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Abstract

Let F be a local non archimedean field with a finite residue field k of characteristic p,
let G be a connected reductive group over F , let K be a special parahoric subgroup of
G(F ), and let V be an irreducible smooth representation of K over a large extension k′ of
k. We prove a Satake isomorphism for the Hecke algebraH(G,K, V ), generalizing the work
of Herzig who assumed F of characteristic 0, G unramified over F and K hyperspecial.
We show that H(G,K, V ) is commutative for all (K,V ) when G splits over an unramified
extension of F and we give an example of a non commutative Hecke algebra H(G,K, V ).
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Introduction

Let G be a connected reductive group over a local non archimedean field F with a finite
residue field k of characteristic p. Suppose that K is a special parahoric subgroup of G(F )
with pro-p-radical K+ of K. Then G(k) = K/K+ is the group of k-points of a connected
reductive group G defined over k. Suppose that V is an irreducible representation of G(k)
over an extension k′ of k containing a root of 1 of order the prime to p part of the exponent
of G(k). We view V as a representation of K. The Hecke algebra Hk′(G,K, V ) is the
algebra of intertwinning operators of the compacty induced representation c-IndG(F )

K V .
We forget V when V is trivial. Let B = Z.U be a minimal parabolic F -subgroup of
G with unipotent radical U and Levi subgroup Z. The natural image in G(k) of the
intersection K ∩B(F ) is the group of points of a minimal parabolic k-subgroup B = Z.U

of G. The space V U(k) is one dimensional with a natural action of Z(k) by a character
χV : Z(k) → (k′)∗. The group Z is a connected reductive F -group which is anisotropic
modulo its center (it is not the connected center of G). The intersection K ∩ Z(F ) is
the unique parahoric subgroup Z0 of Z, the intersection K+ ∩ Z(F ) is the pro-unipotent
radical Z0+ of Z0 and Z(k) = Z0/Z0+. The group Z(F )/Z0 is commutative and finitely
generated, isomorphic to the image of the Kottwitz morphism for Z(F ). We view V U(k)

as V U0 where U0 = U(F ) ∩K and χV as a k′-character of Z0. There exists a canonical
morphism of Hecke algebras

S : Hk′(G,K, V )→ Hk′(Z,Z0, V
U0)

called the Satake morphism. Let Z−V be the monoid of antidominant elements of Z(F )
normalizing the character χV . We will prove:

Theorem 0.1. The Satake morphism S is injective of image the subalgebra of functions
with support contained in Z−V .

We denote by Hk′(Z−V , Z0, V
U0) the subalgebra of Hk′(Z,Z0, V

U0) with support in
Z−V .

Definition 0.2. The Satake isomorphism modulo p with weight V is the isomorphism

Hk′(G,K, V ) → Hk′(Z−V , Z0, V
U0)

induced by S.

When G is F -anisotropic modulo its center, then K is the unique parahoric subgroup
of G(F ), and V is a character χ : K → (k′)∗. It is tempting to denote Hk′(G,χ) :=
Hk′(G,K, V ). We give an example of (G,χ) with Hk′(G,χ) non commutative. We prove
that Hk′(G,χ) is commutative for all χ when G is a F -torus, or is semi-simple simply
connected, or splits over an unramified extension of F .

Returning to a general G, the Satake isomorphism implies :

Proposition 0.3. When G is F -quasi-split, or semi-simple and Z is simply connected,
or splits over an unramified extension of F , then the Hecke algebra Hk′(G,K, V ) is com-
mutative for all (K,V ).

We describe now the center of Hk′(G,K, V ) via the Satake isomorphism. Let Z ′−V
be the monoid of antidominant elements z ∈ Z(F ) such that zxz−1x−1 acts trivially
on V U0 for any x ∈ ZV . The center of the algebra Hk′(Z−V , Z0, V

U0) is the subalgebra
H(Z ′−V , Z0, V

U0) with support in Z ′
−
V . This algebra is naturally isomorphic to the group

algebra k′[Z ′−V /Z0] of the commutative finitely generated monoid Z ′
−
V /Z0.

Proposition 0.4. The Hecke algebra H(G,K, V ) is a finitely generated module over its
center and the center is a finitely generated algebra isomorphic to k′[Z ′−V /Z0].
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History Originally, Satake
Sa
[Sa] (1963) formulated “the Satake isomorphism” for the

complex Hecke algebra HC(G′,K ′) of a pair (G′,K ′) consisting of a p-adic group G′

and a maximal compact subgroup K ′ satisfying assumptions inspired by the real case
and that he verified for classical simple p-adic groups. The development of the theory
of the maximal compact subgroups of the points of the connected reductive F -group G,
mainly by Bruhat-Tits, showed that the assumptions of Satake are satisfied by the pair
(G(F ), K̃) where K̃ is a special maximal compact subgroup (a special parahoric subgroup
K is contained in a unique special maximal compact subgroup K̃). The classical and
excellent reference is the article of Cartier

Cart
[Cart] (1979) in the Corvallis proceedings. Let

Z̃0 be the unique maximal compact subgroup of Z(F ) and let Wf be the finite relative
Weyl group of G. The classical Satake isomorphism says that the C-algebra HC(G, K̃) is
canonically isomorphic to the C-algebra of all Wf -invariant elements of C[Z(F )/Z̃0] :

HC(G, K̃) ' C[Z(F )/Z̃0]Wf

via the morphism

f 7→ (z 7→ δ
1/2
B (z)

∫
U(F )

f(zu) du)

where du gives U0 = U(F ) ∩ K measure 1 and δB is the modular function on B. For
z ∈ Z(F ) we have δB(z) := |det(Ad(z); Lie(U(F ))|F . The image of f is essentially the
normalized orbital integral of f on Z(F ). Let D(z) := |det(Ad(z)− 1; Lie(G(F )/Z(F ))|1/2F

and let S be the maximal F -split subgroup of Z. We have

δ
1/2
B (z)

∫
U(F )

f(zu) du = D(z)
∫
G(F )/S(F )

f(gzg−1)
dg

ds
when D(z) 6= 0

where dg, ds give K,S(F )∩K the measure 1. The normalization of the Satale isomorphism
by δ1/2

B implies its independence of the choice of B and the symetry of its image by Wf .
For arithmetic applications, the ring HZ(G, K̃) is more important and Satake shows that
it is a polynomial ring with m variables over Z when G is simple without center and
m is the rank of its maximal F -split torus. The importance of the Satake isomorphism
became extreme when Langlands

Langl
[Langl] (1970) introduced a new complex group LG(C)

and viewed the Satake isomorphism when G is quasi-split and split over an unramified
extension (we say now that G is F -unramified) as a parametrization of the characters
of HC(G, K̃) by certain semi-simple conjugacy classes of LG(C). Langlands used this
parametrization to define local L-functions of automorphic forms.

In the theory of types the parahoric subgroups are more useful that the maximal
compact subgroups. The Hecke algebras HZ(G,K ′, V ) with weight a complex irreducible
supercuspidal representation V have been described by Morris

Mo
[Mo] (1993), for any para-

horic subgroup K ′ of G(F ). The simple modules of the complex weighted Hecke algebras
associated to the parahoric subgroups of G(F ) are used to classify the irreducible com-
plex representations of G(F ) of level 0. Over a field of characteristic p all the smooth
irreducible representations of G(F ) have level 0, but they are not known.

Recently (2009), Rapoport Haines and Rostami
HRa
[HRa],

HR
[HR] with a view of applications

to Shimura varieties, showed that the assumptions of Satake are satisfied by (G(F ),K)
when K is a special parahoric subgroup, and they related Z(F )/Z0 with the L-group of
Z. The classical complex Satake isomorphism suitably normalized for (G(F ),K) is of the
form

HC(G,K) ' C[Z(F )/Z0]Wf .

Let Fp be an algebraic closure of k. Over a field of characteristic p the normalization
is impossible. Barthel and Livne

BLI
[?],

BLII
[?] (1994) described the (unormalized) Satake iso-

morphism modulo p with weight when G = GL(2), and used it to obtain the classification
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of the irreducible admissible Fp-representations of GL(2, F ) with a central character in
term of supercuspidal representations.

For an Iwahori subgroup of G(F ), i.e. for a minimal parahoric subgroup of G(F ), the
weighted Hecke Fp-algebrasHFp(G, I, V ) have been described in 2006

V
[V]. They are finitely

generated modules over their center and the center is a finitely generated Fp-algebra; the
simple HFp(G, I, V )-modules have a central character

Vig
[Vig]; the supersingular modules

have been described when G = GL(n)
V2
[V2]

Ol
[Ol].

Recently (2009), Herzig
H
[H],

H2
[H2], generalized to G = GL(n) for all n ≥ 2 the results

of Barthel and Livne. Herzig describes the Satake isomorphism of weighted Hecke algebra

HFp(G, K̃, V ) ' HFp(Z−V , Z0, V
U0) ,

that Herzig proved under the assumptions that G is F -unramified and that K̃ hyperspe-
cial. In this case K = K̃.

Plan of the paper The paper is divided in five parts. In the first part, we recall the
definition of the weighted Hecke algebra Hk′(G,K, V ) and we notice that the represen-
tation of G(F ) induced from (K,V ) is a G(F )×Hk′(G,K, V )-module, a fact which will
be used later with the Iwasawa decomposition for the special parahoric subgroup K to
define the Satake morphism.

In the second part, we suppose that the reductive connected F -groupG is F -anisotropic
modulo the center. The group G(F ) has a unique parahoric subgroup K and the quo-
tient of K by its pro-p-radical is the group of points of a k-torus. The representation
V of K is one dimensional and can be replaced by a k′-character χ of K. We denote
Hk′(G,K, V ) = Hk′(G,χ). We consider the problem of the commutativity of the Hecke
algebra Hk′(G,χ). We show that the commutativity is equivalent to the vanishing of a
certain element in H2(Gχ/K,E∗) where Gχ the normalizer of χ in G(F ) and E is any
algebraically closed field of characteristic 0 or large enough different from p. We recall
for a general G the functorial properties of the parahoric subgroups of G(F ) described as
the intersection of the kernel of the Kottwitz morphism with the fixator of a facet of the
Bruhat-Tits building of the adjoint group Gad, by Haines and Rapoport. In the last two
subsections we give an example of a non commutative Hecke algebra Hk′(G,χ), and we
prove that Hk′(G,χ) is commutative for any character χ of K when G is split over an
unramified extension of F .

In the third part, using the results of Haines, Rapoport and Rostami for a special
parahoric subgroup of G(L), we describe the Cartan and Iwasawa decomposition for a
special parahoric subgroup of G(F ) and the intersections between the Cartan double
classes and the Iwasawa double classes; this will allow later to prove the injectivity of
the Satake isomorphism and that the support of the image of the Satake morphism is
antidominant - via the Herzig’s trick. We study the action of the reduction from K to its
reductive quotient G(k), to the intersections Pz,0 = K ∩ Pz(F ) of K with the parabolic
subgroups of G(F ) associated to the elements z of Z(F ). We prove the property allowing
later to describe a k′-basis of the Hecke algebra Hk′(G,K, V ).

In the fourth part, we recall the classification of the irreducible representations of a
finite group of Lie type (the points of a reductive connected group over a finite field) in
the natural characteristic, following Cabanes and Curtis. We check that an automorphism
stabilizing a maximal torus and the root subgroups fixes the highest weight χV if and only
if it fixes the isomorphism class of the representation V . This is an ingredient to show
that both the Hecke algebras Hk′(G,K, V ) and Hk′(G,χV ) have a k′-basis indexed by a
system of representatives of Z−V /Z0.

In the fifth and last part, we prove the Satake isomorphism following Herzig. It is
remarquable that the method of Herzig generalizes to non commutative weigthed Hecke
algebras. The Satake morphism is a consequence of the Iwasawa decomposition for K,
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which implies that the induced representation from (Z0, V
U0) to Z(F ) is isomorphic to

the U(F )-invariant elements of the induced representation of (K,V ) to G(F ). The Satake
isomorphism implies finiteness results for the weighted Hecke algebra Hk′(G,K, V ). The
weighted Hecke algebra is finitely generated over its center, the center is the k′-algebra
of a finitely generated monoid Z ′V

−
/Z0, the simple HFp(G,K, V )-modules are finitely

generated and have a character given by a Fp-character of Z ′V
−
/Z0; if this character is

supersingular the simple HFp(G,K, V )-module can reasonably be called supersingular.

1 Definition of the Hecke algebra H(G, K, V )
HA

See (
Vlivre
[?] I.8.6). The Hecke algebra H(G,K, V ) = Hk′(G,K, V ) is the k′-algebra of com-

pactly supported functions f : G(F ) → Endk′V satisfying f(k1gk2) = k1f(g)k2 for all
k1, k2 ∈ K, g ∈ G(F ), and the multiplication of f1, f2 ∈ H(G,K, V ) is given by convolu-
tion:

(f1 ∗ f2)(g) =
∑

y∈G(F )/K

f1(y) ◦ f2(y−1g)

for g ∈ G(F ). We will forget V and we can replace k′ by the ring Z when V is the trivial
representation. Hence HZ(G,K) is the convolution ring of Z-basis the double classes of G
modulo K.

By Frobenius reciprocity,

H(G,K, V ) ' Endk′G(F ) c-IndG(F )
K V ,

where c-IndG(F )
K V is the compact induced representation of V to G(F ) (the space of

compactly supported functions ϕ : G(F )→ V satisfying f(kg) = kf(g) for all k ∈ G, g ∈
G(F ), with the action of G(F ) by right translation). The subspace [1, V ] of functions [1, v]
with support K and value v ∈ V at 1 is K-stable and isomorphic to V by the value at 1.
We have

c-IndG(F )
K V = ⊕g∈G/K g.[1, V ] .

The action of f ∈ H(G,K, V ) on g.[1, v]K is the function f.g.[1, v]K = g.f.[1, v]K :
G(F )→ V defined by

forfor (1) h 7→
∑

KhK=∪xKx

gx−1.[1, f(x)v]K =
∑

Kh−1K=∪xxK

gx.[1, f(x−1)v]K .

Hence IndG(F )
K V is a G(F )×H(G,K, V )-module.

The non compact induced representation IndG(F )
K V of (K,V ) to G(F ) is defined as

c− indG(F )
K V but without restritriction of the support.

deb Lemma 1.1. IndG(F )
K V is a G(F )×H(G,K, V )-module.

Proof. We check that the action of f ∈ H(G,K, V ) on c-IndG(F )
K V extends to IndG(F )

K V .
For any x ∈ G(F ) and for any φ ∈ IndG(F )

K V ,

(f.φ)(x) = (f.(φ|x−1.supp(f)))(x) = (f.φ|C)(x)

for any large compact subset C containing x−1.supp(f) is well defined, because the support
of f.g.[1, v]K is contained in supp(f)g−1, and the value at x of f.g.[1, V ]K is 0 when g
does not belong to x−1.supp(f).
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We check that f.φ ∈ c-IndG(F )
K V . For k ∈ K and x ∈ G(F ) we have

(f.φ)(kx) = (f.φ|C)(kx) = k.((f.φ|C)(x)) = k.((f.φ)(x)) .

for any compact C ⊂ G(F ) containing (kx)−1supp(f) and x−1supp(f).
We check that the linear map φ 7→ f.φ is G(F ) is equivariant. For any g, x ∈ G(F ) we

have (g.f.φ)(x) = (f.g.φ)(x) because

(f.φ)(xg) = (f.φ|C)(xg) = (g.f.φ|C)(x) = (f.g.φC)(x) = (f.(g.φ)|Cg−1)(x) .

for any compact C ⊂ G(F ) containing (xg)−1supp(f) and x−1supp(f)g.

2 G is F -anisotropic modulo the center
an

We suppose that G is a connected reductive group which is F -anisotropic modulo the
center (a maximal F -split subtorus of G is central). We have the following properties:

1. The group G is of type A
BTIII
[BTIII] 4.3).

2. The group G(F ) admits a unique parahoric subgroup K and a unique maximal
compact subgroup K̃ (

BTII
[BTII] 5.1.27, 5.2.7). By unicity, K and K̃ are normal in

G(F ).

3. The group K/K+ is the group of k-rational point of a k-torus (
BTII
[BTII] 5.1.32). Hence

K/K+ is a commutative finite group of order prime to p.

4. The group
Λ := G(F )/K

is commutative, finitely generated, of torsion Λtor = K̃/K (
HR
[HR] 1.0.1). In partic-

ular K̃/K is commutative and the commutator subgroup (G(F ), G(F )) of G(F ) is
contained in K.

5. Let S be the maximal F -split subtorus of G. Then K̃ ∩ S(F ) = K ∩ S(F ) is the
maximal compact subgroup S0 of S(F ) which is the unique parahoric subgroup of
S(F ). The subgroup S(F )/S0 of Λ has finite index and identifies with the cocharacter
group S∗ of S.

6. We have S(F )/S0 = Λ hence K = K̃ when G is F -unramified, i.e. F -quasi-split and
splits over an unramified extension (

HR
[HR] 11.1.2).

2.1 Hecke algebra

An irreducible k′-representation V of K is given by a character χ : K → k′∗. The kernel
H of χ is a normal subgroup of K and the quotient K/H is cyclic of finite order prime
to p. Any such subgroup of K is the kernel of a homomorphism K → k′∗. The normalizer
Gχ = GV of χ in G(F ) is the group

{ g ∈ G(F ) | gxg−1x−1 ∈ H for all x ∈ K } .

It is obvious that it contains K and normalizes H. Let

G′χ = G′V := { g ∈ G(F ) | gxg−1x−1 ∈ H for all x ∈ GV } .

It is obvious that K ⊂ G′V ⊂ GV . We put

Λ′V := G′V /K , ΛV := GV /K .
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fi Lemma 2.1. G′V is a normal subgroup of GV of finite index.

Proof. Recalling that (G(F ), G(F )) ⊂ K we have for all g, h, x ∈ GV ,

χ(ghx(gh)−1x−1) = χ(g(hxh−1x−1)g−1) χ(gxg−1x−1) = χ(hxh−1x−1)χ(gxg−1x−1) ,

χ(g−1xgx−1)−1 = χ(g−1(gxg−1x−1)g) = χ(gxg−1x−1) .

They show that G′V is a group by choosing g, h ∈ G′V . As ΛH is commutative G′V is a
normal subgroup of GV . The index of G′V in GV is equal to the index of Λ′V in ΛV . The
first formula shows

χ(gdxg−dx−1) = χ(gxg−1x−1)d

for all d ∈ N>0 and g, x ∈ GV . Hence, if d is the exponent of the finite group K/H, we
have gd ∈ G′V for all g ∈ GV . We deduce that dΛV ⊂ Λ′V and that the index of Λ′V in ΛV
is finite because ΛH ⊂ Λ is commutative and finitely generated.

A function in the Hecke algebra vanishes outside GV and for any g ∈ GV there exists
a unique function τg ∈ H(G,K, V ) = H(G,K,χ) of support KgK such that τg(g) = 1.
One chooses a representative gλ ∈ G(F ) of each λ ∈ Λ.

com Lemma 2.2. 1. A k′-basis of H(G,K, V ) is (τgλ)λ∈ΛV .

2. A k′-basis of the center Z(G,K, V ) of H(G,K, V ) is (τgλ)λ∈Λ′V
.

3. The center of the Hecke algebra H(G,K, V ) is isomorphic to k′[Λ′V ], and H(G,K, V )
is a finitely generated module over its center.

4. The Hecke algebra H(G,K, V ) is commutative if and only if χ(Gχ, Gχ) = 1.

Proof. We have the product formula for g, g′ ∈ Gχ,

τg ∗ τg′ = τgg′ = τg′g χ(g−1g′−1gg′) = τg′ ∗ τg χ(g−1g′−1gg′) .

We deduce that τg commutes with τg′ for all g′ ∈ Gχ if and only if g ∈ G′χ. With the
lemma

fi
2.1, the lemma is now obvious.

2.2 First results on commutativity

It is convenient to denote sometimes GV by GH ; this group depends only on H. The
action of GH by conjugation on K/H is trivial, and

1 → K/H → GH/H → GH/K → 1

is a special kind of central extension where the quotient GH/K is commutative and finitely
generated and the kernel K/H is cyclic of order prime to p. Let αH ∈ H2(GH/K,K/H)
be the cohomology class of the extension. By definition, for any choice of a system of
representatives {bc} of GH/K in GH/H, the class of the 2-cocycle (c, c′) 7→ b−1

cc′ bcbc′ in
H2(GH/K,K/H) is αH . Let E be an algebraically closed field of characteristic 0 or not
dividing the order of K/H and let βH ∈ H2(GH/K,E∗) be the natural image of αH .

ext Lemma 2.3. The following properties are equivalent:

1. The Hecke algebra H(G,K, V ) is commutative,

2. GH/H is commutative,

3. αH = 0,

4. βH = 0,

7



5. The natural injective morphism K/H → E∗ extends to a morphism X : GH/H →
E∗.

Proof. It is obvious that the Hecke algebra H(G,K, V ) is commutative if and only if

(GH , GH) ⊂ H

if and only if the group GH/H is commutative if and only if the extension splits if
and only if αH = 0, and that αH = 0 implies βH = 0. By Clifford’s theory (

NT
[NT]

th.5.7) βH = 0 if and only if the natural inclusion K/H → E∗ extends to a morphism
X : GH/H → E∗. If a morphism X : GH/H → E∗ extends the inclusion K/H → E∗ then
X(GH/H,GH/H) = 1. As (GH/H,GH/H) ⊂ K/H and X|K/H is injective we deduce
(GH/H,GV /H) = 1. Equivalently GH/H is commutative.

We deduce:

Proposition 2.4. The Hecke algebra H(G,K, V ) is commutative in the following cases:

1. G is quasi-split,

2. G is semi-simple and simply connected,

3. G is semi-simple and the order of GH/K is prime to the order of K/H,

4. GH/K is cyclic (infinite or finite),

5. GH/K is the product of a finite group C ′′ of order prime to the order of K/H and
of a group C ′ such that the extension of C ′ by K/H splits.

Proof. 1. G(F ) is commutative because G is a torus
Spr2
[Spr2].

2. G(F )/K+ is commutative because K = K̃ = G(F ) (
HR
[HR] 11.1) and K/K+ is com-

mutative.

3. H2(GH/K,K/H) = 0 because G(F ) = K̃ and an extension of finite groups of
relatively prime orders splits by the Schur-Zassenhaus theorem.

4. H2(GH/K,E∗) = 0 (
NT
[NT] Lemma 5.4.(iii)).

5. Let B′′ be a subgroup of GH/H isomorphic to C ′′ and let B′ be the extension of
C ′ by K/H. We have GV /H = B′×B′′ because the intersection is obviously trivial
and for b′ ∈ B′, b′′ ∈ B′′ there exists a ∈ K/H with b′b′′b

′−1 = b′′a; the order
of b′b′′b

′−1 and the order of a are relatively prime hence a = 1 because K/H is
commutative. The group B′′ is commutative because GH/K is commutative. Hence
GH/H is commutative if and only if B′ is commutative.

2.3 Parahoric subgroups

This paragraph is valid for a general reductive connected F -group G. Let L/F be the
p-adic completion of the maximal unramified extension of F , let I be the inertia Galois
group of the separable closure F s/F and let σ be a Frobenius of the unramified closure
Fu/F in F s. The group I acts continuously on L and LI = F . Let G(L)1 be the kernel
of the Kottwitz surjective morphism (

HR
[HR] 1.0.2)

wG : G(L) → (π1(G))I where π1(G) := X∗(Z(Ĝ)) .

Set G(F )1 := (G(L)1)σ. Let Gder be the derived subgroup of G, let Gtor := G/Gder be the
maximal toric quotient of G and let Gad be the adjoint group of G. A parahoric subgroup
of G(L) is a subgroup of the form

KF (L) := Fix(F ) ∩G(L)1

8



for a facet F of the building B(Gad, L) of the adjoint group Gad of G over L and the
natural action of G(L) on B(Gad, L). An Iwahori subgroup is the parahoric subgroup
associated to a chamber of B(Gad, L). A parahoric subgroup of G(F ) is a subgroup of the
form

KF (F ) := KF (L)σ

for a σ-invariant facet F .

1. If G = T is an F -torus then T (L)1 is the unique parahoric subgroup of T (L).
2. If G is semisimple and simply connected then G(L)1 = G(L).
3. If Gder is simply connected, we have the exact sequence

1→ Kder,F (L)→ KF (L)→ Gtor(L)1 → 1 .

4. If G̃→ G is a z-extension of kernel R, we have the exact sequence

1→ R(L)1 → K̃F (L)→ KF (L)→ 1 .

5. H1(σ,KF (L)) = 1. We deduce that the properties 1,2,3,4 are valid when L is re-
placed by F .

6. If G is an induced F -torus or a semisimple simply connected F -anisotropic group,
the unique parahoric subgroup G(F )1 of G(F ) is also the unique maximal compact
subgroup of G(F ).

2.4 A non commutative Hecke algebra

Let E/F a ramified quadratic extension with ring of integers OE , and let D/E be a
division algebra of E-dimension 16, with ring of integers OD, uniformizer pD, residue field
kD such that the action of pD on kD via conjugaison is x 7→ xq. We denote by NkD/k the
norm of kD/k, y 7→ y the non trivial F -automorphism of E, G′ the reductive connected
E-group with G′(E) = D∗, and Nrd : G′ → Gm/E the reduced norm of kernel the
derived group G′der of G′. The group G′der is an F -anisotropic inner form of SL(n) with
G′der(E) = D1 the kernel of the reduced norm, and as SL(n) it is simple and simply
connected. Let

G := {(d, x, y) ∈ (G′ ×Gm/E ×Gm/E) | Nrd(d)x2 y

y
= 1 } .

Let RE/F be the scalar restriction from E to F . The projection (d, x, y) 7→ (x, y) induces
an exact sequence in the category of F -linear algebraic groups

EXEX (2) 1 → RE/F (G′der) → G → RE/F (Gm/E ×Gm/E) → 1 .

The algebraic linear F -group G is an extension of two connected reductive F -groups, hence
is connected and reductive. The derived group Gder = RE/F (G′der) of G is simple simply
connected and F -anisotropic and the maximal toric quotient Gtor = RE/F (Gm/E×Gm/E)
of G is an induced torus. Hence the unique parahoric subgroup K = G(F )1 of G(F ) is
equal to the unique maximal compact subgroup of G(F ). The exact sequence (

EX
2) induces

exact sequences

1 → D1 → G(F ) → E∗ × E∗ → 1 .

1 → D1 → K → O∗E ×O∗E → 1 .

We deduce that K = G(F ) ∩ (O∗D ×O∗E ×O∗E) and

K/K+ = {(z, x, y) ∈ k∗D × k∗ × k∗ | NkD/k(z)x2 = 1 } .

For g = (d, x, y) , g′ = (d′, x′, y′) ∈ G(F ) we have gg′g−1g′−1 = (dd′d−1d′−1, 1, 1) hence
(G(F ), G(F )) = (D1, 1, 1). If d ∈ pndO

∗
D and if d′ = ζ is a root of 1 prime to p then

gg′g−1g′−1 = (ζq
n−1, 1, 1) where d ∈ pndO∗D.
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Lemma 2.5. We suppose that k = F3 is a field with 3 elements.

1. The image of G(F ) by the projection (d, x, y) 7→ d, is the group p2Z
D O

∗
D.

2. K/K+ = {(z, x, y) ∈ F∗81 × F∗3 × F∗3 | z is a square in F∗81 } .

3. The Hecke algebra H(G,K,χ) is not commutative if χ is the character of K/K+

defined by χ(z, x, y) = z5.

Proof. 1. The image of G(F ) by (d, x, y) 7→ Nrd(d) is the group {x2y/y for x, y ∈
E∗} = p2Z

F O
∗
E because each element of p2Z

F (1 + pFOE) is a square and −1 ∈ E has
norm 1 in F . The inverse image of p2Z

F O
∗
E by the reduced norm Nrd is p2Z

D O
∗
D.

2. kD = F81, NkD/k(z) = z1+3+9+27 = z40 and x2 = 1 for z ∈ F∗81, x ∈ F∗3. We have
z40 = 1 if and only if z is a square in F∗81.

3. Let h ∈ G(F ) with dh = ζ ∈ O∗D a root of 1 of order 16. Then h ∈ K hence h
normalizes χ. Let g ∈ G(F ) with dg = p2

D. For u ∈ K of image (z, x, y) ∈ K/K+ the
image of gug−1u−1 in K/K+ is (z8, 1, 1). The order of χ is 8. Hence g normalizes
χ. The image of ghg−1h−1 in K/K+ is (ζ8, 1, 1) = (−1, 1, 1) which does not belong
to the kernel of χ. Hence χ(Gχ, Gχ) 6= 1 and the Hecke algebra H(G,K,χ) is not
commutative (lemma

com
2.2).

2.5 G splits over an unramified extension

In this section we prove:

Proposition 2.6. When G is F -anisotropic modulo the center and splits over an unram-
ified extension of F , then the Hecke algebra H(G,K, V ) is commutative for all (K,V ).

Proof.

3 G general

From now on, G is a general reductive connnected F -group. We choose a maximal F -
split subtorus S of G. The connected center ZG of G is contained in S. The centralizer
Z := ZG(S) of S in G is a connected reductive F -group which is F -anisotropic modulo the
center. Let N := NG(S) be the normalizer of S in G. Let A be the apartment associated
to S in the Bruhat-Tits building of the adjoint group Gad over F . We choose a chamber
C of A and a special vertex O of C. Let I be the Iwahori subgroup of G(F ) associated
to C and K the special parahoric subgroup of G(F ) associated to O. Modulo the action
of N(F ) on A the chamber C is unique. The number of G(F )-conjugacy classes of the
special parahoric subgroups of G(F ) is finite and can be > 1. Let Φ be the set of roots of
G relative to S, let ∆ be the basis of Φ defined by the walls of the chamber C containing
O.

3.1 The group Λ

Let Z̃0 be the unique maximal compact subgroup of Z(F ), let Z0 be the unique parahoric
subgroup of Z(F ), let Z0+ be the pro-p-radical of Z0 and let

Λ := Z(F )/Z0 .

As in
an
2, Λ is a commutative finitely generated group with torsion subgroup Λtor = Z̃0/Z0

and S∗ identifies to a subgroup of finite index of Λ. One denotes by g 7→ λg the quotient
map G(F ) → Λ and the group law on Λ is denoted additively, hence λg + λg′ = λgg′ for
g, g′ ∈ G(F ).
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Let G′ be the subgroup of G(F ) generated by the parahoric subgroups. For a ∈ ∆, let
Ua be the root subgroup of G (noted U(a) in (

Spr2
[Spr2] 15.4); if 2a is a root the U2a ⊂ Ua).

The group G′ is the normal subgroup of G(F ) generated by Z0 and by (Ua)a∈Φ. We recall
ZG is the connected center of G. The subgroup G′ZG(F ) of G(F ) has finite index. Let
Z ′ := Z(F ) ∩G′. Then

Λ′ := Z ′/Z0

is a free commutative finitely generated subgroup of Λ.
Let Φ∨ ⊂ S∗ be the set of coroots, let a∨ ∈ Φ∨ be the coroot of a ∈ Φ, and let

(ωa∨)a∈∆ be the fundamental coweights in QΦ∨ = ⊕a∈∆Qa∨ defined by < a, ωb∨ >= δa,b
for a, b ∈ ∆. Both (a∨)a∈∆ and (wa∨)a∈∆ are Q-basis of QΦ∨. A root a ∈ Φ extends to a
linear form x 7→< a, x > on

S∗ ⊗Z Q = Λ⊗Z Q = (S∗ ⊗Z Q)Φ=0 ⊕ QΦ∨ .

The kernel of the natural map λ 7→ λ ⊗ 1 : Λ → Λ ⊗Z Q is Λtor. For a ∈ Φ and λ ∈ Λ,
we define < a, λ > := < a, λ⊗ 1 > . We have the morphism ω : Λ→ QΦ∨ defined by

λ 7→ ω(λ) :=
∑
a∈∆

< a, λ > ωa∨ .

We say that λ ∈ Λ is dominant when < a, λ > ≥ 0 for all a ∈ ∆, i.e. ω(λ) ∈∑
a∈∆ Q≥0 ωa∨ , and is anti-dominant when −λ is dominant. By the Gordan’s lemma

the submonoid Λ+ of dominant elements of Λ is finitely generated. The same property is
true for the submonoid Λ− = −Λ+ of anti-dominant elements. The kernel of ω is

ΛΦ=0 := Z̃0ZG(F )/Z0 .

We have
ΛΦ=0 ⊕ Λ′ ⊂ Λ

and the index is finite. We have a unique decomposition

Λ = ΛΦ=0 ⊕ Λder

with Λ′ ⊂ Λder. The restriction of ω to Λder is an isomorphism Λder ' ω(Λ). We fix a
valuation vF on F with vF (F ) = Z. There exists a positive rational number ea ∈ Q>0

such
N(F ) ∩ (U−a(F )(Ua(F )− {1})U−a(F ))

acts on the apartment A = RΦ∨ by reflections at the affine hyperplanes {x ∈ A | <
a, x > ∈ eaZ} (

BTII
[BTII] 5.2.1). By (

BTI
[BTI] 6.2.20), we have

ω(Λ′) =
∑
a∈∆

Z ea a
∨ ⊂ ω(Λ) ⊂

∑
a∈∆

Z ea ωa∨ .

Lemma 3.1. ea = 1 when G splits over an unramified extension of F .

Proof. (
L
[L] 4.8).

Remark 3.2. We have the fundamental weights in QΦ = ⊕a∈∆Qa defined by< ωa, b
∨ >=

δa,b for a, b ∈ ∆. We have a =
∑
b∈∆ ωb < a, b∨ > because

∑
b∈∆ < ωb, c

∨ >< a, b∨ >=<
a, c∨ > for any a, c ∈ ∆. Hence

ω(λ) =
∑
b∈∆

< ωb, λ > b∨ .
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3.2 The Weyl Iwahori group W

The subgroup G′ of G(F ) generated by the parahoric subgroups has a BN -pair (I,N ′),
where N ′ := N(F ) ∩ G′ and I is the Iwahori subgroup of K (

BTII
[BTII] 5.2.12). The affine

Weyl group of the BN -pair is
Waff = N ′/Z0 .

By the theory of BN -pairs for G′ ***, the special parahoric group K has a BN pair
(I,N(F ) ∩K) of Weyl group equal to the relative Weyl group Wf of G. We have

HRa
[HRa]

Wf = N(F )/Z(F ) ' (N(F ) ∩K)/Z0 ' N ′/Z ′ , K ∩ Z(F ) = Z0 .

The finite Weyl group Wf is isomorphic to the finite Coxeter group generated by the set
of reflections with respect to the walls of the chamber C containing O (

AB
[AB] 10.1.6). The

affine Weyl group Waff is a Coxeter group generated by the set Saff of reflections with
respect to the walls of the chamber C, and

Waff ' Λ′ oWf .

We have the length ` and the Bruhat-Chevalley partial order ≤Br on (Waff , Saff ), defined
by w′aff ≤Br waff if and only if w′aff has a reduced decomposition extracted from a
reduced decomposition of waff . The Weyl Iwahori group

W := N(F )/Z0

acts naturally on the apartment A = RΦ∨ and Λ ⊂ W is a normal subgroup of finite
index acting on A by translations. The normalizer Ω of the chamber C in W normalizes
Saff and normalises I. We have

ΛΦ=0 = Λ ∩ Ω , Λ′ = Λ ∩Waff .

The subgroup Waff of W is normal and W is a semidirect product

W = Waff o Ω ' Λ oWf .

The Weyl Iwahori group W is a quasi-Coxeter group (a semidirect product of a normal
Coxeter group by an abelian group). We write w = waffu with w ∈ Waff and u ∈ Ω.
When G = Gsc, one has W = Waff (

T
[T] 1.13). The length and the partial Bruhat order

of Waff extend trivially to the quasi-Coxeter group W . By definition `(w) = `(waff ),
and w ≤Br w′ if and only if u = u′ and waff ≤Br w′aff .

finite Lemma 3.3. Given w ∈W ,
a) the number of w′ ∈W such that w′ ≤Br w is finite,
b) the double class WfwWf contains a unique element minimal wmin for the order

≤Br.

Proof. a) Obvious.
b) We have WfwWf = WfwaffW

′
fu where W ′f = uWfu

−1. By the theory of Coxeter
groups

?
[?] there exists w′aff ∈WfwaffW

′
f such that any xaff ∈Wfw

′W ′f can be written
xaff = aw′affb with a ∈ Wf , b ∈ W ′f and `(xaff ) = `(a) + `(w′aff ) + `(b). Let wmin :=
w′affu. Then any x ∈ WfwWf can be written x = xaffu = awminc with a, c ∈ Wf and
`(x) = `(a) + `(wmin) + `(b). This implies that wmin is the unique minimal element of
WfwWf for ≤Br .

By the theory of BN -pairs for G′ and for K we have

aa (3) K = tw∈Wf
IwI , G′ = tw∈Waff

IwI .

bb (4) IwIw′ ⊂ tw′′∈Waff ,w′′≤Brw′Iww
′′ for all w,w′ ∈Waff .

This remains true for the quasi-Coxeter group W = Waff o Ω.
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Lemma 3.4. We have

ee (5) G(F ) = tw∈W IwI ,

c’c’ (6) IwIw′ ⊂ tw′′∈W,w′′≤Brw′Iww′′ for all w,w′ ∈W .

Proof. For (
e
5) see (

HRa
[HRa] Remark 9, p. 193). For (

c’
6), we write w = waffu,w

′ = w′affu
′

as before. By (
b
4) IwIw′ = IwaffuIw

′
affu

′ = IwaffIuw
′
affu

−1uu′ is contained in

tw′′aff∈Waff ,w′′aff≤Bruw
′
affu

−1Iwaffw
′′
affuu

′ = tu−1w′′affu≤Brw
′
aff
Iwaffuu

−1w′′affuu
′

= tw′′aff≤Brw′aff Iwaffuw
′′
affu

′ = tw′′≤Brw′Iww′′ .

3.3 Intersection of the Cartan and Iwasawa double classes

1. Cartan decomposition (
HR
[HR]): the natural map from Z(F ) to K\G(F )/K induces

bijections
Λ+ ' K\G(F )/K , Λ− ' K\G(F )/K .

2. Iwasawa decomposition (
HR
[HR]):

G(F ) = KB(F ) = K Z(F )U(F )

where B = Z.U is the minimal parabolic F -subgroup of G associated to ∆.

e’ Proposition 3.5. 1. Let w ∈W and z ∈ Z(F ). Then

KwK ∩KzU(F ) 6= ∅

implies (λz)min ≤Br wmin.
2. When z ∈ Z(F ) is antidominant we have:

KzK ∩ zU(F ) = z(K ∩ U(F )) .

Proof. 1) We imitate the proof of
HR
[HR] *** when F is replaced by the p-adic closure of the

maximal unramified extension of F . We have zu = iw′i′ for some w′ ∈ WfwWf , i, i
′ ∈ I,

using (
a
3). Multiplying on the right by s ∈ S(F ) such that sus−1 ∈ I one gets λzλs ∈

Iw′IλzI. Using the lemma
c’
6, we deduce λz = w′ for some w′′ ∈ W with w′′ ≤Br w′. We

obtain

ff (7) λz ≤Br w′ for some w′ ∈WfwWf .

By the proof of b) in the lemma
finite
3.3, there exists a, b ∈ Wf such that w′ = awminb with

`(w′) = `(a) + `(wmin) + `(b). We deduce from (
f
8) that λz = a′w′′b′ for some a′, b′ ∈Wf

and w′′ ∈W with a′ ≤Br a,w′′ ≤Br wmin, b′ ≤Br b. We obtain

ff (8) w′′ ≤Br w′min for some w′′ ∈WfλzWf .

This implies wλz,min ≤Br wmin.
2) The condition that z is antidominant is necessary to have Kz ∩ zU(F ) ⊂ z(K ∩

U(F )). Let K̃ be the special maximal subgroup containing K. We have by (
BTII
[BTII] 5.2.4)

K̃ ∩ U(F ) = K ∩ U(F ) .

We have by (
BTI
[BTI] 4.4.4 (ii))

K̃zK̃ ∩ zU(F ) ⊂ zK̃ ∩ zU(F ) = z(K̃ ∩ U(F )) .

Hence KzK ∩ zU(F ) ⊂ z(K ∩ U(F )). The opposite containment is obvious.
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Let λ ∈ Λ. We write KλK := KzK when λ = λz with z ∈ Z(F ). Let Xλ be the set of
λ′ ∈ Λ such that

KλK ∩Kλ′U(F ) 6= ∅ .

inclusion Lemma 3.6. The set Xλ is finite and the map λ 7→ ω(λ) is injective on Xλ .

Proof. The finiteness results from λ′min ≤Br λmin and the lemma
finite
3.3. If the map is not

injective, there exists µ0 ∈ ΛΦ=0 non zero such that λ′min ≤Br λmin and (µ0 +λ′)min ≤Br
λmin. By definition of ≤Br for W , this is impossible because (µ0 + λ′)min = µ0λ

′
min.

Using the finiteness of Xλ and the fact that Λ− (or Λ+) is a system of representatives
of the orbits of Wf in Λ, one can choose a total ordering ≤ on Λ− (or Λ+) such that for
all λ, λ′ ∈ Λ− (or Λ+) (

HR
[HR])

KλK ∩ Kλ′U(F ) 6= ∅ implies λ′ ≤ λ .

Remark 3.7. Hitzelberger
Hit
[?] proved that z, z′ ∈ Z ′ satisfy KzK ∩ Kz′U(F ) 6= ∅ if

and only if the point z′.O of the apartment A belongs to the convex enveloppe of the
conjugates of z.O by Wf .

When G is unramified and K hyperspecial, Rapoport
Ra
[Ra] proved that for λ, λ′ ∈ Λ+

the relation KλK ∩ Kλ′U(F ) 6= ∅ is equivalent to λ− λ′ ∈
∑
a∈∆ Na∨ .

Stembridge
Stem
[?] proved that for λ, λ′ ∈ Λ′ ∩ Λ+ the relation λ′ ≤Br λ is equivalent to

λ− λ′ ∈
∑
a∈∆ N ea a

∨ .

3.4 Parabolic subgroups
3.4

To any point z ∈ Z(F ) we have the parabolic subgroup Pz of G generated by Z and the
root subgroups Ua (

BTII
[BTII] 5.1) for all roots a ∈ Φ with < a, z > ≥ 0. The unipotent

radical Nz is generated by the Ua for all a ∈ Φ such that < a, z > > 0 and the Levi
component Mz is generated by Z and the Ua for all a ∈ Φ such that < a, z >= 0. The
parabolic subgroups Pz−1 and Pz are opposite of intersection Mz. The parabolic subgroup
Pz contains B if and only if z is dominant, Pz = B if and only if < z, a > > 0 for all
a ∈ ∆, and Pz = G if and only if < z, a > = 0 for all a ∈ ∆, i.e. z ∈ Z̃0ZG(F ). Let
Φred ⊂ Φ be the subset of non divisible roots.

The group K is generated by Z0 = K∩Z(F ) and Ua,0 := K∩Ua(F ) for all a ∈ Φred and
the pro-p-radical K+ of K is generated by Z0+ = K+ ∩ Z(F ) and Ua,0+ := K+ ∩ Ua(F )
for all a ∈ Φred

SS
[SS] ***. The maximal compact subgroup K̃ contenant K is equal to

K̃ = Z̃0K. Let

Pz,0 := K ∩ Pz , Mz,0 := K ∩Mz , Nz,0 := K ∩Nz , U±0 := K ∩ U±(F ) .

Pz,0+ := K+∩Pz , Mz,0+ := K+∩Mz , Nz,0+ := K+∩Nz , U±0+ := K+∩U±(F ) .

pab Lemma 3.8. Mz,0 = z−1Kz ∩ Mz(F ) is the special parahoric subgroup of Mz(F )
associated to O and Mz,0+ = z−1K+z ∩ Mz(F ) is the pro-p-radical of Mz,0.

Proof. The group K ∩Mz(F )1 is the special parahoric subgroup of Mz(F ) associated to
O

HRa
[HRa], and the maximal compact subgroup of Mz(F ) fixing O is

Z̃0(K ∩Mz(F )1) = Mz(F ) ∩ Z̃0K = Z̃0 Mz,0 .

Using that K ∩ Z̃0 = Z0 we deduce

K ∩Mz(F )1 = Mz,0 .
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This can also be deduced from the analogous result over the completion L of the maximal
unramified extension of F (

HR
[HR] 4.1.1). The group Mz,0 = K ∩Mz(F )1 is generated by

Z0 and Ua,0 := K ∩ Ua(F ) for all a ∈ Φred such that < a, z >= 0. When < a, z >= 0 we
have zUa,0z−1 = Ua,0. The same arguments imply the result for K+ instead of K.

conj Lemma 3.9. Mz,0,Mz,0+, Z0, Z0+ and Ua,0, Ua,0+ for each root a ∈ Φred such that <
a, z > = 0, are stable by conjugation by z.

Proof. Obvious for Z0, Z0+, Ua,0, Ua,0+ and using the lemma
pab
3.8 for Mz,0,Mz,0+ .

3.5 Reduction

By (
T
[T] 3.5), there exists a reductive connected k-group G such that

G(k) = K/K+ .

Let
red : K → G(k)

be the quotient map, called the reduction map. The group S is a maximal k-split subtorus
of G of centralizer Z. The root system Φ(G,S) is contained in Φ and contains the subset
Φnm of roots a ∈ Φ such that 2a 6∈ Φ; when G is F -quasisplit, it is equal to Φnm hence is
reduced (

L
[L] 6.9, 10.36),

BTII
[BTII] 4.6.12, 5.1.31,

T
[T] 1.9, 3.5.1). The root subgroup Ua(k) of

G(k) associated to a ∈ Φ(G,S)red is equal to (
SS
[SS] ***)

Ua(k) = red(Ua′,0) for a′ ∈ Φred ∩ Q>0 a .

For z ∈ Z(F ), the group red(K∩z−1Kz) is is the image in G(k) of the parahoric subgroup
fixing a facet of the star of A containing O. There exists a parabolic k-subgroup P z of G
such that (

BTII
[BTII] 5.1.32)

P z(k) = red(K ∩ z−1Kz) .

The unipotent radical Nz of P z is generated by the Ua for a ∈ Φ(G,S)red with < a, z >>
0. For a ∈ Φred with < a, z > < 0 the group zUa,0+z

−1 contains Ua,0, and when
< a, z > > 0 the group zUa,0z

−1 is contained in Ua,0+. We deduce that

red(Pz,0) = red(Mz,0).red(Nz,0) = red(K ∩ z−1Kz) .

We deduce

red(Pz,0) = P z(k) , red(Mz,0) = Mz(k) , red(Nz,0) = Nz(k) .

The k-parabolic subgroups P z−1 and P z of G are opposite of intersection Mz. We de-
note by [g] ∈ Mz(k) the component of g ∈ P z(k) or g ∈ P z−1(k), and by σ(z) the
automorphism of Mz(k) induced by the conjugation by z (lemma

conj
3.9). We consider the

morphism
ψ : K ∩ z−1Kz → G(k)×G(k)

ψ(g) = (red(g), red(zgz−1)) .

fa Lemma 3.10. The image of the morphism ψ is

{ (g+, g−) ∈ P z(k)× P z−1(k) with [g−] = σ(z)[g+] } .
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Proof. (
H
[H] 3.8) Clearly

ψ(K ∩ z−1Kz ∩M(F )) = { (g+, σz(g+))g+∈Mz(k) } .

For any a ∈ Φred such that < a, z > > 0, the groups Ua,0 and z−1U−a,0z are contained
in K ∩ z−1Kz . We deduce that the image of ψ contains Nz(k)×Nz−1(k). Hence the set
given in the lemma is contained in the image of ψ. There is nothing else because

red(K ∩ z−1Kz) = red(K ∩ Pz(F )) , red(K ∩ zKz−1) = red(K ∩ Pz−1(F )) .

4 Irreducible representations of the finite group G(k)

In this section, k is a finite field of characteristic p, G is a connected reductive k-group.
Let B = T.U be a minimal parabolic k-subgroup of G of unipotent radical U and Levi
component T (a maximal k-torus), let S be the k-split maximal subtorus of T with
normalizer N := NG(S) in G. Let W := N(k)/T (k) be the relative Weyl group with
maximal element w0, let Φ = Φ(G,S) be the group of roots of G relative to S, let ∆ be
the subset of simple roots defined by B and let sa ∈ W be the reflection associated to
a ∈ ∆. Let B− = w0Bw

−1
0 the opposite parabolic subgroup of B such that B ∩B− = T .

Let k′ be a field of characteristic p containing a root of 1 of order the exponent of T (k).

4.1 BN-pair

For the definition and the properties of a Tits system, or equivalently a BN -pair, see
(
Bour
[Bour] IV, §2). For the definition of the root system of a Coxeter system, see (

CE
[CE] 2.1).

For the defintion of the root groups associated to a Tits system with a finite Weyl group,
see (

CE
[CE] 2.3). For the definition of a strongly split BN -pair of characteristic p, see (

CE
[CE]

2.20, exercise 5 of the chapter 2).

Lemma 4.1. The system (G(k), B(k), N(k), (sa)a∈∆) forms a strongly split BN -pair of
characteristic p.

Proof. The system (G(k), B(k), N(k), (sa)a∈∆) is a Tits system (
Bor
[Bor] 21.15).

The root system of the Coxeter system (W, (sa)a∈∆) i.e. the image of ∆ by W , is equal
to the subset Φred of reduced roots in Φ (

Bour
[Bour] proposition 15).

The root subgroups (Ua(k))a∈Φred of the BN -pair coincide with the usual root groups
(
Spr2
[Spr2] 15.4). They satisfy the the commutator relations (

L
[L] Proposition 5.2).

4.2 Characters of the Hecke ring H(G(k), U(k))

The Bruhat decomposition

G(k) = ∪n∈N(k)U(k)nU(k)

shows that the Hecke ring H(G(k), U(k)) is a free Z-module of basis the characteristic
functions Tn of U(k)nU(k) for all n ∈ N(k). The Hecke ring is commutative if and only
if W is commutative. However the simple modules of the k′-algebra k′ ⊗Z H(G(k), U(k))
are all one dimensional. They are given by characters H(G(k), U(k)) → k′ which are
parametrized as follows (

CE
[CE] Th. 6.10).

For any simple root a ∈ ∆ let Ta := T ∩ < Ua , U−a > . For any character
χ ∈ Hom(T (k), k′∗) one associates a subset ∆χ of ∆ defined by

∆χ := {a ∈ ∆ | χ(Ta(k)) = 1 } .
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The pairs (χ, I) for χ ∈ Hom(T (k), k′∗) and I ⊂ ∆χ parametrize the charactersH(G(k), U(k))→
k′. The character ψχ,I parametrized by (χ, I) is defined by

ψχ,I(Tn) = (−1)rχ(t) when a1 . . . ar ∈ I otherwise ψχ,I(Tn) = 0 ,

where n = na1 . . . nar t with t ∈ T (k) and w = sa1 . . . sar is a reduced decomposition of
the image w of n in W and sa ∈ W is the image of na ∈ N(k) for a ∈ ∆. The character
ψχ,I does not depend on the choices of na for a ∈ ∆. The classification does not depend
on the choice of k′.

4.3 Irreducible representations of G(k)

We introduce more notation. For any subset J ⊂ ∆ set NJ := ⊕a∈JNa. We denote by PJ =
MJNJ the standard parabolic k-subgroup of G with unipotent radical NJ generated by
the root subgroups (Ua)a∈Φ∩(N(∆\J)), and Levi subgroup MJ generated by T and the root
subgroups (Ua)a∈Φ∩NJ . The relative Weyl group WJ of MJ is generated by the refections
sa for all a ∈ J . The group BJ := MJ ∩ B is a minimal parabolic subgroup BJ = TUJ
of MJ and UJ is the subgroup of U generated by the roots subgroups (Ua)a∈Φ∩NJ . The
opposite parabolic subgroup P−J of PJ is P−J = MJN

−
J . When J = ∆ we have P∆ =

M∆ = G,U∆ = U,N∆ = {1}; when J = ∅ we have P∅ = B,M∅ = T,U∅ = {1}, N∅ = U.

1H 1. The functor V 7→ V U(k) induces a bijection from the isomorphism classes of the
irreducible k′-representations of G(k) to the characters H(G(k), U(k)) → k′ (

CE
[CE]

6.12).
This implies that the irreducible representations of G(k) in an algebraically closed
field E containing k are defined over the subfield k(µ) where µ ∈ E is root of 1 of
order the exponent of T (k).
We denote by V any irreducible k′-representation of G(k), and by V (χ, I) = VG(χ, I)
an irreducible k′-representation of G(k) such that H(G(k), U(k)) acts on the one
dimensional k′-vector space V (χ, I)U(k) by the character ψχ,I .

2. Let J ⊂ ∆. The representation of MJ(k) on V (χ, I)NJ (k) is isomorphic to VMJ
(χ, I∩

J) (
C
[C] 3.6).

3. V = V NJ (k) ⊕ (1−N−J(k)).V NJ (k) (
C
[C] 3.2).

4. V = U−(k).V U(k) (
C
[C] 1.2).

5. The dimension of V (χ, I) is ≤ |U(k)| with equality if and only if I = ∆ (
CE
[CE] 6.12).

car1 Proposition 4.2. The parameter (χ, I) of V can be found as follows: χ is the character
giving the action of T (k) on the line V U(k) and P∆\I(k) is the stabilizer of V U(k) in G(k).

Proof. This is clear for χ. For I see (
Cur
[Cur] 6.15); the stabilizer of V U(k) in G(k) is a

standard parabolic subgroup and a non zero element of V (χ, I)U(k) is a weight element
of weight (χ,∆\I) in the sense of Curtis.

Corollary 4.3. The dimension of V (χ, I) is 1 if and only if I = ∅ and ∆χ = ∆.

Proof. Obvious.
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4.4 Action of an automorphism

Let σ be an automorphism of G(k) which stabilizes T (k) and Ua(k) for any root a ∈ Φ.
The automorphism σ induces an automorphism of the Hecke ring H(G(k), U(k)), still
denoted by σ, such that σ(Tn) = Tσ(n) for all n ∈ N(k). The automorphism σ permutes
the k′-irreducible representations of G(k) and of H(G(k), U(k)).

0.9 Lemma 4.4. ψχ,I ◦ σ = ψχ◦σ,I .

Proof. (σ(na))a∈Φ is another possible choice of (na)a∈Φ and we have σ(n) = σ(na1) . . . σ(nar )σ(t).

inv Lemma 4.5. V (χ, I) ◦ σ ' V (χ ◦ σ, I) .

Proof. a) Computing the action of the Hecke algebra H(G(k), U(k)) on V (χ, I) ◦ σ, one
sees that Tt acts by the character χ ◦ σ and that the set I does not change. One gets

V (χ, I) ◦ σ ' V (χ ◦ σ, I) .

A variant of the proof uses the proposition
car1
4.2. It is clear that T (k) acts on (V (χ, I)◦σ)U(k)

by the χ ◦σ. The representations V (χ, I) ◦σ and V (χ, I) have the same stabiliser in G(k)
because the stabilizers are standard parabolic subgroups generated by B(k) and Ua(k)
for some negative roots a ∈ Φ, and Ua(k) stabilizes V (χ, I)U(k) if and only if it stabilizes
(V (χ, I) ◦ σ)U(k), because σ restricts to an automorphism of Ua(k).

5 The Satake isomorphism

LetK be the special parahoric subgroup ofG(F ) fixing the special point 0 of the apartment
A, let k′ be a field of characteristic p containing a root of 1 of order G(k), and let
V be an irreducible k′-representation of K, identified to a representation of G(k). The
representations of Z0 on V U0 and VU−0 identify with the representations of Z(k) on V U(k)

and V
U
−

(k)
.

5.1 Basis of H(G, K, V )

The group Z0 acts on the line V U0 ' VU−0 by a character χV . When z ∈ Z(F ) is antidom-
inant, Nz−1,0 contains U0 and Mz,0 = Mz−1,0.

Z= Lemma 5.1. Let z ∈ Z(F ) antidominant. The irreducible representations V Nz−1,0 and
V Nz−1,0 ◦ σ(z) of Mz,0 are isomorphic if and only if χV = χV ◦ σ(z).

Proof. Lemma
inv
4.5 and proposition

car1
4.2.

We identify χV with a character of Z0. Let

ZV := { z ∈ Z(F ) | χV (zxz−1x−1) = 1 for all x ∈ Z0 } .

and Z−V the antidominant elements of ZV . For z ∈ Z−V , there exists a unique Mz,0-
equivariant morphism

az : V Nz−1,0 → V Nz−1,0 ◦ σ(z)

fixing pointwise V U0 , by the lemma
Z=
5.1. We have a natural injection

iz : V Nz−1,0 ◦ σ(z) → V

18



and a canonical Mz(k)-equivariant morphism

bz : V → VNz,0 → V Nz−1,0

fixing pointwise V Nz−1,0 . The morphism φz := iz ◦ az ◦ bz : V → V fixes pointwise the
line V U . These morphisms depend only on λz ∈ Λ. Let ΛV be the image of ZV in Λ and
Λ−V the antidominant elements of ΛV .

Proposition 5.2. For z ∈ Z−V , there exists a function Tz ∈ H(G,K, V ) of support KzK
with

Tz(z) = φz .

A k′-basis of H(G,K, V ) is (Tzλ)λ∈Λ−V
.

Proof. Suppose that f ∈ H(G,K, V ) is supported on KzK for some z ∈ Z(F ). By the
Cartan decomposition we can suppose z antidominant. It follows immediately from the
definitions that the possible values of f(z) are all φ ∈ Endk′(V ) such that

k1 φ = φk2 whenever k1, k2 ∈ K and k1 z = z k2 .

Note that k2 ∈ K∩z−1Kz and k1 = zk2z
−1. The proposition

fa
3.10 implies that equivalently

φ factors
V → VNz,0 → V Nz−1,0 → V Nz−1,0 ◦ σ(z) → V .

If z ∈ Z−V , then φ is a multiple of φz ; otherwise there are no such φ (lemma
Z=
5.1).

5.2 The Satake morphism

The Satake morphism is a consequence of the Iwasawa decompositionG(F ) = KZ(F )U(F )
for the special parahoric subgroup K and of the structure of the induced representation
IndG(F )

K V as a G(F )×H(G,K, V )-module (lemma
deb
1.1).

The subspace (IndG(F )
K V )U(F )

c of f ∈ (IndG(F )
K V )U(F ) such that f |Z(F ) is compactly

supported is a Z(F ) ×H(G,K, V )-submodule of IndG(F )
K V . The restriction to Z(F ) is a

Z(F )-equivariant isomorphism

resZ(F ) : (IndG(F )
K V )U(F )

c → c− indZ(F )
Z0

V U0

by the Iwasawa decomposition. The action of H(G,K, V ) on (IndG(F )
K V )U(F )

c induces a
Z(F )-equivariant action of H(G,K, V ) on c− indZ(F )

Z0
V U0 .

Definition 5.3. The Satake morphism S : H(G,K, V ) → H(Z,Z0, V
U0) is the

algebra morphism satisfying

resZ(F ) ◦ f = S(f) ◦ resZ(F ) for all f ∈ H(G,K, V ) .

Proposition 5.4. The Satake morphism S is given by

S(f)(z) =
∑

u∈U(F )/U0

f(zu)|V U0 .

Proof. By linearity it is enough to prove the formula for an arbitrary element T ∈
H(G,K, V ) of support KzK for an arbitrary z ∈ Z(F ). We denote by iB the inverse
of resZ(F ) and by [1,m]Z0 the function in c− indZ(F )

Z0
V U0 with support Z0 and value

m ∈ V U0 at 1. We have T ◦ iB = iB ◦ S(T ) and

iB([1,m]Z0) =
∑

u∈U(K)/U0

u.[1,m]K .
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We compute
(T ◦ iB)([1,m]Z0)(z′)

for any z′ ∈ Z(F ). We write KzK as a disjoint union ∪xKzx. For any g ∈ G(F ), v ∈ V ,
we have (

for
1) :

T (g.[1, v]K) = g.
∑
x

(zx)−1.[1, (T (z) ◦ x)v)]K .

Hence
(T ◦ iB)([1,m]Z0) =

∑
u∈U(K)/U0

u.
∑
x

(zx)−1.[1, T (z)(x.m)]K .

The support of g[1, v]K isKg−1; its value at kg−1 is kv. The value at z′ of u(zx)−1.[1, T (z)(x.m)]K
is 0 if z′ does not belong to Kzxu−1, and is kT (z)(x.m) if k = z′u(zx)−1 ∈ K. We have

(Tz ◦ iB)([1,m]Z0)(z′) =
∑

u∈U(F )/U0,z′u(zx)−1∈K

(z′u(zx)−1 ◦ T (z) ◦ x)m .

We have T (z′u) = 0 if z′u does not belong to KzK and T (z′u) = k ◦T (z) ◦x if z′u = kzx
with k, x ∈ K. We deduce that

(T ◦ iB)([1,m]Z0)(z′) =
∑

u∈U(F )/U0

T (z′u)m .

Equivalently S(T )(z′) = (iB ◦ S(T ))(z′) = (T ◦ iB)(z′) ∈ Endk′V U0 is the morphism∑
u∈U(F )/U0

T (z′u) .

support Proposition 5.5. The image of the Satake morphism vanishes outside the antidominant
elements of Z(F ).

Proof. Let z ∈ Z(F ) not antidominant, let a ∈ ∆ be a simple root such that < a, z > > 0,
let f ∈ H(G,K, V ), and let x ∈ V U0 . Using the decomposition of U as a semidirect product

U = U (a) o Ua

where the normal subgroup U (a) is generated by the root groups Ub with b positive and
not multiple of a, and the fact that zUa,0z−1 ⊂ Ua,0+ (proof of prop.

fa
3.10), we obtain:

Sf(z) x =
∑

ua∈Ua(F )/Ua,0

∑
u(a)∈U(a)(F )/U

(a)
0

f(zuau(a)) x

=
∑

ua∈Ua(F )/Ua,0

∑
u(a)∈U(a)(F )/U

(a)
0

f(zuaz−1zu(a)) x

=
∑

ua∈Ua(F )/zUa,0z−1

∑
u(a)∈U(a)(F )/U

(a)
0

f(uazu(a)) x .

When Ua,0 acts trivially on V , the function fa : ua 7→ f(uazu(a))(v) is invariant by left
translation by Ua,0, the sum Sf(z) x is divisible by [Ua,0 : Ua,0+] which is a non zero
power of p. For a general V only Ua,0+ acts trivially on V .

a) If zUa,0z−1 6= Ua,0+ then the sum Sf(z) x is divisible by [Ua,0+ : zUa,0z−1] which
is a non zero power of p.
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b) Otherwise, we use Herzig’s trick (
H
[H] Step 5 in the proof of theorem 1.2). Let λ ∈ Λ−.

Let Yλ be the image in Λ of the set of z ∈ Z(F ) such that STzλ(z) 6= 0, is contained in
Λ−. We want to prove Yλ ⊂ Λ−. Otherwise there exists a1 ∈ ∆ and λz ∈ Yλ such that
< a1, z > > 0. We choose a total ordering on ∆ starting with a1. We choose z′ ∈ Z(F )
such that λz′ ∈ Yλ and (< a, λz′ >)a∈∆ is the greatest possible for the lexicographic
order on Z∆. Then < a1, z

′ > > 0. This implies z′2Ua,0z′−2 ⊂ z′Ua,0z
′−1 ⊂ Ua,0+

and z′2Ua,0z
′−2 6= Ua,0+. We will show that S(T 2

z )(z′2) 6= 0. This contradicts a) hence
Yλ ⊂ Λ−.

We have (STz)2 = S(T 2
z ). We show that

(STz)2(z′2) =
∑
λ∈Λ

STz(zλ) ◦ STz(z−1
λ z′2)

is not 0. If the term indexed by λ is not 0 then (< a, λ >)a∈∆ and (< a, 2λz′ − λ >)a∈∆

are smaller or equal to (< a, λz′ >)a∈∆. This yields the equality ω(λ) = ω(lambdaz′).
The set Yλ is contained in the finite set Xλ considered in the lemma

inclusion
3.6 on which the

map ω is injective. Hence λz′ = λ. So (STz)2(z′2) 6= 0.

Sat1 Theorem 5.6. The Satake morphism induces an isomorphism

H(G,K, V ) ' H(Z−V , Z0, V
U0)

where H(Z−V , V0, V
U0) is the subalgebra of H(Z,Z0, V

U0) = ⊕λ∈Λ−V
k′τzλ of functions with

support contained in Z−V .

Proof. We know that (Tzλ)λ∈Λ−V
is a k′-basis of H(G,V ) and that (τzλ)z∈ΛV is a basis of

H(Z,Z0, V
U(k)) = H(Z, χV ). We know by the proposition

support
5.5 and the lemma

triangle
?? that

STzλ = τzλ +
∑

λ′∈Λ−V , λ
′≤λ

aλ′ τzλ′

and that the set of λ′ ∈ Λ− with λ′ ≤ λ is finite. We deduce the theorem by the usual
triangular argument.

Remark 5.7. The same arguments apply to the ring

H(G,K) := EndZG Z[K\G] .

The ring morphism S : H(G,K) → H(Z,Z0) = Z[Λ] defined using Cc(K\G(F )/U(F ),Z)
satisfies

S(f)(z) =
∑

u∈U(F )/U0

f(zu) ,

and is injective of image ⊕λ∈Λ− Z τλ modulo p H(Z,Z0).

5.3 Finiteness

One identifies χV to a k′-character of Z0. Let

Z ′V := {x ∈ Z(F ) | χV (xyx−1y−1) = 1 for all y ∈ ZV } .

By the lemma
fi
2.1, Z ′V is a normal subgroup of ZV of finite index containing Z0. Let

Λ′V := Z ′V /Z0 and let Z ′−V ,Λ
′−
V be the antidominant elements of Z ′V ,Λ

′
V .
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fg Lemma 5.8. The antidominant monoid Λ′−V is finitely generated, generates the group Λ′V
and Λ−V /Λ

′−
V is finite.

Proof. We choose s ∈ S(F ) satisfying < a, s > < 0 for each a ∈ ∆. For any element
z ∈ Z(F ) there exists an integer n ∈ N such that snz is antidominant. We have snz ∈
Z ′
−
V if z ∈ Z ′V because S(F ) ⊂ Z ′V . We deduce that the group Z ′V is generated by its

antidominant elements and that the same is true for the group Λ′V .
The group Λ′V ⊂ Λ is commutative and finitely generated. The intersection of Λ′V ⊗ 1

with the convex polyhedral cone of

Λ⊗Z R = S∗ ⊗Z R

defined by the equations < x, a > ≤ 0 for all a ∈ ∆ is a finitely generated monoid by
Gordan’s lemma

Fu
[Fu]. The kernel of λ 7→ λ ⊗ 1 is the torsion subgroup which is finite.

Hence the monoid Λ′−V is finitely generated.
Let d be the smallest positive integer such that χdV = 1. Then zd ∈ Z ′V for any z ∈ ZV

by the proof of the lemma
fi
2.1, and z is antidominant if and only if zd is antidominant.

Hence dΛ−V ⊂ Λ′−V . As the set Λ−V /dΛ−V is finite, the set Λ−V /Λ
′−
V is finite.

center Lemma 5.9. The center of the algebra H(Z−V , Z0, V
U0) is H(Z ′−V , Z0, V

U0) and is iso-
morphic to k′[Λ′−V ].

Proof. By the product formula (proof of the lemma
com
2.2), the center of the algebraH(Z−V , Z0, V

U0)
is formed by the functions with support in the set Z ′′−V of elements x ∈ Z−V such that
χV (xyx−1y−1) = 1 for all y ∈ Z−V , and is isomorphic to k′[Z ′′−V /Z0]. Let s ∈ S(F ) as
in the proof of the lemma

fg
5.8 and let z be an arbitrary element of ZV . There exists an

integer n ∈ N such that snz ∈ Z−V . We have χV (xyx−1y−1) = 1 for y = snz. As S(F ) is
central in Z(F ) we deduce χV (xzx−1z−1) = 1. Hence Z ′′−V = Z ′

−
V .

We deduce from the theorem
Sat1
5.6 and the lemma

fg
5.8 and

center
5.9 :

Corollary 5.10. The center of the Hecke algebra H(G,K, V ) is a finitely generated alge-
bra isomorphic to the group algebra k′[Λ′−V ], and H(G,K, V ) is a finitely generated module
over its center.

We denote by Z(G,K, V ) the center of H(G,K, V ). By a general result
Vig
[Vig] 5.3, this

implies :

Corollary 5.11. When k′ is an algebraically closed field, any simple module of H(G,K, V )
is finite dimensional, has a central character, and is a quotient of

H(G,K, V )⊗Z(G,K,V ),χ k
′

for the central character χ : Z(G,K, V )→ k′.

A character of Z(G,K, V ) ' k′[Λ′−V ] → k′ identifies with a character Λ′−V → k′. The
subgroup of the invertible elements of Λ′−V is ΛΦ=0 ∩ Λ′−V .

Definition 5.12. A character Z(G,K, V ) → k′ corresponding to a character of Λ′−V
vanishing outside ΛΦ=0∩Λ′−V is called supersingular. A simple module of H(G,K, V ) with
a supersingular central character is called supersingular.
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avec ` 6= p. PM 137. Birkhauser (1996).
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