) Ts(TwTy) = (T5Tw) Ty
a) Case {(sw) = f(ws’) = £(w) + 1. By the braid and quadratic relations,
To(TwTy) = TsTows = TsTowz = TsTs Tz = qs8* Tz + ¢sTows
(T,T) Ty = T Ty = Thpgro—1 Ty = ws' 27 (ws') T Tr
= ws'z H(ws') MW Ty Ty = ws'z N(ws') 1 To(qes’™ + coTy).

2

_ _ 2 _ _ 2 _ _
We compute ws'z~H(ws') 1 T,s"" = ws' 27 (ws') " Lws“w™T, = s2wzw™ T, = s*T,..

This implies
(T, T) Ty = qor5* T + ws' 27 H(ws') 71 (w @ csr )T
We compare and deduce gy = q5, w ® ¢y = ws'z(ws') "Ly = ws'w s e,
b) Case {(sw) = L(ws') = l(w) — 1. We expand first T,,Ts and TsTy, using T, =
T,s-1Ts = TsT-1,, by the braid relations. By the quadratic relations,

-1

TwTSI = Twsz—l(qsfslg + CS/TSI) = QS’Tws’ + (’U)S/_l [ ] cs’)Tws'*lTs’ = QS’Tws’ —|— Tw(S/ [ ] CS/)7

TsTw = (%82 + CsTs)Ts—lw = QSTsw + CsTw~
Recalling sw = ws'z~! we have {(sws’) = ¢(ws') + 1, we compute

T, (TwTs/) = qsrTsws + TsTw(Slil L4 Cs’) = qoTsws + (QSTsw + CsTw)(Slil L4 Cs’)7
(TsTw)Ts’ = QSTsws’ + CSTU]TS' = QSTsws’ + QS’CsTws’ + C.9T|w(8/_1 L4 Cs’)-
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We compare to get qo = qs, qsrCsTws = qusw(s’_1 e cyr). Writing

Tsw(slf1 ecy) = sws’fluflTws/(5'71 ecy) = sws’flwfl(w ocy)Tys,

we obtain gs(w e cy) = qgws'w s e,

2) The existence and unicity is proved in ([?] Thm. 3.1.5). O

Remark 4.6. a) When (g¢,) satisfies a5, (¢; = ¢; — 1) satisfies a6.
b) Suppose that R has no zero divisors and ¢, # 0 for all s € S%f/(1). Then a6 implies:
secs =c, (take w = s € S47(1) in a6). This means that Ty commutes with cs.
cssts™t =gt fort € Z, (use stecg = cst, S®Cs = s, Cst = ¢st and the commutativity
of Z). Hence, if cs # 0, the group {tst=1s~! |t € Z;} is finite.
c) Given ¢, € R for all s € S*/f/ ~ one defines qy1) = ¢, for s € S*/(1) above
s’ € S*ff s ~ s. Then (qs)sesars 1) satisfies a5, and any set (gs)scgerss(1) satisfying ab
arises for a set (qs)segass /-

Example 4.7. 1. The Iwahori Hecke ring is H = Hz(qs,qs — 1) with gs given by Cor.
?? and Z, = {1}, W = W (1).

2. The pro-p-Twahori Hecke ring H(1) = Hz(qs,cs) with qs given by Cor. 72, ¢, as in
Prop. 77, for s € S/ (1).

3. The group algebra R[W (1)] = Hr(1,0) with ¢s = 1,¢s = 0 for all s € S/ (1).

4. The Lusztig affine Hecke R-algebras with parameters (qs) with qs an invertible square

in R [?] are examples of R-algebras Hr(gs,qs — 1) with Z, = {1}, W = W (1).

The R-algebra H“Rff(qs, cs) of Wa/f(1) is a subalgebra of the R-algebra Hr(qs, cs) of
W. By the braid relations, the R-linear map such that u — T, for u € Q(1), embeds the
group R-algebra R[(1)] of Q(1) in Hp(gs, ¢s). The intersection R[Q(1)] NHE T (g5, ¢s) is
the group R-algebra R[Z] of Zj.

Proposition 4.8. The R-algebra Hr(gs, cs) is isomorphic to the twisted tensor product
RO rizg 1 (4, )

with the product (T, Ty ) (T @Tw) = Ty Ty —1 o T foru,u’ € Q(1), w,w’ € W (1).

Proof. Clear. O

Remark 4.9. Let T =Ty — ¢, for s € S/ (1). The quadratic relation in Hr(qs,cs) is

TiT, = T TS = qo8° or Tr T, =TT = qs.

Foru € Q(1), we have cy-14, =T, 'esTy, T =T, 'T:T,.

—lsu

Proof. We have TFTy = TsTs — c¢sTs = qs8* and Tys™2 = 52Ty = Ty-1, cy-1 = 58 2,
because s> € Zi. The product T*Ts commutes because c¢s and s?> commute with Tf.
Comparing the quadratic relation for T,,,,-1 = T, TsT, ! with the quadratic relation for
T, multiplied on the left by T}, and on the right by T, ! we obtain c, 4,1 = Tyc, T, 1. O

Let w = s1...54(u with u € Q(1) and s; € S/ (1) for 1 < i < f(w), and let

Tr =T, ' T ... T,

Se(w) S1

Proposition 4.10. We suppose that q, is invertible in R for all s € S/ ~.

1) T, is invertible in Hr(qs,cs) of inverse q;quz,l.

2) Ty =T; ...T;, Ty and does not depend on the decomposition of w.

T Se(w)
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3) T* Ty =TT’ = qu.
4) TF c=(wec) T for c € R[Zg).
5) T T,=Tr, =T, TF forw e W(l),u € Q(1).

u—twu
Proof. By Remark ??, T, =T, ... Ts, Ty (by the braid relations, it is independent on
the decomposition) is invertible of inverse

Tujl = q;lTu—lT*,l LT = q_lT;;fh

w
So(w) 51

with w1 = u’ls;(}ﬁ) ...s7". Replacing w™! by w = u(u='syu) ... (u" s u) with n =

f(w) = L(w™t) and u"ts;u € S/ we obtain T = TuT; 1y - Tu-1s,u By Remark

T, =TT Ty As Ty =Ty, ... Ty, T was independent of the decomposition,

c L Se(w)
. ta * * *
the same is true for T}, = T, ... T5, T
*x * *
From T, =Ty, .. .TSZ(w)Tu and

a) T,TF = T+Ts = qs (Remark ??), we deduce T, 75 = T5Ty = Gu-

b) (T — cs)t = Ty — cysts™t = sts™ (T — c,) for t € Zj (use that Zj is commutative
and Remark ?7), we deduce T ¢ = (w e ¢)T}} for ¢ € R[Zy],

c) T;T, =T;, = T.T} (Remark ?7?), we deduce T, T, = T,

w wu TUT*
u € Q(1).

u~lwu

for

—lsu

4.4 Quw’ = qu’qz),w’

Let g, be indeterminates for s € S%f/ ~. The set T of conjugates of S%f/ in W does not
depend on S/, Let T(1) be the inverse image of T in W (1). For 7(1) € (1) above 7 € T

conjugate in W to s € S/ ie. 1 ~ s, let d-(1) = 9r = qs. For a sequence (s1,...,5,)
in Se/f let
(69) T(s1,...,8n) = (t1 = 81,2 = 515251_1, sty =818, 150(51...5,-1)"") in %.

Definition 4.11. Forw(1) € W(1) above w = s1 . .. spu with s; € S for1 <i < n and
u € Q, let Tyy1) = Tw = Ty, s, be the set of elements of odd multiplicity in T(si,...,s,)
and let

7

qw(l) = Quw = UQs;...s,, — H qr.
TES W

For w(1),w'(1) € W(1) above w,w" € W, let

Qo (1), (1) = Qu,w’ = (AwQuwray, )2

When w € WS, T, consists of the elements w’sw'~! for all triples (w’,w"”,s) €
Wealt x walt x §eff such that w = w'sw” and £(w) = £(w') + £(w") + 1.

Remark 4.12. When w € W/ T, contains s € ST if and only if {(sw) < {(w).

When the decomposition w = 51 ... sy, is reduced, T(s1,. .., s¢w)) = Tw ([?] IV.1.4
Lemme 2 and Remarque; see also [?] 1.3.14), and

Qw = q81 tt qS[,(w)?

Tw, qw depend only on w.
Lemma 4.13. Let w,w’ € W. Then Quuw = 1 if and only if {(w) + L(w') = L(ww").

Proof. By the braid relations Q. qu = Quw if and only if £(w) + £(w’) = L(ww"). O
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Lemma 4.14. Let w,w’ € W/, We have
zu)w’ = ({Zw U sww'wfl) - ({zw N (zww'wfl)'

Proof. Ifw =s1...8,,w" =8} ...s), are reduced decomposition of w, w’ then the multiset

T(S1y--58n,8) ...50,) is a union of T, and of wT,w™! = Tyw-1. The elements of

Tw N Fpww—1 have multiplicity 2, the other ones have multiplicity 1. This implies the

formula for T, . O

Remark 4.15. Let w,w’ € W/, Then, {(ww') = L(w) + (w') —2 Card(T o, N Tpprap—1)-
The computation of gy . can be done using the following lemma.

Lemma 4.16. Let w,w' € WF and u,v’ € Q. We have

qQu,w’ = | I qr;  Quu,w’v' = Qu,uw’u—1-
TET,L,NT ’ 1

ww/w™

Proof. The formula for qy, ., follows from Lemma ??. The group (2 normalizes S%// and

w, uw'u", wuw'v' = wuw' v~ uu’ belong to W, We compute:
2 _ —1 _ - _ - 2
qwuﬂu’u’ = QuuQu’v Dyyyav' v’ = qwqu’/qwuw’u—luu’ - qwquw’u71qwuw’u—1 - qw,uw/ufl'

Example 4.17. Let w,w’ in W.

Quw = Qu-1; Qu,w-1 = Qu-

Q-1 ww'w—1 = Hrefwﬂf , dr is equal to q,, = HreTw g, if and only if ¥, C T, if
and only if {(w'w) = (w') — {(w).
4.5 Reduction to ¢, =1

We explain a method to reduce the proof of a property of the R-algebra H r(gs,cs) (Thm.
??) to the simpler case where ¢, = 1 for all s € S/ / ~.

Let (qs)sesars/~ be indeterminates, let qs = g7 be the square of g, for s € Seff) ~,
and let c, be elements in R[(q,)][Zx] for s € S (1) satisfying a6 (??), where R[(qs)] is
the R-algebra generated by qs for all s € S/ / ~.

The “generic” algebra Hpj(q.)(ds;Cs) is a R[(qs)]-subalgebra of the R[(qs,q;")]-
algebra Hp ;. o-1)(ds €s),

(70) HR[(qs)] (gs,cs) C HR[(qS,qgl)] (ds, Cs).

For w € W(1), let qu =[], 5, q- where - = qs if 7~ s. In Hp,  -1)(as, C;), the
elements

(71) Tw = a3 T (we W(1)).

form a R[(qs,q;")]-basis satisfying the braid relations and the quadratic relations with
parameters (1,q;'c,) :

(72) T.Ts =Te +q7tcs T, (s € S47(1)).
Applying Thm. ??7, we obtain :
Proposition 4.18. The R[(qs,q;')]-linear map

(73) T = T Hpy(q, g (105 €a) = Hpyq, g-1y)(ds €5)

is an algebra isomorphism.
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We can often reduce to the case g; = 1 by considering:

1) The R[(qs,q; ")]-algebra H -1y (L a5 cs).

) The R[(qs,q;!)]-algebra isomorphism (??).

3) The generic R[(qs)]-subalgebra Hg((q,))(ds: ¢s) C Hp(q, =) (ds: Cs)-
) The specialisation Hr(gs,cs) = R @g((q.)] HR[(q.)(ds; Cs) sending g to g, for all
se S/ ~.

We give an example:

Proposition 4.19. The properties 2) to 5) of Prop. 7?7 are valid in Hr(qs,cs) for any
choice of qs € R,s € S/ ) ~.

Proof. By Prop. ??, the properties 2) to 5) of the proposition are true in the algebra
Hp((q..q-1) (9s, ¢s)- They are relations between elements of the generic R[(qs)]-subalgebra

HRi(q.)](ds, ¢s). They remain true in the algebra Hgr(gs,cs) = R @gj(q.)] HRi(q.) (s> Cs)
obtained by the specialisation sending q, to ¢ for s € S¢S/ ~. O

5 Alcove walk bases and Bernstein relations
Let R, Wl Saff QO W, Z,, W (1), (gs,cs) as in subsection ??, satisfying al to a6, and
the following hypotheses:

bl W%/ is the affine Weyl group of a reduced root system ¥, generated by the orthog-
onal reflections with respect to a set of affine hyperplanes

H={Ker(B+k)|BeX kelZ}

in an euclidean real vector space V, and S%/f is the set of orthogonal reflections
with respect to the walls of an alcove € of vertex 0 in V.

b2 The action of W/ on V extends to an action of W such that for any w € W, an
element wg Lw acts by a translation respecting $), for some wyq in the fixator Wy of

0 in Weff,
b3 For s, s’ € S/ such that ss’ has finite order n(s, s'), there exist s(1), s'(1) € S47f(1)
above s, s’ such that s(1)s’(1)s(1)... = s'(1)s(1)s’(1)... where the two products

have n(s, s’) factors.

We use the notations of section ??, without ¥ in the index in (??) and (??) because
¥ is now the unique root system (there is no ®). The group € which normalizes S%/7 is
the stabilizer of € in W = W/ x Q.

We denote by A, resp. A%/7_ the subgroup of W, resp. We// acting by translations
on V and by

v:A—=V

the homomorphism such that A € A acts by translations by v(A). The group A is nor-
malized by wo € Wy : wodwg ! acts by translation by wg.v()\), the homomorphism v is
Wo-equivariant : v(wolwy ') = wo.v(\), and

The lattice Q(XV) of V generated by the set ¥V of coroots of ¥ is equal to v(A%f/) and
v(A) is contained in the lattice P(3") of weights of XV, that is, the elements v € V such
that a(v) € Z for all o € X,

Q(XY) cv(A) c P(2Y).
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The action of W on V inflates to an action of W (1) trivial on Zj and the homomorphism
v inflates to an homomorphism v : A(1) — V vanishing on Zj, where A(1) is the inverse
image of A in W(1). We have

(75) W (1) = A1)Wo(1),

where Wy (1) is the inverse image of Wy in W (1), A(1) N Wy(1) = Z; and A(1) is normal
in W(1).

Remark 5.1. The data arising from (R, F,G) satisfies b; for j =1,2,3.

Proof. The property b3 follows from Prop. 7?7 applied to the root datum generating the
finite quotients of the parahoric sugroups of G. See the subsection ?? bl and b2. We

have A = Z/Zy, A(1) = Z/Zp(1). The extension A(1) — A of kernel Z;, does not split in
general [?]. O

5.1 Hyperplanes between € and w(¢)

Let X/ = {B+k | B €%,k €Z}. The set T of conjugates of S*// in W considered in
Subsection ?? is equal to T = {sg4x | B+ k € L4/},

Lemma 5.2. For any B+ k € /T X\ € A, S8+k—Bov(N) = AsgrrA™L.
Proof. Let x € V. The action of W/ on V is faithful. We have sz ;.x = x—(8(x)+k)3Y

and
Asgiadhx = spin.(x —v(\) +v(\) =2 — (B —v(\)) + k)BY.

O

Remark 5.3. We deduce: sg ~ Sgtok, Sg—1 ~ Sp—1+2k for all B € E, k € Z. If fov(X) =
Z, then sg ~ sg_1.

For 7 € ¥, let H, be the affine hyperplane fixed pointwise by 7. The map 7 +— H, :
T — 9 is bijective. When two facets of V' are not contained in the connected component
of V — H,, we say that H, is separates them. By ([?] IV. 1 Ex. 16 h)), for w € W/ the
set of hyperplanes of §) separating € and w(€) is

(76) Hw = {H‘r | TE ‘Iw}a

where the finite set T, of cardinal ¢(w) was defined in Subsection ?7.

Example 5.4. Let s € S/ w e WeF. Then ((sw) = £(w) + 1 means that w(€) and €
are on the same side of the wall Hy of € fized by s.

Definition 5.5. Let x € €, B € X, w € W(1) above w € W. We define £g(w(1)) =
lg(w) € Z as the integer such that
(77) lp(w) < Blw(x)) < Lp(w) +1

The integer ¢5(w) does not depend on the choice of z € €, and depends only on the
action of w on V.

Let 1,7~ be the set of positive, negative, roots of ¥ (we say positive instead of
¢-positive). When 8 € XT, 0 < 8(z) <1 by (?7?).

Lemma 5.6. Forw € W, 8 € X% and k € Z, the hyperplane Ker(8 + k) separates the
alcoves € and w(€) if and only if

ke [0,—lg(w) — 1] and lg(w) < =1, or k € [—€g(w), —1] and Lg(w) > 1.
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Proof. Then Ker(8+k) € $ separates € and w(€) if and only if f(x) +k and S(w(z)) +k
have a different sign.

Let 3 € ©*. Then k < f(z)+k < 1+k and lg(w) + k < B(w(x)) + k < lg(w)+k+1.
Hence B(x) + k is positive if and only if £ > 0 and S(w(x)) + k is negative if and only
if {g(w) + 14 k < 0. This holds if and only if fg(w) < —1 and k € [0, —lg(w) — 1].
Similarly 8(z) + k negative and B(w(x)) + k positive is equivalent to k € [—{g(w), —1]
and {g(w) > 1. O

Proposition 5.7. The length of w € W or W (1) is £(w) = 3 5c 5+ [€p(w)].

Proof. Let w € W/, The length of w is the cardinal of T,,. Use (??) and Lemma ?7?.
The number of Ker(8 + k) € § with 8 € T,k € Z separating € and w(€) is |[{z(w)].
This remains valid for w € W because € normalizes €, and for w € W (1) because Z, acts
trivially. O

Example 5.8. 1) When w acts trivially, g(w) = 0if 8 € ¥ and lg(w) = —1if f € T™.

2) Let w € Wy and 8 € X. We have B(w(z)) = w™(B)(z). Hence ¢z(w) = 0 if
wH(B) € ¥F, and l5(w) = —1 if w™'(B) € £~. The hyperplane Ker 3 separates € and
w(€) if and only if w™(B8) € X~. The length ¢(w) of w € Wy is the number of g € X+
such that w=1(3) € ™.

Proposition 5.9. Let f € X, A € A,w € Wy. We have
1) Lg(X) = Bowv(N) if B is positive and Bov(X) —1 if B is negative.
2) Lg(Mw) = Bov(N\) if BewET) and Bov(A) —1if B € w(XT).
3) Lg(wh) =w (B)ov(A) if B€w(ET) and w(B)ov(N) — 1 if B € w(X7).
Proof. Let x € €. We recall that o v()) is an integer.
When f is positive we have 0 < 8(z) < 1 and Sov(A) < B(z+v(\) <14 Bov(A).
When £ is negative, —1 < f(z) < 0 and —1 4+ Bov()) < B(z +v(A\) < Bov(N).
We have \w(z) = w(z) +v(A) , wA(z) = w(x + v(N)),
BAw(z)) = B(w(x)) + Bov(A) =w (B)(x) + Bov(),
BwA(z)) = w (B)(x +v(N) = w1 (B)(x) + w™'(B) ov(N).

[
Corollary 5.10. We have for (A\,w) € A x Wy,
(Gw)y=" > |Bov(N[+ > [Bow(N)—1],
BESHNw(S+) peS+nuw(s-)
)= > Ber(NI+ Y [Bor(N)+1].
gestnuw-1((ot) peEXTNw=1((27)
Proof. Prop. 7?7, 77 imply the above equality of {(Aw) and
)= > wlBorvN+ D w (B or() -1l
BEStNuw(St) Betnuw(s-)
Replace w~1(8) by f8 in the first sum and by —f in the second sum. O
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Corollary 5.11. For A € A,w € Wy,

(N =Y 1Borv(N,
pexs+
Yw) = Lw™") = [T Nw(E7),
((Ow) = () — L(w) if and only if Bov(A) >0 for B€XT Nw(X7),
{(Dw) =0 if and only if Bov(A\) =0 for B€ XT Nw(E) and Bov(N) =1 for
BextnwX ).

Compare with [?] Appendice.

A Weyl chamber of V' is a chamber relatively to £ = {H € $ | 0 € H}. There exists
a basis A’ of ¥ such that the chamber is the set of x € V with S(z) > 0 for all 5 € A’ A
closed Weyl chamber is the closure of a Weyl chamber.

Example 5.12. For A, X € A, L(AN) = L(N\) + LX) if v(N),v(N) belong to the same
closed Weyl chamber.

Proof. If z,a’ € V belong to a closed Weyl chamber, then 3(z)8(z’) > 0 for all g € X.
Then |B(z + 2')| = |B(x)[ + |B(z")]. Apply D gex |80 v(A)] = 20(N). O

Proposition 5.13. q,, is constant on a conjugacy class of W(1) contained in A(1). In
particular, the length is constant on such a class.

The two assertions are equivalent if and only if S%/// ~ has a single element.

Proof. 1t is equivalent to prove that q,, is constant on the conjugacy classes of W contained
in A. We have W = A x Wj. As A is commutative, we have to prove that quy,-1 = Qu
for A € A, w € Wy.

We will not use it, but we mention that it is easy to prove that the equality of the
lengths. For § € ¥, w € Wy, the equalities

(78) Bovwlw™) =Bowv\) =w(B)ov(\)

imply 20(wAw ™) = 3505 [wTH(B) o V()| = X gex [Bov(N)] = 20(N).
The group W) is generated by s, for o € X% Tt suffices to prove that qs_xs, = qx for
a € X, X € A. We compare Ty with T,_»s,. We claim that :

S$a%rSa = Ts, s, When aov(A) =0,

5aTh\Sa = T, xs, When aowv(X)#0,

and Ty = T\ U{s}, Tsons. = T, 2s, U{s'} where (s,5) = (80, Sataor(n)) if €ov(X) >0,
and (s,5") = (Sataor(r); Sa) if aov(A) <0.

Let us admit the claim. Definition ?? implies that qs_xs, = qx when aov(A) = 0.

It remains the case oo v(A) # 0. Definition ?? and Remark ?? imply that

If ao 1/()‘) >0,q\= Aso AsaX) Asarsa = Asg+aov(A)Asa A+

Ifao V()\) <0, Asadsa = Asa AA—as AN = s, 4aov (V) AAs, -
Hence ds, x5, = A\ € s, = Asoynonny < Sa ™ Sataor(r)- Apply Lemma 77.

This ends the proof of the proposition, if we admit the claim.

The claim is a consequence of Lemma ??, noting that by (77), £5(saAsa) = £y, (8)(A)
for g € X.

Let B € X1,k € Z. If B # «, then 5,(8) € ¥t and Ker(3 + k) separates € from \.¢€
if and only if Ker(so(8) + k) separates € from s,As,.€. Hence sgi; € Ty if and only if
5a(B) +k € Ty rs.- We have s, (g)4k = SaSs+kSa-
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We have £,,(A) = aov(A). If aov(A) =0, no hyperplane Ker(a + k) separates € from
A.€ or from s,A8,.C.

We suppose now £, () = aov(A) # 0. We have £, (SaAsa) = l_a(A) = —Lo(N).

Ker(a + k) separates € from A.€ if and only if k in [0, —£,(A\) — 1] or in [—£4 (M), —1],
depending on the sign of /,()).

Ker(a+ k') separates € from s, As,.€ if and only if " in [0, £, (A) — 1] or in [£4 (), —1],
depending on the sign of £, ().

We have $4Sa+kSa = Sa—k and Ker(a + k) separates € from A.€ if and only if —k in
[1,44(N)] or in [€4(A) + 1,0], depending on the sign of £, (A).

We deduce Ty = T\ U {s} and T s, =T, . U{s'} where s,T)\s, =T ,, and

(5,8") = (5as Sate.(n) if €a(A) >0, (5,5") = (Sate.(n)sSa) if La(A) > 0.

This ends the proof of the claim. O

Let 3 be the highest root of the irreducible component X; of ¥ containing 8 and let
5 € S9f such that § = S_pi1-

Proposition 5.14. Let § € X;.
(Bov)(AYF) =27 when ¥, has rank 1.
(Bov)(AYF) =27 when ; has type Cp,n > 2, and B is a long root of ¥;.
Otherwise (8 ov)(A*/) = Z.

Proof. The translation subgroup A%/ of Wef/ is generated by Sy8y41 for v € X1, and
Bov(sysy+1) = B(7Y) =n(B,7) is a Cartan integer. The group o v(A%7) is generated
by the Cartan integers n(3,7) for v € ¥ and contains 2 = n(8, ). When ~ does not
belong to the irreducible component 3; we have 0 = n(8,v).

On the Cartan matrix ([?]VI.Planches), we see that n(8,v) € 2Z for all v € ¥; if and
only if 3; has a single element, or ¥; is of type C,, and 3 is a long root. O

Lemma 5.15. Let § € ;. There exists s’ € Saff we Wt such that
spr185 = spws'w ", U(spy155) = 20(w) + 2.

If 3 has rank 1, then sg1153 = 585.
If ¥; has type Cp,n > 2, and B is a long root of ¥, then s’ = §.

Proof. With the formula sg1;(x) = x—(8(x)+k)BY one checks that sg_1 = sgsgi153. We
choose a reduced decomposition sg_1 = s1...5, with s; € Sefffor1<j<n= U(sp_1).
By the strong exchange condition ([?] Thm. 1.3.11 ¢)), there exists a unique integer ¢ such
that 1 =51...8;...5,. Set 8’ = s;,w=51...8_1=(Si41...8,) " Then

sg_1 = ws'w™ with £(sp_1) = 20(w) + 1, and sgy155 = sgws'w™ .

By Lemma ??, the hyperplanes Ker(8 + k), for k € Z, separating € and sgsg_1(€) are
Ker(8) and Ker(8+1) because v(sgsp—1) = —3". As € and sgsg_1(€) are not on the same
side of Ker 3, we have £(sg_1) < {(sgsp—1) [?] (V.3.2 Thm.1) hence ¢(sgt1538) = 26(w)+2.

We have sg11 = sgsg_153 because s_gy1 = sg—1 = S_gs_g—15—_p for all § € ¥;.
Replace —f by 3.

If ¥, has rank 1 and 8 > 0, then 5§ = sg_1 = sgsg4+153 hence sgi153 = s35. If 5 <0
we have § = sg11 = sgsg—153 hence sgy153 = 585.

If ¥; has type Cy,,n > 2, the long roots of ¥; are Wy-conjugate and the highest root
Bj is a long root. Let 8 € ¥; be a long root of 3;, and w € Wy such that w(f) = Bj.
The affine hyperplanes w(Ker 8 — 1) = Ker(3; — 1) are equal because f(z) = 3;(w(z))
for x € V. Therefore § = 55,-1 is conjugate to ss_1 by w. No element of S%// — {3} is
conjugate to § in W/f ([?] 3.3 and [?] VI PLanche IIT). We deduce s’ = 3. O
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5.2 Alcove walk

By ([?] Definition 2.3.1), an orientation o of (V,$) is given by distinguishing for each
affine hyperplane H € $), a positive half-space among the two half-spaces which form the
complement of H in V (the non-positive half-space is called negative) such that for all
H € ), either 1) or 2) holds:
1) For any finite subset of §, the intersection of the negative half-spaces is non-empty.
2) For any finite subset of £, the intersection of the positive half-spaces is non-empty.

The group W (1) acts on the orientations of (V,$). The image by w € W(1) of an
orientation o is the orientation o e w is such that the o e w-positive side of H € §) is the
image by w™! of the o-positive side of w(H). The action of W (1) factorizes through an
action of W.

Definition 5.16. The spherical orientation oa: associated to a basis A’ of X.. For H € $)
there exists a unique pair (B,k) € 7T with

H =XKer(B+ k) and 3 is A'-positive.
The o/ -positive side of H is the set of x € V where S(z) + k > 0.
The set of spherical orientations is stable by the action of W = A x Wy, :

Proposition 5.17. A spherical orientation ons is fived by A and onr @ w = 0y—1(ary for
w e W().

Proof. Let A\ e A,z € V,p e Xk € Z.

We suppose that ( is A’-positive. Then z belongs to the oas @ A-positive side of
Ker(8 + k) if  + v(\) belongs to the oas-positive side of Ker(8 + k) + v()). We have
Ker(8+ k) +v(A) = Ker(B+k— (Bov)(N) and B(x +v(N) +k— (Bov)(\) = B(x) + k.
Therefore onr @ A = oar.

We suppose that 3 is w1 (A’)-positive, that is, w(3) is A’-positive, and that = belongs
to the 0,,-1(as)-positive side of Ker(3 + k). We have 3(x) + &k > 0 and 8(z) = w(f)(w.x).
Hence w.x belongs to the oas-positive side of Ker(w(3) + k). We have Ker(w(8) + k) =
w. Ker(8 + k). Hence z belongs to the oas @ w-positive side of Ker(8 + k). O

Let o be an orientation of (V,$). We say that we cross H € § in the o-positive
direction if we go from the o-negative side to the o-positive side (in the o-negative direction
otherwise). Let (w,s) € W x S%/. When we walk from the alcove w.€ to the alcove ws.€,

we cross the affine hyperplane H,,,-1 € ) fixed by wsw™!.

Definition 5.18. Let o be an orientation of (V,$) and let (w,s) € W x S/ Let

o c,(w,s) =1 if w.€ belongs to the o-negative side of Hyygp—1,

o e, (w,8) =—1 if w.€ belongs to the o-positive side of Hep-1.
Let e,(w(1),5(1)) = €o(w, s) for w(1),s(1) in W (1) above w, s.

When we walk from w.€ to ws.€, we cross H,, 4,1 in the o-positive, resp. o-negative,
direction if ¢,(w, s) = 1, resp. —1. We say that we cross H,,s,-1 in the €,(w, s) direction

with respect to o.
Let s1,...,5, in S/, The walk from € to s;...s,(€) following the gallery €, s;.€,

5152.€,...,51...5,.€, crosses the hyperplanes

H,, =H,, s1. H,,=H,,, ..., 5152...5n-1.Hs, = H; ,
where T(s1,...,8,) = (71,...,7n) (?7), in the
(79) €o(1,51),€0(51,52)y -+, €0(S1 -+ 8i-1,8i)s+-€o(S1 -+ Sn—1,5n)

directions with respect to o.
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Example 5.19. For J C A, let S; = {sg | 5 € J}, let W, be the subgroup of Wy
generated by Sy and let wy be the element of mazimal length in W;. We have w% = 1,
Sa =8, Wa =Wy and wa(A) = —A.

1) For w € Wy, s € Sy, we have €, (w,s) =1 if and only if {(ws) > {(w).

2) For w € Wy, s € S, we have €,_, (w,s) =1 if and only if £(ws) > L(w).

Proof. We prove 1). Let ¥; C X be the root system generated by J. Let 8 € J such that
s = sg. We have H,,,;—1 = Kerw(). Let x € €. The alcove w.€ is contained in the o, (a)-
negative side of H, ;-1 if and only if w(f) is wy(A)-negative because w(f)(w.x) = B(x)
is positive. The root w(B) belongs to ¥ ;; hence w(f) is wy(A)-negative, if and only if
wyw(P) is A-negative, if and only if w(B) is A-positive, if and only if {(wsg) > ¢(w). O

Lemma 5.20. Let s,s' € ST with ss' of finite order n(s,s'). Then the sequences with
n(s,s’) terms

(e0(1,58),€5(8,8),€0(88,8),...) and (e,(1,5"),€,(5', 8),€0(8's,8),...)

are equal to (1,1...,1,-1,-1...—1) and (—-1,-1...,—-1,1,1...1),
orto(-1,-1...,-1,1,1...1) and (1,1...,1,—-1,-1...—1),
where (1,1...,1) have the same length k, 0 < k < n(s,s’), in both sequences.

Proof. ([?] Proof of Thm. 3.3.1). O
Lemma 5.21. For (w,s) in W x S/ and for u € Q, we have e,(ws, s) # €,(w, s) and
1, -1

Coow (W, 8) = €o(ww’, 5), €,(wu,s) = e (w,usu™), €rou(w,s) = e (uwu™ u su).

Proof. 1) ws(€) and w(€) are in different sides of H,,z-1-

2) €ew(w’,s) = 1 if and only if w'.€ is contained in the o e w-negative side of
H, sw—-1. The o ® w-negative side of H,.,—1 is the image by w™! of the o-negative
side of Hyysur—10-1. Hence €pe(w’,s) = 1 if and only if ww’.€ is contained in the

o-negative side of H,ygui-14-1, if and only if €,(ww’, s) = 1.
3) We have u.€ = €. We have ¢,(wu, s) = 1 if and only if wu.€ = w.€ is contained in

the o-negative side of H,,ys,-14-1 if and only if €,(w, usu™t) = 1.

4) We compute €,e,(w, s) = €,(uw, s) = €, (uwu=t, u"tsu).

O

5.3 Alcove walk bases

Notations as in Thm. ?? and Def. ??7. We will associate to any orientation of (V,$) a
basis of the R-algebra Hp(gs,cs) of W(1) with parameters (gs, ¢s)segass-

Definition 5.22. For (w,s) € W (1) x S%/(1) and an orientation o € (V,$), and for
Ts € Hr(gs,cs) we set:

(80) TS = T, if eg(w,s) =1, TS =TF =T, — ¢, if eo(w,s) = —1

where €,(w, s) is defined in Def. 2. For s1,...,s, in S/ (1),u,u € Q(1), we set:

(81) BEo(u, 81, .. 8pyu) = T, T | Tolustsizns) | peolusisnnsn)p,
We remark that F,(s) = T;"(l’s), Eoes(s) = T;"'S(l’s),

(82) Foes(5) — Eo(5) = €oes(1,5)cs,  Eo(5)Eoes(s) = qss>.

(Remark ?? and Lemma ?7).

We suppose first that ¢, = 1 for all s € S4/f/ ~. In this case TF = T;ll

33



Proposition 5.23. When g, = 1 for all s € S ~, Ey(w) = Ey(u,s1,...,5n,u)
depends only on the product w = usy ... s,u'.

Proof. ([?] Thm. 3.3.1, [?] Thm. 3.3.19).
a) Let s,5" € S4/7 of finite order n(s,s’) and s(1),s'(1) € S47f(1) satisfying b3 (this
is the only place where b3 is needed). We show

Bo(s(1),8'(1),...) = Eo(s'(1), s(1),...).

By symetry we can suppose that the sequences in Lemma ?? are (1,1...,1,,%...x) and
(k,%...,%,1,1...1) with k terms equal to 1. We decompose accordingly the products
s(1)s'(1) ... = wewp(s,n)—k, 8" (1)s(1)... = wy,(, oy pwp. By the braid relations,

Eo(s(1),5'(1),...) = T, T and Eo(s'(1),s(1),...) =T 1, T, -

n(s,s’)—k n(s,s’)—k

The element w’;(lsﬁs,),kwk = w}cw;(ls,s/)_k has length n(s,s’) because w’;(lsys,),k ends
by s'(1)~! while wy begins with s(1). The additivity of the lengths is satisfied and
by the braid relations 7,1 Tw, = Tw, T, . We deduce E,(s(1),s'(1),...) =

n(s,s’)—k n(s,s’)—k

E,(s'(1),s(1),...).
b) Let t1...t, € Zj such that s1...s, = s} ..., where s, = s;t; for 1 <4 < n. The
equality
Eo(81,. ..y 8n,u) = Eo(s),...,sh,u).

»9On

is obvious by the braid relations using that the elements of Z) have length 0, act trivially
on V, and that Zj, is normal in W (1).
c) We suppose that s;41 = 5;1. We have

Eo(sh <oy Sn, u) = Eo(sla s e 81,842, - - S’ruu)a
because T = 1. This follows from ¢,(w, s) # €,(ws,s) (Lemma ?7); we

recall that e,(ws,s71) = ¢,(ws, s) and that ¢s = 1.
d) As the elements of the group (1) normalize S%//(1) and have length 0, the equality

eo(w,s)Teo(ws,sfl)
s—1

Eo(u, 81, 80,u') = Ey(usiu™, ... us,u™t, uu)
follows from T, T} = T, 1T, and €peu(w, s) = €,(uwut usu™t) for s € S*I(1),w €
W(l),u € Q1) (Prop. 7?7 5)) .
e) The proposition follows from a), b), ¢), d) and ([?] IV.1.5 Prop. 5).
O

Proposition 5.24. When ¢, = 1 for all s € S/ ~, we have the product formula
(83) E,(ww') = Ey(w)Epew(w') (w,w € W(1)).

Proof. Let w = s1...s,u,w’ = s} ...sp,u" with s;,s" € Seff(1),4' € Q(1). From Prop.
7?7 we have

Ey(ww') = Ey(s1,...,sn,usiu™, .. us, u™ uu).

From €,e,(1,5) = €,(w, s) for (w,s) € W(1) x S4f(1) (Lemma ??), the right hand side
is equal to

Eo(s1...50)Eoew(usiu™t, ... us u™" uu')
and E,eu(usiu™, ... us, u=t ut') = E,ew(uw’) = Ty, Eyew(w’) from Prop. ??7. Hence
Ey(ww') = Eo(81 ... 80)TuEoew (W) = Eo(w)Epew (w'). O

We recall gy = (quuw @y )*/? for w,w’ € W(1) (Def. 77).
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Theorem 5.25. Let o be an orientation of (V, 5’)), let w,w' € W(1), and let a reduced
decomposition w = s1 ... s u € Q1), s; € S*I(1) for 1 <i < l(w). Then,

Eo(w) = Eo(s1,-- -, S0(w), ) € Hr(gs, ¢s)
depends only on w and E,(w)Eew (W) = qu w Eo(ww').

Proof. As in the subsection (??), the R[(qs,q5')]-algebra HR[(qS,qzl)](l,qglcs) satisfies
Prop. 77 and ??. Let s € S%//(1) and u € Q(1). The elements T, T, T; = T — g5 ¢,
and Eo(w) in Hp, =11, qs 'cs) are sent by the isomorphism h ~ h (??) to elements
of HR[(%’qj)](qs,cs) equal to

Ts= q;lTsa T, =Ty, (T:)~: Ts - q;lcs = q;l(Ts - Cs) = qng*

E

Eo(w) _ (Tsef(l,sl))~_ - (Tseio(sl...si,l,si))«. N (Teo(s1...sn71,sz(w)))~Tu.

Se(w)

We have R
EO(’LU) = q;lEo(Sl, <o Se(w)s u)

In Hpig.ao0) (as, ¢s), the product q, F,(w) depends only on w hence the same is true

for Eo(s1,. .., S¢(w), u). The product formula in HR[(qs qQI)](l’ q; 'cs) implies the product
formula

(84) Eo(w)Eoow (wl) = qw,w’Eo(wwl)7 Qu,w’ = CleIw’CI;,luu

in ,HR[(qsﬁqs—l)] (ds, ¢s). The product formula holds true in the generic R[qs]-subalgebra

H Rq.] (s, ¢s). By specialisation, it holds true in Hg(qs, ¢s)-
O

The Bruhat partial order < on (Wef §4/f) extends to W = W'/ x Q : wu < w'u'’
for w,w’ € W u,u' € Qif w < w’ and v = «'. The extended Bruhat partial order <
on W inflates to W(1) : w(1) < w'(1) for w(1),w'(1) € W(1) above w,w’ € W if w < w'.
Corollary 5.26. E,(w) =Ty + D0 @ Tor for w' € W(1),a. € R.

Hence (Eo(w))wew (1) s an R-basis of Hr(qs, cs).

Proof. E,(w) — T, is a finite sum of elements T, where w’ = s} ...s/tu for t € Z,u €
Q(1), and (s},...,s.) extracted from the sequence (s1,...,s,) with r < n. O

rer

One does not need to change the orientation o in the product formula in E,(A(1))
when A(1) fixes o. By Prop. 77:

Corollary 5.27. Let o be a spherical orientation of (V,$). The R-submodule of Hr(qs, ¢s)
of basis (Eo(N))aea(r) 15 an R-subalgebra A, of Hr(qs,cs), with product
E;(NE,(N) = v Eo(AN) (AN € A(1)).

From now on, we consider only spherical orientations o of (V, $)). For each closed Weyl
chamber ® of V', let A(1)p the monoid of elements A € A(1) such that v(\) € D.

Corollary 5.28. Let o be a spherical orientation of (V,$) and let © be a closed Weyl
chamber of V.. Then, the monoid R-algebra R[A(1)p] embeds in Hr(gs,cs) by the linear

map such that
A= E,(A\) (AeA(l)p).

Proof. Let A, X € A(1). We have g » = 1 if and only if £(A)N) = £()\) + £(\)(Lemma
??) if and only if v(A),v()\) belong to the same closed Weyl chamber (Example ?77). O
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Example 5.29. Let A’ be a basis of ¥ and A € A(1) such that v(X) belong to the closed
A’-dominant Weyl chamber. Then E,,,(\) = Th.

Proof. When we walk from the alcove € to the alcove € 4+ v(\) we cross hyperplanes in
the oa/- positive direction because we walk away from the most oas-negative point of V'
which lies infinitely deep in the —A’ dominant Weyl chamber. O

Example 5.30. With the notations of Example 77, let J C A, let o be the spherical
orientation o,,,(a), and let w € W;(1) of reduced decomposition w = sy ...s, with s; €
Sy(1). Then

E,(w) =Ty, Foew-1(w)=Ts

wr

Eo(w)Eoow (wil) = quw-

In particular, By ,(w) = Ty, E, jew-1(w) = Tk, Eo (W) Ey jew(w™) = gy for
w e Wo.

Proof. 1) We have €,(w,s) = 1 for (w,s) € Wy x Sy with ¢(ws) > ¢(w) (Example ?7).
Applying this to (s1...8;-1,8;) we get FE,(w) = T.

2) €oew-1(51---8i—1,8i) = €o(Sn -+ 8iy8i) # €o(Sp .. Si+1,8;) = 1 (Lemma ?77).

3) Prop. 77, ?7. O

Example 5.31. For s € S(1),5 € S4//(1) — S(1),w € Wy(1), we have:

E, ,(8) =T, Eo_ rew(s)=Ts if and only if L(ws) > L(w).

o_a
Proof. a) Let x € €. We have ¢,(1,3) = —1 if and only if x belongs in the o_a-positive
part of Hs. We have H; = Ker(—f; + 1) where ; is the longest root of an irreducible
component A; of A, and —Bb(x) +1>0. As —f; is —A positive, © belongs in the o_a-
positive part of Ker(fﬁj +1).

b) €5_pew(l,8) = €_,(w,s) by Lemma ??. Then, Example ??. O

Lemma 5.32. Let A’ be a basis of X, B € £A" and w € W (1) such that lg(w) = 0.
Then,
EoAltsg (w) = EoA/ (w)

Proof. The oas-positive and oa: @ sg-positive sides of Ker(a + k) for a + k € veff are
equal if o # £, because § € £A’ hence sg(a) and « are simultaneously A’-positive or
A’-negative.

£g(w) = 0 if and only if the alcoves €, w(€) are on the same side of Hg,, for all n € Z
(Lemma ?7?). Hence no Hg4, belongs to the set of affine hyperplanes H, for 7 € ¥,
separating € and w(C).

We deduce that for all 7 € T,,, the oas-positive side of H, is equal to the oas ® sg-
positive side of H, or equivalently, E,,,es; (w) = E,,, (w). O

5.4 Bernstein relations

Let o be a spherical orientation associated to a basis A, of ¥, let o € A, let s € W(1)
above s, and let A € A(1). We denote s(\) = sAs™ .

Proposition 5.33. E,(s)Eyes(A) = Eo(s(A))Ey(s).

Proof. The product formula (Thm. ??) implies E,(5)Epes(A) = ¢s 2 Eo(sA) and E,(s(A))Ey(s) =

QS()\),sEo(S)‘)' We have ds,x = qs(\),s because Qi)\ = QSQAQS_)} and Qf,\s_l)s = QSAS*1QSqév_,\1
by Definition 7?7, and g,ys—1 = ¢) by Prop. ?7. O
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Definition 5.34. For s € S,(1),A € A(1),
(85) EO(S)(EOOS()\) - EO()‘)) = EO(S()‘))EO(S) - EO(S)EO()‘)

is called a Bernstein element at A € A(1). When it does not vanish, its expansion in the
alcove walk basis (Eo(w))wew (1) s called a Bernstein relation.

We have s, = s_4. One of a or —« is A-positive, and denoted by 5. We denote by
A(1)*® the kernel of the homomorphism

Bov:A(l) = Z.
A(1)® is also the group of A € A(1) such that v()\) € V is fixed by sz. We have
Eoes(\) — E,(A) =0 if X € A(1)°,

by Lemma ?? because {g(A) = (Bov)(A) by Prop. 7?7 1) as 8 is A-positive. The Bernstein
element vanishes when S ov(X) =0.

We suppose now (3o v)(\) # 0.

The image of Bowv is 6Z with § € {1,2}. Let eg(A) € {1, —1} the sign of S ov(A) and
ng(A) the positive integer such that

Bov(A) =eg(A)dng(A).

We choose an element Ag € A(1) such that (8 o v)()s) is negative and generates §Z. If
6 = 1 there is no other condition on As. If § = 2,

As = swiw ™t (A = 20(w) + 2

where w € W/ (1), § € S4/7(1) is above $_p4q for the highest root {3 of the irreducible
component ¥; of 3 containing 3, and the image of A, in A is sgy153. The existence of A,
follows from Lemma 77.

Then we define elements B,, of A, for n € N5 (for 6 = 1 or 2):

(86) By = (6 —1)(wecz)s?Ey(A\; 1) +cs.

(the term (w e cz) is defined only when § = 2), and

(87) B, =Y E,(s(\")B1E,(\JF).

When ¢, = 1 for all s € S%f// ~, we will compute the expansion of the Bernstein
element at A\g;. A formal computation will give the expansion of the Bernstein element at
any A € A(1).

Theorem 5.35. We suppose that g; = 1 for all s € S4F [ ~. Let A € A(1) with Bov()\) =
€g(AN)ong(A) # 0. Then Ey(s)(Eoes(A) — Eo(X)) is equal to

(88) €oes(1,8) Bryn) Eo(A) if eg(N) = =1, €(1,8) Eo(s(N)Bnyny if e5(A) = 1.

For ¢, general, we will deduce the expansion of the Bernstein element at any A € A(1)
from the case ¢; = 1 by the method explained in subsection ?7.

We prove first Thm. ?7.
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Lemma 5.36. We suppose that g; = 1 for s € S*// ~ and (Bov)(A) = Z. Let A\, € A(1)
with Bov(As) = —1. We have

Eo(s)(Eoos()\s) - Eo()\s)) = Eoos(]-a S)CSEO()\S)'

Proof. We have € sg(¥7) because § is A-positive. The hypothesis 8 o v(A;) = —1
implies £g(sAs) = 0 by Cor. ?? and E,(sAs) = Ejes(sAs) by Lemma ??. Applying the
product formula,

Eo(3)(Eoes(As) — Eo(As)) = Eo(8As) — Eo(8)Eo(As) = Eoes(sAs) — Eo(8)Eo(As)

= Foes(8)Eo(As) — Eo(8)Eo(As) = (Epes(8) — Eo(8))Eo(As) = €0es(1,8)cs Ep(As)-

The last equality uses (?7). O

Let B be the highest root of the irreducible component ¥; of ¥ containing 3. We
choose § € S*f/(1) above S_pip-

Lemma 5.37. We suppose that g5 = lfors € S7F ) ~ and (Bov)(A) = 2Z. Let Ay € A(1)
above 851185 satisfying As = swiw ™! and £(\s) = 20(w)+2 for some w € WS (1). Then

Eo(5)(Eoes(As) — Eo(As)) = €oes(1,5) [(w e c5)s® + csEo(Ns)].
Proof. Applying the product formula

E()(AS) = Eo(swgwil) = Eo(s)Eoos(w)Eoosw(g)Eooswé(wil)a

Eoos(>\s) = Eoos(S)Eo(w)Eoow(g)Eoou@(w_l)'
We note that o @ sws = o @ w because sws = Asw and the orientation o is spherical.
We have v(As) = —3Y and B ov(A\;) = —2 generates (8 o v)(A). By Lemma ??, the two
affine hyperplanes Ker(8 + k) separating €, A;(€) are Ker 8,Ker(f8 + 1). The image of
swdw ls™t in W is sg+1. The o-positive side is equal to the o e s-positive side for the
other affine hyperplanes between €, A\;(€). We deduce:

Eoow(w_l) = Eoosw§<w_1) = Eoow§(w_1)7 EO.S(w) = Eo(w)a

Eo()\s) = EO(S)Eo(w)Eoosw(E)Eoow(w_l)v
and Eyes(As) — Eo(As) is the sum of (Eqes(s) — Eo(8))Eo(w)Epesw(8) Epew (w™) and of
Eoes(5)Eo(w)(Eoew(8) = Eoesw(5)) Eoew(w™"). By (77),
O.s(/\s) Ey(Xs) = €o0s(1,5)Cs Foes(WW ™) + €rars(1, 8) Epes (5w) s Egen (w™1)
oes(1,8)(Cs Eoes(wiw 1) + (sw o c3) O'S(SU’)Eoow(w_l))
(L s)(cs B ) 4 (5w 0 ¢5) Eoes(5)).
For the second line, we note that €,es(1,5) = €sew (1, 5) because we cross the hyperplanes

Ker 8 and Ker(f + 1) in the same sense when we go from € to A\;(€) = € + v(Ay).
Multiplying on the left side by E,(s) we obtain

S
- 6005 S oes (w sw

Eo(5)(Eoes(As) = Eo(As)) = €oes(1,8)(csEo(As) + (w e 65)32)7

using that the product formula, E,(s)c = (s e ¢)E,(s) for ¢ € R[Zk], s ® ¢cs = ¢; and
(?7). O

We summarize: for y € A(1)%,z = A,

(89) By = (6 —1)(wecs)s?Ey(z7") + cs.
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(the term (w e ¢z) is defined only when § = 2), we proved (Lemma ??, 7?7, ?7?):

Eoes(y) — Eo(y) =0,
Eo(5)(Eoes () — Eo(2)) = €oes(1,8)((6 — 1)(w @ c5)5% + cs B, () = €pes(1,5)B1E,(x).

By a formal computation we will deduce the expansion of the Bernstein element at any
A € A(1). First, we take A = 1. We recall that €,(1,5) # €ses(1, 5).

Lemma 5.38. We suppose that g, = 1 for all s € S*// ~. Then,
Eo(5)(Eges (™) — Ey(x™)) = €,(1, 8)Ey(s(z™1))By.

Proof. We recall that E,(w
that the inverse of E,()\) is
the equality E,(s)(Eyes(x

EO(S)EO.S(x)_lEO( )"
and on the right by E,(z)~! = E,(z7!) to obtain
Eo(s)(Eoes(x™") = EO(Iil)) = —€oes(1, S)EO(S(xil))Blv

and we use €,(1,s) = —¢coes(1,5). O

) is invertible for w € W (1) because ¢, = 1 for s € S%/f/ ~ and
is ( 1) because the orientation o is spherical. We multiply
) — Eo(x)) = €pes(1, s)B1 E,y(z) on the left by
1_

Eo(5)Eoes( $_1>EO.S(S_1) = Eo(sx_ls_l) = Eo(s(x_l))7

Now we relate the Bernstein element at z € A(1) to the Bernstein element at z™ for
nec N>0.

Lemma 5.39. We suppose that g, = 1 for all s € S*// ~. Then,

Proof. Using that the orientations o and o e s are fixed by z € A(1), we have
Boes(2") = Eo(2") = Eous(2" ") (Eoes(2) = Eo(2)) + (Eoes(2" 1) = Eo(2" 1)) Eo(2)-
By induction on n,

n—1

EO.S('Z”) - EO(Zn) = Z Eoos(zk)(Eoos(Z) - Eo(z))Eo(Zn_l_k).
k=0

We multiply this equality on the left by E,(s), and we observe that
Eo(5)Eous(2") = Eo(s2") = Eo(s(2 ) ) = Bo(s(")) Eo(s). O

For n € Ny, let
(90) B, =) E,(s(z")B1E,(z7"),

with By as in (??). For n € Nyg, by the lemma applied to z = z and to z = 71, the
Bernstein element (??) at 2™ is equal to

I
-

€ous(1,8)Ey(5(2%))B1E,(2)Eo(x" 1) = €p0s(1, 5) By Ey(z™),
0

=~
I

and the Bernstein element (??) at =", n € N5, is equal to

n—1

€0(1,8) Z Ey(s(z """ INE, (s(z71))B1Ey(z7%) = €,(1, 5) Eo(s(x™™))B.
k=0
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An arbitrary A € A(1) is equal tor A = z™y or A = yx~ ™ with y € A(1)® and n € N.
We multiply on the right by E,(y) the Bernstein element at 2™ to obtain the Bernstein
element at A = z"y

Eo(5)(Eoas(A) = Eo(N)) = €ous(1, 8)BpEo(N).

We have E,(s(y))Eo(s) = Eo(sy) = Eo(S)Eoes(y) = Eo(s)Eo(y),. We multiply on the left
by E,(s(y)) the Bernstein element at x "

, obtain the Bernstein element at A = yx™",
Eo(8)(Eoes(A) = Eo(N) = Eo(s(y)) Eo(8)(Eoes(x7") = Eo(x7")) = €5(1, 8) Eo(s(A)) Bn,

We proved Thm. 77.

—n

In order to pass from the case g5 = 1 to the general case, it is convenient to write
Thm. ?? under the following form:

Corollary 5.40. We suppose that qo = 1 for all s € S¥F/ ~. Let X € A(1) with
Bov(A)#0. Then

|Bov(N)[—1
Eo(s)(Eoos(A) - Eo()‘)) = eﬁ()‘)eo(L 8) Z c(k)Eo(M(k))>
k=0

where (c(k), u(k)) € Z[Z] x A(1) does not depend on the choice of the orientation o and :
When Bov(X) <0,

c(0k) = s(\F) @y, (k) = s(A)ATFA,
When 6 =2, ¢(2k+1) = (s(\))w o cs)s%, p(2k +1) = sQAOAT A

When Bov(X) >0,

c(0k) = s(AX)) @ cs, p(0k) = s(NATF,
When 6 = 2, ¢(2k +1) = (s(A\F)w @ ¢5)s%, p(2k +1) = s(N)NFL

Proof. a) es(\) = —1. Then

By, (x) Bo(N) = Eo(s(A))((6 = 1) (w o c5)s* Eo(\J 1) + ) Eo (A, ") Eo(N)
is the sum of § = 1,2 terms

(6 — 1)(s(\)w @ c5)s? B (s(NIATFTIN) 4 (s(AF) @ c) B, (s(AF)ATFN)
For 0 < k < |Bov()\)|/6, let
(k) = s(AHATFA, and when 6 = 2, u(2k +1) = s(AF)ATFIA

We have Bov();) = —6 and 8o v(s(X)) = & hence

Bov(u(dk)) = 20k + Bov(N), Bov(u2k+1)) = (2k +1)5 + Bov(N).

b) eg(\) = 1. Then
Eo(s(A) By = Eo(s(N)) Eo(s(A)) (6 — 1) (w e ¢5)s* Eo (A1) + ¢5) Eo (A )

is the sum of § terms

(6 = D)(s(ANDw o c5)s* Eo(s(NDATE ™) + (s(AXT) © €5) Eo(s(AN)AT).
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For 0 < k < |Bov(\)|/8, let
w(0k) = s(N)s(AHATF,  and when 6 = 2, pu(2k +1) = s(\)s(A)A7F7L
We have
Bov(u(dk)) =20k — Bov(N), Bov(u(2k+1)) = (2k +1)5 — Bov(A).
O

The corollary gives the expansion of £, (s)(Eoes(A)—E,(A)) in the basis (Eo(w))wew (1),
because Zyu(k) # Zru(k') for k # k', as

Bov(u(k)) =2k —[Bov(A),
and Bov(u(k)) # Bov(u(k')) implies Zyu(k) # Zpp(k') (Cor. 77).

The Bernstein relations in the R[(qs,q;')]-algebra Hrgo,a:1 (L qs lcs), are given by

Cor. ?? where ¢, and c; are replaced by q; 'cs and qglcg in the formula for ¢(k). A quick
inspection shows that this means replacing ¢(6k) by q5'c(0k) and when 6 = 2 replacing
c(2k + 1) by q5'c(2k + 1).

The isomorphism h +— h : Hpqe,az1y (L q; tes) — Hp(qo,a:1) (As:¢s) (77) (77) sends
E,(w),w € W(1), to

Eo(w) = q,,' Bo(w) € HR[(qS,qs_l)] (s, ¢s),
and E, (5)(Eoes(\) = Eo(A) in H g o1 (1,85 ¢5) 10 Eo(s)(Eoes(A) — Eo(X)). Multiply-
ing by qsqx and noting that q5») = qx (Prop. ??), we obtain:

Proposition 5.41. (Bernstein relations in HRi(qe,a7Y) (ds, ¢s) and in Hpy(q,))(ds; Cs))
Let A € A(1) with Bov(X) # 0. Then,

|Bov(X)[—1
Eo(5)(Eoas(\) = Eo(N) = eg(Neo(l,5) > alk)e(k) Eo(u(k)),

k=0

q(0k) = qu;(l(%) and when § =2, q(2k+1) = qu;(lzkH)qsqgl,
with the notations of Thm. 7?7 and Cor. 7.
They are also the Bernstein relations in the subalgebra H gj(q,y(ds, ¢s). We deduce:

a(k)e(k) € R(qas)][Z] for 0 <k <|Bov(N)].

This is true for any choice of R and (cs)segess(1) satisfying the condition a6 of subsection
??. We may choose R = Z and c¢s # 0 for all s. Then ¢(k) € Z is not 0, therefore

(91) ak)= J[ o™ (mu(s) eN).
seSalf [~

The Bernstein relations in the R-algebra Hg(g¢s,cs) are obtained by specialisation of the
Bernstein relations in Hgj(q,)(qs, ¢s) by the map qs — ¢, for s € Seff )~

41



Theorem 5.42. (Bernstein relations in Hg(gs, ¢s))
The element E,(s(\))Eo(s) — Eo(s)E,(X) belongs to the subalgebra A, of Hr(gs,cs)
of basis (Eo(\))aea(1)- It vanishes when B ov(A) =0, otherwise

[Bor(N)|-1
Eo(s(\)Eo(s) = Eo()Eo(A) = es(Neo(L,8) > a(k)e(k)Eo(u(k)),
k=0
with the notations of Thm. 7?7, Cor. 7?7 and Prop. ?77.

For the spherical orientation o_a associated to —A, we have (Example 77?)
o n(l,8)=1, E, ,(s)=Ts forallseS(1).

With this orientation, writing E(w) = E,_, (w) for w € W (1), we obtain a presentation
of the generic algebra Hpq.1(qs, Cs)-

Notations of Thm. ??, Cor. ?? and Prop. ?7.

Corollary 5.43. (Bernstein presentation of the generic algebra)

The R[qs]-algebra Hpq.)(qs, ¢s) is the free R[qs]-module of basis (Eo(w))wew ) en-
dowed with the unique R[qs]-algebra structure satisfying:

- Braid relations for w,w' € Wy(1), E(w)E(w') = E(ww') if L(w) + L(w') = L(ww").

- Quadratic relations for s € S(1), E(s)? = qs + csE(s).

- Product for A\, N € A(1), EANE(N) =axxEAXN).

- Bernstein relations for s € S(1),A € A(1),

E(s(\)E(s) = E(s)E(X\) when v(X) is fized by s,

E(s(\)E(s) — E(s)E(\) = e5(A) NI q(k)e(k) E(u(k)), when v()) is not fized
by s.

5.5 Variant of the Bernstein relations

This subsection is motivated by applications to the theory of smooth representations of G
over a field C of characteristic p where the algebras Hc¢ (0, ¢s) with ¢, = 0 for s € S/ ~
appear naturally. Moving the term with k£ = 0 from the right hand side to the left hand
side of the Bernstein relations in H g(q.);(ds, ¢s) given in Prop. ??, and keeping the same
notations, we obtain:

Proposition 5.44. (Variant of the Bernstein relations in Hrgj(q,)(qs,cs)) When 3 o
v(A) #0,

|Bov(A)|—-1
Ey(8A\) — Epes(8A\) = €0es(1,8) Z a(k)ag te(R)E,(u(k)) if £(sA\) < £(N).
k=1

|Bov(N)| -1
Eo(s\) = Eo(5)Eo(\) = 6o(1,8) Y a(k)e(k)Eo(u(k)) if £(sX) > £(N).
k=1
We have my(s) > 1 (??) when £(sA) < £(A\) and 1 < k < |8 ov(A)]. The right hand
side is 0 when |Sov(N)| = 1.

Proof. By Cor. 72, fov(A) < 0, is equivalent to £(sA) < £(\) and that Sowv(A) > 0is
equivalent to £(sA) > £(A).

By Cor. ?? and Prop. ?? when Sov(\) <0, ¢(0) = ¢s, p(0) = A, q(0) =1, and when
Bov(A) <0, c(0)=s(A)ecs, u(0) =s(A),q(0) =1 (by Property a5).

42



We will prove that
Eo(5)(Eoes(A) = Eo(A)) — €s(A)ea(1, 5)q(0)c(0) Eo(1(0))
= ¢s(Eo(sA) — Epes(sN)) if eg(A) = —1 and to E,(sA) — Eo(s)E,(A) if eg(N) = 1.
If eg(N) = —1, then eg(N)eo(1,5)q(0)c(0)Eo(1(0)) = —€o(1, 8)cs Eo(N) = €ses(1, 5)csEo(N)
by Lemma ??. The expression to be computed is equal to (?7?)
Eo(8)Eoes(A) = (Eo(8) + €o0s (1, 8)cs) Eo(A) = Eo(s)Eoes(A) — Eoes(8)Eo(N).

This is what we want gs(F,(s\) — Eoes(sA)) by the product formula because £(s)\) < £(\)
and g5 » = ¢s (proof of Prop. 77).

If eg(A\) =1, then —eg(A)eo(1, 5)q(0)c(0)Ey(14(0)) = €ses(1, ) Eo(s(A))cs.

As £(s\) > £(X\) we have g » = qs(»),s = 1 (proof of Prop. 77), hence

Es(5)Epes(A) = Eo(sA) = Ep(s(N)s) = Eo(s(X))Eo(s).
The expression to be computed is equal to (?7)
Eo(s(A)(Eo(s) + €oes(1;8)cs) = Eo(5)Eo(A) = Eo(s(A)) Eoes(s) = Eo(s)Eo(A)-
Applying the product formula, this is E,(sA) — E,(s)Ey(N). O
By specialisation to q. — 0, the k-term in the right hand side of Thm. ?? will vanish
if qrq; ! when £(s\) < £(\), or g when £(s)\) > £()), is not equal to 1.
Proposition 5.45. When 0 < k < Bov(X), we have:

1) alk) £ 1.
2) When £(s)\) < £(N\), q(k)qzt #1 for 1 <k < Bov(\) — 1.

3) When £(s\) < £(\), a()qzt = 1 if w(B) € A and v(w())) is A’-dominant, for
some w € Wy.

All the objects in the proposition depend only on the images of s, A, (k) in W. Without
changing the notation we replace them by their images in W. The elements p(k) € A are
defined for all kK € Z (Cor. ??). The proof relies on different claims, proved in the next
lemmas :

Lo 23 cgarsjm mus(s) = L(A) — €(u(k)) with my(s) as in (??) and p(k) as in Cor. 77,

2. L(u(k)) = E(u’g)\ef’()‘)) and £(uk\) = E(,ugoy()‘)*k)\), with k € Z, fio = Sa+15q, €3(N)
the sign of Bov(A).

3. 0(A) — £(pEN) = £(N) — (e ™'TEN) > 2 Min(k, a0 v(A) — k) for @ € ¥ and
0<k<aov(A).

4. (X)) — £(ugA) = 2 when v(X) is A’-dominant.

From claim 1, q(k) = 1 if and only if £(\) = ¢(u(k)) and from claims 2,3 this never
occurs when 0 < k < |8 ov(A)]. This proves part 1) of the proposition.

When £(s\) < £()), claim 1 implies that q(k)q; ! = 1 if and only if £(\) — £(u(k)) = 2,
and claims 2,3 imply that q(1)q;* = 1 is equivalent to q(|a o v(A\)| — 1)q;t = 1, and
implies k = 1 or |fov(A)| — 1. Claims 2,4 imply that the converse is true if v(\) is A’-
anti-dominant. This proves parts 2) and 3) of the proposition. It remains only to prove
the claims.

Lemma 5.46. 23  qass /., mu(s) = {(A) — £(u(k)), with the notation of (?7).
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Proof. We have

D= 1] 9, nak) €Z, Y ng(k) = £\ — Lu(k)),
sesaff(1)/~ s

by choosing reduced decompositions of A and (k). We have 2my(s") = nsi(s’) for all
s' € 841/ ~. When § = 2, we have 2maog11(s") = napy1(s’) + 1if 8" ~ 5, 2mapy1(s') =
Nopt1(s’) — 1 if " ~ &, and 2mog11(s") = nak+1(s’) otherwise. O

Lemma 5.47. ((u(k)) = E(ug)\eﬁo‘)) and L(pkN) = K(ugo()‘)fk)\) forae X, e Ak eZ.

Proof. By Cor. 7?7, the length of € A depends only on v(z) € V and v is Wy-equivariant.
For o € ¥ we have v(0) = V(Sa+15q4) = —V(SaSat1) = —v(5a(tla)) = —aV.

When Bov(A) =7, v(s(As)) = s(v(Xs)) = v(As) + BY because Sov(A;) = —1. Hence
V((k)) = s(SOEIATEN) = KBY + w(N) = k() + v(N) = w52 if €5(3) = —1,

v(u(k)) = v(s(NsOEATF) = kBY + w(s(N) = ku(s(g)) + v(s(X) = v(s(EN),

if eg(A) = 1. When Bov(A) = 2Z, v(s(Xs)) = v(As) + 28" because B ov(As) = —2. With
the same arguments v(u(k)) is equal to

v(uz*A) i ea(N) = —1, W(s(EN) i es(N) = 1,

in this case also. Hence £(u(k)) = €(u§k)ﬁ6/3(>‘)) ifeg(N) = —1and ¢(u(k)) = €(s(uf§)\63(>‘))
if eg(A) = 1. The property that the length on A is invariant by taking the inverse or by
Wy implies £(u(k)) = E(ug)\ef’(’\)).

We have

sa(V(HEN) = sa(=ka” +v(N) = (k — aov(N)a” +v(A) = v(ug ™M 7FN).
We deduce £(ufN) = £(us®" M7k \). O
Lemma 5.48. For a« € X, \ € A such that 1 < aov(\) we have
C(N) — L(pEX) > 2min(k, o v(X) — k) for 0 < k < aov(N).

When o € A', we have £(N\) — l(pua) = 2 if there exists w € Wy such that w(v(\)) is
A'-dominant and w(a') € A'.

Proof. a) Reduction to v(A) A’-dominant and « o v(A) > 2k for the inequality of the
lemma.

There exists w € Wy such that w(v(\)) is A’-dominant, that is, vy o v(A) > 0 for all
v € A’. The homomorphism v is Wy-equivariant, w(a)ov(w(X)) = aov(N), w(ta) = tuw(a),
and the length is Wy-invariant. The pair (w(«), w()\)) satisfies the inequality of the lemma
if and only if the pair (o, \) satisfies the lemma.

From now on, v(\) A’-dominant. We suppose that the inequality in the lemma is
true when 0 < k < (a o v(A))/2. For the other values (e o v(A))/2 < k < aov(X) we

have £(uk\) = E(,ugw@)_k)\) by Lemma ?? and 0 < aov(A) — k < (aov(N))/2. Hence

LN — K(ugoy()‘)fk)\) > 2(a o v(\) — k). Hence we can suppose a o v(A) > 2k for the
inequality of the lemma.

b) There exists a positive integer r such that rv(A) is contained in v(A%f) = Q(XZV),
the lattice generated by the coroots, because v(A) C P(XV), the lattice generated by the
weights of XV,

Let p be the half-sum of the A’-positive roots of 3. If v € ¥ is A’-positive, p(yV) > 1
with equality if and only if v € A’. As v()) is A’-dominant, we have £(\) = 2p(v(A)) (Cor.
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?7), and for any w € Wy ([?] 1.3.22 Cor. 1.4.2 Prop.) v(A) —w(v(N)) € (1/r) >
hence

\Y%
YEA! ny ’

20(v(A) —w(v(X)) >0 with equality if and only if v(A) =w(v(N)).

¢) There exists w € Wy such that w(v(uEN)) = w(—ka¥ +v()\)) is A’-dominant. As
the length is Wy-invariant, we have £(uf\) = 2p(w(—ka + v())), hence

€ = €(uEN) = 20(v(A) — w(v(V)) + 2kp(w(a)).

We deduce:

1) £(X\) —€(uE\) > 2k if there exists w € W such that w(a) A’-positive and w(—ka" +
v(\)) A’-dominant.

2) {(X\)—€(uk\) = 2k if and only if there exists w € W, fixing v()\) such that w(a) € A’
and w(—ka + v(X)) is A’-dominant.

e) Suppose a o v(\) = 2k, or equivalently —ka“ + v(\) fixed by s,. For w € Wy,
w(—ka" + v(A\)) = wsa(—ka” + v(N)) and either w(a) or ws,(a) is A’-positive. We
deduce from 1) that £(\) — E(,u,}i)\) > 2k.

f) Suppose a o v(A\) > 2k. For w € Wy such that w(—ka" + v(\)) is A’-dominant,
w(a) is A’-positive because w(a)(w(—ka¥ +v(N)) = a(—ka¥ + v(X)) = aov(N) — 2k is
positive by hypothesis. A root which takes a positive value on a point in the A’-dominant
Weyl chamber of V' is A’-positive. We deduce from 1) that £(\) — £(u%\) > 2k. This ends
the proof of the inequality.

g) The equality in the lemma concerns the case k = 1. With the same arguments than
in a), we reduce to prove that £(\) — £(uaA) = 2 when X is A’-dominant and o € A’.

By 2), it suffices to check that —a“ + v(\) is A’-dominant. This is true because \ is
A’-dominant and a(—a" + v(\)) = =2+ aov()) > 0. O
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