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Abstract

Let F be a local non archimedean field with a finite residue field & of characteristic p,
let G be a connected reductive group over F', let K be a special parahoric subgroup of
G(F), and let V be an irreducible smooth representation of K over a large extension k" of
k. We prove a Satake isomorphism for the Hecke algebra H(G, K, V'), generalizing the work
of Herzig who assumed F' of characteristic 0, G unramified over F' and K hyperspecial.
We show that H(G, K, V) is commutative for all (K, V) when G splits over an unramified
extension of F' and we give an example of a non commutative Hecke algebra H(G, K, V).
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Introduction

Let G be a connected reductive group over a local non archimedean field F' with a finite
residue field k of characteristic p. Suppose that K is a special parahoric subgroup of G(F')
with pro-p-radical K, of K. Then G(k) = K/K is the group of k-points of a connected
reductive group G defined over k. Suppose that V is an irreducible representation of G(k)
over an extension k' of k containing a root of 1 of order the prime to p part of the exponent
of G(k). We view V as a representation of K. The Hecke algebra Hy (G, K, V) is the
algebra of intertwinning operators of the compacty induced representation c—Indf((F) V.
We forget V' when V is trivial. Let B = Z.U be a minimal parabolic F-subgroup of
G with unipotent radical U and Levi subgroup Z. The natural image in G(k) of the
intersection K N B(F) is the group of points of a minimal parabolic k-subgroup B = Z.U
of G. The space VU®*) is one dimensional with a natural action of Z(k) by a character
xv : Z(k) — (k')*. The group Z is a connected reductive F-group which is anisotropic
modulo its center (it is not the connected center of G). The intersection K N Z(F') is
the unique parahoric subgroup Zj of Z, the intersection K N Z(F') is the pro-unipotent
radical Zo, of Zy and Z (k) = Zy/Zoy. The group Z(F)/Zy is commutative and finitely
generated, isomorphic to the image of the Kottwitz morphism for Z(F'). We view yU®)
as VU0 where Uy = U(F)N K and yy as a k’-character of Zj. There exists a canonical
morphism of Hecke algebras

S : Hw(G,K,V) — Hp(Z, Zy, V)

called the Satake morphism. Let Z;, be the monoid of antidominant elements of Z(F')
normalizing the character xy. We will prove:

Theorem 0.1. The Satake morphism S is injective of image the subalgebra of functions
with support contained in Z,, .

We denote by Hy(Zy, Zo, VU0) the subalgebra of Hy/(Z, Zo, VU0) with support in
Zy .
Definition 0.2. The Satake isomorphism modulo p with weight V is the isomorphism
Hw (G, K, V) —  Hw(Zy, 2, V)
induced by S.

When G is F-anisotropic modulo its center, then K is the unique parahoric subgroup
of G(F), and V is a character y : K — (k')*. It is tempting to denote Hy/ (G, x) =
Hi (G, K, V). We give an example of (G, x) with Hy (G, x) non commutative. We prove
that Hy (G, x) is commutative for all x when G is a F-torus, or is semi-simple simply
connected, or splits over an unramified extension of F'.

Returning to a general GG, the Satake isomorphism implies :

Proposition 0.3. When G is F-quasi-split, or semi-simple and Z is simply connected,
or splits over an unramified extension of F, then the Hecke algebra Hi (G, K, V') is com-
mutative for all (K, V).

We describe now the center of Hy (G, K,V) via the Satake isomorphism. Let Z'y,
be the monoid of antidominant elements z € Z(F) such that zzz~lz~! acts trivially
on VY for any x € Zy. The center of the algebra Hi (Zy, Zy,VU0) is the subalgebra
H(Z'y,, Zo, VU0) with support in Z’|,. This algebra is naturally isomorphic to the group
algebra k'[Z',, /Zo] of the commutative finitely generated monoid Z'y,/Zy.

Proposition 0.4. The Hecke algebra H(G, K, V) is a finitely generated module over its
center and the center is a finitely generated algebra isomorphic to k'[Z'y, [ Zy).



History Originally, Satake FS%aJ (1963) formulated “the Satake isomorphism” for the
complex Hecke algebra Hc(G', K') of a pair (G',K’) cousisting of a p-adic group G’
and a maximal compact subgroup K’ satisfying assumptions inspired by the real case
and that he verified for classical simple p-adic groups. The development of the theory
of the maximal compact subgroups of the points of the connected reductive F-group G,
mainly by Bruhat-Tits, showed that the assumptions of Satake are satisfied by the pair
(G(F), K) where K is a special maximal compact subgroup (a special parahoric subgroup
K is contained in a unique special maxi %hcompact subgroup K ). The classical and
excellent reference is the article of Cartier [Cart] (1979) in the Corvallis proceedings. Let
Zo be the unique maximal compact subgroup of Z(F') and let Wy be the finite relative
Weyl group of G. The classical Satake isomorphism says that the C-algebra Hc¢(G, K ) is
canonically isomorphic to the C-algebra of all W-invariant elements of C[Z(F)/Z] :

He(G,K) ~ C[Z(F)/Z)"*

via the morphism

[d Z = 1/2 zZU u
/ (2 84 ()/U(F)f( ) du)

where du gives Uy = U(F) N K measure 1 and dp is the modular function on B. For
z € Z(F) we have 6g(z) := |det(Ad(z);Lie(U(F))|r. The image of f is essentially the
normalized orbital integral of f on Z(F). Let D(z) := |det(Ad(z) — 1; Lie(G(F)/Z(F)) }/2
and let S be the maximal F-split subgroup of Z. We have

542 du = D -1y99 hen D
ROy L O [ oy T2 when D) £0

where dg, ds give K, S(F)NK the measure 1. The normalization of the Satale isomorphism
by 5,13/ 2 implies its independence of the choice of B and the symetry of its image by W7.
For arithmetic applications, the ring Hz (G, K) is more important and Satake shows that
it is a polynomial ring with m variables over Z when G is simple without center and
m is the rank of its maximal F-split torus. The importance of the Satake isomorphism
became extreme when Langlands [Langl] (1970) introduced a new complex group “G(C)
and viewed the Satake isomorphism when G is quasi-split and split over an unramified
extension (we say now that G is F-unramified) as a parametrization of the characters
of He(G, K) by certain semi-simple conjugacy classes of “G(C). Langlands used this
parametrization to define local L-functions of automorphic forms.

In the theory of types the parahoric subgroups are more useful that the maximal
compact subgroups. The Hecke algebras Hz (G, K’', V) with wejght a complex irreducible
supercuspidal representation V have been described by Morris [Mo] (1993), for any para-
horic subgroup K’ of G(F'). The simple modules of the complex weighted Hecke algebras
associated to the parahoric subgroups of G(F') are used to classify the irreducible com-
plex representations of G(F') of level 0. Over a field of characteristic p all the smooth
irreducible representations of G(F) have level 0, by, they are not known.

Recently (2009), Rapoport Haines and RostaumlF[!I F’r R] with a view of applications
to Shimura varieties, showed that the assumptions of Satake are satisfied by (G(F), K)
when K is a special parahoric subgroup, and they related Z(F)/Zy with the L-group of
Z. The classical complex Satake isomorphism suitably normalized for (G(F), K) is of the
form

He(G,K) ~ C[Z(F)/Zo|"7

Let F,, be an algebraic closure er a field of characteristic p the normalization
is impossible. Barthel and Livne %’ 1994) described the (unormalized) Satake iso-
morphism modulo p with weight when G = GL( ), and used it to obtain the classification



of the irreducible admissible F,-representations of GL(2, F') with a central character in
term of supercuspidal representations.

For an Iwahori subgroup of G(F), i.e. for a minimal parahoric s bgroup of G(F), the
weighted Hecke IFp-algebras Hg (G, I,V) have been described in 2006 [V]. They are finitely

generated modules over their center and the center is a g&tely generated Fp—algebra; the
simple Hﬁp (G,I,V)-modules have a central character [Vig]; the supersingular modules

have been described when G,= GL,(n) [V2] [[Ol.
Recently (2009), Herzig [H], [H2], generalized to G = GL(n) for all n > 2 the results
of Barthel and Livne. Herzig describes the Satake isomorphism of weighted Hecke algebra

Mz (G K,V) =~ Hg (Zy,20, V")

that Herzig proved under the assumptions that G'is F-unramified and that K hyperspe-
cial. In this case K = K.

Plan of the paper The paper is divided in five parts. In the first part, we recall the
definition of the weighted Hecke algebra Hy/ (G, K, V) and we notice that the represen-
tation of G(F') induced from (K,V) is a G(F) x Hy (G, K, V)-module, a fact which will
be used later with the Iwasawa decomposition for the special parahoric subgroup K to
define the Satake morphism.

In the second part, we suppose that the reductive connected F-group G is F-anisotropic
modulo the center. The group G(F') has a unique parahoric subgroup K and the quo-
tient of K by its pro-p-radical is the group of points of a k-torus. The representation
V of K is one dimensional and can be replaced by a k’-character x of K. We denote
Hi (G, K, V) = Hp (G, x). We consider the problem of the commutativity of the Hecke
algebra Hy/ (G, x). We show that the commutativity is equivalent to the vanishing of a
certain element in H?(G, /K, E*) where G, the normalizer of x in G(F) and E is any
algebraically closed field of characteristic 0 or large enough different from p. We recall
for a general G the functorial properties of the parahoric subgroups of G(F') described as
the intersection of the kernel of the Kottwitz morphism with the fixator of a facet of the
Bruhat-Tits building of the adjoint group G.4, by Haines and Rapoport. In the last two
subsections we give an example of a non commutative Hecke algebra Hy (G, x), and we
prove that Hy (G, x) is commutative for any character x of K when G is split over an
unramified extension of F.

In the third part, using the results of Haines, Rapoport and Rostami for a special
parahoric subgroup of G(L), we describe the Cartan and Iwasawa decomposition for a
special parahoric subgroup of G(F) and the intersections between the Cartan double
classes and the Iwasawa double classes; this will allow later to prove the injectivity of
the Satake isomorphism and that the support of the image of the Satake morphism is
antidominant - via the Herzig’s trick. We study the action of the reduction from K to its
reductive quotient G(k), to the intersections P, o = K N P,(F) of K with the parabolic
subgroups of G(F') associated to the elements z of Z(F'). We prove the property allowing
later to describe a k’-basis of the Hecke algebra Hy (G, K, V).

In the fourth part, we recall the classification of the irreducible representations of a
finite group of Lie type (the points of a reductive connected group over a finite field) in
the natural characteristic, following Cabanes and Curtis. We check that an automorphism
stabilizing a maximal torus and the root subgroups fixes the highest weight xy if and only
if it fixes the isomorphism class of the representation V. This is an ingredient to show
that both the Hecke algebras Hy (G, K, V) and Hy/ (G, xv) have a k’-basis indexed by a
system of representatives of Z;, /Z.

In the fifth and last part, we prove the Satake isomorphism following Herzig. It is
remarquable that the method of Herzig generalizes to non commutative weigthed Hecke
algebras. The Satake morphism is a consequence of the Iwasawa decomposition for K,



which implies that the induced representation from (Zy, VY0) to Z(F) is isomorphic to
the U(F)-invariant elements of the induced representation of (K, V) to G(F'). The Satake
isomorphism implies finiteness results for the weighted Hecke algebra Hy (G, K, V). The
weighted Hecke algebra is finitely generated over its center, the center is the k’-algebra
of a finitely generated monoid Zj,~ /Zp, the simple Hﬁp(G,K ,V)-modules are finitely

generated and have a character given by a F,-character of Zy,~ | Zo; if this character is
supersingular the simple HEJ(G’ K, V)-module can reasonably be called supersingular.

1 Definition of the Hecke algebra H(G, K,V)

See ( 7 B .r86j6). The Hecke algebra H(G,K,V) = Hy (G, K,V) is the k’-algebra of com-
pactly supported functions f : G(F) — Endy/V satisfying f(ki1gks) = k1f(g)ke for all
ki,ke € K,g € G(F), and the multiplication of fi, fo € H(G, K,V) is given by convolu-
tion:

(fi* f2)(g) = Z fily) o f2(y~g)

yeG(F)/K

for g € G(F). We will forget V' and we can replace k' by the ring Z when V is the trivial
representation. Hence Hz (G, K) is the convolution ring of Z-basis the double classes of G
modulo K.

By Frobenius reciprocity,
H(G, K, V) ~ Endpepy Ind5 0V

where c—Indf((F) V is the compact induced representation of V' to G(F) (the space of
compactly supported functions ¢ : G(F) — V satisfying f(kg) = kf(g) for all k € G,g €
G(F), with the action of G(F') by right translation). The subspace [1, V] of functions [1, v]
with support K and value v € V at 1 is K-stable and isomorphic to V' by the value at 1.
We have
c—Indf((F) V. = @geq/k 91, V]

The action of f € H(G,K,V) on g.[1,v]k is the function f.g.[1,v]x = ¢.f.[1,v]k :
G(F) — V defined by

(1) h— Z gr L1, flx)v]g = Z gz.[1, f(z7)v]k.

KhK=U, Kz Kh=1K=U,zK
Hence Indf((F)V is a G(F) x H(G, K, V)-module.

The non compact induced representation Indf((F)V of (K,V) to G(F) is defined as
c— indf((F)V but without restritriction of the support.
Lemma 1.1. Ind5\"V is a G(F) x H(G, K, V')-module.

Proof. We check that the action of f € H(G, K,V) on c—Indf((F) V extends to Indf((F)V.
For any = € G(F) and for any ¢ € IndIG((F)V,

(qu)(‘r) = (f'((b‘w—l.supp(f)))(x) = (f(b‘c)(‘r)

for any large compact subset C' containing x~!.supp(f) is well defined, because the support
of f.g.[1,v]x is contained in supp(f)g~!, and the value at = of f.g.[1,V]x is 0 when g
does not belong to 2~ !.supp(f).



We check that f.¢ € c—Indf((F) V. For k € K and x € G(F) we have

(f-¢)(kz) = (f-dlo)(kx) = k.((f-dlc)(x)) = k.((f.9)(z))

for any compact C' C G(F) containing (kz)~*supp(f) and x~tsupp(f).
We check that the linear map ¢ — f.¢ is G(F) is equivariant. For any g,z € G(F') we

have (g.f.¢)(z) = (f.g-¢)(x) because
(f-0)(xg) = (f-0lo)(xg) = (9.f-¢lc) (@) = (f.9-00)(x) = (f-(9-9)|cg—1)(2)

for any compact C' C G(F) containing (zg)~!supp(f) and z~*supp(f)g.

2 (G is F-anisotropic modulo the center

We suppose that G is a connected reductive group which is F-anisotropic modulo the
center (a maximal F-split subtorus of G is central). We have the following properties:

TITT
1. The group G is of type A HBBTHIJ 4.3).

2. The group G(F) admitg a unique parahoric subgroup K and a unique maximal
compact subgroup K ([BTII] 5.1.27, 5.2.7). By unicity, K and K are normal in
G(F).

TIT

3. The group K/K is the group of k-rational point of a k-torus (HBBTH] 5.1.32). Hence

K/K, is a commutative finite group of order prime to p.

4. The group
A = G(F)/K

~ R,
is commutative, finitely generated, of torsion A, = K/K (H%IRJ 1.0.1). In partic-
ular K /K is commutative and the commutator subgroup (G(F),G(F)) of G(F) is
contained in K.

5. Let S be the maximal F-split subtorus of G. Then K N S(F) = K N S(F) is the
maximal compact subgroup Sy of S(F') which is the unique parahoric subgroup of
S(F). The subgroup S(F')/Sp of A has finite index and identifies with the cocharacter
group S, of S.

6. We have S(F)/So = A hence K = K, when G is F-unramified, i.e. F-quasi-split and
splits over an unramified extension ([HR] 11.1.2).

2.1 Hecke algebra

An irreducible k’-representation V of K is given by a character x : K — k’*. The kernel
H of x is a normal subgroup of K and the quotient K/H is cyclic of finite order prime
to p. Any such subgroup of K is the kernel of a homomorphism K — k*. The normalizer
Gy = Gy of x in G(F) is the group

{geG(F) | grg e € H forallzec K}
It is obvious that it contains K and normalizes H. Let
G, =Gy = {geGF) | grg lx '€ H forallx € Gy}
It is obvious that K C Gf, C Gy. We put

AQ/ = /V/K 5 AV = Gv/K



Lemma 2.1. G, is a normal subgroup of Gy of finite index.

Proof. Recalling that (G(F),G(F)) C K we have for all g, h,z € Gy,

x(gha(gh) " 2" = x(g(hah™ 2 )g™") x(gzg~'2™") = x(hah™ 2~ )x(gzg'a™") |

x(g tege™ )T = x(g (gzg e )g) = x(gzg 2T .

They show that Gf, is a group by choosing g,h € Gi,. As Ay is commutative G, is a
normal subgroup of Gy. The index of Gf, in Gy is equal to the index of Aj, in Ay. The
first formula shows

x(g'zg~%a™h) = x(gwg laTh)
for all d € N5 and g,z € Gy. Hence, if d is the exponent of the finite group K/H, we
have g% € Gf, for all g € Gy. We deduce that dAy C A}, and that the index of A}, in Ay

is finite because Ay C A is commutative and finitely generated. O

A function in the Hecke algebra vanishes outside Gy and for any g € Gy there exists
a unique function 7, € H(G, K,V) = H(G, K, x) of support KgK such that 7,(g) = 1.
One chooses a representative gy € G(F) of each A € A.

Lemma 2.2. 1. A K'-basis of H(G, K, V) is (Tg, ) reAy -
2. A k'-basis of the center Z(G, K, V) of H(G, K, V) is (T4, )reny, -

3. The center of the Hecke algebra H(G, K, V) is isomorphic to k'[A},], and H(G, K, V)
s a finitely generated module over its center.

4. The Hecke algebra H(G, K, V) is commutative if and only if x(Gy,Gy) = 1.

Proof. We have the product formula for g, ¢" € Gy,

TexTy = Toy = Teax(g7'dT9g) = 11y x(g7'd9d) .

We dedpce that 7, commutes with 7,/ for all ¢" € G, if and only if g € G . With the
lemma the lemma is now obvious.

O

2.2  First results on commutativity

It is convenient to denote sometimes Gy by Gp; this group depends only on H. The
action of Gy by conjugation on K/H is trivial, and

l1 - K/H - Gyg/H — Gg/K — 1

is a special kind of central extension where the quotient Gy /K is commutative and finitely
generated and the kernel K/H is cyclic of order prime to p. Let ay € H*(Gy /K, K/H)
be the cohomology class of the extension. By definition, for any choice of a system of
representatives {b.} of Gy /K in Gy /H, the class of the 2-cocycle (¢,c’) +— b_1bebe in
H?(Gpy/K,K/H) is ay. Let E be an algebraically closed field of characteristic 0 or not
dividing the order of K/H and let 8y € H*(Gy /K, E*) be the natural image of ay.

Lemma 2.3. The following properties are equivalent:
1. The Hecke algebra H(G, K, V) is commutative,
2. Gy /H is commutative,

3. ag =0,
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5. The natural injective morphism K/H — E* extends to a morphism X : Gy /H —
E*.

Proof. Tt is obvious that the Hecke algebra H(G, K, V) is commutative if and only if
(GH,GH) Cc H

if and only if the group Gy /H is commutative if and only if the extension spli S if
and only if ay = 0, and that ay = 0 implies Sy = 0. By Clifford’s theory (|NT]
th.5.7) By = 0 if and only if the natural inclusion K/H — E* extends to a morphism
X :Gy/H — E*. If amorphism X : Gg/H — E* extends the inclusion K/H — E* then
X(Gu/H,Gu/H) = 1. As (Gy/H,Gu/H) C K/H and X|g/g is injective we deduce
(Gu/H,Gy/H) = 1. Equivalently Gy /H is commutative. O

We deduce:

Proposition 2.4. The Hecke algebra H(G, K, V) is commutative in the following cases:
1. G is quasi-split,

G is semi-simple and simply connected,

G is semi-simple and the order of Gy /K is prime to the order of K/H,

Gu /K is cyclic (infinite or finite),

G /K is the product of a finite group C" of order prime to the order of K/H and
of a group C' such that the extension of C' by K/H splits.

Gvds o o

2
Proof. 1. G(F') is commutative because G is a torus FSDI:;Q].
. R
2. G(F)/K4 is commutative because K = K = G(F) (%:IRJ 11.1) and K/K is com-
mutative.

3. H*(Gy/K,K/H) = 0 because G(F) = K and an extension of finite groups of

relatively prime orders splits by the Schur-Zassenhaus theorem.
T

4. H2(Gu/K,E*) = 0 (RT] Lemma 5.4.ii)).

5. Let B” be a subgroup of Gy /H isomorphic to C” and let B’ be the extension of
C' by K/H. We have Gy /H = B’ x B” because the intersection is obviously trivial
and for b’ € B’,b" € B” there exists a € K/H with b'b"b ~! = b"a; the order
of ¥'b"b ~! and the order of a are relatively prime hence a = 1 because K/H is
commutative. The group B” is commutative because G /K is commutative. Hence

Gp/H is commutative if and only if B’ is commutative.
O

2.3 Parahoric subgroups

This paragraph is valid for a general reductive connected F-group G. Let L/F be the
p-adic completion of the maximal unramified extension of F', let I be the inertia Galois
group of the separable closure F*/F and let o be a Frobenius of the unramified closure
F"/F in F*. The group I acts continggusly on L and L' = F. Let G(L); be the kernel
of the Kottwitz surjective morphism (%HIRJ 1.0.2)

we : G(L) — (m(Q)); where m(GQ):=X*(Z(G))

Set G(F)1 := (G(L)1)?. Let Gger be the derived subgroup of G, let G0 := G /G g4er be the
maximal toric quotient of G and let G4 be the adjoint group of G. A parahoric subgroup
of G(L) is a subgroup of the form

K]:(L) = FIX(F) ﬁG(L)l



for a facet F of the building B(Gaa, L) of the adjoint group G.4 of G over L and the
natural action of G(L) on B(Gaq, L). An Iwahori subgroup is the parahoric subgroup
associated to a chamber of B(G,q4, L). A parahoric subgroup of G(F) is a subgroup of the
form
Kr(F) = Kr(L)"

for a o-invariant facet F.

1. If G =T is an F-torus then T'(L); is the unique parahoric subgroup of T'(L).

2. If G is semisimple and simply connected then G(L); = G(L).

3. If G4er is simply connected, we have the exact sequence

1— Kder,]-'(L) - K]:(L) - GtOT(L)l —1
4. If G — G is a z-extension of kernel R, we have the exact sequence
1— R(L); — Kz(L) = Kg(L) — 1

5. H' (o, Kx(L)) = 1. We deduce that the properties 1,2,3,4 are valid when L is re-
placed by F.

6. If G is an induced F-torus or a semisimple simply connected F-anisotropic group,
the unique parahoric subgroup G(F); of G(F) is also the unique maximal compact
subgroup of G(F).

2.4 A non commutative Hecke algebra

Let E/F a ramified quadratic extension with ring of integers O, and let D/E be a
division algebra of E-dimension 16, with ring of integers Op, uniformizer pp, residue field
kp such that the action of pp on kp via conjugaison is z +— x9. We denote by Ny, /i the
norm of kp/k, y — ¥ the non trivial F-automorphism of E, G’ the reductive connected
E-group with G'(E) = D*, and Nrd : G’ — G, g the reduced norm of kernel the
derived group G, of G'. The group G/, is an F-anisotropic inner form of SL(n) with
G'..(E) = D! the kernel of the reduced norm, and as SL(n) it is simple and simply
connected. Let

G = {(d,2,y) € (C' X Cpyp X Gry) | Nrd(d)xQ% -1}

Let Rg,r be the scalar restriction from E to F. The projection (d,z,y) + (x,y) induces
an exact sequence in the category of F-linear algebraic groups

(2) 1 — RE/F(GIdE’r’) - G — RE/F(Gm/E X Gm/E) —1

The algebraic linear F-group G is an extension of two connected reductive F-groups, hence
is connected and reductive. The derived group Gyer = Rg/p(Gl,,) of G is simple simply
connected and F-anisotropic and the maximal toric quotient Gior = Rg/p(Gm/p X G p)
of G is an induced torus. Hence the unique parahoric subgroup K = G(F); of G(F) is
equal to the unique maximal compact subgroup of G(F'). The exact sequence (% induces
exact sequences

1 - D' — G{F) — E'xXE* —1
1 - D' - K — O0px0p —1
We deduce that K = G(F) N (03, x O, x OF,) and
K/Ky = {(z,z,y) €kp x k* x k* | Ny p(2)2® =1}

For g = (d,z,y) , ¢ = (d',2',y') € G(F) we have gg’g~'g'~! = (dd'd~'d’~',1,1) hence
(G(F),G(F)) = (D', 1,1). If d € pO% and if d = ¢ is a root of 1 prime to p then
99’97 'g'~t = (¢1""1,1,1) where d € pO%,.



Lemma 2.5. We suppose that k = F3 is a field with 3 elements.
1. The image of G(F) by the projection (d,z,y) — d, is the group p*20%,.
2. K/Ky ={(z,2,y) € F§; xF5 xF} | z is a square in F§; }

3. The Hecke algebra H(G, K, x) is not commutative if x is the character of K/K
5

defined by x(z,x,y) = 2°.
Proof. 1. The image of G(F) by (d,z,y) — Nrd(d) is the group {2?y/y for z,y €

E*} = p?20% because each element of p?2(1 + prOp) is a square and —1 € E has

norm 1 in F. The inverse image of p?*O3 by the reduced norm Nrd is p¥O3,.

2. kp = Fs1, Nipp(z) = 21309727 = 240 and 22 = 1 for z € F§y,z € F5. We have
240 = 1 if and only if z is a square in F%;.

3. Let h € G(F) with d, = ¢ € O} a root of 1 of order 16. Then h € K hence h
normalizes . Let g € G(F) with d, = p%,. For u € K of image (z,z,y) € K/K the
image of gug~'u~! in K/K, is (2%,1,1). The order of x is 8. Hence g normalizes
x- The image of ghg=*h=! in K/K, is (¢%,1,1) = (—1,1,1) which does not belong
to the kernel of x. Hence x(Gy,Gy) # 1 and the Hecke algebra H(G, K, x) is not
commutative (lemma .

O

2.5 (G splits over an unramified extension
In this section we prove:

Proposition 2.6. When G is F-anisotropic modulo the center and splits over an unram-
ified extension of F, then the Hecke algebra H(G, K, V) is commutative for all (K,V).

Proof. O

3 G general

From now on, G is a general reductive connnected F-group. We choose a maximal F-
split subtorus S of GG. The connected center Zg of G is contained in S. The centralizer
Z := Zz(S) of S in G is a connected reductive F-group which is F-anisotropic modulo the
center. Let N := N¢(S) be the normalizer of S in G. Let A be the apartment associated
to S in the Bruhat-Tits building of the adjoint group G,q over F'. We choose a chamber
C of A and a special vertex O of C. Let I be the Iwahori subgroup of G(F') associated
to C' and K the special parahoric subgroup of G(F) associated to O. Modulo the action
of N(F) on A the chamber C' is unique. The number of G(F)-conjugacy classes of the
special parahoric subgroups of G(F) is finite and can be > 1. Let ® be the set of roots of
G relative to S, let A be the basis of ® defined by the walls of the chamber C' containing
0.

3.1 The group A

Let Zy be the unique maximal compact subgroup of Z (F), let Zy be the unique parahoric
subgroup of Z(F), let Zyy be the pro-p-radical of Zy and let

A = Z(F)/Z .

As in EEA is a commutative finitely generated group with torsion subgroup Ao, = Zo /Z
and S, identifies to a subgroup of finite index of A. One denotes by g — A, the quotient
map G(F) — A and the group law on A is denoted additively, hence A\j + Ay = Agy for

9,9 € G(F).
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Let G’ be the subgroup of G(F) generated Fg&he parahoric subgroups. For a € A, let
Ua be the root subgroup of G' (noted Uy in ([Spr2] 15.4); if 2a is a root the Uz, C U,).
The group G’ is the normal subgroup of G(F') generated by Zy and by (U,)acs. We recall
Zq is the connected center of G. The subgroup G'Zg(F) of G(F') has finite index. Let
7' :=Z(F)NG'. Then

A/ = Z//ZO
is a free commutative finitely generated subgroup of A.

Let ®¥ C S, be the set of coroots, let a¥ € ®V be the coroot of a € ®, and let
(Wav )aea be the fundamental coweights in Q@Y = @,caAQa” defined by < a,wpv >= 04
for a,b € A. Both (a")sea and (wqev)aen are Q-basis of Q®Y. A root a € ® extends to a
linear form = —< a,z > on

5,®Q = A®zQ = (5®Q%° ¢ QdY

The kernel of the natural map A — A®1 : A - ARz Q is Ayr. For a € @ and X € A,
we define < a, A > := < a,A\® 1 > . We have the morphism w : A — Q®" defined by

A= w() = Z < Ay A > wev
acA

We say that A € A is dominant when < a,A > > 0 for all a € A, ie. w(A) €
ZaeA Q>0 wqv, and is anti-dominant when —A\ is dominant. By the Gordan’s lemma
the submonoid A' of dominant elements of A is finitely generated. The same property is
true for the submonoid A~ = —A™ of anti-dominant elements. The kernel of w is

A= = Z3Z4(F))Z

We have
A="g A A

and the index is finite. We have a unique decomposition
A= Ai’:o SY Ader

with A" C Ager. The restriction of w to Age, is an isomorphism Age, >~ w(A). We fix a
valuation vgp on F with vp(F) = Z. There exists a positive rational number e, € Qsq
such

N(F) N (Ufa(F)(Ua(F> - {1})Ufa(F))

acts on the apagtment A = R®Y by reflections at the affine hyperplanes {z € A | <
a,x > € ey,Z} (IBTII 5.2.1). By (IBTI] 6.2.20), we have

w(A) = Z Ze,a” C wA) C Z Z eq wav
a€A acA
Lemma 3.1. e, = 1 when G splits over an unramified extension of F'.

Proof. (R‘L} 4.8). O

Remark 3.2. We have the fundamental weights in Q® = ®,caQa defined by < wg, bV >=
dap fora,b € A. Wehavea = >, wp < a,b’ > because ), -\ < wp,c’ >< a,b’ >=<
a,c” > for any a,c € A. Hence

wA) = > <wp,A> 0
beA
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3.2 The Weyl Iwahori group W

The subgroup G’ of G(F') generated by the parahoric subgrou bas a BN-pair (I,N"),
where N/ := N(F)N G’ and I is the Iwahori subgroup of K (IBTII] 5.2.12). The affine
Weyl group of the BN-pair is

Wars =N'/Zy
By the theory of BN-pairs for G’ ***, the special parahoric group K has a BN pair
(I, N(F)N K) of Weyl group equal to the relative Weyl group W; of G. We have [HRa]

W; = N(F)/Z(F) ~ (N(F)nK)/Zy ~ N'/Z' |, KnZ(F)=Z

The finite Weyl group W; is isomorphic to the finite Coxeter group gengrated by the set
of reflections with respect to the walls of the chamber C' containing O ([AB] 10.1.6). The
affine Weyl group Wy is a Coxeter group generated by the set S,y of reflections with
respect to the walls of the chamber C, and

Waff ~ A x Wf

We have the length ¢ and the Bruhat-Chevalley partial order <g, on (Wqyf, Sasy), defined
by w!, 7t S<Br Waff if and only if w/, if has a reduced decomposition extracted from a
reduced decomposition of wes¢. The Weyl Iwahori group

W = N(F)/Z

acts naturally on the apartment A = R®Y and A C W is a normal subgroup of finite
index acting on A by translations. The normalizer {2 of the chamber C' in W normalizes
Sqsf and normalises . We have

A=V = ANQ , AN =ANWuyy
The subgroup Wy ¢ of W is normal and W is a semidirect product
w = Waff x ) >~ A~ Wf.

The Weyl Iwahori group W is a quasi-Coxeter group (a semidirect product of a normal
Coxeter group by an abelian group). We write w = wqfru with w € Wysy and u € Q.
When G = G, one has W = W5y (% 1.13). The length and the partial Bruhat order
of Ways extend trivially to the quasi-Coxeter group W . By definition ¢(w) = ¢(waysy),

and w <p, w' if and only if u = v’ and w.r; <pg, w;ff.

Lemma 3.3. Given w € W,
a) the number of w' € W such that w' <pg, w is finite,
b) the double class WrwW; contains a unique element minimal Wpin for the order

SBT'

Proof. a) Obvious.

b) We have WywWy = Wiwq s Wiu where Wi = uWpu~!. By the theory of Coxeter
groups %7] there exists wy, ;; € Wyw, s W} such that any z,py € Wrw'W} can be written
Tapf = awg ;b with a € Wp,b € Wi and l(zqpr) = l(a) + L(wg ;) + £(b). Let wyin =
w), Fu- Then any x € WrwW/ can be written = Z,¢fu = awminc with a,c € Wy and
(z) = la) + l(wpmin) + £(b). This implies that w,,;, is the unique minimal element of

WiwWy for <p, . O
By the theory of BN-pairs for G’ and for K we have

(3) K = Upew wl , G = Uyew,, Twl

(4) Twlw' C Uwrew, ;s w<pw Tww”  for all  w,w" € Wagy

This remains true for the quasi-Coxeter group W = Worr x (2.
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Lemma 3.4. We have
(5) G(F) = Upewlwl |

(6) Iwlw'  C  Upreww'<gaw lww” foral w,w €W

R J
Proof. For @) see (}ﬁ:[%{aj Remark 9, p. 193). For @, we write w = wgspu, w’ = w;ffu'

as before. By Twlw' = Iwaffulw(’lffu' = Iwaffluw;ffu_luu' is contained in

|_|w//

" ro_ -1, ’
" €Wapsw!! <Bruw;f‘fu*1]waffwaffuu = qulwgffugmw;ffIwaffuu We f U

aff—=

= |_|w//

a

” r_ "
ffSBrw;ffIwaffuwaffu - l—lw”SBrw’Iww

3.3 Intersection of the Cartan and Iwasawa double classes

R
1. Cartan decomposition (H%IR]) the natural map from Z(F) to K\G(F)/K induces
bijections
AT~ K\GF)/K , A =~ K\GF)/K

2. Iwasawa decomposition (H—[IE{IRJ):
G(F) = KB(F) = KZ(F)U(F)
where B = Z.U is the minimal parabolic F-subgroup of G associated to A.
Proposition 3.5. 1. Letw € W and z € Z(F'). Then
KwKNKzU(F) # 0
implies (A\z)min <Br Wmin-
2. When z € Z(F) is antidominant we have:
KzKNzU(F) = z2(KNU(F))

Proof. 1) We imitate the proof of H.%{IRJ *** when F is replaced by the p-adic closure of the
maximal unramified extension of F. We have zu = iw't’ for some w' € WywWy,i,i" € I,
using (B)). Multiplying on the right by s € S(F) such that sus™' € I one gets A\, \s €
Iw'I)\,I. Using the lemma %we deduce )\, = w’ for some w”’ € W with w” <g, w’. We
obtain

(7) A <p, w for some w' € WrwW;

inite

By the proof of b) in the lemma @_Eﬂere exists a,b € Wy such that w' = aw,,b with
l(w") = €(a) + £(wmin) + £(b). We deduce from @ that A\, = a’w”V for some o', b’ € Wy
and w’ € W with ' <, a,w” <, Wmin,b <p, b. We obtain

(8) w" <pr Wi,

for some w” € Wi\, Wy

This implies wx, min <Br Wmin-
2) The condition that z is antidominant is necessary to have Kz N 2U (ko) € z(K N
U(F)). Let K be the special maximal subgroup containing K. We have by (|[BTII] 5.2.4)

KNU(F) = KnU(F)
We have by (H%"IHJ 4.4.4 (ii))
KzKNzU(F) ¢ z2KNzU(F) =z(KNU(F))
Hence KzK NzU(F) C z(KNU(F)). The opposite containment is obvious. O
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inclusion

Let A € A. We write KAK := KzK when A = )\, with z € Z(F). Let X be the set of
N € A such that
KAKNKNU(F) # 0

Lemma 3.6. The set X is finite and the map A — w(\) is injective on X .

inite
Proof. The finiteness results from A, .. <p, Amin and the lemma @_Wthe map is not
injective, there exists 19 € A?=Y non zero such that X, ;. <p, Apmin and (o + N )min <pr
Amin- By definition of <pg, for W, this is impossible because (1o + N )min = poMpin- O
Using the finiteness of X and the fact that A~ (or AT) is a system of representatives
of the orbits of Wy in A _one can choose a total ordering < on A~ (or A™) such that for

all \,\ € A~ (or A™) ([HR])
KXK N KNU(F) # 0 implies M <\

Remark 3.7. Hitzelberger K%Eproved that z,2" € Z' satisfy KzK N KZ'U(F) # 0 if
and only if the point 2’.0 of the apartment A belongs to the convex enveloppe of the
conjugates of 2.0 by W;. o

When G is unramified and K hyperspecial, Rapoport EFRa] proved that for A\, \ € AT
the relation KA N KNU(F) # 0 is equivalent to A — X € 37 A Na” .

Stembridge [7] proved that for X\, A’ € A’ N AT the relation X <pg, ) is equivalent to
A=XNedY caNega” .

3.4 Parabolic subgroups

To any point z € Z( .')ﬂfe have the parabolic subgroup P, of G generated by Z and the
root subgroups U, ([BTII| 5.1) for all roots a € ® with < a,z > > 0. The unipotent
radical N, is generated by the U, for all a € ® such that < a,z > > 0 and the Levi
component M, is generated by Z and the U, for all a € ® such that < a,z >= 0. The
parabolic subgroups P,-1 and P, are opposite of intersection M,. The parabolic subgroup
P, contains B if and only if z is dominant, P, = B if and only if < z,a > > 0 for all
a € A,and P, = G if and only if < z;a > = O forall a € A, ie. z € ZOZg(F). Let
®,..q C ® be the subset of non divisible roots.

The group K is generated by Zy = KNZ(F) and U, o := KNU,(F) for alla € ®,.4 and
the pro-p-radical J{; of K is generated by Zoy = Ky N Z(F) and Uy 04 := K4 NUL(F)
for all a € ®,.q hﬁzsgS] #*% The maximal compact subgroup K contenant K is equal to
K = ZoK. Let

P.o:=KNP, , M.og:=KNM, , N.o:=KNN, , Uf:=KnNU*(F)

PZ70+ = K+OPZ , MZ’OJ’, = K+ﬂMZ y NZ)0+ = K+0Nz , U0j:+ = K+r\|Uj:(F)

Lemma 3.8. M,o = 27 'Kz N M,(F) is the special parahoric subgroup of M,(F)
associated to O and M, o+ = 2z 'Kiz N M,(F) is the pro-p-radical of M, .

Prgaf. The group K N M,(F); is the special parahoric subgroup of M, (F) associated to
O l[HRal, and the maximal compact subgroup of M, (F) fixing O is

Zo(KNM,(F))) = M.(F)NZyK = Zy M,

Using that K N Zo = Zy we deduce

KNM,(F)1 = M,o
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conj

This can also be deduced frgm the analogous result over the completion L of the maximal
unramified extension of F' (JHR] 4.1.1). The group M, o = K N M,(F); is generated by
Zy and Uy o := K NU,(F) for all a € ®,¢q such that < a,z >=0. When < a,z >=0 we
have 2U, 02~ = U, 0. The same arguments imply the result for K instead of K.

O

Lemma 3.9. M, o, M. o4, Zo, Zo+ and Ugo, Uy o4 for each root a € ®rcq such that <
a,z > = 0, are stable by conjugation by z.

Proof. Obvious for Zy, Zo4,Uq 0, Uq,04+ and using the lemma @for Mo, M, 0+ . O

3.5 Reduction
By (FTJ 3.5), there exists a reductive connected k-group G such that

Glk) = K/K,

Let o
red: K — G(k)

be the quotient map, called the reduction map. The group S is a maximal k-split subtorus
of G of centralizer Z. The root system ®(G, S) is contained in ® and contains the subset
®,,,, of rqots a € ® such 2a & When G,is F-quasisplit, it is equal to ®,,,, hence is
reduced (L] 6.9, 10.36), %I] 4.6.12, 5.1.31, FJ, 1 9, 3.5.1). The root subgroup U, (k) of
G(k) associated to a € ®(G, ), eq is equal to ( ***)

Usk) = red(Uyyp) for a € Preqg N Qspa

For z € Z(F), the group red(K Nz~ K2) is is the image in G (k) of the parahoric subgroup
fixing a facgtof the star of A containing O. There exists a parabolic k-subgroup P, of G
such that ([BTII] 5.1.32)

P.(k) =red(K Nz 'K2)

The unipotent radical N, of P, is generated by the U, for a € ®(G, S)cq with < a,z >>
0. For a € ®,.q with < a,z > < 0 the group zUa’oJrz_l contains U, o, and when
< a,z > > 0 the group zUa,02_1 is contained in U, 04. We deduce that

red(P,g) = red(M.g)red(N,o) = red(KNz 'Kz)
We deduce
red(P,o) = P,(k) , red(M,o) = M.(k) , red(N,o) = N.(k)

The k-parabolic subgroups P,-1 and P, of G are opposite of intersection M .. We de-
note by [g] € M.(k) the component of g € P,(k) or g € P,-1(k)..and by o(z) the
automorphism of M, (k) induced by the conjugation by z (lemma . We consider the
morphism

Y KNz 'Kz —  G(k) x G(k)

U(g) = (red(g), red(zgz7"))
Lemma 3.10. The image of the morphism 1 is

{ (94,9-) € P.(k) x P.-a(k) with [g-]=0(2)[g+] } .
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Proof. (Eﬁﬂ 3.8) Clearly
1/1(K n 2Kz N M(F)) = { (g+ao—z(g+))g+eﬁz(k) }

For any a € @, such that < a,z > > 0, the groups U, and ZjU—a,OZ are contained
in KNz 'Kz . We deduce that the image of ¥ contains N, (k) x N,-1(k). Hence the set
given in the lemma is contained in the image of 1. There is nothing else because

red(K Nz 'Kz) =red(KNP,(F)) , red(KNzKz')=red(KNP,:(F))

O

4 Irreducible representations of the finite group G(k)

In this section, k is a finite field of characteristic p, G is a connected reductive k-group.
Let B = T.U be a minimal parabolic k-subgroup of G of unipotent radical U and Levi
component 7 (a maximal k-torus), let S be the k-split maximal subtorus of T' with
normalizer N := Ng(S) in G. Let W := N(k)/T(k) be the relative Weyl group with
maximal element wy, let & = ®(G, S) be the group of roots of G relative to S, let A be
the subset of simple roots defined by B and let s, € W be the reflection associated to
a€ A. Let B~ = wona1 the opposite parabolic subgroup of B such that BN B~ =1T.
Let k&’ be a field of characteristic p containing a root of 1 of order the exponent of T'(k).

4.1 BN-pair

Eor the definition and the properties of a Tits system, or equivalently a B Ngpair, see
(IBour] IV, §2). For the definition of the root system of a Coxeter system, see (hCE] 2.1).
For the defintion of the root groups associated to a Tits system with a finite Weyl graup,
see (E]CE] 2.3). For the definition of a strongly split BN-pair of characteristic p, see (hCE]
2.20, exercise 5 of the chapter 2).

Lemma 4.1. The system (G(k), B(k), N(k), (Sa)aca) forms a strongly split BN -pair of
characteristic p.

Proof. The system (G(k), B(k), N(k), (Sa)aca) is a Tits system (H%%r] 21.15).
The root system of the Coxeter SySteng(ﬂ{f(Sa)aeA) i.e. the image of A by W, is equal
to the subset ®,..q4 of reduced roots in ® ([Bour] proposition 15).
ohe root subgroups (Uq(k))aca,., of the BN-pair coingide with the usual root groups
(FSﬁQI 15.4). They satisfy the the commutator relations (L] Proposition 5.2). O

4.2 Characters of the Hecke ring H(G(k),U(k))
The Bruhat decomposition

G(k) = UnenmU(k)nU (k)

shows that the Hecke ring H(G(k),U(k)) is a free Z-module of basis the characteristic
functions T,, of U(k)nU (k) for all n € N(k). The Hecke ring is commutative if and only
if W is commutative. However the simple modules of the k’-algebra k' @z H(G(k),U(k))
are all one dimensional. Fhey are given by characters H(G(k),U(k)) — k' which are
parametrized as follows (hC'E] Th. 6.10).

For any simple root a € Alet T, (= T N < U,, U_, > . For any character
x € Hom(T'(k), k'*) one associates a subset A, of A defined by

Ay ={acA|x(T,(k)=1}

16



The pairs (x, I) for x € Hom(T'(k), k™) and I C A, parametrize the characters H(G(k),U(k)) —
k'. The character v, ; parametrized by (x,I) is defined by

Uy, 1(Th) = (—=1)"x(t) when a1 ...a, € I otherwise ¢, ;(T,) =0 ,

where n = ng, ...ng,.t with t € T'(k) and w = sq, ... Sq, is a reduced decomposition of
the image w of n in W and s, € W is the image of n, € N(k) for a € A. The character
1,1 does not depend on the choices of n, for a € A. The classification does not depend
on the choice of k'

4.3 Irreducible representations of G(k)

We introduce more notation. For any subset J C A set NJ := @, jNa. We denote by Py =
M jNj the standard parabolic k-subgroup of G with unipotent radical N; generated by
the root subgroups (Us)acan(a\y), and Levi subgroup M generated by 7" and the root
subgroups (Uy)eecanns- The relative Weyl group W of M is generated by the refections
sq for all @ € J. The group By := M; N B is a minimal parabolic subgroup By = TU}
of My and Uy is the subgroup of U generated by the roots subgroups (U,)ecaonns. The
opposite parabolic subgroup P; of P; is P; = M;N;. When J = A we have Px =
MA = G,UA = U,NA = {1}; when J = @ we have P@ = B7M@ :T7U@ = {1},N@ =U.

1. The functor V — VU®) induces a bijection from the isomorphism classes o ~the
irreducible k’-representations of G(k) to the characters H(G(k),U(k)) — k' ([CE]
6.12).

This implies that the irreducible representations of G(k) in an algebraically closed
field F containing k are defined over the subfield k() where u € E is root of 1 of
order the exponent of T'(k).

We denote by V any irreducible &'-representation of G(k), and by V(x, I) = Va(x, I)
an irreducible k'-representation of G(k) such that H(G(k),U(k)) acts on the one
dimensional k'-vector space V(x, I)Y®) by the character ¢, r.

2. Let RZ C A. The representation of M (k) on V' (x, I)N7(*) is isomorphic to Vas, (x, IN
J) ([C] 3.6).

C
3. V. = VN @ (1 - N_;(k)).VN/F (hC} 3.2).
C
4.V = -V (o 1.2).
CE,
5. The dimension of V' (x, I) is < |U(k)| with equality if and only if I = A (hC‘E] 6.12).
Proposition 4.2. The parameter (x,I) of V can be found as follows: x is the character
giving the action of T'(k) on the line VU®) and Pa\r(k) is the stabilizer of VV®) in G(k).

Cur

Proof. This is clear for y. For I see (hCTlr] 6.15); the stabilizer of VU®) in G(k) is a
standard parabolic subgroup and a non zero element of V (x, [ )U(k) is a weight element
of weight (x, A\I) in the sense of Curtis. O

Corollary 4.3. The dimension of V(x,I) is 1 if and only if I =0 and A, = A.

Proof. Obvious. O
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4.4 Action of an automorphism

Let o be an automorphism of G(k) which stabilizes T'(k) and U, (k) for any root a € ®.
The automorphism o induces an automorphism of the Hecke ring H(G(k),U(k)), still
denoted by o, such that o(T;,) = Tj(,) for all n € N(k). The automorphism o permutes
the k’-irreducible representations of G(k) and of H(G(k), U(k)).

Lemma 4.4. ¢, 1 00 = {yo0,1-

Proof. (0(ng))aca is another possible choice of (ng)ace and we have o(n) = o(ng,) ... 0(ng,.)o(t).
O

Lemma 4.5. V(x,I)oc =~ V(xoao,I).

Proof. a) Computing the action of the Hecke algebra H(G(k),U(k)) on V(x,I) oo, one
sees that T} acts by the character x o o and that the set I does not change. One gets

Vix,I[)oco =~ V(xoo,l)

A variant of the proof uses the proposition @llt is clear that T'(k) acts on (V (x, I)oo)V*)
by the x oo. The representations V' (x, ) oo and V (), I) have the same stabiliser in G(k)
because the stabilizers are standard parabolic subgroups generated by B(k) and U, (k)
for some negative roots a € ®, and U, (k) stabilizes V' (x, I)V*) if and only if it stabilizes
(V(x,I)oa)V*) because o restricts to an automorphism of U, (k).

O

5 The Satake isomorphism

Let K be the special parahoric subgroup of G(F') fixing the special point 0 of the apartment
A, let k' be a field of characteristic p containing a root of 1 of order G(k), and let
V be an irreducible k’-representation of K, identified to a representation of G(k). The

representations of Zy on VY0 and VU(; identify with the representations of Z(k) on VU

and VU, *)"

5.1 Basis of H(G,K,V)

The group Zy acts on the line VU0 ~ VU(; by a character xy. When z € Z(F) is antidom-
inant, N,-1 ¢ contains Uy and M, o = M,-1 .

Lemma 5.1. Let z € Z(F') antidominant. The irreducible representations V=10 and
V=100 o(z) of M, are isomorphic if and only if xv = xv o o(2).

i 1
Proof. Lemma @and proposition @ O
We identify yy with a character of Zj. Let
Zv = {z€Z(F) | xv(zaz~'z™') =1 forallze Z,}

and Z,, the antidominant elements of Zy. For z € Z;/, there exists a unique M, o-
equivariant morphism
a, VN0 0 VN0 0 0(2)

fixing pointwise VU0, by the lemma @ We have a natural injection

iy VN0 00(2) — V
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and a canonical M ,(k)-equivariant morphism

b, V. — V., — VN0

fixing pointwise VN-~10. The morphism ¢, :=i,0a,0b, : V — V fixes pointwise the
line VY. These morphisms depend only on A, € A. Let Ay be the image of Zy in A and
Ay, the antidominant elements of Ay.
Proposition 5.2. For z € Z, , there exists a function T, € H(G, K, V') of support KzK
with

T.(z2) = ¢, .
A K -basis of H(G, K, V) is (TZA)AGA;.

Proof. Suppose that f € H(G, K,V) is supported on KzK for some z € Z(F). By the
Cartan decomposition we can suppose z antidominant. It follows immediately from the
definitions that the possible values of f(z) are all ¢ € Endy/ (V') such that

k1 ¢ = ¢ks whenever ki,ky € K and ki 2 = z ko

Note that ks € KNz~ 'Kz and k; = zkoz™!. The propositionimplies that equivalently
¢ factors
V— VN, N A N R o(z) = V.

If z € Zy,, then ¢ is a multiple of ¢, ; otherwise there are no such ¢ (lemma @) O

5.2 The Satake morphism

The Satake morphism is a consequence of the Iwasawa decomposition G(F) = KZ(F)U(F)
for the special parahoric subgroup K and of the structure of the induced representation
Ind?;(F)V as a G(F) x H(G, K, V)-module (lemma .

The subspace (Indi(F)V)cU(F) of f e (Indf((F)V)U(F) such that f|zp) is compactly
supported is a Z(F) x H(G, K, V)-submodule of Indg(F)V. The restriction to Z(F) is a
Z(F)-equivariant isomorphism

resz(py - (Indg(F)V)g(F) - c— indg(EF)VU“

U(F
c

by the Iwasawa decomposition. The action of H(G, K, V) on (Ind]G((F)V) ) induces a

Z(F)-equivariant action of H(G, K,V) on ¢ — indggF)VUU.

Definition 5.3. The Satake morphism S : H(G,K,V) —  H(Z,Zy, V) is the
algebra morphism satisfying

reszpyo f = S(f)oreszpy forall feH(G,K,V)

Proposition 5.4. The Satake morphism S is given by
SHE = D fEw)lw
weU(F)/Ug

Proof. By linearity it is enough to prove the formula for an arbitrary element T &€
H(G, K, V) of support KzK for an arbitrary z € Z(F). We denote by ip the inverse
of resz(ry and by [1,m]z, the function in ¢ — indgsF)VUO with support Zy and value
m € VY0 at 1. We have T oig = ig o S(T) and

Z'B([l,m}zﬂ)z Z u.[l,m]K

weU(K) /Uy
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We compute
(T'oip)([1,m]z,)(2)

for any 2/ %IZ(F). We write KzK as a disjoint union U, Kzz. For any g € G(F),v € V,

we have :

T(g.[1,v]x) = g.Z(zm)*l.[l,(T(z)ox)v)]K

Hence

Toip)(Lmlz) = > Y (e2)  [LT()em)x

uweU(K) /Uy z

The support of g[1,v]x is Kg~1; its value at kg~ is kv. The value at 2’ of u(zz) ~1.[1, T'(2)(x.m)] x

is 0 if 2’ does not belong to Kzzxu™!, and is kT'(z)(z.m) if k = 2'u(zz)~! € K. We have
(T, oip)([1,m]z,)(Z) = Z (Zu(zz) Lo T(2)ox)m
weU(F)/Uoy,z’u(zz)"1€K
We have T'(z'u) = 0 if z’u does not belong to KzK and T(z'u) = koT(z)ox if 2'u = kzx
with k,z € K. We deduce that

(Toip)([1,m]z,)(2) = Y, TEwm

ueU(F) /Uy
Equivalently S(T)(2") = (i o S(T))(2') = (T 0 ip)(z') € Endy VY0 is the morphism
Z T(2'u)
weU(F)/Uo

O

Proposition 5.5. The image of the Satake morphism vanishes outside the antidominant
elements of Z(F).

Proof. Let z € Z(F) not antidominant, let a € A be a simple root such that < a,z > > 0,
let f € H(G, K, V), and let z € VY. Using the decomposition of U as a semidirect product

U=U% %0,

where the normal subgroup U(® is generated by the root groups Uy, with b positive and
not multiple of a, and the fact that zUa,Oz*1 C U+ (proof of prop. B.10)), we obtain:

Sfiz)z = Z Z fzuqu'®) z

ua€Ua(F)/Uao y(o) U@ (F) UL

= Z Z f(zugz" zu(®) z

ua€Ua(F)/Ua,0 yl@) ey (F)/Us®

= Z Z flugzu'@) x

ua €Ua(F)/2Ua,02~1 y(a) ey (@) (F) JUS®

When U, o acts trivially on V, the function f, : uq — f(ugzul®)(v) is invariant by left
translation by U, o, the sum Sf(z) x is divisible by [Ua,0 : Ug,04] which is a non zero
power of p. For a general V only U, o4+ acts trivially on V.

a) If 2U, 0271 # U,y 04 then the sum Sf(z) z is divisible by [Ug 04 : 2Us 027! which
is a non zero power of p.
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b) Otherwise, we use Herzig’s trick (TH] Step 5 in the proof of theorem 1.2). Let A € A™.
Let Yy be the image in A of the set of z € Z(F) such that ST, (z) # 0, is contained in
A~. We want to prove Y, C A~. Otherwise there exists a; € A and )\, € Y, such that
< a1,z > > 0. We choose a total ordering on A starting with a;. We choose 2’ € Z(F)
such that A, € Yy and (< a, A,y >)qea is the greatest possible for the lexicographic
order on Z~. Then < ai,2’ > > 0. This implies 22U, 02" "2 C 2'U, 02"t C Ugsos
and 22U, 02" 72 # Uy o4. We will show that S(T2)(z?) # 0. This contradicts a) hence
Yy CA™.

We have (ST.,)? = S(T?2). We show that

(ST.)?(2%) = ) ST.(2x) 0 STu(2 ')
AEA

is not 0. If the term indexed by A is not 0 then (< a, A >)qen and (< a, 2X, — A >)gen

are smaller or equal to (< a, A >)aea. This yields the equality w(A) = w(lambda./).
The set Y), is contained in the finite set X considered in the lemma on which the
map w is injective. Hence \.» = . So (S8T%)%(2"?) # 0.

O

Theorem 5.6. The Satake morphism induces an isomorphism
H(Ga K7 V) =~ H(Z\jv ZO) VUO)

where H(Zy;, Vo, VU0) is the subalgebra of H(Z, Zy, V) = EB/\E/\;k’TZA of functions with

support contained in Z, .

Proof. We know that (TZA)AeA; is a k’-basis of H(G, V) and that (7., ).ea, is a basis of
— t triangl

H(Z, Zy, VUE)) = H(Z, xv). We know by the proposition @Pa%d*the lemma 7 that

STZA = TZA + Z ay: Tz)\/
MNEAy, <A

and that the set of N € A~ with X < X is finite. We deduce the theorem by the usual
triangular argument.
O

Remark 5.7. The same arguments apply to the ring
H(G, K) = EHdZG Z[K\G]

The ring morphism S : H(G, K) — H(Z, Zy) = Z|A] defined using C.(K\G(F)/U(F),Z)

satisfies
SHE = Y few

w€eU(F)/Uo

and is injective of image ®ycp- Z 7\ modulo p H(Z, Zy).
5.3 Finiteness
One identifies xy to a k’-character of Zy. Let
Ziy, = {xc Z(F) | xv(zyz~ 'y ) =1 forall yec Zy}
By the lemma @ Z{, is a normal subgroup of Zy of finite index containing Zy. Let

Ay :=2Z'v/Zy and let Z'y,, Ay, be the antidominant elements of Z{,, Aj,.
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Lemma 5.8. The antidominant monoid A’y is finitely generated, generates the group A},
and Ay, /Ny, s finite.

Proof. We choose s € S(F) satisfying < a,s > < 0 for each a € A. For any element
z € Z(F) there exists an integer n € N such that sz is antidominant. We have s"z €
Z'y if z € Zj, because S(F') C Z{,. We deduce that the group Zj, is generated by its
antidominant elements and that the same is true for the group A’y .

The group A}, C A is commutative and finitely generated. The intersection of A}, ® 1
with the convex polyhedral cone of

A®ZR = S*@ZR

defined by the e ations < z,a > < 0 for all a € A is a finitely generated monoid by
Gordan’s lemma [[Fu]. The kernel of A — A ® 1 is the torsion subgroup which is finite.
Hence the monoid A’y is finitely generated.

Let d be the smallest pogitive integer such that x& = 1. Then 2% € Z;, for any z € Zy
by the proof of the lemma % and z is antidominant if and only if 2% is antidominant.
Hence dAy, C A’y,. As the set Ay, /dAy, is finite, the set Ay, /Ay, is finite. O

Lemma 5.9. The center of the algebra H(Z,,, Zo, VY°) is H(Z'y,, Zo, VU0) and is iso-
morphic to K'[A'y/].

Proof. By the product formula (proof of the lemma@7 the center of the algebra H(Z;,, Zo, VU0)
is formed by the functions with support in the set Z”y, of elements x € Z;, such that
xv(zyz~ty~™!) = 1 for all y € Z;,, and is isomorphic to k'[Z"y,/Zy]. Let s € S(F) as
in the proof of the lemma % and let z be an arbitrary element of Zy,. There exists an
integer n € N such that s"z € Z;;. We have xv (zyz~'y™') =1 for y = s"z. As S(F) is
central in Z(F) we deduce vy (vzx~'z71) = 1. Hence 2", = Z'5,. O

1 t
We deduce from the theorem %ﬁnd the lemma ﬁ and E‘é :er

Corollary 5.10. The center of the Hecke algebra H(G, K, V) is a finitely generated alge-
bra isomorphic to the group algebra k'[A'y/], and H(G, K, V) is a finitely generated module
over its center.

We denote by Z(G, K, V) the center of H(G, K, V). By a general result R%%g] 5.3, this

implies :

Corollary 5.11. When k' is an algebraically closed field, any simple module of H(G, K, V)
1s finite dimensional, has a central character, and is a quotient of

H(G, K, V) @z, Kk v)x K

for the central character x : Z(G,K,V) — K.

A character of Z(G, K, V) ~ k'[A'},] — k' identifies with a character A’;, — k’. The
subgroup of the invertible elements of A’y is AP=0 N A’y

Definition 5.12. A character Z(G,K,V) — k' corresponding to a character of Ay,
vanishing outside A*=°N A’ is called supersingular. A simple module of H(G, K, V) with
a supersingular central character is called supersingular.
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