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Introduction

Sheaves on topological spaces were invented by Jean Leray as a tool to deduce
global properties from local ones. Then Grothendieck realized that the usual
notion of a topological space was not appropriate for algebraic geometry
(there being an insufficiency of open subsets), and introduced sites, that
is, categories endowed with “Grothendieck topologies” and extended sheaf
theory in the framework of sites.

Sheaf theory is an extremely powerful tool and applies to many areas of
Mathematics, from Algebraic Geometry to Quantum Field Theory.

The functor I'(X; «), which to a sheaf F' on X associates the space
['(X; F) of its global section, is left exact but not right exact in general.
The derived functors H’(X; F) tell us the “obstructions” to pass from local
to global. In particular, given a ring k, a topological space X is naturally
endowed with the sheaf kx of k-valued locally constant functions, and the
cohomology of this sheaf is thus a topological invariant of the space.

In these Notes, we shall expose sheaf theory on sites in the framework
of derived categories and give some applications. We restrict ourselves to
the cases of sites admitting products and fiber products, which makes the
theory much easier and very similar to that of sheaves on topological spaces.
We also essentially restrict our study to abelian sheaves and we use the
results of homological algebra presented in [Sc02]. For further references on
homological algebra see [KS06] (and also [GM96], [We94]).

Classical sheaf theory is exposed in particular in [Go58] and [Br67|. For
an approach in the language of derived categories, see [Iv87], [GM96], [KS90].
Sheaves on Grothendieck topologies are exposed in [SGA4] and [KS06]. A
short presentation in case of the étale topology is given in [Ta94].

Let us briefly describe the contents of these Notes.

Chapters 1 and 2 are devoted to the general theory of sheaves on sites.
We first study with some details presheaves on presites with values in an
arbitrary category A, then we introduce Grothendieck topologies. Next, we
restrict our study to abelian sheaves, that is, to the case where A = Mod(k)
for a unital commutative ring k. We prove that the category Mod(kx) of
abelian sheaves it a Grothendieck category. We define and study the opera-
tions of internal hom and tensor product, direct and inverse image, extension
and restriction. We also glue sheaves and show how to construct naturally
locally constant sheaves.

In Chapter 3 We study the derived category D (kx) of Mod(ky) and the
derived operations on sheaves. We describe the Cech complexes associated
with a covering and prove the Leray’s acyclic theorem. Finally, we make a
brief study of ringed sites, that is, sites equipped with a sheaf of rings. We



6 CONTENTS

study modules over such sheaves of rings and their natural derived operations.

In Chapter 4 we study abelian sheaves on topological spaces. We intro-
duce the functors (*)z and I'z(+) associated to a locally closed subset Z and
we study flabby sheaves. Then we study locally constant abelian sheaves.
We prove that the cohomology of such sheaves is a homotopy invariant, and
using the Cech complex associated to a closed covering, we show how to com-
pute the cohomology of spaces which admit covering by contractible subsets.
We apply these techniques to calculate the cohomology of some classical
manifolds.

Chapter 5 is devoted to duality on locally compact spaces. We first
define the proper direct image functor f; associated with a morphism f: X —
Y of locally compact spaces. (The definition that we propose here, although
equivalent, is not the traditional one.) Next, we prove that c-soft sheaves are
acyclic for the functor f; and we study its derived functor Rf,. We prove the
two main results of this theory, namely the projection formula and the base
change formula. As a byproduct, we get the Kiinneth formula.

The existence of the right adjoint f' to Rf, follows from the Brown repre-
sentability theorem. We study the properties of this functor and introduce in
particular the dualizing complex wy that we explicitely calculate when X is
a topological manifold. As an application, we expose the De Rham cohomol-
ogy on real manifolds, the Dolbeault-Grothendieck cohomology on complex
manifolds and we construct the Leray-Grothendieck residues morphism.

In these Notes, we use the language of derived categories and follow the
notations of [Sc02]. We shall note enter in problems of universes, assuming
to be given a universe U in which we are working, and changing of universe
if necessary.



Chapter 1

Presheaves on presites

Presheaves are nothing but contravariant functors, but they play, at least
psychologically, a different role than usual functors. In this chapter, we
study the natural internal and external operations on presheaves.

In all theses Notes, we denote by k a commutative unital ring. As far as
there is no risk of confusion, we shall write ® instead of ®,_and Hom instead
of Hom,_.

For sheaf theory on sites: see [SGA4] and for an exposition (and a slightly
different approach) see [KKS06].

1.1 Recollections from category theory

In all these Notes we fix a universe U. A U-set is a set which belongs to
U and a set is U-small if it is isomorphic to a U-set. A category means a
U-category, that is, a category C such that Hom,(X,Y') is U-small for all
X,Y € C. If Ob(C) is a U-set, then one says that C is U-small. By a “big”
category, we mean a category in a bigger universe. Note that any category
is an V-category for a suitable universe V and one even can choose V so that
C is V-small. As far as it has no implication, we shall not always be precise
on this matter and the reader may skip the words “small” and “big”. The
category Set is the category of U-sets and maps.

Definition 1.1.1. Let C be a category. One defines the big categories
C" = Fct(C®,Set),
CY = Fct(C,Set®) ~ Fct(C, Set)?,
and the functors
he : C—C", X~ Hom/(-,X),
ke © C—C", X+~ Hom,(X,).

7
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Recall that the functors he and ke are fully faithful. This is the Yoneda
lemma.

Definition 1.1.2. Let C and C’ be categories, F': C — C’ a functor and let
Z el

(i) The category Cz is defined as follows:
Ob(Cz) = {(X,u); X eCu: F(X)—=Y},
Homcz<<X17u1)a(X27u2>> = {v: X1 = Xp;us = up 0o F(v)}.

(ii) The category CZ is defined as follows:
Ob(C?) = {(X,u);X €C,u: Z = F(X))},
Hom ., (X1, u1), (X2,u2)) = {v: X7 = Xojus = ug o F(v)}.

Note that the natural functors (X,u) — X from C; and CZ to C are
faithful.

The morphisms in Cz (resp. C?) are visualized by the commutative dia-
gram on the left (resp. on the right) below:

F(X\)—=Z%  Z—=F(X))
F(’U)L % k\ lF(v)
F(X,) F(X,)

Definition 1.1.3. Let C be a category. The category Mor(C) of morphisms
in C is defined as follows.

Ob(Mor(C)) = {(U,V,s); U,V € Cx,s € Hom,(U, V),
Hom ) ((s : U = V), (s": U = V)
={u:U—=U,v:V=>Vivos=sou}.
The category Mor,(C) is defined as follows.
Ob(Mor((C)) = {(U,V,s); U,V € Cx,s € Hom,(U,V),
Hom y, (8 : U = V), (8" : U = V)
={u:U—=U,w:V' - V;s=wos ou}.
A morphism (s: U = V) = (s': U' = V') in Mor(C) (resp. Mory(C)) is
visualized by the commutative diagram on the left (resp. on the right) below:

U——=V U——=V

(RS v/ § (LN v
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Generators

Recall that a functor F': C — C' is conservative if any morphism f: X — Y
is an isomorphism as soon as F'(f) is an isomorphism.

Definition 1.1.4. Let C be a category. A family {G}}ic; of objects of C is a
system of generators if / is a small set and the functor [ [,.; Hom (G, +): C —
Set is conservative.

iel

If the family contains a single element, say G, one says that G is a gen-
erator. If the category C admits coproducts and a system of generators as
above, then it admits a generator, namely the object | |, ; Gi.

Lemma 1.1.5. Let F: C — C’ be a left exact functor of abelian categories.
Then F' is conservative if and only if it is faithful.

The proof is left as an exercise.

Lemma 1.1.6. Let A be an abelian category which admits small coproducts
and a generator G. Let f: X — Y be a morphism in A and assume that
Hom ,(G, X) — Hom 4(G,Y) is surjective. Then f is an epimorphism.

The proof is left as an exercise.

Lemma 1.1.7. Let A be an abelian category which admits small coproducts
and a generator G. Let X € A. Then there exists a small set I and an
epimorphism G®—X .

Proof. In this proof, we write Hom (Y, Z) instead of Hom ,(Y, Z).
There is a natural isomorphism

Hom ., (Hom (G, X), Hom (G, X)) ~ Hom (G @Y X)),

The identity of Hom (G, X) defines the natural morphism G*"°™ @%) X
which, to (g,s) € G x Hom (G, X), associates s(g). This morphism defines
the morphism

Hom (G, G*"™(“Y)y _5 Hom (G, X)

and this last morphism being obviously surjective, the result follows from
Lemma 1.1.6. q.e.d.

Definition 1.1.8. A Grothendieck category is an abelian category which
admits small inductive and small projective limits and a generator and such
that filtrant small inductive limits are exact.
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The Brown representability theorem

In the theorem below, the main result is assertion (b) which is a particular
case of the Brown representability theorem for which we refer for example
to [KS06, Th 14.3.1]. The other assertions may be easily proved.

Theorem 1.1.9. Let C and C' be two Grothendieck categories and let p: C —
C' be a left exact functor. Assume that

(i) p has finite cohomological dimension,

(ii) p commutes with small direct sums,

(iii) small direct sums of injective objects in C are acyclic for the functor p.
Then
(a) the functor Rp: D(C) — D(C') commutes with small direct sums,
(b) the functor Rp: D(C) — D(C") admits a right adjoint p': D(C') — D(C),
(c) the functor p' induces a functor p': D*(C") — DT(C).

(d) Assume that C' has finite cohomological dimension. Then the functor p'
induces a functor p': D*(C") — DP(C).

1.2 Presites and presheaves

Presites

Definition 1.2.1. (i) A presite X is a small category Cx.

(ii) Let X and Y be two presites. A morphism of presites f: X — Y is a
functor f': Cy — Cx.

In the sequel, we shall say that a presite X has a property P if the
category Cx has the property P.

For example, we say that X has a terminal object if so has Cx. In such
a case, we denote this object by X.

We denote by X°P the presite associated with the category C.

We denote by X the presite associated with the category C%-.
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Example 1.2.2. (i) Let X be a topological space and let Opy denote the
family of open subsets of X. This set is ordered, and we keep the same
notation for the associated category. Hence:

{pt} HUCV,

HomOpX (V) = {@ otherwise.

Note that this category admits a terminal object, namely X, and finite prod-
ucts, namely U x V = U NV. We shall identify a topological space X to the
presite associated with the category Opy.

(ii) Let f: X — Y be a continuous map of topological spaces. It defines a
morphism of presites by setting

fL(V) = fH(V) for V € Opy.
In particular, for U open in X, there are natural morphisms of presites

(1.1) iv: U — X,0pyx 2V = (UNV) e Opy,
Jju: X = U,Opy 2V =V € Opy.

Presheaves

Definition 1.2.3. Let A be a category.
(i) An A-valued presheaf F' on a presite X is a functor F': C{¥ — A.

(ii) One denotes by PSh(X,.A) the (big) category of presheaves on X with
values in A. In other words, PSh(X, A) = Fet(CY, A).

(iii) Onme sets PSh(X) :=PSh(X, Set). In other words, PSh(X) = C%.

(iv) One sets PSh(ky) := PSh(X, Mod(k)) and calls an object of PSh(kx)
a k-abelian presheaf, or an abelian presheaf, for short.

e A presheaf F' on X associates to each object U € Cx an object F'(U) of
A, and to each morphism u: U — V| a morphism p, : F(V) — F(U),
such that for v: V — W, one has:

Pidy = idF(U)a Pvou = Pu © Pu-

e The morphism p, is called a restriction morphism. When there is no
risk of confusion, we shall not write it.
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e A morphism of presheaves ¢ : ' — G is thus the data for any U € Cx of
a moprhism ¢(U) : F(U) — G(U) such that for any morphism V' — U,
the diagram below commutes:

e The category PSh(X, A) inherits of most all properties of the category
A. For example, if A4 admits small inductive (resp. projective) limits
then so does PSh(X, A). If A is abelian, then PSh(X,.A) is abelian.

e If A is a subcategory of Set, for U € Cx, an element of s € F(U) is
called a section of F' on U.

e In view of the Yoneda lemma, the functor
hy: Cx < PSh(X), U+ Hom, (+,U)

is fully faithful. One shall be aware that, when Cx admits projective or
inductive limits, the functor hx commutes with projective limits but
not with inductive limits in general.

Notation 1.2.4. For U € Cx, one denotes by I'(U; »): PSh(X,.A) — A the
functor F'+— F(U).

The functor I'(U; *) commutes to inductive and projective limits. For
example, if A is an abelian category and ¢ : FF — G is a morphism of
presheaves, then (Ker)(U) ~ Ker¢(U) and (Coker ¢)(U) ~ Coker p(U),
where o(U) : F(U) = G(U).

Examples 1.2.5. (i) Let M € A. The correspondence U +— M is a presheat,
called the constant presheaf on X with fiber M.

(ii) Let X denote a topological space and let C°(U) denote the C-vector space
of C-valued continuous functions on U. Then U + C°(U) (with the usual
restriction morphisms) is a presheaf of C-vector spaces, denoted C%.

Proposition 1.2.6. Let F,G € PSh(X,.A). There is a natural isomorphism

(13)  AtHom g o(F,G) S lm  Hom (F(V),G(U)).
(U—V)EMorp(Cx)°P
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Proof. (i) First, we construct the map A\. Let ¢: FF — G be a morphism
in PSh(X, A) and let U — V be a morphism in Cy. The morphisms
e(U): F(U) - G(U) and F(U — V): F(V) — F(U) define the morphism
ou—v: F(V) — G(U). Moreover a morphism a: (U — V) — (U — V') in
Mor(Cx) defines a morphism

¢o: Hom ,(F(V'),G(U")) — Hom ,(F(V),G(U))
as follows. To pyr—sy/: F(V') — G(U’), one associates the composition
ou—y: F(V) = F(V') 222 GU') — G(U).

(ii) The map A is injective. Indeed, A(¢) = A(¢0) implies that p(U) = ¢ (U)

for all U € Cx.

(iii) The map A is surjective. Let {o(U — V)}y—v € Jim Hom ,(F(V),G(U)).
U—v

To a morphism s: U — V in Cx, one associates the two morphisms in

Mory(Cx):
U vV U V
Ll

U—U, V—V

S
s

S
_—

In the the diagram below, the two triangles commute. Hence, the square
commutes.

(V)

(1.4) F(V) G(V)
\gp(U—>V) L
\
F(U) ———G(U).

Therefore, the family {¢(U — V)}y—v defines a morphism of functors
p: F—G. q.e.d.

1.3 Direct and inverse images

In this section, we shall consider a category A satisfying
(1.5) A admits small projective limits and small inductive limits.

Consider a morphism of presites f : X — Y, that is, a functor f*: Cy — Cx.
We shall use Definition 1.1.2.
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Definition 1.3.1. Consider a morphism of presites f: X — Y.

(i) Let F' € PSh(X,.A). One defines f,F € PSh(Y,.A), the direct image of
F by f, by setting for V € Cy: f,F'(V) = F(f*(V)).

(ii) Let G € PSh(Y,.A). One defines fTG by setting for U € Cx:
fla) = lin G(V).

(U= FH(V))e(Cy)oP
(iii) Let G € PSh(Y,A). One defines f*G, by setting for U € Cx:
fiG) = lim G(V).
(fHV)—U)e((Cy)v)
Note that fTG is a well defined presheaf on X. Indeed, consider a mor-
phism u: U — U’ in Cx. The morphism f1G(U’) — fTG(U) is given by:

flauy="lm GV)— lm G(V).
U=t vn) (U= fH(V))

There is a similar remark with fG.
Theorem 1.3.2. Let f: X — Y be a morphism of presites.

(i) The functor f1: PSh(Y, A) — PSh(X, A) is left adjoint to the functor
f«: PSh(X,A) — PSh(Y,.A). In other words, we have an isomorphism,
functorial with respect to F' € PSh(X,.A) and G € PSh(Y, A):

(1.6) Hom PSh(X,A)(fTG’ F) = Hom pgyy 4)(G, f.F).

(ii) The functor f*: PSh(Y, A) — PSh(X, A) is right adjoint to the functor
f«: PSh(X,A) — PSh(Y,.A). In other words, we have an isomorphism,
functorial with respect to F' € PSh(X,.A) and G € PSh(Y, A):

(1.7) Hom pg, ) (F, [1G) ~ Hom pgy v 4y (foF, G).

Proof. Note that (i) and (ii) are equivalent by reversing the arrows, that is,
by considering the morphism of presites f°P: X°? — Y°P. Hence, we shall

only prove (i).

(a) First, we construct a map

®: Hom pg 3 4y (G, foF) = Hom pgp ¢ 4( fla, F).
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Let 6 € Hom g,y 4 (G, fuF') and let U € Cx. For V' € Cy and a morphism
U — fY(V), the morphism
o(V)
G(V) = F(f'(V)) = F(U)

gives a morphism ®(0)(U): lim G(V) — F(U). The morphism ®(0)(U)

U—f4(V)
is functorial in U, that is, for any morphism U’ — U in Cy, the diagram
below commutes:

2(0)(U)

lim  G(V) FU)
U= fH(V)

lim — G(V) MO P,
e

Therefore, the family of morphisms {®(0)(U)}y defines the morphism ®(6).
(b) Next, we construct a map
U: Hom PSh(X’A)(fTG, F) — Hom PSh(Y,A)(G’ foF).
Let A € Hom PSh(X’A)(fTG, F) and let V € Cy. The morphism
V) lm GOV) = FIG(YV) = F(V)
FV=rtw

together with the morphism G(V) —  lim  G(W) defines the morphism
V=W

U(A)(V): G(V)F(f'V). The morphisms W(\)(V) are functorial in V and

define W(\).

(c¢) The reader will check that ¥ and & are inverse one to each other. g.e.d.

Proposition 1.3.3. Let X Ly % 7 be morphisms of presites. Let F' €
PSh(X, A) and let G € PSh(Z, A). Then

(gof),=gwofs
(gof)f =flog,
(go ff = frogh
Proof. The first isomorphism is obvious and the others follow by adjunction.

q.e.d.

Note that the constructions of the functors fTG and f*G are variant of the
so-called Kan extension of functors.
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1.4 Restriction and extension of presheaves

Let X be a presite. We shall first make the hypothesis:
(1.8)  the presite X admits products of two objects and fiber products.

Notation 1.4.1. For a presite X satisfying (1.8) and Uy, Us € Cx, we shall
denote by U; X x Us their product in Cx.

Note that a category admits a terminal object and fiber products if and
only if it admits finite projective limits. If a category Cx admits a terminal
object X, then U xx V = U x V for any U,V € Cx.

Definition 1.4.2. (i) For U € Cx, we set Cy := (Cx)y and we still denote
by U the presite associated with the category Cy .

(ii) We denote by j;: X — U the morphism of presites associated with the
functor ji;: Cy — Cx which, to (v: V — U) € Cy, associates V € Cx.

(ili) We denote by iy : U — X the morphism of presites associated with the
functor i,: Cx — Cy which, to V' € Cx, associates i};(V) = (U xx V —
U) € Cy.

Let F' € PSh(X, A). One sets
F|U = .]U*F

and one calls F|y the restriction of F to U.

More generally, consider a morphism s: V' — U in Cx. One denotes by
ji/iw: Cy — Cy the natural functor and by Ty U — V the associated
morphism of presites.

Proposition 1.4.3. Let U € Cx and (V — U) € Cy. For F € PSh(X, A)

and G € PSh(U, A), we have:
(i) ju. BV = U) = F(V),

(i) ji, G(V) ~ HseHomc v GV S U).

(iii) j}, G(V) ~ G(U xx V = U).
Proof. (i) is obvious.
(i) By its definition,
ihaw) ~ limy G(W — U)
(V=i (W—U)E((Cu)V)or
~ lim G(W = U)
v%%—w
~ lin GV >U).
(s: V—U)€eHom (V,U)
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Here, we use the fact that the category Hom, (V,U) is cofinal in ((Cy)")°P.
The result follows since the category Hom, (V,U) is discrete.
(iii) By its definition,

iLaw) ~ Jim GW = U)
(i (W= V)= V)eCr)v

o~ lim G(W —U)
vy
~ QU xxV = U).

Here, the last isomorphism follows from the fact that U xx V — U is a
terminal object in (Cy)y. q.e.d.

1.5 The functors hom and tens

Let s: V — U be a morphism and let F,G € PSh(X,.A). The functor
T PSh(U, A) — PSh(V,.A) defines the map
Hom PSh(U,A)<F|U7G|U) — Hom PSh(V,A)(F"/vG‘V)'

Definition 1.5.1. Let F,G € PSh(X,.A). One denotes by Hom (F,G) the
presheaf of sets on X, U +— Hom pgy, ; 4)(Flv, Glv)-

By its definition, we have for U € Cx:
(1.9) Hom gy, 1y 1) (Flv, Glu) 2= Hom (F, G)(U).

From now on and until the end of this section, we assume that A =
Mod(k). Note that in this case, Hom (F, G) belongs to PSh(kx ). Then, one
calls it the “internal hom” of F' and G.

Denote by kx the constant presheaf U — k. Then

(1.10) Hom (kx, F) ~ F.
Applying (1.9), we get
(1.11) Hom pgy e, (Kx, F) ~ F(X).
Now let U € Cx. We have the isomorphism
Hom PSh(kX)<joJJU*EX7 F') ~ Hom PSh(kU)(jU*ExajU*F)~
Since ky ~ jU*EX in PSh(ky ), we get the isomorphism

(1.12) F(U) ~ Hom pg . (it jukx, F).
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Theorem 1.5.2. The category PSh(ky) is an abelian Grothendieck category.

Proof. The fact that this category is abelian, admits small limits and col-
imits and small colimits are exact is obvious. It remains to show that it
admits a small family of generators. By (1.12), we may choose the family

{jJ(r]jU*EX}UGCX- q.e.d.

Definition 1.5.3. Let Fi, F; € PSh(ky). Their tensor product, denoted
sh

F\'® Fy is the presheaf U — Fy(U) @ Fy(U).

Proposition 1.5.4. Let F; € PSh(kx), (i = 1,2,3). There is a natural

1somorphism:

psh
Hom (Fl ®F2, Fg) ~ Hom (Fl,Hom (Fg, Fg))

We skip the proof.

1.6 Presheaves on topological spaces

Definition 1.6.1. Assume X is a topological space and assume that A4 ad-
mits small inductive limits. Let x € X, and let I, denote the full subcategory
of Opy consisting of open neighborhoods of x. For a presheaf F' on X, one
sets:

(1.13) F, = lim F(U).

Uelg?
One calls F, the stalk of I at x.

Proposition 1.6.2. Assume that A is abelian, admits small inductive limits
and that small filtrant inductive limits are exact in A. Then the functor
F— F, from PSh(X, A) to A is exact.

Proof. The functor F' — F, is the composition

li
lirg
PSh(X, A) = Fct(Op%, A) — Fet([P, A) — A.
The first functor associates to a presheaf F' its restriction to the category

IP. Tt is clearly exact. Since U,V € I, implies U NV € I, the category [P
is filtrant and it follows that the functor hgl is exact. q.e.d.
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Assume A = Set or A = Mod(k). Let x € U and let s € F(U). The image
s, € F, of s is called the germ of s at .

Since I9P is filtrant, a germ s, € F, is represented by a section s € F(U)
for some open neighborhood U of x, and for s € F(U),t € F(V), s, = t,
means that there exists an open neighborhood W of x with W C UNV such

that pwu(s) = pwv (t).

Exercises to Chapter 1

Exercise 1.1. Let X be a presite, let U € Cx and let I, G, H € PSh(X).
Prove the isomorphisms

Hom (F,G)(U) = Hom pg, (£ x U, G),
Hom (F x H,G) ~ Hom (F,Hom (H,G)),
Hom pgy, xy(F' X H,G) = Hom pgy ) (F, Hom (H, G)).

Exercise 1.2. Let X be a presite. Prove that a morphism u: A — B
in PSh(X) is a monomorphism (resp. an epimorphism) if and only if the
morphism u(U): A(U) — B(U) in Set is a monomorphism (resp. an epimor-
phism) for any U € Cx.

Exercise 1.3. Let X be a presite.
Consider morphisms u: A — C and v: B — C in PSh(X). Prove that
(AxeB)(U) ~A(U) x¢cwy B(U) for any U € Cx.

Exercise 1.4. Assume X is a topological space and let U € Opy. Prove

that the composition of morphisms of presites U Wy X 2% U s isomorphic
to the identity functor of the presite U. Show that this result is no more true
in general.

Exercise 1.5. Let a: J — Z be a functor of small categories and let
A be a category which admits small inductive limits. Define the functor
a,: Fet(Z, A) — Fet(J, A) by setting a.(F) = Foa, F € Fct(Z, A).

(i) Prove that «, admits a left adjoint.

(ii) Let F': C — A be a functor. We assume that C is small and A admits
small inductive limits. Prove that there exists a unique (up to isomorphism)
functor F': C* — A which extends F and which commutes with small induc-
tive limits in C".
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Chapter 2

Sheaves on sites

A site X is a small category Cx endowed with a Grothendieck topology.
The objects of the category play the role of the open subsets of a topological
space and one axiomatizes the notion of a covering. The theory is much easier
when assuming, as we do here, that the category Cx admits finite products
and fiber products. We study abelian sheaves on such sites, constructing
the sheaf associated with a presheaf and the usual internal and external
operations on sheaves. We also have a glance to locally constant sheaves.
Finally, we glue sheaves, that is, given a covering of X and sheaves defined
on the open sets of this coverings satisfying a natural cocycle condition, we
prove the existence and unicity of a sheaf on X locally isomorphic to these
locally defined sheaves.

Some references: [SGA4, Ta94, KS06].

2.1 Grothendieck topologies

We shall axiomatize the classical notion of a covering in a topological space.
Let X be a presite. All along theses Notes, we assume

(2.1)  the presite X admits products of two objects and fiber products

Recall Notation 1.4.1.

In the sequel, we shall often write S C Cy instead of S C Ob(Cy). We
shall also often write V' € Cy instead of (V — U) € Cy. For § C Cy and
V € Cy, we set

VXU82:{V XUW;WES},
a subset of Cy .

21
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For §; C Cy and Sy C Cyy, we set
S1 Xy S = {Vi xp Vo; V1 € 81, V5 € S},

a subset of Cy.
For a morphism of presites f: X — Y, V € Cy and § C Cy, we set

FUS) = {f"(W); W € S},
a subset of Cy(yy.

Definition 2.1.1. Let U € Cx. Consider two subsets S; and Sy of Ob(Cy).
One says that S is a refinement of S, if for any U; € S; there exists Us € Sy
and a morphism U; — U; in Cy. In such a case, we write §; < Ss.

Remark 2.1.2. Instead of considering a subset S of Ob(Cy), one may also
consider a family U = {U,};cr of objects of Cy indexed by a set I. To such
a family one may associate S = Im(U) C Ob(Cy). Then for Uy = {U;}ier
and Uy = {V;},es, we say that U; is a refinement of Us and write Uy < Us
if for any ¢ € I there exists j € J and a morphism U; — V; in Cy. This is
equivalent to saying that Imi < ImUs.

Of course, if the map I — Ob(Cy), i — U; is injective, it is equivalent to
work with U = {U, };er or with S = Im(U).

Definition 2.1.3. Let X be a presite satisfying hypothesis (1.8). A Grothen-
dieck topology (or simply “a topology”) on X is the data for each U € Cx
of a family Cov(U) of subsets of Ob(Cy) satisfying the axioms COV1-COV4
below.

COV1 {U} belongs to Covy.
COV2 If §; € Covy is a refinement of S C Ob(Cy), then Sy € Covy.

COV3 If S belongs to Covy, then S xy V' belongs to Cov(V) for any (V' —
U) € Cyinduced

COVA4 If S; belongs to Covy, So C Cy, and Sy Xy V belongs to Cov(V) for
any V € &y, then S belongs to Covy.

An element of Cov(U) is called a covering of U.

Intuitively, COV3 means that a covering of an open set U induces a
covering on any open subset V' C U, and COV4 means that if a family of
open subsets of U induces a covering on each subset of a covering of U, then
this family is a covering of U.

Since the category Cx does not necessarily admit a terminal object, the
following definition is useful.
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Definition 2.1.4. Let X be a presite endowed with a Grothendieck topology.
A covering of X is a subset S of Ob(Cx) such that S x x U belongs to Cov(U)
for any U € Cx.

Definition 2.1.5. (i) A site X is a presite X satisfying hypothesis (1.8)
and endowed with a Grothendieck topology.

(ii) A morphism of sites f: X — Y is a morphism of presites such that

(a) f': Cy — Cx commutes with products and fiber products,
(b) for any V € Cy and S € Cov(V), f1(S) € Cov(f1(V)).

Examples 2.1.6. (i) The classical notion of a covering on a topological
space X is as follows. A family S C Opy is a covering if (J, sV = U.
Axioms COV1-COV4 are clearly satisfied, and we still denote by X the site
so obtained. If f: X — Y is a continuous map of topological spaces, it
defines a morphism of sites.

(ii) Let X be a presite. The initial topology on X is defined as follows. Any
subset of Ob(Cy) is a covering. We shall denote by Xj,; this site. Note that
if X is a site, the morphism of presites idx: X — X induces a morphism of
sites X — X.

(iii) Let X be a presite. The final topology on X is defined as follows. A
family S € Ob(Cy) is a covering of U if and only if {U} € S. Note that if X
is a site, the morphism of presites idy: X — X induces a morphism of sites
X — Xﬁn.

(iv) We shall denote by {pt} the set with one element and we denote this
element by pt. We endow {pt} with the discrete topology. Hence, the cat-
egory Cypyy associated with the presite {pt} has two objects, () and pt and
{pt} is a site. The Grothendieck topology so defined is the final topology. If
X is a toplogical space, we shall usually denote by ax: X — {pt} the unique
continuous map from X to {pt}.

(v) Let Pt be the category with one object (let us say ¢) and one morphism,
id.. Then the initial and final topology on Pt differs. The empty covering is
a covering of ¢ for the initial topology, not for the final one. In the sequel,
we endow Pt with the final topology. If X is a site with a terminal object
X, there is a natural morphism of sites X — Pt, which associates the object
X € Cx to c € Pt.

(vi) Let X be a topological space. Let us endow Opy with the following
Grothendieck topology: & C Opy is a covering of U if there exists a finite
subset S C S such that | J, .oV = U. Axioms COV1-COV4 are clearly
satisfied. We denote by X nite the site so obtained.
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(vii) Let X be a real analytic manifold. The subanalytic site X, is defined
in [?] as follows: the objects of Cx,, are the relatively compact subanalytic
open subsets of X and the topology is that of X, that is, a covering of
U € Cx., is a covering of U in X inite.

(viii) Let X be a topological space endowed with an equivalence relation ~.
Let Cx be the category of saturated open subsets (U is saturated if z € U
and x ~ y implies y € U). We endow Cx with the induced topology, that is,
the coverings of U € Cx are the saturated coverings of U in X.

(ix) Let V be a universe with V € U. Denote by C3¥ be the small U-
category whose objects are the real manifolds of class C'° belonging to V
and morphisms are morphisms of such manifolds. Let X € C}° and define
the category Cx as follows. An object of Cx is an étale morphism f: Y — X
in C5°. (Recall that a morphism f: Y — X is étale if f is open and, locally

on Y, f is an isomorphism onto its image.) A morphism u: (Y} EINS e ) —

(Y EEN X) is a morphism g: Y; — Y5 such that f; o g = f1. Necessarily, g is
étale. Let us denote by X the presite so defined. We endowed it with the

following topology: a family of morphism {U; EINY 4 }i is a covering of U € Cx
if U is the union of the f;(U;)’s.

Let X be a site and let U € Cx. To U is associated the category Cyp.
Denoting again by U the presite associated with Cy, the presite U satisfies
(1.8).

The functor ji;: Cy — Cx given by

W 0=V
defines a morphism of presites:
(2.2) jur X = U.
The functor i, : Cx — Cy given by

it (V) =UxxV —=U
defines a morphism of presites
(2.3) w: U — X.

Definition 2.1.7. The induced topology by X on the presite U is defined
as follows. Let (V — U) € Cy. A subset S C Cy is a covering of (V — U) if
jt(S) is a covering of V in X.

Clearly this family satisfies the axioms COV1-COV4, and thus defines a
topology on the presite U.
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Lemma 2.1.8. The morphisms of presites (2.2) and (2.3) are morphisms of
sites.

The obvious verifications are left to the reader.

Example 2.1.9. Let X be a topological space, U an open subset. Note that
both Opy and Opy; admit finite projective limits, but in general j; does not
commute with such limits since it does not send the terminal object U of
Opy to the terminal object X of Opy.

2.2 Sheaves

Let A be a category satisfying
(2.4) A admits small projective limits.

Let § C Cy and let F' € PSh(X,.A). One defines F(S) by the exact sequence
(i.e., F'(S) is the kernel of the double arrow):

(2.5) FS) = [[Fv)= J[ FOV xu V).

ves V'vr"eS

Here the two arrows are associated with [[, s F(V) — F(V') = F(V' xx
V") and [[yes (V) = F(V") = F(V' xx V").

Assume that S is stable by product, that is, if V. — U and W — U
belong to S then V' xy W — U belongs to S. In this case, looking at S as a
full subcategory of Cy, we have:

(2.6) F(S)~ lm F(V).
(V—=U)eS

Note that, if A = Set, a section s € F(S) is the data of a family of
sections {sy € F(V)}yes such that for any V!, V" € S,

SV/|V/><XV// = SV//|V/><XV//,
For a presheaf F', there is a natural map
(2.7) F(U)— F(S).

Definition 2.2.1. (i) One says that a presheaf F' is separated if for any
U € Cx and any covering S of U, the natural morphism F(U) — F(S)
is a monomorphism.
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(ii) One says that a presheaf F'is a sheaf if for any U € Cx and any covering
S of U, the natural map F(U) — F(S) is an isomorphism.

(iii) One denotes by Sh(X,.4) the full subcategory of PSh(X, .A) whose ob-
jects are sheaves and by ¢x : Sh(X,A) — PSh(X,.A) the forgetful
functor. If there is no risk of confusion, we write ¢ instead of tx, or
even, we do not write ¢.

(iv) One sets Sh(X) = Sh(X, Set) and Mod(ky) = Sh(X,Mod(k)). One
calls an object of Mod(ky) a k-abelian sheaf, or an abelian sheaf, for
short.

Assume that A is either the category Set or the category Mod(k). Let
F' be a presheaf on X and consider the two conditions below.

S1 For any U € Cx, any covering S of U, any s,t € F(U) satisfying
sly =t|y for all V' € S, one has s = t.

S2 For any U € Cx, any covering S of U, any family {sy € F(V)}yes
satisfying sy |vx,w = swlvx,w for all U,V € S, there exists s € F(U)
with s|y = sy forall V € S.

The next results are obvious.

Proposition 2.2.2. Assume that A is either the category Set, or the cate-
gory Mod(k) for a ring k. A presheaf F' is separated (resp. is a sheaf) if and
only if it satisfies S1 (resp. S1 and S2).

Proposition 2.2.3. Let F' be a sheaf on X. Then for U € Cx, F|y is a
sheaf on U.

Example 2.2.4. If X is a topological space, F' is a abelian sheaf on X and
{Ui}ier is a family of disjoint open subsets, then F(| ], U;) = [[, F(U;). In
particular, F'(()) = 0.

Remark 2.2.5. Let F' be an abelian sheaf on a topological space X.

(i) One defines its support, denoted by supp F', as the complementary of the
union of all open subsets U of X such that F'|y; = 0. Note that F/|x\suppr = 0.
(ii) Let s € F(U). One defines its support, denoted by supp s, as the com-
plementary of the union of all open subsets U of X such that s|y = 0.

Of course, the notion of support has no meaning on a site in general.

Theorem 2.2.6. Let F' € PSh(X,A) and G € Sh(X,A). The presheaf
Hom (F,1xG) is a sheaf of sets on X. (A sheaf of k-modules in case A =
Mod(k).)
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In the sequel, we shall not write ¢x.

Proof. Let U € Cx and let § be a covering of U. We shall check conditions
S1 and S2 as in Proposition 2.2.2. Consider the diagram

F(U) == F(S) == [Ives (V) —=Ilyr yres F (V' X0 V")

N |

GU) —=G(S) == [IvesG(V) —Z11yr yues GV ¥ V")

(S1) Let p,¢: F|ly — G|y be two morphisms defined on U. Denote by
v, Yy their restriction to V' € §. These families of morphisms define the
morphisms ¢g, ¥s: F(S) — G(S). Assuming that ¢y = vy for all V| we get
ws = s hence p(U) = ¢(U) and by the same argument, (V) = ¢(V) for
any V — U.

(S2) Let {¢v}v be a family of morphisms ¢y : F|y — G|y and assume
that oy = pw on V xy W. Then this family of morphisms defines a
morphism ¢s: F(S) — G(S). One constructs ¢(U) as the composition
F(U) = F(S) 25 G(S) & G(U). Replacing U with V' — U, one checks
casily that the family of morphisms {p(V)}y—sp so constructed defines a
morphism of presheaves F|y — G|y. q.e.d.

We shall still denote by Hom (F, G) the sheaf given by Theorem 2.2.6.

Corollary 2.2.7. Let ¢: F' — G be a morphism in Sh(X, A). Assume that
there is a covering S of X such that oy : F|y — G|y is an isomorphism for
any V € S. Then @ is an isomorphism.

Proof. For V € S, denote by ¥y the inverse of py. Then for any VW € S,
Yy lvsxw = Ywlvxyw. By Theorem 2.2.6, there exists ¢: G — F such that
Yy =1y for all V € S. Clearly ¢ o ¢ = idp and ¢ 0¥ = idg. q.e.d.

In § 2.8 we shall construct sheaves which are locally isomorphic without being
isomorphic.

Examples 2.2.8. (i) Let X be a topological space.
(a) The presheaf C% of complex valued continuous functions is a sheaf.

(b) Let M € Mod(k). The presheaf Mx of locally constant functions on X
with values in M is a sheaf. Note that the constant presheaf with stalk M
is not a sheaf except if M = 0.

(ii) Let X be a real analytic manifold.
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(a) The presheaf C{ of complex valued real analytic functions is a sheaf,

(b) the presheaf C¥ of complex valued functions of class C* is a sheaf as well
as C;O’(p ). the presheaf of p-forms of class C,

(c) the presheaf Dby of complex valued distributions is a sheaf, as well as
the presheaf Bx of complex valued hyperfunctions.

(iii) Let X be a complex manifold.

(a) The presheaf Ox of holomorphic functions is a sheaf as well as the
presheaf Q% of holomorphic p-forms (hence, Q% = Ox),

(b) the presheaf Dy of (finite order) holomorphic differential operators is a
sheaf.

(iv) On a topological space X, the presheaf U — C%*(U) of continuous
bounded functions is not a sheaf in general. To be bounded is not a local
property and axiom (S2) is not satisfied. However, this presheaf is a sheaf
on the site X tinite defined in Examples 2.1.6.

(v) Let X = C, and denote by z the holomorphic coordinate. The holomor-

phic derivation % is a morphism from Ox to Ox. Consider the presheaf:

F:U— 0(U)/%0(U),

that is, the presheaf Coker(% : Ox — Oyx). For U an open disc, F(U) =0
since the equation % f = g is always solvable. However, if U = C\ {0},

F(U) # 0. Hence the presheaf F' does not satisfy axiom (S1).

2.3 Sheaf associated with a presheaf

From now on, and until the end of these Notes, with the exception of § 3.3, we
restrict ourselves to the case where A = Mod(k). However, many construc-
tions and results still hold in other situations, in particular when chooseing
A = Set. References are made to [KS06].

Recall the notations Sh(X, Mod(k)) = Mod(kx) and PSh(X, Mod(k)) =
PSh(ky).

In this section, we shall explain how to construct the “sheaf associated
with a presheaf”. More precisely, we shall show that the natural forgetful
functor tx : Mod(ky) — PSh(kx) which, to a sheaf F, associates the un-
derlying presheaf, admits a left adjoint. Let U € Cx and let §; and S be
two subsets of Cyy. Notice first that the relation §; < Ss is a pre-order on
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Cov(U). Hence, Cov(U) inherits a structure of a category:

{pt} if &; is a refinement of S,

Hom Cov(U) (S1,82) = { (0 otherwise.

For 81,8, € Cov(U), S; Xy Sy again belongs to Cov(U). Therefore:

Lemma 2.3.1. The category Cov(U) is cofiltrant (i.e., the opposite category
is filtrant).

Lemma 2.3.2. Let F' € PSh(ky) and let U € Cx. Then F naturally defines
a functor Cov(U)® — A.

Proof. Let §; < S;. We shall construct a natural morphism F'(Ss) — F(Sy).
For V; € §; we construct F(S;) — F(V}) by choosing V, € Sy and a mor-
phism Vi — V5. The composition F/(Sz) = [[ycs, F'(V) = F(V2) = F(V1)
does not depend on the choice of Vi — V5. Indeed, if we have two morphisms
Vi — Vj and Vi — VY, these morphisms factorize through Vi — Vi xy, V3
and the composition F(Sy) — F(Vy) — F(Vy xy, Vi) — F(V}) is the same
as the composition F(Sy) — F(Vy') — F(Vy xy, Vi) — F(V4).

The family of morphisms F(S2) — F(Vi), Vi € &, defines F(Sy) —
F(81) and one checks easily the functoriality of this construction. q.e.d.

One defines the presheaf F'™ by setting for all U € Cx:

(2.8) FrU) =l F(S).
SeCov(U)

For any V' — U, the morphism F*(U) — F*(V) is defined by the sequence
of morphisms

FrU)= lim F(S)— lm F(VxyS)— lim F(T)=F (V)
SeCov(U) SeCov(U) TeCov(V)

The second arrow is well-defined since V' xy & € Cov (V).

Clearly the correspondence F' +— F't defines a functor * : PSh(ky) —
PSh(kx). Moreover for each U € Cx, the maps F(U) — F(S),S € Cov(U)
define F(U) — lm F(S) = FT(U). Hence, there is a morphism of

SeCov(U)
functors v : id — .

Theorem 2.3.3. (i) If F is a separated presheaf, then F — F7T is a
monomorphism.

(ii) If F is a sheaf, then F — F* is an isomorphism.
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(i) For any presheaf F, F* is a separated presheaf.
(iv) For any separated presheaf F', F* is a sheaf.

(v) The functor ® := *T: PSh(kx) — Mod(kx) is a left adjoint to the
embedding functor tx: Mod(kx) — PSh(kx).

(vi) The functor *: PSh(kyx) — PSh(kx) is left exact.

Proof. (i) By the hypothesis, for any open set U and any covering S of U,
the morphism F(U) — F(S) is a monomorphism. Since Cov(U) is cofiltrant,
F(U) — F*(U) is a monomorphism.

(ii) By the hypothesis, for any open set U and any covering S of U, the
morphism F(U) — F(S) is an isomorphism. The result follows.

(iii)—(iv) We shall not give the proof here.

(v) Let G € Mod(ky). The morphism F — F'T defines the morphism

A: Hom PSh(kX)(F+, G) — Hom PSh(kX)(F, G)
and the functor * defines the morphism

HomPSh(kX)(F7 G) — HomPSh(kX)(F+7G+)
~ HomPSh(kX)(F+,G).

One checks that these two morphisms are inverse one to each other. Therefore
A is an isomorphism. Replacing F' with F'*, the result follows.

(vi) It is enough to prove that for each U € Cx, the functor F' — F*(U)
is left exact. Since FT(U) = lim F° (S), where S ranges over the cofiltrant
category Cov(U), it is enough to check that the functor F' — F(S) is left
exact. This follows from (2.5) and the fact that F' +— F(V) is exact. q.e.d.

In the sequel, we shall often omit to write the symbol tx. Hence, (v) may
be written as follows with F' € PSh(ky) and G € Mod(kx)

(2.9) Hom PSh(kX)(F, G) ~ HomMOd(kX)(F“, G).

Definition 2.3.4. (i) If F' is a presheaf on X, the sheaf F'* is called the
sheaf associated with F'.

(ii) We denote by #: id — tx o® the natural morphism of functor associated
with the pair of adjoint functor (*,tx).
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Hence, Theorem 2.3.3 (vi) may be formulated as follows: any morphism
of presheaves ¢: F' — G factorizes uniquely as

(2.10) F—2>@.

Remark 2.3.5. When X is a topological space the construction of the sheaf
F“ is much easier. Define:

FYU) = {s:U—||F; s(x) e F,
zelU
for all x € U, there exists V open in U, with x € V|

there exists t € F(V) with ¢, = s(y), for all y € V'}.
Define 6 : F' — F* as follows. To s € F(U), one associates the section of F:
(x+—s,) € FYU).

One checks that (F'*,0) has the required properties, that is, any morphism
of presheaves ¢: F' — G factorizes uniquely as in (2.10). Details are left to
the reader.

Example 2.3.6. One denotes by ky the sheaf associated with the constant
presheaf U — k. Mor generally, one defines similarly the constant sheaf M
for M € Mod(k). It follows from (1.10) and (1.11) that

(2.11) Hom (kx, F') ~ F, Hom, (kx,F)=~ F(X).

2.4 The category of abelian sheaves

Notation 2.4.1. In the sequel, as far as there is no risk of confusion, we
shall write Hom,__, or sometimes simply Hom , instead of Hom, d(kx)"

Theorem 2.4.2. (i) The category Mod(kx) admits small projective limits
and such limits commute with the functor tx.

(ii) The category Mod(kx) admits small inductive limits. More precisely,
if {Fi}ier is an inductive system of sheaves, its inductive limit is the
sheaf associated with its inductive limit in PSh(kx).
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(iii) The functor tx : Mod(kx) — PSh(kx) is fully faithful and commutes
with small projective limits (in particular, it is left exact). The functor
@: PSh(kyx)) = Mod(kx) commutes with small inductive limits and is
exact.

(iv) Small filtrant inductive limits are exact in Mod(kx).

(v) Let ¢: F — G be a morphism in Mod(kx). Denote by “Im”¢ and
“Coim”¢ the image and coimage of this morphism in the category
PSh(kx) (i.e., the image and coimage of tx(p)). ThenImp ~ (“Im”p)®
and Coim ¢ ~ (“Coim” )“.

(vi) The category Mod(kx) is an abelian Grothendieck category.

Proof. (i) Let {F;}ier be a small projective system of sheaves, let U € Cx
and let S € Cov(U). By the definition of F(S), one sees that the mor-
phism F'(U) — F(S) commutes with projective limits, that is, (lim F;)(U) —

(@ F;)(S). Hence a projective limit of sheaves in the category PSh(kx) is

a sheaf. The fact that this sheaf is a projective limit in Mod(ky) of the
projective system {F;};c; follows from the fact that the forgetful functor
PSh(kyx) — Mod(ky) is fully faithful:

Hoka(G,@Fi) ~ Hom PSh(kX)(G,@E)
~ @Hom PSh(kx)(G, F)
~ l'ngoka(G, F).

(ii) Let {F;};cs is a small inductive system of sheaves. Let us denote by
“lim” F; its inductive limit in the category PSh(kx) and let G € Mod(kx).

Wé have the chain of isomorphisms
HOka«“hg” F)* G) ~ Hom PSh(kX)(“hg“” F;, G)
= 1& Hom PSh(kx) (£, G)
~ I'&nHomkx(Fi,G).
(iii) The functor vy is fully faithful by definition. By adjunction, ¢x commutes

with small projective limits and * commutes with small inductive limits. It
remains to prove that ¢ is left exact.
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By Theorem 2.3.3 (vi), the functor tx o *: PSh(kx) — PSh(ky) is left
exact. Since this functor takes its values in Mod(ky), and ¢tx: Mod(ky) —
PSh(kx) is conservative and left exact, the functor *: PSh(kx)) — Mod(kx)
is left exact.

(iv) Small filtrant inductive limits are exact in the category Mod(k), whence
in the category PSh(kx). Then the result follows since ¢ is exact.

(v) By (i) and (ii), the category Mod(kx) admits small projective and induc-
tive limits. Denote by “@® ” and “ Coker” the coproduct and the cokernel in
the category PSh(kx). Then

Coimyp = Coker(F xgF = F)
~ (“Coker” (F xg F = F))" ~ (“Coim”(p))",
Imp = Ker(G=G®rG)) ~Ker(G=(G* ? 7 G)Y))

~ (Ker(G=G @7 @) =~ (“Im”(p))".

Here, the fourth isomorphism follows from the fact that the functor ¢ being
exact, it commutes with kernels. It follows that for a morphism ¢: F' —
G in Mod(ky), the natural morphism Coim¢ — Im ¢ is an isomorphism.
Therefore Mod(ky) is abelian.
(vi) It remains to prove that this category admits a system of generators.
Set kXU = (jJ{]jU*Ex)a. Then

Hom, (kxy, F) =~ Hom PSh(kX)(jijU*an F)

and it follows from Theorem 1.5.2 that the family {kxy}uec, is a sys-
tem of generators. (We shall recover the sheaves kxy with Notation 2.7.4
and (2.22).) q.e.d.

Remark 2.4.3. The object G := P, kxv is a generator of the abelian
category Mod(kx).

Corollary 2.4.4. Let p: F' — G be a morphism in Mod(kx). Then ¢ is an
epimorphism if and only if, for any U € Cx and any t € G(U), there exists
S € Cov(U) and for any V € S there exists s € F(V) with o(s) =t in G(V).

Proof. As above, denote by “Im” the image of ¢ in the category PSh(X).
Since this presheaf is a subpresheaf of the sheaf G, it is separated. Hence
Im(p) ~ (“Im”(¢))" and

Im(p)(U) >~ lim “Im”(p)(S).
SeCov(U)
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Now ¢ is an epimorphism if and only if Im¢p — G. Let t € G(U). Since
Cov(U)P is filtrant, ¢ € Im(p)(U) if and only if there exists S € Cov(U)
with t € “Im”(¢)(S). The result follows. q.e.d.

Corollary 2.4.5. Let F' % F % F" be a complez in Mod(ky). Then the
conditions below are equivalent:

(a) this complez is exact,

(b) for any U € Cx and any s € F(U) such that ¢¥(s) = 0, there exist a
covering S € Cov(U) and for each V- € S there exists t € F'(V') such
that o(t) = slv,

(c) there ewists a covering S of X such that the sequence F'|y 2 F|y N F'y
is exact for any U € S.

Proof. (a) is equivalent to saying that the natural morphism Im ¢ — Ker)
is an epimorphism, and this last condition is equivalent to (b) by Corol-
lary 2.4.4.

(a) = (c) follows from (Im )|y ~ Im(p|y) and (Ker ¢)|y =~ Ker(¢|y).

(¢) = (b) is obvious. q.e.d.

Example 2.4.6. Assume that X is a topological space. Then a complex
F' — F — F"in Mod(ky) is exact if and only if the sequence F,, — F, — F

is exact in Mod(k) for any = € X.

Examples 2.4.7. Let X be a real analytic manifold of dimension n. The
(augmented) de Rham complex is

(2.12) 0o Cx =CO 4 5™ 50
where d is the differential. This complex of sheaves is exact. The same result
holds with the sheaf C§ replaced with the sheaf C% or the sheaf Dbx.

(ii) Let X be a complex manifold of dimension n. The (augmented) holo-
morphic de Rham complex is

2.13 0=Cyxy =00 5. .5 50
X X

where d is the holomorphic differential. This complex of sheaves is exact.
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The functor I'(U; +)

We have introduce the functor I'(U; ) on presheaves in Notation 1.2.4. We
keep the same notation for the restriction of this functor to the category
MOd(kx)

Definition 2.4.8. Let F' € Mod(ky).
(i) For U € Cx, one sets I'(U; F) = F(U).
(ii) One sets I'(X; F) = Jim F(U).
UeCx
Of course, if Cx admits a terminal object X, (i) and (ii) in Definition
2.4.8 are compatible. Moreover, one has for U € Cx
L(U; F) ~T(U; Fly).

Since tx is left exact and the functor F' — F'(U) is exact on PSh(kx), the
functor I'(U; «): Mod(kx) — A is left exact.

Remark 2.4.9. As usual, one endows the set pt is with its natural topology.
Then the functor

['(pt; +): Mod(ky) — Mod(k)

is an equivalence of categories. In the sequel, we shall identify these two
categories.

The functor T'(X; «) is not exact in general, as shown by the example
below, a variant of Example 2.2.8 (iv).

Example 2.4.10. Let X be a complex curve. The holomorphic De Rham
complex reads as 0 - Cxy — Ox LN Qx — 0. Applying the functor I'(U; »)
for an open subset U of X, we find the complex 0 — Cx(U) — Ox(U) 4,

Qx(U) — 0. Choosing for example X = C and U = C\ {0}, this complex is
no more exact.

Injective sheaves

Of course, an abelian sheaf is called injective (resp. projective) if it is so in
the category Mod (k).

Examples 2.4.11. (i) Let X denote a real analytic manifold. The sheaf Bx
of Sato’s hyperfunctions is injective, contrarily to the sheaf Dby of Schwartz’s
distributions.

(ii) When X is endowed with the subanalytic topology Xn, the sheaf Db
of Schwartz’s tempered distributions is injective. (See [?].)
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2.5 Internal hom and tens

It follows from Theorem 2.2.6 that for F' € PSh(ky) and G € Mod(kx), the
presheaf Hom (F, 1xG) belongs to Mod(ky). Clearly, the bifunctor

Hom : (Mod(kx))°® x Mod(ky) — Mod(kx)
is left exact.
Definition 2.5.1. Let F}, F» € Mod(ky). Their tensor product, denoted
I} ® Fy is the sheaf associated with the presheaf F1p<§>Fl F.
Clearly, the bifunctor
®: (Mod(kx))® x Mod(kyx) — Mod(kx)
is right exact. If k is a field, this functor is exact.

Proposition 2.5.2. Let F; € PSh(kx), (i = 1,2,3). There is a natural
1somorphism:

Hom (F1 & FQ, Fg) ~ Hom (Fl, Hom (Fg, Fg))
Proof. This follows immediately from Proposition 1.5.4. q.e.d.

Definition 2.5.3. Let F' € Mod(ky). One says that F' is flat if the functor
F ® « is exact.

Remark that, if X is a topological space and = € X, (F1 ® Fy), ~ (F1), ®
(Fy), and it follows that F'is flat if and only if F) is a k-flat module for any
r e X.

Although the category Mod(kx ) does not have enough projectives, Propo-
sition 2.5.4 is sufficient to derive the tensor product.

Proposition 2.5.4. Let G € Mod(kx). Then the category of flat sheaves is
projective with respect to the functor G & «.

Proof. (i) We have already seen in Remark 2.4.3 that G = Py e, kxv is a
generator of Mod(ky). Let F € Mod(kx). By Lemma 1.1.7, there exists a
small set I and an epimorphism G®/— F'. Since the sheaves kx are flat and
small direct sums of flat sheaves are flat, the sheaf G¥' is flat. Hence, there
are enough flat objects.

(ii) Let 0 = F' — F — F” — 0 be an exact sequence of sheaves. If F” and
I are flat, then F” is flat. This is checked as in the case of usual k-modules
and left as an exercise.

(iii) Consider the exact sequence in (ii). If F” is flat, then the sequence
obtained by applying the functor G ® « will remain exact by the definition
of flatness. q.e.d.
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2.6 Direct and inverse images

Let f: X — Y be a morphism of sites. We have already defined the direct
and inverse images of presheaves.

Proposition 2.6.1. Let F' € Mod(kx). Then the presheaf f.F is a sheaf on
Y.

Proof. Let V € Cy and let S be a covering of V. Since f'S is a covering of
1V, we get the chain of isomorphisms

FE(V) = F(f'(V)) = F(f(S)) = f.F(S).
q.e.d.

Hence, the functor f,: PSh(ky) — PSh(Y,.A) induces a functor (we keep
the same notation)

f«: Mod(ky) — Mod(ky).
We shall see in §2.7 that the functor j;;, is exact.

Definition 2.6.2. Let G € Mod(ky). One denotes by f~'!G the sheaf on
X associated with the presheaf TG and calls it the inverse image of G. In
other words, f71G = (f1G)".

Theorem 2.6.3. Let f: X — Y be a morphism of sites.

(i) The functor f~': Mod(ky) — Mod(kx) is left adjoint to f.. In other
words, there is an isomorphism

Homkx(f_lG, F) ~Hom,_ (G, f.F)
functorial with respect to F' € Mod(kx) and G € Mod(ky).
(ii) The functor f. is left exact and commutes with small projective limits.
(iii) The functor f=1 is right exact and commutes with small inductive limits.
(iv) There are natural morphisms of functors id — f.f~' and f~1f, — id.

(v) Assume that for any U € Cx, the category (C¥)°P is either filtrant or
empty. Then the functor f=' is exact.
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Proof. (i) Denote for a while by “f.” the direct image in the categories of
presheaves. Since fT is left adjoint to “f,” and @ is left adjoint to vx, f~' =
@0 fTis left adjoint to f, = “f,” o 1x.

(ii)—(iv) follow from the adjunction property.

(v) Since the functor * is exact, it is enough to prove that the functor
JT: Mod(ky) — PSh(ky) is left exact. Let

(2.14) 0—-G —=G—-aG"
be an exact sequence of sheaves on Y. For each V' € Mod(ky ), the sequence
(2.15) 0—-G(V)—=GV)—=G"(V)

is exact. By Definition 1.3.1, the sequence

(2.16) 0— (ffG"U) = (ffG)(U) = (f1G")(U)

is obtained by applying the functor hg to the sequence (2.15). This
(U—)ff(V))Ecg

functor is exact if the category (CY)P is either filtrant or empty. q.e.d.

Corollary 2.6.4. Let G € Mod(ky). Then (f1G)* = f~1(G?).

Proof. One has the chain of isomorphisms, functorial with respect to F' €
MOd(kx)i

Homkx((fTG)a, F) ~ Hom PSh(kx)(fTG’ F) ~ Homky(G, f+F)
~ Hom, (G% f.F)~Hom, (f'(G"),F).

Hence, the result follows from the Yoneda lemma. q.e.d.

Consider two morphisms of sites f: X - Y and ¢g: Y — Z.
Proposition 2.6.5. (i) go f: X — Z is a morphism of sites.

(ii) One has natural isomorphisms of functors
geofe=(gof),, [flogltx(gof)

Proof. (i) is obvious.
(ii) The functoriality of direct images for presheaves is clear (see Proposi-

tion 1.3.3). It then follows for sheaves from Proposition 2.6.1. The functori-
ality of inverse images follows by adjunction. q.e.d.
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Examples 2.6.6. Assume that f: X — Y is a morphism of topological
spaces. Then for z € X,

(2.17) (f7'G)e = (f1G)e = Gy

and f~! is exact. In particular, denote by i,: {x} < X the embedding of
x € X into X. Then, for F' € Mod(ky)

F,~i'F.

(ii) Let M € Mod(k). Recall that Mx denotes the sheaf associated with
the constant presheaf U — M. Hence, if X has a terminal object and
ax: X — Pt is the canonical map:

My ~ ay Mpy.

(iv) Let Z = {a,b} be a set with two elements, let Y be a topological space
and let X = Z xY ~ Y| ]Y, the disjoint union of two copies of Y. Let
f: X — Y be the projection. Then f,f'G ~ F & F. In fact, if V is open
inY, then T(V; f. f7'G) ~T(V||V; ')~ T(V;G) & T(V; G).

(v) Let X =Y = C\ {0}, and let f : X — Y be the map z — 2%
where z denotes a holomorphic coordinate on C. If D is an open disk in
Y, f7!'D is isomorphic to the disjoint union of two copies of D. Hence,
the sheaf f,kx|p is isomorphic to k%, the constant sheaf of rank two on D.
However, I'(Y; f.kx) = I'(X;kx) = k, which shows that the sheaf f.ky is
not isomorphic to k%-.

(vi) Let f : X — Y be a morphism of topological spaces. To each open subset
V C Y is associated a natural “pull-back” map: T'(V;Cy) — T(V; £.C%)
defined by ¢ — o f. We obtain a morphism Cy- — f,C%, hence a morphism:

/ey — ck.

For example, if X is closed in Y and f is the injection, f~!C{. will be the
sheaf on X of continuous functions on Y defined in a neighborhood of X. If
f is smooth (locally on X, f is isomorphic to a projection Y x Z — Y'), then
f71CY will be the subsheaf of C% consisting of functions locally constant on
the fibers of f.

(vii) Let ig : S < X be the embedding of a closed subset S of a topological
space X. Then the functor ig, is exact.

2.7 Restriction and extension of sheaves

Let X be a site and let U € Cx. We have already defined the morphisms of
sites jy;: X = U and ipy: U — X.
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Proposition 2.7.1. Let U € Cx.

(i) One has the isomorphisms of functors of presheaves

jU*QZ'I], J%JZZU*

In particular, the functor il sends Mod(kx) to Mod(ky) and the func-
tor ji, sends Mod(ky) to Mod(ky).

(ii) The functor j;,: Mod(kx) — Mod(ky) commutes with small inductive
and projective limits and in particular is exact. Moreover, jy, ~ igl.

(iii) The functor j;;': Mod(ky) — Mod(kx) is eract.
Proof. (i) Let F' € PSh(kx) and let (V' — U) € Cy. One has
PV —=U) ~  lim  F(W)
W—V—U

~ F(V)~j, . F(V = U).

The isomorphism j:;] ~ 4y, follows by adjunction.

(i) The functor j;;, admits both a right and a left adjoint. The isomorphism
ju, = iy follows from (i).

(iii) Since direct sums are exact in Mod(k), the functor j}; is exact by Propo-
sition 1.4.3. Then the result follows since ¢ is exact. q.e.d.

Notation 2.7.2. One sets for F' € Mod(kx):
Fly =jy,F ~iy'F.

One usually sets

(2.18) iy =i

Hence, iy is exact.

Hence, we have two pairs of adjoint functors (i5%, jir, ), Giurss ib):

(2.19) Mod (ky) —iv—

which are also written as two pairs of adjoint functors (i, i), (v, ip"):

iy
(2.20) Mod(ky ) =—igz'—— Mod (k).

iU*
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Let f: X — Y be a morphism of sites. Let V € Cy, set U = f{(V)
and denote by fi,: U — V the morphism of sites associated with the functor
ftr: Cy — Cy deduced from f'. We get the commutative diagram of sites

(2.21) U x 2 U
A
V o Y 5 V.
Proposition 2.7.3. There are natural isomorphisms of functors
i e foaigt, v i fy

fib =i fre o 2 fo v

Proof. This follows from the isomorphisms jy, f« >~ fv.jy., fflj‘_/1 ~ j[}l f‘;l,
friv, ~ iy, fv, and i f7h it fo q.e.d.

Notation 2.7.4. For F' € Mod(ky) and U € Cx, one sets
Fy =iy ju.F ~iniy' F,
TyF =il jp F ~iy.i;'F.

In case F' = ky, one writes for short ky; instead of (kx)y.

Recall (see § 1.5) that we have denoted by ky the constant presheaf
U — k. Then (see Exercises 2.6 and 2.5):

(2.22) Kxu ~ it ju.Kx.
For V'— U a morphism in Cy, there are natural morphisms :
Fy—>Fy—>F —>TyF —TyF
Also note that ((*)y,y(*)) is a pair of adjoint functors.
Proposition 2.7.5. For U,V &€ Cx there are natural isomorphisms
(FV)u ~ Fusxyv, Tu(@vF) ~Tyxv(F).

Proof. By adjunction, it is enough to prove the second isomorphism. One
has for W € Cx:

LTy (F)(W) ~ Ty(F)(U xx W)
~ F(V Xx U Xx W) ~ FUXXV(F)(W)-
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Proposition 2.7.6. Let f: X — Y be a morphism of sites. For F &
Mod(kx) and G € Mod(ky), there is a natural isomorphism in Mod(ky)

(2.23) Hom (G, f.F) = fHom (f'G, F).

Proof. Let V € Cy and set U = f(V'). Denote by fry: U — V the morphism
of sites associated with f. Using Proposition 2.7.3, we get the chain of
isomorphisms

L(V; fHom (f G, F))

12

D(U; Hom (f G, F))
Hom (f~'G|y, Fly)
Hom ((fo) ™ (Glv), Flu)
Hom (Glv, (fv).Flv)
Hom (Glv, (f.F)[v)

~ T(V;Hom (G, f.F)).

12

12

12

12

These isomorphisms being functorial with respect to V', the isomorphism
(2.23) follows. q.e.d.

Proposition 2.7.7. Let U € Cx, let G € Mod(ky) and let F € Mod(kx).
There is a natural isomorphism

(2.24) ji (G ®ju.F) ~ j;'GRF.
Note that isomorphism (2.24) may also be written as
(2.25) in(G @iy ' F) ~ipG® F.
Proof. The right hand side of (2.24) is the sheaf associated with the presheaf
Vi (@ GV SHU)eF(V),

s€Hom (V,U)
and the left hand side is the sheaf associated with the presheaf
Vi (@ GV SU)eF(V)).

s€Hom (V,U)
q.e.d.
Proposition 2.7.8. Let U € Cx. There are natural isomorphisms, functorial
in F € Mod(kx):
I'(U; F) ~ Hom (kxy, F),
FU(F) ~ Hom (kXUa F),
FU ~ kXU X F.
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Proof. The first isomorphism follows from (1.12) thanks to (2.22) and the
second isomorphism follows. Let us prove the third one. We have by Propo-
sition 2.7.7

Fy ~ jhig'F ~ 5" (ju.F ® ju,.kx)
~ F®j; ju.kx.

q.e.d.

The case of a topological space

When X is a topological space, one better uses the functors il}l and iy rather
that j;;, and jal, respectively.

If U, V are open subsets, then U xx V = U N V. It follows that the
morphism of sites iy corresponds to the continuous embedding U — X.
Since the composition of morphisms of sites

(2.26) Ul x %y

is the identity, we obtain:

(2.27) it oy, ~id, iy oy ~id.

Hence, iy, and 7y, are fully faithful in this case.

2.8 Locally constant sheaves

Definition 2.8.1. (i) Let X be a site and let M € A. The constant sheaf
My with stalk M is the sheaf associated with the constant presheaf
with values M.

(ii) A constant sheaf is a sheaf isomorphic to a sheaf My for some M € A.

(iii) A sheaf F'on X islocally constant if there exists a covering S € Cov(X)
such that F|y is a constant sheaf on U for each U € S.

(iv) If k is a field, a local system over k is a locally constant sheaf of finite
rank (i.e., locally isomorphic to k' for some integer m).

If X is a topological space and M € Set, the constant sheaf My is the
sheaf of locally constant M-valued functions on X.

Locally constant sheaves, and their generalization, constructible sheaves,
play an important role in various fields of mathematics.
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Examples 2.8.2. (i) Let X = R, the real line with coordinate ¢. The sheaf
Cx - exp(t) of functions which are locally a constant multiple of the function
t — exp(t) is isomorphic to the sheaf Cx, hence is a constant sheaf.
(i) Let X = C\ {0} with holomorphic coordinate z. Consider the differential
operator P = z% — a, where a € C\ Z. Let us denote by K, the kernel of
P acting on Oy.

Let U be an open disk in X centered at zg, and let A(z) denote a primitive
of a/z in U. We have a commutative diagram of sheaves on U:

z@fa

Oy —% Ox
exp(—A(z»l . l;exm—mz»
Oy 2= Oy

Therefore, one gets an isomorphism of sheaves K,|y — Cx|y, which shows
that K, is locally constant, of rank one.

On the other hand, f € O(X) and Pf = 0 implies f = 0. Hence
I'(X;K,) = 0, and K, is a locally constant sheaf of rank one on C\ {0}
which is not constant.

(iii) With the notations of Example 2.6.6 (v), the sheaf f.kx is locally con-
stant of rank 2.

We shall construct locally constant sheaves in Section 2.9.

2.9 Glueing sheaves

One often encounters sheaves which are only defined locally, and it is natural
to try to glue them.

For notational convenience, we shall often denote in the sequel by & =
{U;}ier a covering of U € Cx indexed by a set I (see Remark 2.1.2). In this
case, we set

(228) Uij = Ul Xy Uj, Uijk = Uz XU Uj Xy Uk, etc.

Theorem 2.9.1. Let S = {U;}; be a covering of X. Assume to be given,
for each U; € S, an object F; € Sh(U;, A) and, for each pair U;,U; € S, an
isomorphism 0j;: Fi|u,, = Fj|u,, in Sh(Uy;, A), these isomorphisms satisfying
the condition that for all U;,U;, U, € S:

(229) Gij o) ij = Qik on ka

Then there exists a sheaf F' on X and for each U; € S an isomorphism
0;: Fly, = F; such that 0; = 0;; 0 0; for U;,U; € S. Moreover, (F,{0;}; is
unique up to unique isomorphism.
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The family of isomorphisms {6;;} satisfying conditions (2.29) is called a
1-cocycle.

Proof. (i) Unicity. Let 6;: F|y, = F; and \;: G|y, = F;. Hence, 0; = 6,00,
and \; = 0;; 0 A; on U;. Consider the isomorphisms

piiz)\;loeiIFb‘i%G

U -
On U;; we have:

pj = /\;1061':)\;109]'1092‘
== A;loﬁl:pl

Therefore, the isomorphisms p;’s will glue as a unique isomorphism p: G = F
on X, by Theorem 2.2.6.

(ii) Existence of a presheaf F. For each open subset V' of X, define F'(V') by
the exact sequence

Here, the two arrows a, b are defined as follows. Let U;, U, € S. Then a is
associated with the composition

[[E:Ui xx V) = F(U; xx V) = F;(Up xx V)
iel
and b is associated with the composition
0;
[[E:Ui xx V) = F(Ui xx V) = Fu(Ups xx V) =5 Fy(Uj xx V).

i€l

(iii) F is a sheaf. Indeed, let V' € Cx and let V € Cov(V'). We may assume
that V is stable by fiber products. Then

E(Ul Xx V) :> 1&1 E(Uz X x W),
WeT

and similarly with F;(U;, xx V). Since products commute with projective
limits, we get the isomorphism F(V) = Im F(W) = F(V).

Wey
(iv) The morphisms 6;’s are induced by the projections FI(V)) — [];c; F;(V xx
U;) = F;(V xx U;). Let us prove they are isomorphisms. Let [ € I. We can
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construct a commutative diagram

Fy(U1) =11, FilUs xx Uh) # ILer F5(Uir xx U)

o} -

F(Ul) - Hie] E(UZ XX Ul) ? Hj,kEI E?(U]k XX Ul)

where a = {6;};. One checks easily that the sequence on the top is exact,
and it follows that 6,(U;): F(U;) — F,(U;) is an isomorphism. Replacing U,
with any V' — U, we get the result. q.e.d.

Example 2.9.2. Consider an n-dimensional real manifold X of class C*,
and let {X;, fi}ics be an atlas. Recall what it means. The family {X;}ies is
an open covering of X and f; : X; = U; is a topological isomorphism with
an open subset U; of R™ such that, setting U;; = fi(X;;) C R", the maps

(2.30) fii = f; X;; © f[l Ui, Ufj — Ui@;
are isomorphisms of class C*.
X Xi Xij X; X
i / \ R

The maps f;; are called the transition functions. The locally constant func-
tion on Xj; defined as the sign of the Jacobian determinant of the f;;’s is a
1-cocycle. It defines a sheaf locally isomorphic to Zx called the orientation
sheaf on X and denoted by orx.

Example 2.9.3. Let X = P!(C), the Riemann sphere. Consider the covering
of X by the two open sets U; = C, Uy = X \ {0}. One can glue Ox|y, and
Ox|u, on Uy N Uy by using the isomorphism f — 2" f (k € Z). One gets a
locally free sheaf of rank one denoted by Opi(m). For m # 0, this sheaf is
not free.

Exercises to Chapter 2

Exercise 2.1. Let X be a topological space. Prove that the natural mor-
phism (Hom (F,G)), — Hom (F,,G,) is not an isomorphism in general.
(Hint: choose F' = kxy with U open.)
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Exercise 2.2. Let X be a site satisfying (1.8) and let u: A — B andv: C' —
B be morphisms in Sh(X). Assume that u is an epimorphism. Prove that
w: AxgC — (C'is an epimorphism. In other words, epimorphisms are stable
by base change in Sh(X).

Exercise 2.3. Let X be a site satisfying (1.8) and let k be a field. For F,G €
Mod(kx) one defines their tensor product F' ® G as the sheaf associated
with the presheaf U — F(U) ® G(U). For F,G,H € Mod(ky), prove the
isomorphism

Hom (F,Hom (G, H)) ~ Hom (F ® G, H).

Exercise 2.4. Let k be a field and X a connected topological space. Let L
be a locally free sheaf of rank one on X and set L% :=Hom (L, ky).

(i) Prove the isomorphism L @ L% ' ~ ky.

(ii) Assume that there exists s € I'(X; L) with s # 0. Prove that s defines
an isomorphism ky = L.

Exercise 2.5. Let X be a site, let U € Cx and let F' € PSh(ky). Prove
that (j,,F)* = jy,(F?) is an isomorphism.

Exercise 2.6. Let f: X — Y be a morphism of sites. Let G € PSh(ky).
Prove that (fTG)* — f~1(G?) is an isomorphism.

Exercise 2.7. Let X be a presite satisfying (1.8) and let Xg, be the pre-
site X endowed with the final topology. Prove the equivalence of categories
PSh(X) ~ Sh(Xg,).

Exercise 2.8. Let f: X — Y be a morphism of sites and assume that the
functor f~!: Mod(ky) — Mod(kx) is exact. Let F' € Mod(kx) be injective.
Prove that f,F is injective. Deduce that for U € Cx and F injective in
Mod(ky), F|y is injective in Mod (k).

Exercise 2.9. Let X be a topological space and let U be an open covering
stable by finite intersections and which is a basis for the topolopy of X (that
is, for any x € V € Opy there exists € U C V with U € U). Denote
by Y the site such that Cy = U, the coverings in Y being the coverings
in X. Denote by f: X — Y the natural morphism of sites. Prove that
f«: Mod(ky) — Mod(ky) is an equivalence of categories.

Exercise 2.10. Let P"(C) be the complex projective space of dimension n.
(i) Construct an isomorphism of line bundles QI(PZ)((C) ~ Opncy(—n — 1).

(ii) Prove that the line bundles Opn(c)(l) and Opn(c)(m) are not isomorphic
for I # m. (Hint: reduce to the case where [ = 0.)
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Exercise 2.11. Consider a 1-cocycle (¢, S) on a ringed site (X, Ox). Assume
that for each U; € S, there exists ¢; € I'(U;; O%) satistying:

Cij = C; © C]-_1

on each U;;. Prove that the locally free sheaf L. of Corollary 3.3.9 is globally
free.



Chapter 3

Derived category of abelian
sheaves

From now on and until the end of these Notes, we shall concentrate on abelian
sheaves on sites satisfying Hypothesis 2.1. We shall assume moreover that k
has finite global dimension (that is, finite injective, or equivalently projective,
dimension).

Notation. As already mentioned, we shall write ® instead of ®,, Hom
instead of Hom,. We proceed similarly with k replaced with ky, ky etc.

L
and ® replaced with ®, Hom with RHom and Hom with RHom .

3.1 The derived category of sheaves

Recall that Mod(kx) is an abelian Grothendieck category and in particular,
admits enough injectives. Hence we may derive all left exact functors defined
on Mod(ky). Using Proposition 2.5.4 we get that Mod(kx) has enough flat
objects and this allows us to derive the tensor product functor. We denote
by D*(kx) the derived category D*(Mod(ky)), with * = +, — b, ub.

Let f: X — Y be a morphism of sites and let U € Cx.

49
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Theorem 3.1.1. The functors below are well defined:

RHom (¢, +): D™ (kyx)® x D¥(kyx) — DT (k),
RHom (+,+): D (kx)® x D" (kx) — D¥(ky),
f':D*(ky) = D*(kx) (x=b,+,—),
Rf* : D+<kx) — D+(ky),

L
e : D*(kx) X D*(kx) — D*(kX) (* = b,+, —),
ju.:D*(kx) = D*(ky) (x =b,+,-),
jo' 1 D'(ky) = D*(kx) (¥ =D, +, —),
Rijt : DT (ky) — DT (kx).

Of course, there are other functors which are combinations or particular
cases of the preceding ones, such as the derived functor of the exact func-
tor F' +— Fy defined on D*(kx) (x = b,+,—) or the right derived functor
RFU(')i D+(kX> — D+(kx)

Then one can extend much of the preceding formulas to the derived func-
tors and obtain the next important formulas that we state without proofs.

RHom (Fl,Fg) ~ RF(X, RHom (Fl, FQ)),
L
RHom (F1®F2,F3) ~ RHom (FhRHOm (FQ, Fg)),
RHom (F,Rf.,G) ~ Rf ,RHom (f'F,G),
-1 L -1 -1 L
fTRfT R~ (F o).

Here, F, I, Fy, F3 belong to D*(kx) and G belong sto D*(ky ).
Of course, there are many other important formulas, such as:

Homp. (¢, *) = H°RHom (=, +)
R(fog), ~ Rf.oRy,
(fog)™? = glof,
RI(U;F) ~ RHom (kyy, F).

Notation 3.1.2. In the literature, one often encounters the following nota-
tions:

Ext/(F,G) = H'RHom (F, G),
Ext! (F,G) = H' RHom (F,G),
H'(X; F) = H(RT(X; F)),
Tor,(F,G) = H(F&G).
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3.2 Cech complexes

Let I,,q be a total ordered set and denote by I the underlying set. For J C I,
J finite, we denote by |J| its cardinal. If J is endowed with the order induced
by I, we write J C Iq.

Denote by {e;}ic; the canonical basis of Z®'. For J C I, J = {ip <

i1 < -+ <ip} C Ioa, we denote by e the element e;) A--- Ae;, of N zoT

For o a permutation of the set J with signature ¢,, we have in A" el

€s(J) = Ec€y-

Consider a family U := {U; }sc; of objects of Cx. For ) # J C I, J finite, set

U, =1Ju.

ieJ

Now let ' € Mod(ky). For J as above and 7 € J, we denote by 3 jy: Fy, —
Fy,,;, the natural morphism. We set for p > 0

FIZ;{ = @ Fy, ®ey
JClopa,|J|=p+1
and we define the differential
(3.1) d: F' - FI*,
by setting for s; € Fy,:

d(sy®ey) = Z B (sr) @eiles.

ieJ
One easily checks that
dod=0.

Then we have the Cech complex in Mod(ky) in which the term FI'is in
degree —p.

U u d doopu do u
(3.2) Fo=- a5 F' == F' = F —0.

We also consider the augmented complex

(3.3) e P & LR I )
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Proposition 3.2.1. Assume thatU is a covering of X. Then for each iy € I,
the restriction to Us, of the complex (3.3) is homotopic to zero. Equivalently,
FY — F is a gis.

Proof. Replacing all U; by U; x x U;,, we may assume from the beginning that
X =U,,. For each finite set J C I, the two morphisms U; — U; and U; —
Ui, define the “diagonal” morphism U; — U; x U;,. Let v;: Fyy, — FU{-LO}UJ
denote the morphism associated with this diagonal morphism. Define the
homotopy A : Fpu — Flffrl by setting for s; € Fy,,

Asy®ey) =vs(57) ®eiy Ney.

Let us check the relation do A+ Aod =1id. Let s; ®e; be a section of Fy,.
Then

doX(sy®ey) = Z Bifioyunvs(s1) ®eilei, ANey,
i€igNAJ

Aod(sy®ey) = Z %,Jﬁ(i,J)(SJ) ®ei, Neiley.
icJ

By summing these two relations, we find on the right hand side 5;,.7)7s(5s)®
€iy€ig N s =57"€y. q.e.d.

Example 3.2.2. Let {U,};—012 be a covering of X. We get the exact com-
plex:

0 = Fuow 2 Fi, ® Fuoy © Fuipy 2 Fyyy © Fu, @ Fyyy 5 F — 0
with for example, d;(so12) = Bo,12(S012) — B1,02(S012) + 52,01 (S012)-
Applying Proposition 3.2.1 with F' = kx, we find the complex
(34) o= = ()1 5 (K)o = 0
and we have the isomorphism

Fl~KY ®F.
It is then natural to consider the complex of sheaves
(3.5) C*U, F):=Hom (K%,, F)
and the morphism

(3.6) F —C*(U,F),
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that is, the complex
0—F —CU,F)SC U F)— -,
where

c’U,F)= ] Tv,(F)®e; withC™'(U,F) =F,

and the morphisms: d?: CP(U, F) — CP* (U, F) (p > —1) are defined by

dp(SJ®€J) :Za(i,J)(SJ)®€i/\€J,

el

where ay; ;) is the natural morphism I'y, (F) — Ty, ., (F'). Moreover, d~': F' —
II;Tw,(F) is the natural morphism.

Proposition 3.2.3. Assume that U is a covering of X. The sequence of
sheaves (3.6) is exact.

Proof. Tt is enough to check that this sequence is exact on each U € U. The
additive functor Hom (-, F') sends a complex homotopic to zero to a complex
homotopic to zero. Applying this functor to the complex (3.3) in which one
chooses F' = kx, the result follows from Proposition 3.2.1. q.e.d.

Theorem 3.2.4. (The Leray’s acyclic covering theorem.) Assume that U is
a covering of X. Let U = {U,}icr be an open covering of X and assume that
for any finite subset J of I, and any p > 0, one has HP?(U;; F) = 0. Then
RI'(X;C*(U,F)) ~RI'(X; F).

Proof. Let F* be an injective resolution of F' and consider the double com-

plex:
0 0

| |

0——=T(X;F)—=T(X;C*(U, F))

| |

0—=D(X; F*) —=D(X;C*(U, F*))

(i) All rows, except the first one, are exact. In fact, they are obtained by
applying the functor I'(X;-) to the exact complex of injective sheaves 0 —
Fi — C*(U, FY).

(ii) All columns, except the first one, are exact. In fact, it is enough to prove
that for J C I, J finite, the complex 0 — I'(X; 'y, (F)) — I'(X; Ty, (F*)) is
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exact. This complex is isomorphic to the complex 0 — I'(U;; F) — T'(Uy; F*)
which is exact by the hypothesis.

(iii) From (i) and (ii), one deduces that the cohomology of the first row is
isomorphic to that of the first column. q.e.d.

Example 3.2.5. Let {U;},;—012 be an open covering of X, and assume that
H?(U;; F) =0 for all p > 0 and all J C {0,1,2}. Then H’(X; F) is isomor-
phic to the j-th cohomology group of the complex

0= D Iru;R) S @ TULF) S T(Uns F) =0

§=0,1,2 J=01,12,02

where the d’’s are linear combinations of the restriction morphisms affected
with the sign +. For example, dl\p(UOQ;F) is affected with the sign —.

3.3 Ringed sites

It is possible to generalise the preceding constructions by replacing the con-
stant sheaf kx with a sheaf of rings R. We shall only present here the main
ideas of this theory, skipping the details.

Sheaves of rings and modules

A sheaf of k-algebras (or, equivalently, a kx-algebra) R on a site X is a sheaf
of k-modules such that for each U € Cx, R(U) is endowed with a structure
of a k-algebra and the operations (addition, multiplication) commute to the
restriction morphisms. A sheaf of Z-algebras is simply called a sheaf of rings.
If R is a sheaf of rings, one defines in an obvious way the notion of a sheaf
F of (left) R-modules (or simply, an R-module) as follows: for each U € Cx,
F(U) is an R(U)-module and the action of R(U) on F(U) commutes to the
restriction morphisms. One also naturally defines the notion of an R-linear
morphism of R-modules. Hence we have defined the category Mod(R) of
R-modules. If R is a sheaf of rings, R is the sheaf of rings U — R(U)P.

Examples 3.3.1. (i) Let R be a k-algebra. The constant sheaf Rx is a sheaf
of k-algebras. In particular, ky is a sheaf of k-algebras.

(ii) On a topological space, the sheaf C% is a Cx-algebra. If X is a real
differentiable manifold, the sheaf C§ is a Cx-algebra. The sheaf Dby is a
C¥-module.

(iii) If X is complex manifold, the sheaves Ox and Dy are Cx-algebras and
Oyx is a left Dx-module.
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One proves easily the analogue of Theorem 2.4.2 for the category Mod(R).

Definition 3.3.2. Let R be a sheaf of k-algebras on the site X and let F'
be a sheaf of R-modules on X.

(i) F' is injective (resp. projective) if F' is an injective (resp. a projective)
object in the category Mod(R).

(ii) F is flat if the functor « @, F is exact,

Remark that, if X is a topological space, I’ is flat if and only if F, is a
R.-flat module for any =z € X.

Proposition 3.3.3. Let Ry be a sheaf of k-algebras on Y. Let f: X —
Y be a morphism of sites and assume that the functor f~': Mod(Ry) —
Mod(f'Ry) is exact. Let F € Mod(f 'Ry). Then f.F is injective in
MOd(Ry)

Proof. This follows immediately from the adjunction formula in Theorem
2.6.3 and the hypothesis that the functor f~! is exact. q.e.d.

Theorem 3.3.4. Let R be a sheaf of k-algebras on the site X. The cat-
egory Mod(R) is a Grothendieck category. In particular, it is abelian, it
admits small projective limits and small inductive limits, small filtrant in-
ductive limits are exact and Mod(R) has enough injective objects.

The proof goes as for Theorem 7?7

Proposition 3.3.5. Let R be a sheaf of k-algebras on the site X and let
G € Mod(RP). Then the category of flat R-modules is projective with respect
to the functor G ® ».

The proof goes as for Proposition 2.5.4.

Ringed sites

Definition 3.3.6. (i) A k-ringed site (X, Ox) is a site X endowed with
a sheaf of commutative k-algebras Ox on X. (If there is no risk of
confusion, we shall omit to mention k.)

(ii) Let (X, Ox) be a ringed site. A locally free Ox-module M of rank m is
an Ox-module such that there is a covering S of X and for each V € S,
Ox-linear isomorphisms M|y — (Ox|v)™.

(iii) If m = 1, one says that M is a line bundle.
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(iv) If there exists a globally defined isomorphism M = (Ox)™ on X, one
says that M is globally free.

The next result is obvious.

Proposition 3.3.7. Let R be a sheaf of k-algebras on the site X. The
forgetful functor for: Mod(R) — Mod(ky) is faithful and exact.

One shall be aware that this functor is not fully faithful in general

Glueing sheaves on ringed sites

Let R be a sheaf of k-algebras on X and consider the situation of Theo-
rem 2.9.1. If all F}’s are sheaves of R|y, modules and the isomorphisms 6;
are R|y,,-linear, the sheaf F' constructed in Theorem 2.9.1 will be naturally
endowed with a structure of a sheaf of R-modules.

Definition 3.3.8. Let (X, Ox) be a ringed site. Denote by O% the abelian
sheaf of invertible sections of Ox. A 1l-cocycle (c,S) on X with values in
O% is the data of a covering S = {U;}; of X and for each pair U;,U; € S a
section ¢;; € I'(U;;; O%), these data satisfying:

(3.7) Cij - Cjk = Cit, on Ujjp.

Applying Theorem 2.9.1, we get:
Corollary 3.3.9. Consider a 1-cocycle (¢, S) on X with values in O%. There
exists a unique locally free sheaf Lo of rank one with the following property:

for each U; € S there exists an isomorphism 0;: Ox|y, = Lely, and (0;)7*
0; = cij on Us; for any U;,U; € S.

o

Example 3.3.10. Recall that k* denote the multiplicative group of invert-
ible elements of k. Let X = S! be the l-sphere, and consider a covering
of X by two open connected intervals U; and Us. Let Uf; denote the two
connected components of U1 NUs,. Let @ € k*. One defines a locally constant
sheaf L, on X of rank one over k by glueing ky, and kg, as follows. Let
9& : kU1|U152 — k[]2|U1€2 (8 = ﬂ:) be defined by 9+ = 1, 0_ = a.

If k = C there is a more intuitive description of the sheaf L,. Let us
identify S' with [0,27]/ ~, where ~ is the relation which identifies 0 and
27 and let ¢ denotes the coordinate. Choose 5 € C such that exp(iff) = a.
Then L, ~ Cx - exp(ift).
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Exercises to Chapter 3

Exercise 3.1. Let Z = {(z,y) € R*zy > 1, >0} and let f : Z — R be
the map (z,y) — zy. Calculate Rf k.

Exercise 3.2. Let Z = {(z,y) € R*zy > 1}, and let f : X — R be the
map (z,y) — y. calculate Rf k.

Exercise 3.3. Let X = R* S = {(x,y,2,t) € R4 t* = 22 + 2 + 2%t > 0}
and let f: S < X be the natural injection. Calculate (Rf kg)o.

Exercise 3.4. In this exercise, we shall admit the following theorem: for

any open subset U of the complex line C, one has H?(U; O¢) ~ 0 for j > 0.
Let w be an open subset of R, and let U; C U, be two open subsets of C

containing w as a closed subset.

(i) Prove that the natural map O(Us \ w)/O(Us) — O(U; \ w)/O(Uy) is an

isomorphism. One denote by B(w) this quotient.

(ii) Construct the restriction morphism to get the presheaf w — B(w), and

prove that this presheaf is a sheaf (the sheaf Bg of Sato’s hyperfunctions on

R).

(iii) Prove that the restriction morphisms B(R) — B(w) are surjective (i.e.

the sheaf By is flabby).

(iv) Let K be a compact subset of R and let U be an open subset of C

containing K. Prove the isomorphism 'k (R; Bg) ~ O(U \ K)/O(U).

(v) Let Q an open subset of C and let P = 7" aj(2)2’ be a holomor-

phic differential operator (the coefficients are holomorphic in §2). Recall the

Cauchy theorem which asserts that if  is simply connected and if a,,(2)

does not vanish on €2, then P acting on O(f2) is surjective. Prove that if w is

an open subset of R and if P is a holomorphic differential operator defined

in a open neighborhood of w, then P acting on B(w) is surjective

Exercise 3.5. Let R be a sheaf of commutative rings on a topological space
X. Prove that a sheaf F' of R-modules is injective in the category Mod(R) if
and only if, for any sheaf of ideals Z of R, the natural morphism I'(X; F) —
Hom (Z, F') is surjective.
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Chapter 4

Sheaves on topological spaces

In this chapter we restrict our study of sheaves of k-modules to the case of
topological spaces. If A is a subset of a topological space X, we denote by
A its closure, by IntA its interior and we set A = A \ IntA.

4.1 Restriction of sheaves

Let Z be a subset of X, iz: Z — X the inclusion. One endows Z with the
induced topology and for F' € Mod(kx), one sets:

F|; = i,'F,
D(Z;F) = T(Z;i,'F).

If Z is open, these definitions agree with the previous ones. The morphism
F— iz*iglF defines the morphism ax,f' — aZ*iEIF, that is the morphism:

I'(X;F) = I(Z;F).

One denotes by s|z the image of a section s of F' on X by this morphism.
Replacing X by an open subset U containing Z, we get the natural mor-
phism:

(4.1) liy (U F) = T(Z; F).

UDZ

This morphism is injective, since if a section s € T'(U; F) is zero in I'(Z; F),
this implies s, = 0 for all z € Z, hence s = 0 on an open neighborhood of Z.
But one shall take care that this morphism is not an isomorphism in general.
This is true in some particular situations (see Proposition 4.1.2).

29
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Definition 4.1.1. (i) A subset Z of a topological space X is relatively
Hausdorft if two distinct points in Z admit disjoint neighborhoods in
X. If Z = X, one says that X is Hausdorff.

(ii) A paracompact space X is a Hausdorff space such that for each open
covering {U; };er of X there exists an open refinement {V;};c; (i.e., for
each j € J there exists i € I such that V; C U;) which is locally finite.

Recall that, by its definition, a compact set is in particular Hausdorff.

If X is paracompact and {U;}; is a locally finite open covering, there
exists an open refinement {V;}; such that V; C U;. Closed subspaces of
paracompact spaces are paracompact. Locally compact spaces countable at
infinity (i.e., countable union of compact subspaces), are paracompact.

Proposition 4.1.2. Assume one of the following conditions:
(i) Z is open,

(ii) Z is a relatively Hausdorff compact subset of X,

(iii) Z is closed and X is paracompact.

Then the morphism (4.1) is an isomorphism.

Proof. (i) is obvious.

(ii) Let s € T'(K; F). There exist a finite family of open subsets {U;}
covering K and sections s; € I'(U;; F') such that s;|knu, = $|knv,. Moreover,
we may find another family of open sets {V;}1_, covering K such that KNV; C
U;. We shall glue together the sections s; on a neighnorhood of K. For
that purpose we may argue by induction on n and assume n = 2. Set
K; = KNV, Then si|gnx, = S2|k,nk,.- Let W be an open subset of X
such that s1|w = so|w and let W;(i = 1,2) be an open subset of U; such that
W; D K; \ W and W7 N W, = ). Such W;’s exist thanks to the hypotheses.
Set U'; = W; UW, (i = 1,2). Then si|v,nv, = S2|lur,nur,- This defines
te F(U’l U UIQ;F) with t’K = S.

(iii) We shall not give the proof here and refer to [Go58]. q.e.d.

Let f : X — Y be a continuous map and let F' be a sheaf on X. Let

y € Y. The natural morphism lim I'(f~V; F) — T'(f7'(y); Fly-1(y)) defines
Voy
the morphism:

(4.2) (feF)y = T W) Flp-1y))-

This morphism is not an isomorphism in general.
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Examples 4.1.3. (i) Assume f is an open inclusion U < X and choose
z€0U (=U\U). Then f~'(z) =0 and I'(f ! (x); G|-1(x)) = 0 but

(£.G). = i D(U NV G),

where V' ranges through the family of open neighborhoods of x in X, and
this group is not zero in general.
(ii) Let X = C with coordinate z = z + iy, Y = R, f : X — R the map
f(z+iy) =y. Then

(£.0c)o = lim T({ly] < £} Oc)

e>0

and

L(f71(0); Ocls-1(0) = lim T(U; Oc)

where U ranges through the (non countable) family of open neighborhoods
of R in C.

4.2 Sheaves associated with a locally closed
subset
Let X be a topological space, U an open subset of X and F € Mod(ky).
Recall that Fyy = j;' i, F =~ ipig' F.
Propositions 4.2.1, 4.2.3 and 4.2.4 below are easy exercises whose proof

is left to the reader. Note that the result of Proposition 4.2.1 (i) and (ii) has
already been proved in the more general setting of sheaves on sites.

Proposition 4.2.1. (i) The functor (*)y: Mod(kx) — Mod(kx), F'
Fy, 1s exact and commutes with inductive limits.

(i

(i) Forx € X, (Fy)z: ~ F, or (Fy), ~ 0 according whether x € U or not.

) One has Fy ~ F @kxy.
)
)
)

(iv) Let U’ be another open subset. Then (Fy)y = Funu:-
(v) Let Uy and Uy be two open subsets of X. Then there is an exact sequence
a B
(43) 0 — FUlﬂUQ — FUl @ FU2 — FUIUUZ - 0

Here o = (a1, ) and 8 = 1—Pa are induced by the natural morphisms
oy FUIQU2 — FUi and ﬁz : FUi — FU1UU2'
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Now set S:= X \ U. For F € Mod(kx), define the sheaf Fg by
(4.4) Fs =ig,ig'F.

Notation 4.2.2. For a closed set S C X one sets kxg := (kx)s. If there is
no risk of confusion, we also write kg instead of kxg. This last notation is
justified by Remark 4.2.5 bellow.

Proposition 4.2.3. (i) There is a natural exact sequence 0 — Fyy — F —
Fsg — 0.

The functor (+)s: Mod(kx) — Mod(kx), F + Fs, is exact.
One has Fg ~ F @ kxg, where one sets kxs := (kx)g for short.

)
)
(iv) Forx € X, (Fs), ~ F, or (Fs), ~ 0 according whether z € S or not.
) Let S" be another closed subset. Then (Fs)s: = Fgns:.

)

(vi) Let Sy and Sy be two closed subsets of X. Then the sequence below is
exact:
(4.5) 0— F51u52 i> Fgl e, F52 E) Fslmsz — 0.

Here a = (ay, ) and B = [y — Py are induced by the natural morphisms
o; : Fgus, = Fs, and f§; : Fs, = Fgins,-

(vii) Setting I's(F) = Hom (kxs, F') and I's(X; F) = Hom (kxg, F'), one
has Us(X; F) ~T'(X;Ts(F)) and

Is(X; F) ={s e I'(X; F);supp(s) is contained in S}.

Recall that a locally closed set Z is the (non unique) intersection of an
open subset U and a closed subset S of X. For F' € Mod(ky), one sets

(4.6) Fy = (Fy)s.

Proposition 4.2.4. (i) The functor (*)z: Mod(kx) — Mod(kx), F —
Fy, is well defined and satisfies the properties (ii)—(v) of Proposition
4.2.3 (with S replaced by Z).

(ii) Let Z be as above and let Z' be a closed subset of Z. One has an exact
sequence

(47) O—>FZ\Z’_>FZ—>FZ’_>0-
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(iii) Setting I'z(F) = Hom (kxz, F) and I'z(X; F) = Hom (kxz, F), one
has for Z =UnNS:

['z2(X; F)={s e I'(U; F);supp(s) is contained in Z}.

Let Uy, Us be open subsets, Sy, .Sy closed subsets, Z a locally closed of X,
Z" a closed subset of Z. Consider the exact sequences (4.3), (4.5) and (4.7).
They give rise to distinguished triangles in the category D" (kx):

+1
FUlﬁUQ — FU1 @ FU2 — FU1UU2 —>7

+1
FSlUSQ _>F5'1 ®FSQ _>F51ﬁ52 _>a
+1
FZ\Z’ —F;, = Fz — .

Choosing F' = kx and applying the functor RHom (+, F'), we get new dis-
tinguished triangles, called Mayer-Vietoris triangles :

(4.8) Rly,u0, F — RTy, F & RIy, F — ROy, oo, F =,
(4.9) Rlg,ns,F — R, F & RLg, F — Rlg,us, F -5,
(4.10) RLz(F) = Rl z(F) = RT 4 2 (F) 5 .

When applying RT'(X; ¢), we find other distinguished triangles and taking
the cohomology, we find long exact sequences, such as for example the Mayer-
Vietoris long exact sequences :

(4.11) -+ = H/(UyUUy; F) — H (Uy; F) @ H (Uy; F)

— H(U NUy F) = HY U, WUy F) — -+
(4.12) -+ — HI(X; Fs,us,) — HY(X; Fs,) ® H'(X; Fs,)

— HY(X; Fs,ns,) — H™(X; Fs,us,) — - -

Remark 4.2.5. Let S be a closed subset of X. Then
(4.13) RI(X; Fs) ~ RI'(S; Fls).

This follows from the isomorphism Fg ~ is*z'glF, the fact that g, is exact
and the isomorphism Ray, oig, ~ R(ax oig),. Note that (4.13) would not
remain true when replacing S with an open subset.

When Z is locally closed in X, one also sets

(4.14)  HL(F) = H/(RI'z(*))(F), HL(X;F)= HI(R[z(X; *))(F).
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4.3 Cech complexes for closed coverings

We shall adapt the construction of §3.2 to the case of closed coverings.

As in § 3.2, we consider a total ordered set I,.q and denote by I the
underlying set. For J C I, J finite, we denote by |J| its cardinal. If J is
endowed with the order induced by I, we write J C I,;q. We denote by {e; }ic;
the canonical basis of Z®! and for J C I, J = {ig <11 < -+ <ip} C Lo,
we denote by e; the element e;; A--- Ae;, of /\p+1 Az

Let S = {S;}icr be a family of closed subsets of X and let F' € Mod(kx).

For J C I we set
Sy=()8n Sa=Js
jeJ el
F}i=@jpuFs,, Fs'=Fs.

For J C I and ¢ € I, we denote by « j): Fs, — FSJU{” the natural restric-
tion morphism. We set for p > 0

Ff .= @ Fs, ®ey

JClora,|J|=p+1

and we define the differential
(4.15) d: F? — F2*!

by setting for s; € Fg,:

d(SJ®€]):Za(i7j)<8])®ei/\ej.

iel
Here we consider J U {i} as a subset of I,q. One easily checks that
dod=0
and we obtain a complex
° 0 dO 1 dl
We also consider the augmented complex
(4.17) Fot =0 Fs S R0 S Lt

Proposition 4.3.1. Consider a family S = {S;}iecr of closed subsets of X.
Then the complex (4.17) is exact. Equivalently, Fg — F2 is a gis.
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Proof. Let x € X and denote by M, := (FS' "), the stalk of the complex
(4.17) at . It is enough to check that this complex is exact. Let K = {i €
Iz € S;}. Replacing I with K, we may assume from the beginning that
x € S; for all i € I. In this case, M, is the Koszul complex associated with
the module M = F, and the family of morphisms {;}ie; with ¢; = id,, for
all 7 € I. This last complex is clearly exact. q.e.d.

Example 4.3.2. Assume that X = Sy U S; U Sy, where the S;’s are closed
subsets. We get the exact complex of sheaves

—1 0 1
0— F < Fo, & Fs, ® Fs, & Fs,, ® Fs,, ® Fs,, - Fsy,, = 0.
Let us denote by
sit F'—= Fs,, s{: Fs, = Fs,., sg: Fs; = Fsy, (a,4,5,k) € {0,1,2}),

the natural morphisms. Then

1 2
-1 _ 0 _ 0 2 1 _
d=| s, |, =1 —sp2 0 5§ d" = (s3, =S5, 57)-
0 1
S —S01 So1 0

4.4 Flabby sheaves

Definition 4.4.1. On a topological space X, an object F' € Mod(ky) is
flabby if for any open subset U of X the restriction map I'(X; F') — I'(U; F)
is surjective.

By applying the functor Hom («, F') to the epimorphism ky—kxy, one
sees that injective sheaves are flabby. The converse is true if k is a field (see
Exercise 3.5).

Proposition 4.4.2. Let F' be a flabby sheaf on X.
(i) If U is open in X, F|y is flabby on U,
(ii) if f: X =Y is a continuous map, f.F is flabby on'Y,
(iii) if Z be a locally closed subset of X, T'z(F) is flabby.
Proof. (i)—(ii) are obvious.
(iii) Let U be an open subset containing Z as a closed subset. Since
F(Vilz(F)) ~ TUNV:Tz(F))
~ FZQ‘/(U N V, F),
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we may assume from the beginning (replacing X by U) that Z is closed in
X. Let V be an open subset, and let s € ['zqy (V; F). First, we extend s by
0 on X\ Z, thus defining s’ € I'z(X \ (Z\ V); F). Then one extends s using
the flabbiness of F'. q.e.d.

[}

Proposition 4.4.3. Let 0 — F' — F B B 5 0 be an exact sequence of
sheaves, and assume F’ is flabby. Then the sequence

0o T(X;F) ST F) S T(X F) =0
18 exact.

Proof. Let s € I'(X; F") and let 0 = {(U;s); U open in X, s € I'(U; ),
B(s) = §"|y}. Then o is naturally inductively ordered. Let (U;s) be a
maximal element, and assume U # X.

Let z € X \ U, let V be an open neighborhood of = and let ¢t € I'(U; F)
such that f(t) = s”|y. Such a pair (V;t) exists since § : F, — F/ is
surjective. On UNV,s—t e (UNV; F'). Let r € I'(X; F’) which extends
s—t. Then s—(t+r) = 0 on UNV/, hence there exists a section § € ['(UUV; F)
with §|y = s, 8|y =t +r, and 8(5) = s”. This is a contradiction. q.e.d.

Proposition 4.4.4. Let 0 — F' — F — F” — 0 be an exact sequence of
sheaves. Assume F' and F are flabby. Then F" is flabby.

Proof. Let U be an open subset of X and consider the diagram:

I'(X;F)—=T(X; F")—=0

P

T(U; F)—2~T(U; F") ——0

Then « is surjective since F' is flabby and f is surjective since F” is flabby,
in view of the preceding proposition. This implies v is surjective, hence F”
is flabby. q.e.d.

Theorem 4.4.5. The category of flabby sheaves is injective with respect to
the functors T'(X;-), T'z(%), f«-

Proof. Since the category of sheaves has enough injectives, and injective
sheaves are flabby, the result for I'(X;-) follows from Propositions 4.4.3 and
4.4.4, and the other functors are similarly treated. q.e.d.

Proposition 4.4.6. Let X = J,.;U; be an open covering of X and let
F € Mod(kx). Assume that F|y, is flabby for alli € 1. Then F is flabby.
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In other words, flabbyness is a local property.

Proof. Let U be an open subset of X and let s € F'(U). Let us prove that s
extends to a global section of F'. Let & be the family of pairs (¢, V') such that
V is open and contains U and t|y = s. We order & as follows: (¢, V') < (¢, V")
if V.C V'and t'|yy = t. Then G is inductively ordered. Therefore, there exists
a maximal element (¢, V). Let us show that V' = X. Otherwise, there exists
z € X \V and an ¢ € [ such that z € U;. Then t|y,nv € F(U;NV) extends
to a section t; € F(U;). Since t;|y,ny = t|u,nv, the section t extends to a
section on V U U; which contredicts the fact that V' is maximal. q.e.d.

4.5 Sheaves on the interval [0, 1]

Lemma 4.5.1. Let [ = [0,1] and let F' € Mod(k;). Then:
(i) Forj > 1, one has H'(I; F) = 0.
(ii) If F(I) — F, is an epimorphism for all t € I, then H'(I; F) = 0.

Proof. Let 7 > 1 and let s € H/(I; F). For 0 < t; < t, < 1, consider the
morphism:
footn : H(L;F) = HI([ty,t5]; F)
and let
J={t €10,1]; fou(s) =0}

Since H/({0}; F) = 0 for j > 1, we have 0 € J. Since fou(s) = 0 im-
plies fou(s) = 0 for 0 < ¢’ < ¢, J is an interval. Since H7([0,%); F) =
lim HI([0,t]; F') (see 4.8), this interval is open. It remains to prove that .J is

t>to
closed. For 0 <t <, consider the Mayer-Vietoris sequence (see (4.12) and

(4.13)):
= HI([0,t0]; F) = H((0,8]; F) @ HY ([t to); F) — H ({th F) — - -
For j > 1, or else for j = 1 assuming H°(I; F) — H°({t}; F) is surjective,
we obtain:
(4.18) H([0,to); F) ~ H([0,t]; F) & H ([t, to]; F).
Let to = sup {t;t € J}. Then fy.(s) =0, for all t < t5. On the other hand,
iy H9 ([, o]: F) = 0

t<to
Hence, there exists t < tp with f;;,(s) = 0. By (4.18), this implies fo,,(s) =
0. Hence ty € J. q.e.d.
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Lemma 4.5.2. let X = U, UU; be a covering of X by two open sets. Let F
be a sheaf on X and assume that:

(i) Ui = Uy NUy is connected and non empty,

(i) F

v, (1 =1,2) is a constant sheaf.
Then F' is a constant sheaf.

Proof. 1t follows from the hypothesis that there is a set M and isomorphisms
92‘ . F’Ul :> (MX)le Let 812 = 01 o 9;1 . (MX>|U1QU2 l> (MX)‘UlﬂUg-
Since Uy N Uy is connected and non empty, I'(U; N Uy; Hom (Mx, Mx)) =~
Hom (M, M) and 6,5 defines an invertible element of Hom (M, M). Using
the map Hom (M, M) — I'(X; Hom (Mx, Mx)), we find that 615 extends as
an isomorphism 6 : My ~ My all over X. Now define the isomorphisms:
a; : Fly, = (Mx)|y, by ay = 01 and ap = 0]y, 065, Then a; and a will glue
together to define an isomorphism F = M. q.e.d.

Proposition 4.5.3. Let I denote the interval [0, 1].

(i) Let F be a locally constant sheaf on I. Then F is a constant sheaf.
(ii) In particular, if t € I, the morphism U'(I; F') — F, is an isomorphism.
(iii) Moreover, if F = M for a k-module M, then the composition

M~F, < T(I;M;) = F,~M
1s the identity of M.

Proof. (i) We may find a finite open covering U;, (i = 1,...,n) such that I’
is constant on U;, U; N U;;; (1 < i < n) is non empty and connected and
U;NU; =0 for |i — j| > 1. By induction, we may assume that n = 2. Then
the result follows from Lemma 4.5.2.

(ii)—(iii) are obvious. q.e.d.

4.6 Invariance by homotopy

In this section, we shall prove that the cohomology of locally constant sheaves
is an homotopy invariant. First, we define what it means.
In the sequel, we denote by I the closed interval I = [0, 1].

Definition 4.6.1. Let X and Y be two topological spaces.
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(i) Let fo and f; be two continuous maps from X to Y. One says that f
and f; are homotopic if there exists a continuous map h: I x X =Y

such that h(0,-) = fo and h(1,-) = fi.

(ii) Let f: X — Y be a continuous map. One says that f is a homotopy
equivalence if there exists g : Y — X such that f o ¢ is homotopic to
idy and g o f is homotopic to idy. In such a case one says that X and
Y are homotopic.

(iii) One says that a topological space X is contractible if X is homotopic
to a point {xg}.

One checks easily that the relation “f; is homotopic to f;” is an equiva-
lence relation. If fy, fi : X = Y are homotopic, one gets the diagram

Jt

(4.19) X {thx X I x X 12y
p

X

where t € 1,4, : X ~{t} x X — I x X is the embedding, p is the projection
and f; = h o ;.

A topological space is contractible if and only if there exist g : {zo} — X
and f : X — {0} such that f o g is homotopic to idx. Replacing xy with
g(zo), this means that there exists h : I x X — X such that h(0,z) = idx
and h(1,z) is the map = — z(. Note that contractible implies non empty.

Example 4.6.2. Let V be a real vector space. A non empty convex set in

V as well as a closed cone are contractible sets.

Statement of the main theorem

Let f: X — Y be a continuous map and let G € Mod(ky). Remark that
ax =~ ayo f. The morphism of functors id — Rf, o f~! defines the morphism
Ray, — Ray,o Rf, o f~' ~ Rax, o f~'. We get the morphism:

(4.20) fHRI(Y;G) — RI(X; f1G).
If g: Y — Z is another morphism, we have:
(4.21) frogh= (g0 f).

The aim of this section is to prove:
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Theorem 4.6.3. (Invariance by homotopy Theorem.) Let fo,f1 : X =Y
be two homotopic maps, and let G be a locally constant sheaf on'Y . Consider
the two morphisms ftﬁ :RI(Y:G) — RINX; f7'G), fort = 0,1. Then there
exists an isomorphism 0: RT(X; f;'G) — RI(X; f'G) such that 90]‘6i = ff.

If G = My for some M € Mod(k), then, identifying f;*My with My
(t =0,1), we have fi = f2.

This is visualized by the diagram

RI'(Y;G)

y \f

RI(X; f77'G) ’ RI(X; f71G).

~

Proof of the main theorem

In order to prove Theorem 4.6.3, we need several lemmas.
Recall that the maps p: I x X — X and i;: X — I x X are defined in
(4.19). We also introduce the notation I, := I x {z}.

Lemma 4.6.4. Let F € Mod(ky). Then
(i) F = Rp,p™'F,
(ii) the morphism p* : RT(X; F) — RI'(I x X;p~'F) is an isomorphism,

(i) the morphisms it : RI(I x X;p 'F) — RI(X;F) are isomorphisms
and do not depend ont € I.

Proof. (i) Let x € X and let t € I. Using Theorem 5.3.5, one gets the
isomorphism ((Rp,)p ' F), ~ RI'(I,;p ' F|;,). This complex is concentrated
in degree 0 and isomorphic to F, by Lemma 4.5.1.

(i) We have Rax,Rp,p 'F ~ Rax,.F by (i). Hence p* is an isomorphism.
(iii) By (4.21), if o p? is the identity, and p? is an isomorphism by (i). Hence,
zg which is the inverse of p* does not depend on ¢. q.e.d.

Lemma 4.6.5. Let H € Mod(k;xx) be a locally constant sheaf. Then
(i) the natural morphism p~*Rp,H — H is an isomorphism,

(ii) for each t € I, the morphism it : RD(I x X; H) — RT(X;i; 'H) is an
1somorphism.

(iii) If H = Myyxx for some M € Mod(k), the isomorphism i : RI(I x
X; Mryx) — RIN(X; Mx) does not depend on t.
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Proof. (i) One has
(pilRp*H)(t,m) ~ (Rp*H)x
~ RU(L,i H|1,) = Hi).

Here the last isomorphism follows from Lemmas 4.5.3 and 4.5.1.
(ii) Consider the commutative diagram

RII x X;H)<=—RI'(I x X;p 'Rp,H)
RI(X;i;'H) <="—RI(X;i; 'p~'Rp,H)

The horizontal arrows are isomorphisms by (i) and the vertical arrow on the
vertical arrow on the right is an isomorphism by Lemma 4.6.4 (ii).

(iii) follows from Lemma 4.6.4 (iii). q.e.d.
End of the proof of Theorem 4.6.3. Set H = h™'G. Then F, = i; 'H and
the results follow from Lemma 4.6.4 (ii)—(iii). q.e.d.

Corollary 4.6.6. Assume f : X — Y 1is a homotopy equivalence and let G
be a locally constant sheaf on' Y. Then RT(X, f~'G) ~ RI(Y;G).

In other words, the cohomology of locally constant sheaves on topological
spaces is a homotopy invariant.

Proof. Let g : Y — X be a map such that fog and go f are homotopic to the
identity of Y and X, respectively. Consider f*: RI'(Y;G) — RI'(X; f'G)
and ¢! : RD(X; f7'G) = RI(Y;G). Then: (fog) = gto ff ~id% =id and
(go f)f = fiogt ~id}, =id. q.e.d.
Corollary 4.6.7. If X is contractible and M € Mod(k), then RI'(X; My) ~
M.

We shall apply Theorem 4.6.3 to calculate the cohomology of various
spaces.

Theorem 4.6.8. Let X =
satisfying the condition

i1 Zi be a fimite covering of X by closed subsets
(4.22) for each non empty subset J C I,Z; is contractible or empty.
Let F' be a locally constant sheaf on X. Then H?(X; F) is isomorphic to the
j-th cohomology object of the complex

D(X;F3) =0 —T(X;F9) S T(X; FL) — -

Proof. Recall that if Z is closed in X, then I'(X; Fiy) ~ I'(Z; F| 7). Therefore
the sheaves F% (p > 0) are acyclic with respect to the functor I'(X; ), by
Corollary 4.6.7. Applying Proposition 4.3.1, the result follows. q.e.d.
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4.7 Cohomology of some classical manifolds

Here, k denotes as usual a commutative unitary ring and M denotes a k-
module.

1-sphere

Let X be the circle S' and let Z;’s be a closed covering by intervals such that
the Z;;’s are single points and Zy2 = 0. Applying Theorem 4.6.8, we find
that if F' is a locally constant sheaf on X, the cohomology groups H’(X; F)
are the cohomology objects of the complex:

0= Fp @ Fy @& Fy % Fy, @ Fpy, @ Fy, — 0.

Recall Example 3.3.10: S' = U; UU,, U; NU, has two connected components
U and Up,, k is a field, o € k* and L, denotes the locally constant sheaf
of rank one over k obtained by glueing ky;, and kg, by the identity on U,
and by multiplication by a € k* on Us.

Then for j = 0 (resp. for j = 1), H/(S'; L,) is the kernel (resp. the cok-

0 -1 1
ernel) of the matrix 1 0 —a | acting on k3. (See Example 4.3.2.)
-1 1 0

Note that these kernel and cokernel are zero except in case of @ = 1 which

corresponds to the constant sheaf k.
It follows that if M is a k-module, then RI'(S*; Mgi) ~ M & M [—1].

n-sphere

Consider the topological n-sphere S". Recall that it can be defined as follows.
Let E be an R-vector space of dimension n+1 and denote by E the set E\{0}.
Then

S" ~ K/R¥,

where R denotes the multiplicative group of positive real numbers and S”
is endowed with the quotient topology. In other words, S™ is the set of all
half-lines in [E. If one chooses an Euclidian norm on [E, then one may identify
S™ with the unit sphere in E.

We have S = DTUD™, where D' and D~ denote the closed hemispheres,
and DT N D~ ~ S" ! Let us prove that:

(4.23) RI(S™ kg») = k & k[—n].
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Consider the Mayer-Vietoris long exact sequence

(4.24)  — H/(D";kps)® H (D™ ;kp-) — H(S" ' kgn1)
— HITH(S™ kgn) — - -

The closed hemispheres being contractible, their cohomology is concentrated
in degree 0. Then we find by induction on n that the cohomology of S™ is
concentrated in degree 0 and n and isomorphic to k in these degrees. To
conclude that RI'(S"; kgn) is the direct sum of its cohomology objects, use
the fact that Ext’]gb(k) (k,k) ~ 0 for n # 0 and Exercise 8.5 of [Sc02].

Let E be a real vector space of dimension n + 1, and let X = E \ {0}.
Assume E is endowed with a norm |- |. The map x — x((1 —t) + t/|z|)
defines an homotopy of X with the sphere S”. Hence the cohomology of a
constant sheaf with stalk M on V'\ {0} is the same as the cohomology of the
sheaf Mg

As an application, one obtains that the dimension of a finite dimensional
vector space is a topological invariant. In other words, if V and W are two
real finite dimensional vector spaces and are topologically isomorphic, they
have the same dimension. In fact, if V' has dimension n, then V \ {0} is
homotopic to S"~1.

Notice that S™ is not contractible, although one can prove that any locally
constant sheaf on S™ for n > 2 is constant.

Denote by a the antipodal map on S" (the map deduced from z +— —x)
and denote by a*" the action of a on H™(S"; Ms»). Using (4.24), one deduces
the commutative diagram:

(4.25) HP (S Maoor) —e HO(S™ Mn)
aﬁn—ll aﬁnl
Hn_l(Sn_l; MSn—l) — Hn(Sn’ MSn)

For n = 1, the map a is homotopic to the identity (in fact, it is the same as
a rotation of angle 7). By (4.25), we deduce:

(4.26) a acting on H™(S"™; Mgn) is (—)" 1.

n-torus

The Kiinneth formula will be proved in the next chapter (see Corollary 5.3.8).
It allows us to calculate the cohomology of the n-torus T":= (S)". Applying
(4.23) for n =1 we get:

(4.27) RI(T"; kpn) ~ (k & k[—1])*".
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For example, for n = 2, we find

kok-1)®kokl-1)) ~ kokokok-1]ok-1]ok® k-1 @k/-1

~ k@ k[-1] @ k[-2].

Action of groups

Let G be a fgroup (with unit denoted e). We identify G with the category
with one object, the morphisms of this object being G. Consider the category

G-Mod(k) := Fet(G, Mod(k)).

An object of G-Mod(k) is thus a k-module endowed with a left action of G.
One defines the functor

1¢: G-Mod(k) — Mod(k),
I9(M)={m € M;g-m =m for all g € G}.

The module 19(M) (also denoted M¢ in the literature) is thus the submodule
of G-invariants of M. One checks easily that the functor I¢ is left exact. If
M € G-Mod(k), one sets

HP(G; M) = HP(RI®(M)).

Assume now that G is endowed with the discrete topology and acts on a
topological space X, that is, we have a continuous map

w:Gx X - X

satisfying u(e,z) = z, pu(g1 - g2,x) = p(ge, p(g1,z)). On X, the relation
x ~ y if there exists g € G such that p(g,z) = y is an equivalence relation
and one denotes by X/G the quotient space. One sets for short Y = X/G,
one endows Y with the quotient topology and one denotes by

p: X =Y =X/G
the quotient map. For g € GG, we get a commutative diagram

x-2.x

BN

Y.
For g € G, we deduce a morphism of functors (see (4.21)):

(4.28) g idy — paop
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as the composition
idy = pyog.ogtop t~p.op .
Applying p, o p~!, we get a morphism
(4.29) ¢ popt—=poph.
For F' € Mod(ky) define FY9 by the exact sequence

-1 id —g¥ 1
0—=F9—=p.op  F——=p,op  F
and set

I°(F) = () F*.

geG

Of course, there is a natural morphism F — [¢(F). The functor I'(Y; *)
being left exact, we get:

Lemma 4.7.1. Let F € Mod(ky). Then
IS(T(Y; F)) ~T(Y; I(F)).

Lemma 4.7.2. Assume that X is Hausdorff and G is finite and acts freely
on X. Then one has the isomorphism F = F©.

Proof. Notice first that the fibers of p are finite. Let y € Y. The module F},
is isomorphic to the submodule of I'(p~*(y); p~*F) on which G acts trivially,
that is, F, ~ I9(p.p~'F),). Since I¢((p.p~'F),) ~ (F),, we get the
result. q.e.d.

Recall that for a space Z, one denotes by az the map Z — pt. Applying the
functor ay, to (4.29), we deduce that there is a well-defined functor

ax,op ' Mod(ky) — G-Mod(k).

Lemma 4.7.3. Assume that X is Hausdorff and G is finite and acts freely
on X. Then one has the isomorphism of functors RI® o Rax,op~' ~ Ray,.

Proof. (i) The isomorphism I%oax,0p~! ~ ay,. follows from Lemmas 4.7.2
and 4.7.1 .

(i) Tt follows from the hypotheses that p~! sends injective sheaves to injective
sheaves (apply the result of Exercise 4.7), and one knows that ax, sends
injective sheaves to injective sheaves. Therefore, the derived functor of the
composition is the composition of the derived functors. q.e.d.
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Application: real projective spaces !

by P™ the real projective space of dimension n. It can be obtained as the
quotient of S™ by the antipodal map, that is, the quotient of S™ by the
group Z/27Z. Hence, we may apply Lemma 4.7.3 with X = S", Y = P" and
G =7/27. We choose k = Z.

We have a distinguished triangle

7<"Rax,Zx — Rax,Zx — H"(Rax,Zx) = .

Since X = S", this triangle reduces to

7, — RCI,X*ZX — 2 [—n] +—1>
where Z = Z, the action of Z/2Z is trivial on Z, is trivial on Zif nis odd and

this action on Z is the multiplication by —1 if n is even (we apply (4.26)).
Using resolution, one easily obtains:

Zitp=0,
HP(Z)2Z;,7) = { 7Z/2Z if p is even,
0 otherwise.

Therefore, if n is odd one proves

Z if p=0,n,
HP(P™Z) =< Z/2Zifp=24,...,n—1,
0 otherwise.

When n is even, one find

Z)2Z if p is odd,

0 otherwise.

HP(Z7,)27:7) = {
Therefore, if n is even we find
Zitp=0,

HP(PYZ) =< Z/2Zifp=2,4,...,n,
0 otherwise.

IThe classical proofs calculating the cohomology of the real projective space use spectral
sequences. The proof proposed here, using truncation functors instead, is much shorter.
It is due to Tony Yue Yu who did it when he was a Master 2 student at UPMC around
2011.
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Exercises to Chapter 4

Exercise 4.1. Let X be a topological space, M a closed subspace and F
a sheaf on X. Assume there is an n > 0 such that H3,(F) ~ 0 for j < n.
Prove that the presheaf U — Hjy;,(U; F) is a sheaf and is isomorphic to the
sheaf H},(F). (See Notation 4.14.)

Exercise 4.2. Let X be a locally compact space, M a closed subspace and F
a sheaf on X. Assume there is an n > 0 such that for any compact K C M,
H;;(X;F) = 0 for all j < n and that for each pair K1 C K, of compact
subsets of M, the natural morphism Hy (X;F) — Hy, (X;F) is injective.
(i) Prove that for each open subset w of M, H(X; F) =0 for all j < n, and
the presheaf w — H(X; F') is the sheaf H},(F).

(ii) Prove that if K’ C M is compact, I'x (M; H},(F)) ~ HY(X; F).

(iif) Assume moreover that Hj(X; F) = 0 for all compact subsets of M and
all j > n. Prove that the sheaf H},(F) is flabby.

(Remark: when M is a real analytic manifold of dimension n, X a complexi-
fication, and F' = Oy, all hypotheses are satisfied. The sheaf H},;(Ox)®ory
is called the sheaf of Sato’s hyperfunctions.)

Exercise 4.3. Let X = N endowed with the topology for which the open
subsets are the intervals [0,...,n],n > —1 and N.

(i) Prove that a presheaf F' of k-modules on X is nothing but a projective
system (F,,, pm.n) indexed by N and that this presheaf is a sheaf if and only
if F(X) ~ I&n F,.

(ii) Prove that if F,.; — F, is onto, then the sheaf F' is flabby.

(iii) Deduce that if 0 — M) — M, — M) — 0 is an exact sequence of
projective systems of k-modules and the morphisms M’,,;; — M/ are onto,
then the sequence 0 — lim M — lim M, — lim M/ — 0 is exact.

(iv) Prove that for any sheaf F' on X there exists an exact sequence 0 —
F—Fy— F — 07 with Ey and I} ﬂabby
(v) Denote by 7 the left exact functor

(4.30) m: (Mod(k))™ — Mod(k), {M,}, = lim M,.

Prove that R/m ~ 0 for j > 1.

Exercise 4.4. let X be a real n-dimensional vector space and let U be an
open convex subset, j : U — X the embedding. Calculate Rj k.

Exercise 4.5. Assume that k is a field. Prove that a sheaf of kx-modules
is injective if and only if it is flabby.
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Exercise 4.6. By considering the space X = S and the map ax: X — pt,
prove that the isomorphism Rf,o f~! ~ R(f.o f~!) does not hold in general.
(Here, R(f. o f~!) denotes the right derived functor of the left exact functor

Jeo f_l-)

Exercise 4.7. Let X be a topological space and les F,G € Mod(kx).

(i) Prove that if F' is injective, then Hom (G, F') is flabby.

(ii) Deduce from (i) and Proposition 4.4.6 that to be injective is a local
property.

Exercise 4.8. Let K be a compact relatively Hausdorff subset of a topo-
logical space X. Prove the isomorphism H’(K; F) ~ @Hj(U; F), where U
U

ranges through the family of open neighborhoods of K.
Exercise 4.9. Let X = S" x S". Calculate RI'(X; k).

Exercise 4.10. Assume k is a field, and for o € k* let L, be the locally
free sheaf of rank one on S* constructed in Example 3.3.10. Let X = S! x S*.
Calculate RI'(X; L, X Lg) for o, B € k*.

Exercise 4.11. Let Y = [0, 1]x]0, 1] and let X denote the manifold obtained
by identifying (0,¢) and (1,1 —¢). Let S denote the hypersurface of X, the
image of the diagonal of Y. Calculate I'(X; org/x).

Exercise 4.12. Let D denote the closed disc in R? with boundary S'. Let
v o St < D denote the embedding. Prove that there exists no continuous
map f : D — S! such that the composition f o is the identity.

Exercise 4.13. Let Y and Y’ be two topological spaces, S and S’ two closed
subsets of Y and Y’ respectively, f : S ~ S’ a topological isomorphism.
Define the topological space X :=Y Lig Y as the quotient Y UY”/ ~ where
~ is the equivalence relation which identifies x € Y and y € Y’ for z € S,
y e S and f(x) =y.

Let S™ be the unit sphere of thee Euclidian space R"*!, Z the intersection
of S™ with an open ball of radius ¢ (0 < ¢ << 1) centered in some point of
S™ and let 3 denote its boundary in S”. Set Y = S"\ Z, S = ¥ denote by
Y’ and S” another copy of Y and S.

(i) Calculate RI'(Y Ug Y kyi4v7)-
(ii) Same question when replacing the sphere S" by the torus T? embedded
in R3.



Chapter 5

Duality on locally compact
spaces

In this chapter all sites X, Y, etc. are locally compact topological spaces.
Recall that we assume that k has finite global dimension.

5.1 Proper direct images

Proper maps

Definition 5.1.1. A continuous map f: X — Y is proper if f is closed (i.e.
the image of any closed subset in X is closed in Y') and its fibers are relatively
Hausdorff and compact.

If X and Y are locally compact, f is proper if and only if the inverse
image of a compact subset of Y is compact in X. If Y = pt, f is proper if
and only if X is compact.

Proposition 5.1.2. Assume that f: X — Y is proper. Then the morphism

(5.1) (feF)y = DU () Fli-1)-

s an isomorphism.

Proof. When V ranges over the family of open neighborhoods of y, f~1(V)
ranges over a neighborhood system of f~1(y). Hence ligf‘(fflV; F) =

Voy

I(f~*(y); F|s-1¢)) by Proposition 4.1.2. q.ed.

One says that a map f is finite if it is proper and moreover the inverse image
of a finite set is finite.

79
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Corollary 5.1.3. If f is finite, the functor f, is exact.

Lemma 5.1.4. Let K be a relatively Hausdorff compact subset of X and
let {F;}ier be a small filtrant inductive system of sheaves. Then the natural
morphism @F(K; F) = I'(K; h&Fz) is an isomorphism.

Proof. The proof is left as an exercise. q.e.d.

Lemma 5.1.5. Let f: X — Y be a morphism of locally compact spaces and
let {F;}icr be an inductive system of sheaves on X with I small and filtrant.
Let Z C X be a closed subset and assume that the map f|z is proper. Then
the natural morphism h_ngf*(FZ)Z — f*(hg(FZ)Z) is an isomorphism.

Proof. We shall apply Lemma 5.1.5. Let K be a compact subset of Y. One
has

D(K; fo(im(F)z)) ~ D(fKNZ;lm(F)z)
= hﬂp(fflf( NZ;(F;)z)
~ I T(K: £.((F)7).
By choosing for K a fundamental neighborhood system of y € Y we get that

the natural morphism of the statement induces an isomorphism on the talks
at each y € Y. q.e.d.

Proper direct images

Definition 5.1.6. Let f: X — Y be a morphism of locally compact spaces
and let F' € Mod(ky).

(a) One defines the functor fi: Mod(kx) — Mod(ky) by setting for F' €
MOd(kx)l

fF = lim f.(Fy)

vccx

where U ranges over the family of relatively compact open subsets of X.

(b) One sets I'.(X; *) = axy, where ax: X — pt.
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Proposition 5.1.7. (i) In the situation of Definition 5.1.6, one has for V
an open subset of Y :

D(V; AF) = i Dy (f~ (V): F)

where Z ranges through the family of closed subsets of f~1(V') such that
flz : Z =V is proper. In particular, T .(X; F) ~ ligFK(X; F), where

K
K ranges through the family of compact subsets of X.

(i) If f is proper on supp(F), then fFF = f.F. In particular, if f is
proper, then fi = f..

(iii) The functor fi is left exact and commutes with small filtrant inductive
limats.

(iv) Let g: Y — Z be a continuous map of locally compact spaces. Then

Jrog = (fog)!-

(v) Letiy: U < X be an open embedding. Then the functor iy, as given
by Definition 5.1.6, coincides with the functor j;' (see Notation 2.7.2).

Proof. (i) We shall apply Lemma 5.1.5. For any W open and relatively
compact subset of V

F(W;@f*FU) = h_n}F(W§ f*FU)
U U

~ lig T(f (W); Fy)

Uw’

where U ranges over the family of relatively compact open subsets of X and
W' over the family of open neighbourhoods of W.

Let s € I'(V; fuF'). Then s € I'(V; fiF) if and only if for any W C V open
and relatively compact in V', there exists U C X open and relatively compact
such that supp(s) N f~!W is contained in some U relatively compact in X.
This is equivalent to saying that the support of s is proper over Y.

(ii) is obvious.

(iii) The functor F' — Fy is exact, the functor f, is left exact and the functor
lim over small filtrant categories is exact. Hence, f;is left exact. It commutes
with small filtrant inductive limits by Lemma 5.1.5.

(iv) In the sequel, U ranges over the family of relatively compact open subsets
of X, and similarly with V' in Y.
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By Proposition 4.2.1), the functor F' — Fy; commutes with inductive lim-
its and by Lemma 5.1.5 the functor g.((*)y) commutes with filtrant inductive
limits. Therefore:

gufif ~ lim g, ((lim £, Fy)v) ~ lim g, (lm(f. Fy)v)
|4 U 14 U
v U U

(v) Applying Notation 2.7.2, we find
inF = ji'F
~ Jjy lim Fy ~ ling ji; ' Py
% %
where V' ranges over the family of relatively compact open subsets of U.
Hence, to recover Definition 5.1.6, it is enough to check that for such a V/,
]EIFV ~ iU*Fv.

This is left as an exercise. q.e.d.

Base change formula (non derived)

Consider a Cartesian square of locally compact topological spaces:

(5.2) XL x
Lf’ O Lf
v LY.
This means that go f' = fog¢ and X' is isomorphic (as a topological space)
to the fiber product:
XxyY'={(z,y) e X xY'; f(z) =g(y)}

Note that for any compact K C Y, ¢’ induces a topological isomorphism

fHE) = fHg(K)).
Also note that choosing y € Y and setting X’ = f~!(y), we get the
Cartesian square:

(5.3) [y L-x
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Proposition 5.1.8. Consider the Cartesian square (5.2). There is a natural
morphism of functors

(5.4) g lofi= fliog™

Moreover, if F' € Mod(kx) and f is proper on supp F', then f' is proper
on supp ¢’ *F and the morphism (5.4) induces an isomorphism g~ ' f.F =
.97 F. In particular, if f is proper, then (5.4) is an isomorphism.

Proof. (i) The isomorphism f, o ¢/, ~ g, o f’, defines by adjunction the
morphism g~ o f, o g, — f’,, hence the morphisms

glofi = glofiog.og™
— flog™h
(ii) Let ¢/ € Y' and set y = g(¢). Let F' € Mod(ky). We have
(g_lf*F)y’ ~ (fuF),
~ T(fT () F)
and
(f/*g'_lF)y' ~ F(f/—l(y/); g/_lF).

Since ¢’ induces a topological isomorphism f'~(y') = f~'(g(3/), the result
follows. q.e.d.

Theorem 5.1.9. Consider the Cartesian square (5.2). Then there is a nat-
ural isomorphism of functors:

fliogd™ S g tofi

In particular, setting Y = {y} for y € Y, one gets for F' € Mod(kx) the
isomorphism:

(5.5) (AF)y = Lo f 7 (W): Fly-1y)-

Proof. Let F' € Mod(kx). We have the isomorphisms below in which U
ranges over the family of relatively compact open subsets of X and similarly
with U’ in X"
g AF = g 'lim fFy >~ limg™ f.Fy
U U

> iy (0 () = i (6 F)y)
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and

f/!glle ~ %ﬂ f/*(glle)Ul'
U’

Let K be a compact subset of Y’. The family {f"'K NU'}y: and the family
{f"'K Ng~'U}y are cofinal. Therefore, the morphism

D(K; f'g 7 F) = T(K; g7 fiF)

is an isomorphism. q.e.d.

Projection formula (non derived)

Lemma 5.1.10. Let X be a locally compact space and let ' € Mod(ky).
Let M be a flat k-module. Then the natural morphism.:

F(X;F)@M —T.(X; F® M)
s an isomorphism.
Proof. Since I'.(X; F) ~ ligF(X; Fk), we may assume from the beginning
that X is compact. Let KK: U, K; be a finite covering by compact subsets

and set K;; = K; N K;. Consider the diagram:

0——=D(X;F) @M —2>@(K; F) oM —~~¢,(K;; F)® M

| | !

0—T'(X; F ® My) X &;,[(K;; F @ My) s @1 (Kij; F ® Mx)
Notice first the isomorphism

(5.6) lig(D(U; F) @ M) = U (U; F @ M),

where U ranges thourgh the family of open neighborhoods of z € X. In fact,
both sides are isomorphic to F, ® M.

(i) a is injective. Let s € I'(X; F) ® M, with a(s) = 0. By (5.6) there exists
a covering such that A(s) = 0. Hence, s = 0. The same argument shows that
[ and ~ are injective.

(ii) « is surjective. Let t € ['(X; F ® Mx). By (5.6) there exists a finite
covering such that A'(t) is in the image of 5. Then the result follows, using
the injectivity of ~. q.e.d.
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Now we consider a continuous map f: X — Y. Let F' € Mod(ky) and
G € Mod(ky). There are natural morphisms :

TUAFeG) ~ [ Fef G
- Fef'G

which defines by adjunction: f,F® — f.(F ® f~'G). This last morphism
induces:

(5.7) FF®G = f(F&f7a).

Proposition 5.1.11. Let f: X — Y be a morphism of locally compact
spaces. Let F' € Mod(kx) and G € Mod(ky). Assume that G is a flat
ky-module. Then the natural morphism (5.7) is an isomorphism.

Proof. Tt is enough to check the isomorphism at each y € Y. Denote by g :
{y} — Y the embedding and consider the Cartesian square (5.3). Applying
the base change formula, we get

(AF@fG)y, ~ g AFfG)

~ fig (F@f'G)

~ fi¢ Fed fa).
Applying Lemma 5.1.10 with F replaced by ¢ ' F and M replaced by f~'G =
G,, we get

fily  Feg ' fG) = [l FeG,

(f!F>y ® Gy
(f!F ®G)y'

12

12

q.e.d.

5.2 c-soft sheaves

Definition 5.2.1. Assume X is locally compact. A sheaf F' is c-soft if for
any compact subset K of X, the map I'(X; F') — I'(K; F) is onto.

Lemma 5.2.2. Let F € Mod(kx). The conditions bellow are equivalent.
(i) the sheaf F' is c-soft

(ii) for any locally closed subset Z of X, the restriction map T'.(X; F) —
L(Z; F|z) is surjective,
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(iii) for any compact subset K of X, the restriction map U'.(X; F) — T'(K; F)
18 surjective,

Proof. (i) For K compact:, we have I'(K; F) = T'.(K; F|k). Therefore,
(1) = (1ii) = (i) is clear.

(ii) Assume F' is c-soft. Let s € I'.(Z; F|z) with support in K and let U be
a relatively compact open neighborhood of K in X. Define 5§ € T'(QU U (Z N
U); F) by setting 3| ;g = s, 3loy = 0. Then 5§ € T(OU U Z N U; F) extends
to a section of I'(X; F'), and since §|sy = 0, we may assume ¢ is supported
by U. q.e.d.

Lemma 5.2.3. A small filtrant inductive limit of c-soft sheaves is c-soft. In
particular, a small direct sum of c-soft sheaves is c-soft.

Proof. Apply Proposition 5.1.7 and Lemma 5.2.2 after remarking that a small
direct sum is a filtrant inductive limit of finite direct sums. q.e.d.

Proposition 5.2.4. Assume F is c-soft on X.

(i) If iz : Z — X s the embedding of a locally closed subset in X, then
i, F is c-soft,

(ii) If f : X =Y is continuous, then fiF is c-soft on'Y,
(iii) for Z as in (i), Fy is c-soft.

Proof. (i) If Z is open, this is clear and if Z is closed, this follows from
Lemma 5.2.2.
(ii) Let K be a compact subset of X. Consider the diagram:

L(X; F)——=T.(fK); F)

| |

Le(Y5 AF) Ie(K; fF)

The first horizontal arrow is surjective by Lemma 5.2.2 and the vertical ar-
rows are isomorphisms.
(iii) follows from (i) and (ii) since F; ~izi,'F. q.e.d.

Proposition 5.2.5. Let 0 - F' — F — F” — 0 be an exact sequence of
sheaves and assume F' is c-soft. Then the sequence

[0}

0= TU(X;F) STUX;F) S T(X; F') = 0

15 exact.
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Proof. Let s € T'.(X; F") and let U be an open neighborhood of supp(s”),
U being relatively compact. In order to prove that s is in the image of
L(X; F) — (X5 F"), we may replace F', F, F" by F[,, Fy, F{j. Then we
may replace X by U, hence we may assume from the beginning that X is
compact.

Let {K;}!_, be a finite covering of X by compact subsets and let s; €
['(K;; F) such that B(s;) = §"|k,. We argue by induction on n, and reduce the
proof to the case n = 2. Then $1|x,nx, — S2| Kk nK, belongs to I'( Ky N Ky F').
We extend this element to s’ € I'(X; F”’) and replace sy by se + s'. Hence
there exists t € ['(K; U Ky; F') with (t) = s” and the induction proceeds.
q.e.d.

Proposition 5.2.6. Let 0 - F' — F — F” — 0 be an exact sequence of
sheaves, and assume F' and F are c-soft. Then F" is soft.

The proof is similar to that of Proposition 4.4.4.

Proposition 5.2.7. Let S be a closed subset and K a compact subset of
X. The category of c-soft sheaves is injective with respect to the functors

Fc(Xv ')7 Fc(‘su "S); f! and F(Kv .>'
The proof is left as an exercise.

Proposition 5.2.8. Let ' € Mod(ky). Then F is c-soft if and only if
HI(U; F) ~0 for any U open in X and any j > 0.

Proof. Tt follows from Proposition 5.2.7 that the condition is necessary. Let
us prove the converse. Assume that HJ(U; F) ~ 0 for any U open in X and
any 7 > 0. Let K be a compact subset. Applying Proposition 4.2.4, we have
an exact sequence

0— Fx\xk = F — Fg — 0.

Applying the functor I'.(X; «) to this exact sequence, the result follows since
HYX \ K; F) ~ 0 by the hypothesis. q.e.d.

Proposition 5.2.9. Assume X is locally compact and countable at infinity.
Then the category of c-soft sheaves is injective with respect to the functor

[X; ).

Proof. Let 0 — F' — F — F” — 0 be an exact sequence of sheaves, with
F’ c-soft. Let {K,}nen be an increasing sequence of compact subsets of X,

with X = U, K.
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The sequences
0> T(K,; F') > T(K,;F)—=>T(K,;;F") =0

are all exact, and the morphisms I'(K,,1; F') — T'(K,; F’) are all surjective.
Hence the sequence obtained by taking the projective limit will remain exact
by the Mittag-Leffler property. (See Exercise 4.3.) q.e.d.

Proposition 5.2.10. Assume X is locally compact and countable at infinity.
Let X = U;c; Ui be an open covering of X and let F' € Mod(kx). Assume
that F|y, is soft for alli € I. Then F is soft.

In other words, to be soft is a local property.
Proof. The proof is similar to that of Proposition 4.4.6. q.e.d.

Example 5.2.11. (i) On a locally compact space X, any sheaf of C%-
modules is soft.

(ii) Let X be a real manifold of class C*°, let K be a compact subset of X
and U an open neighborhood of K in X. By the existence of “partition of
unity”, there exists a real C*-function ¢ with compact support contained
in U and which is identically 1 in a neighborhood of K. It follows that any
sheaf of C'§f-modules is soft.

(iii) Flabby sheaves are soft.

5.3 Derived proper direct images

Consider a morphism f: X — Y of locally compact spaces. One denotes by
Rf, its right derived functor:

Rf!I D+(kx) — D+(ky)

By Proposition 5.2.7, if F € Mod(ky), then Rf F ~ fF*, where F* is a
c-soft resolution of F'. Moreover, if g: Y — Z is another morphism of locally
compact spaces, then, by Proposition 5.2.4,

(5.8) R(go f), ~ Rg o Rf).
In the sequel, we shall always make Hypothesis 5.3.2 below.

Definition 5.3.1. Let d € N. One says that f has c-soft dimension < d if
HI(Rf\F)=0forall j >dand all I € Mod(ky). One says that f has finite
c-soft dimension if there exists d > 0 such that f has c-soft dimension < d.
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Hypothesis 5.3.2. The map f has finite c-soft dimension.

Remark 5.3.3. It follows from Theorem 5.1.2 that f has c-soft dimension
< d only if, for any y € Y, the restriction f|s)-1 has c-soft dimension < d.

Note that assuming Hypothesis 5.3.2, the functor R f, induces a functor:
Rf,: D’(kx) — D"(ky).

Projection formula
First, we derive the isomorphism in Proposition 5.1.11.

Theorem 5.3.4. (Projection formula.) Let f: X — Y be a morphism of
locally compact spaces. Let F' € D (kx) and G € DT (ky). Then there is a
natural isomorphism

L L
Rf\FRG ~ Rf\(FRf'G).

Proof. Let F* be a c-soft resolution of F'in K*(Mod(kx)) and let G* be a flat
resolution of G in K~ (Mod(ky)). By the hypothesis on the Tor-dimension
of k, we may assume that G* € K°(Mod(ky)).

Notice that if F? is c-soft and G’ is a flat sheaf, then F' @ f~1G7 is

L
acyclic for the functor fi. Tt follows that Rf,(F®f~'G) is represented by the

L
complex fi(F*® f~'G*). On the other hand, Rf,FQG is represented by the
complex fiF* ®G*. Hence, the result follows from Proposition 5.1.11. q.e.d.

Base change formula

Next, we derive the isomorphism in Theorem 5.1.9.

Theorem 5.3.5. (Base change formula.) Consider the Cartesian square
(5.2). Then there is an isomorphism in DV (ky), functorial in F € DT (ky):

9 'Rf\F ~Rf'\g"'F.
In particular, for y € Y, we have the isomorphism

(5.9) (Rf\F)y = RE(f (y); Flp-10y))-

Proof. Tt is enough to prove that g~' o Rf, is the derived functor of g~' o f;,
which is obvious and Rf, 0 ¢~ is the derived functor of f/, 0 ¢’ ".

Denote by Zx the subcategory of Mod(ky) consisting of sheaves F' such
that for all y € Y, F|s-1(, is c-soft, and define similarly Zy,. Then Ty is
injective with respect to ¢! and ¢’ sends Zy into Zy.. Moreover, Ly is
injective with respect to f’,. g.e.d.
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Let us give two important corollaries which are particularly important in
Algebraic Topology. The first one tells us that the cohomology with compact
support of a topological space X, with values in a commutative group M,
i.e., the cohomology of the constant sheaf My, is known as soon as it is
known over Z. The second one tells us how to calculate the cohomology of a
product.

Universal coefficients formula
Corollary 5.3.6. (Universal coefficients formula.) Let M € Mod(k).
L
(i) One has the isomorphism RI'.(X; Mx) ~ RI'.(X; kx)®M.
(ii) Assume k =Z. Then

RI.(X; Mx) ~ @Hg(X; Mx) [-j]

J

~ @D (B0 Zx) @, M & Tor{ (B (X Zx), M) [j).

J
L
Proof. (i) One has My = a}lMpt@)kX. By the projection formula, we get:

L L
Rax (ax' Mp®kx) ~ Raxkx®@M.

(ii) Since the homological dimension of the ring Z is one, we have for N €

D*(Mod(Z)) and M € Mod(Z):
N =~ &;H'(N)[-j],
NQLE)ZM ~ @ (H/(N)® M & Tor(H*'(N), M)) [—j].
q.e.d.

Notation 5.3.7. Let X and Y be two topological spaces. One sets:

L L
FXG = ¢, 'Fog 'G.
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Kinneth formula

Corollary 5.3.8. (Kiinneth formula.) Let X and Y be two locally compact
spaces. Let F € Dt (ky), G € DT(ky). Then:

L
(5.10) RT.(X x V; FRIG) =~ RTL(X; F)$RTL(Y; G).

Proof. Consider the diagram:

(5.11) X xY
VN
X Y
pt
Then:

L L
Raxy,(FRG) Ray Rps(py ' F&p;'G)

12

12

L

Ray((Rpaypy ' F)®G)
L

Ray(ay' Rax, F®QG)

12

L
RCI,X!F@RCI,Y!G.

12

q.e.d.

5.4 The functor f'

All over this section, we shall assume that all morphisms of locally compact
spaces have finite c-soft dimension (see hypothesis 5.3.2).

Let f: X — Y be a continuous map of locally compact topological spaces.
Applying Theorem 1.1.9 and Lemma 5.2.3, we get:

Theorem 5.4.1. The functor Rf, : D" (kx) — D*(ky) admits a right ad-
joint.

One denotes by f' this adjoint.
In other words, for F' € D (ky), G € D" (ky), we have an isomorphism
functorial with respect to F' and G:

HOmD+(ky)(Rf!Fa G) = HomDJr(kX)(F? f!G)'
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Notice that the functor f': D*(ky) — D*(kx) is not the derived functor
of any functor in general.

For a direct proof not using the Brown representability theorem, we refer
to[GMO6], [KS90].
We discuss its applications. First, notice that we get natural morphisms:

Rf,f'G -G, F — f'RfF.

Proposition 5.4.2. Let g : Y — Z be a continuous map satisfing Hypothesis
5.3.2. Then go f satisfies Hypothesis 5.3.2 and

(gof) = fog.
Proof. Both results immediately follow from (5.8). q.e.d.

Proposition 5.4.3. Consider the Cartesian square (5.2) Assume f satisfies
Hypothesis 5.3.2. Then [ satisfies Hypothesis 5.3.2 and there is a natural
isomorphism of functors from DT (kx/) to D¥(ky):

(5.12) f'oRg, ~Rq, o f".

Proof. The results follow from Remark 5.3.3. and Theorem 5.3.5 by adjunc-
tion. q.e.d.

Proposition 5.4.4. In the situation of Theorem 5.4.1, one has:
(i) RHom (Rf,F,G) ~ RHom (F, f'G)
(ii) RHom (RfF,G) ~ Rf,RHom (F, f'G).

Proof. (i) follows from (ii) by applying RI'(Y; «).
(ii) Consider:

Rf.RHom (F, f'G) — RMom (Rf,F,Rf f'G)
— RHom (RfF,G).

Let us prove that the composite of these two morphisms is an isomorphism
by applying H'RI'(V; +) to both terms for V open in Y. We get :

H’RI(V;Rf ,RHom (F, f'G)) ~ HOHlD+(kf_1(V))(F|f—1(V)a £
~ HIRI(V; RHom (Rf,F,G).
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Proposition 5.4.5. Let G1,Gy € D (ky). There is a natural morphism

| B L
F'G1® [1Gy — F(G18Gy).
Proof. Consider the chain of morphisms:

HOIH(G1®G2,H) — Hom(Rf!f!Gl(g)G??H)
~ Hom (Rf,(f'G1® f1Gy), H)
~ Hom (f'Gi® f~'Gs, f'H).

Choosing H = G; ® G, we get the result. q.e.d.
Given a map f: X — Y, we may decompose it by its graph:
f: X—=>XxY =Y.

In view of Proposition 5.4.2, in order to calculate f* it is thus enough to do
it when f is an isomorphism on a closed subset and when f is a projection.

Proposition 5.4.6. Assume that f: X — Y s a closed embeddding, that is,
induces an isomorphism from X onto a closed subset Z of Y. Then

fie) = fTHoRI4(4).
Proof. Let F € DP(kx), G € DP(ky).

Hom (Rf\F,G) ~ Hom (Rf F ®ky,G)~ Hom(Rf F,RI'zG)
~ Hom (f 'Rf,F, f 'RI'zG) ~ Hom (F, f 'RT,G).
q.e.d.
Proposition 5.4.7. Let G1,Gy € D(ky). Then:
f'RHom (G, Gy) ~ RHom (f Gy, f'Gy).
Proof. For F' € D"(ky), one has:
Hompy ) (F' f'RHom (Gy,G1)) ~ Homp, . (RS F, RHom (G, G1))
~ Homp,q (2], F®G2,G1)

(

)

(Rf (F& [ Ga), Gh)
~ Hom g, ( LGy, £'Gy)

)

)

~ Hom Db (k

12

Hom . (F, RHom (f1Gs, f'GY)).

Since these isomorphisms hold for any F' € D"(ky), the result follows. q.e.d.
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Consider the diagram, were as usual dx denotes the diagonal embedding;:

Ay X x X
X X

Corollary 5.4.8. Let Fy, F, € DP(kyx). Then, identifying Ax with X by qi,
RHom (Fy, Fy) ~ §' RHom (¢; ' Fy, ¢\ F).
Proof.

§'RHom (g3 ' Fo, i F1) =~ RHom (5 '¢y'Fy,8'q Fy)
RHom (FQ, Fl)

12

q.e.d.

The next proposition is analogous to the Kiinneth formula, replacing the

L
functor ¢, *(+)®qi(+) with the functor RHom (g5 '(*), ¢\ (*)).

Proposition 5.4.9. Let X and Y be topological spaces with finite c-soft
dimension. Then for G € D*(ky), F € D*(kx), one has:

RHom (¢;'G, ¢. F)) ~ RHom (R['.(Y; G), R['(X; F)).
Proof. Consider Diagram 5.11. Then:

RI'(X x Y;RHom (¢, 'G,¢\F)) ~ Rax,Rq,.RHom (¢ G, q\F)
Rax,RHom (Rqu,q; 'G, F)

RaX*RHom(a;(lRang, F)
~ RHom (Ray G, Rax,F).

12

12

q.e.d.

Definition 5.4.10. Assume that f : X — Y satisfies Hypothsis 5.3.2. One
sets:

wWx/y = f!kY

and calls wy/y the relative dualizing complex.
If X has finite c-soft dimension, one sets:

!
Wx = Wx/pt = f kpta

and calls wy the dualizing complex on X.
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Note that by applying Proposition 5.4.5 with F} = kx, we get a natural
morphism:
G @wx)y — fG.

For I € DP(ky), one defines the two dual objects to F:

D'F = RHom(F ky),
DF = RHom(F,wx).

The object DF is often called “the Verdier dual” of F'. We denote by * the
duality functor on Mod(k):

(5.13) * = RHom (+,k), D"(Mod(k))®® — D*(Mod(k)).
Using the adjunction (Rax,,a’), we get :
RHom (F,wyx) =~ RHom (RT'.(X;F), k)
(RT(X, F))".
Choosing F':= kx, we find:
Corollary 5.4.11. Assume that X has finite c-soft dimension. Then
(RT(X3ky))" ~ RI(X;wx).

When X is a topological n-dimensional manifold of class C*°, we shall see
that that wy is the orientation sheaf shifted by n, and Corollary 5.4.11 is a
formulation of the classical Poincaré duality theorem.

5.5 Orientation and duality on C’-manifolds

A C’-manifold X is a Hausdorff, locally compact, countable at infinity topo-
logical space which is locally isomorphic to a real finite dimensional vector
space. Recall that the dimension of such a vector space is a topological in-
variant, hence the dimension of X is a well-defined locally constant function
on X that we denote by dy.

Lemma 5.5.1. Let V' be a real vector space of dimension n and let F' be a
sheaf on V.. Then HI(V;F) =0 for j > n.

Proof. (i) Assume n = 1. We may replace V' by the open interval 0, 1].
Denote by j the embedding ]0, 1[< [0,1]. Then j is exact and we deduce
that H7(]0,1[; F) ~ H([0,1]; #F). Then, the result follows from Lemma
4.5.1.
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(ii) Assume the result if proved for linear spaces of dimension less than n.
Let p: V' — V' be a surjective linear map with dim V' = n—1. By the above
result and the base change formula, R/p, = 0 for j # 0, 1. Hence have a d.t.

RnF — RpF — R'p F[—1] *L  which gives a long exact sequence:
cee = Hg(V/; RoplF) — Hg(V; F)— Hg’*l(v’; Rlng) — e
Then the result follows by induction. q.e.d.

Proposition 5.5.2. Let X be a C'-manifold of constant dimension n and let
F be a sheaf on X. Then:

(i) H(X;F)=0 forj > n,
(i) HI(X;F) =0 for j >n,
(iii) the c-soft dimension of X is n.

Proof. (i)-(ii) Let 0 — F — F° LN N injective resolution of
F. and let G" := Kerd". It is enough to prove that G™ is c-soft. This is a
local problem, and we may assume X = V' is a real vector space. Let U be
an open subset of V. Since H(U; F) ~ HJ(V; Fy), these groups vanish for
j > n by Lemma 5.5.1 and the result follows from Proposition 5.2.8.

(iii) By (ii) the c-soft dimension of X is < n. The result follows since
H(X;kx) # 0 when X = R". q.e.d.

Lemma 5.5.3. Let X be a topological manifold of dimension n. Then
HY(wx) = 0 for k # —n, and the sheaf H "(wx) is locally isomorphic to
ky.

Proof. We may assume X = R". Then for U open in X, one has the isomor-
phisms:

RI'(U;wx) ~ RHom (ky,a(k))
~ RHom (RT.(U; k), k)
(RI(U; kx))™

If U is convex and non empty, one already knows that RI'.(U;ky) is
isomorphic to k[—n]. Hence H*(wx) = 0 for k # —n and the restriction
morphisms I'(X; H " (wx)) — I'(U; H ™(wx)) are isomorphisms for U con-
vex and non empty. q.e.d.
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Definition 5.5.4. Let X be a C’-manifold of dimension dx. One sets:
ort = H X (wy)

and calls this sheaf the orientation sheaf on X. If there is no risk of confusion,
we write ory instead of or’.

Note that

K K z
wx =~ oryldyx], ory ~ork®, kx.

Proposition 5.5.5. Let X be a C°-manifold of dimension dx.

(i) ory is the sheaf associated to the presheaf: U — Hom ,(H* (U;kx)), k),

ory @orx ~ kx, and Hom (ory,kx) ~ ory,

)
(i) ory is locally free of rank one over kx, and orx , ~ (H?;‘}(kx))*,
(iii)

)

(iv) if X is of class C', then orx coincides with the orientation sheaf defined
in Example 3.3.10.

Assertions (i) to (iii) are easily deduced from the previous discussion. We
refer to [KS90] for a proof of (iv).

Applying Corollary 5.4.11, we obtain the Poincaré duality theorem with
coefficients in k:

Corollary 5.5.6. (Poincaré duality.) Let X be C'-manifold of dimension
dx. Then
(RFC<X7 kX))* ~ R,F(X, Orx) [dx]

Definition 5.5.7. Let f: X — Y be a continuous map of topological spaces.
One says that f is a topological submersion of relative dimension d if, locally
on X, there exists an isomorphism X ~ Y x R? and a commutative diagram

X —">Y x R?

N A

Y
such that p is the projection.

Proposition 5.5.8. Assume that f : X — Y is a topological submersion of
relative dimension d. Let G € DT (ky). Then there is a natural isomorphism

L ~
f_1G®wX/Y = f'G.
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Proof. The natural morphism f‘lGéwX/y — f'G is given by Proposition
5.4.5. To check it is an isomorphism, we may assume X =Y X T and f is
the projection. We may assume Y = U is a non empty open convex subset
of a real vector space of dimension d. Then

RI'NU x V; f'G)

2
=
=
Qo
=
=
q
X

=

=

8

L
(Usky)®ky, G)
RI.(U;ky), k) ® RHom (ky, G)
~ RHom (ky, G)[d].

12
=
i
S)
=

Here, we use the fact that the cohomology of RI'.(U;ky) is isomorphic to
k[—d]. On the other hand, since wy/y is locally isomorphic to kx[d], it
remains to remark that

RINU x V; f'G) ~ RI'(V;QG).

q.e.d.

5.6 Cohomology of real and complex mani-
folds

De Rham cohomology

Let X be a real C*°-manifold of dimension n (this implies in particular that
X is locally compact and countable at infinity). If n > 0, the sheaf Cy is
not acyclic for the functor I'(X; «) in general. In fact consider two connected
open subsets U; and Us; such that U; N Us has two connected components,
Vi and V5. The sequence:

0— F(Ul U UQ; Cx) — F(Ul;CX) ) F(UQ; (Cx) — F(Ul N UQ;C_)() —0

is not exact since the locally constant function ¢ = 1 on Vi, ¢ = 2 on V;
may not be decomposed as ¢ = 1 — @2, with ¢; constant on U;. By the
Mayer-Vietoris long exact sequence, this implies:

HY(U, UUy;Cx) # 0.

On the other hand, for K a compact subset in X and U an open neigh-
borhood of K in X, there exists a real C*°-function ¢ with compact support
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contained in U and which is identically 1 in a neighborhood of K (existence
of “partition of unity”). This implies that the sheaf C§ is c-soft, as well as
any sheaf of C§-modules. In particular, the sheaves C;’(O’(p ! or Dbg?) of differ-
ential forms with C§ or distributions coefficients are c-soft and in particular
['(X;-) and I'.(X; ) acyclic.

Recall that by its definition, the space I'.(X; Dby) of distributions with
compact support is the topological dual of the space I'(X ;C;O’(") ® orx) of
C>-densities. Integration over X defines the embedding of I'.(X;C¥) in
I'.(X;Dbx), hence defines C¥ as a subsheaf of Dbx.

Therefore, the sheaves C;O’(j ) are naturally embedded into the sheaves
Dbg) of differential forms with distributions as coefficients and the differential
on Dbg) induces the differential on C)O(o’(j ),

Notation 5.6.1. consider the complexes

(5.15) Db = 0D L. Db 0.

We call them the De Rham complexes on X with C* and distributions coef-
ficients, respectively.

Lemma 5.6.2. (The Poincaré lemma.) Let I = (]0,1])" be the unit open
cube in R™. The complexes below are exact.

0= C— O L. o ec=M(1) =0,

0—C— DO L ... = D™(I) — 0.

Proof. We shall only treat the case of C*°(I). Consider the Koszul complex
K*(M, ) over the ring C, where M = C>(I) and ¢ = (01,...,0,) (with
0; = %). This complex is nothing but the complex:

0— () L. o ™M) > 0.

Clearly H°(K*(M,¢)) ~ C, and it is enough to prove that the sequence
(Or,...,0,) is coregular. Let M, = Ker(dy) N --- N Ker(9;). This is the
space of C*°-functions on I constant with respect to the variables x4, ..., z;.
Clearly, 0;41 is surjective on this space. q.e.d.

The Poincaré lemma may be formulated intrinsically as:

Lemma 5.6.3. (The de Rham complex.) Let X be a C*-manifold of di-

mension n. Then the natural morphisms Cx — C;O’(') and Cx — Db;) are
quasi-isomorphisms.
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We shall prove a finiteness and duality theorem for the cohomology of a
compact manifold when the base ring k is the field C. The duality result
gives in this case an alternative proof of Corollary 5.5.6.

Theorem 5.6.4. (Poincaré duality on smooth manifolds.) Assume X is
compact. Then the C-vector spaces HY(X;Cx) and H"7(X;or%) are finite
dimensional and dual one to each other.

Proof. We shall make use of some results of functional analysis (refer to
[Ko69]).

The vector spaces I'(X:C3¥™) are naturally endowed with a structure
of Fréchet-Schwartz spaces (spaces of type FS), and the spaces I'(X ;Dbg‘?))
are naturally endowed with a structure of dual of Fréchet-Schwartz spaces
(spaces of type DFS). Set

E* =T(X;c3"),
F*:=T(X;DbY),
G*:=T(X; Db @ory).

(i) Finiteness. The embedding C;”(j )y Db%) defines the morphism of com-
plexes £* — F*. This morphism is continuous for the topologies of spaces
FS and DFS and induces an isomorphism on the cohomology. This implies
the finiteness of the vector spaces H’(E*).

(i) Duality. Since the sheaf or§ is locally isomorphic to Cx, one gets the
isomorphism

(5.16) RI(X;orS) & T(X; Db @ory).

The topological vector spaces I'(X; CF®) and T'(X; Db ™ ®ory) are nat-
urally dual to each other, the pairing being defined by

(gp,u)»—)/Xgo-u.

This pairing is compatible to the differential:

(¢, du) = (dp, u)

In other words, the two complexes F* and G* endowed with their topologies
of vector spaces of type FS and DFS respectively are dual to each other.
Since they have finite dimensional cohomology objects, this implies that the
spaces H7(E*®) and H"7(G*) are dual to each other. q.e.d.
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Corollary 5.6.5. Let X be a real compact connected manifold of dimension
n. Then H"(X;Cx) has dimension 0 or 1, and X is orientable if and only
if this dimension is one.

Proof. One has H°(X;ory) # 0 if and only if orx has a non identically zero
global section, and if such a section exists, it will define a global isomorphism
of orx with Cx. By the duality theorem, H°(X;orx) is the dual space to
H™"(X;Cx). q.e.d.

Cohomology of complex manifolds

Assume now that X is a complex manifold of complex dimension n, and let

X% be the real underlying manifold. The real differential d splits as 0 + 0,

and one denotes by C}O’(p 9 the sheaf of C*® forms of type (p, q) with respect

to 0,0. Consider the complexes
C;o,(pw) — 0 — C;-(O(p,O) S ... C;(cn(p,n)7
DO =0 — DO 2y . D),
Denote by Q% the sheaf of holomorphic p-forms. One usually sets
Qx = 0%.
The Dolbeault-Grothendieck lemma is formulated as:

Lemma 5.6.6. Let X be a complex manifold. Then the natural morphisms
0% — P and 08 — DY) are quasi-isomorphisms.

Since the sheaves C3"™? and Db? are c-soft, it follows that

~

(5.17) RI(X; Q%) = DXGC0PY) S TG D0,
(5.18)

Theorem 5.6.7. (The Cartan-Serre finiteness and duality theorems.) Let
X be a compact manifold of complexr dimension n. Then the C-vector spaces
HI(X;0%) and H"9(X;Q% ") are finite dimensional and dual one to each
other.

The proof goes as in the real case, recalling that a complex manifold is
naturally oriented.
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The Leray-Grothendieck integration morphism

Let f: X — Y be a morphism of complex manifolds. Denote by dx (resp.
dy) the complex dimension of X (resp. Y'), and set for short;

l=dx —dy, (hencel € Z.)
For p, ¢ € Z we have a natural morphism (inverse image of differential forms):
f_IC;O’(p’Q) - C;(OV(M)

which commutes with 9 and defines by duality (recall that the complex man-
ifolds X and Y are naturally oriented):

(5.19) /f . DB — DD

These morphisms commute to 0 and define a morphism of complexes:

o DY 2 DT o

K I

B Dbgfl,qfl) 0 ,Dbg)fl,qflJrl)

If one decides that f*Dbg?’dX )is in degree zero (hence, Dbgf ) will also be in
degree zero), the first line is quasi-isomorphic to Rf Q% [dx] and the second
line to Q2" [dy]. Therefore we have constructed a morphism in DP(Cy):

RAQ™ [dx] — Q57 [dy].
In particular

Theorem 5.6.8. The residue morphism. 7o each morphism f: X —'Y of
complex manifolds, the construction above defines functorially a morphism:

/2 Rf!QX [dx] — Qy [dy]
f

By “functorially”, we mean that fidx = id and fgoff = fgof. In the
absolute case we have thus obtained a map:

(5.20) / : HX(X;Qx) — C.
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A cohomology class u € H%(X;Qx) may be represented by a distribution
UNS FC(X;Dbg?X’dX)) modulo Jw with w € FC(X;Dbg?X’dX_l)). Since dw =
(0+0)w, we get that [, dw = 0 and [, u is well defined. This is the required
morphism.

If X = C, we get in particular an integration map: H{lo}(C; Qc) —
H!(C;Q¢c) — C, and one checks easily that, representing H%O}((C; Qc) by
(D \ {0};Qc)/T(D; Qc), where D is a disc centered at 0, the integral coin-
cides, up to a non-zero factor, with the residue morphism.

Exercises to Chapter 5

Exercise 5.1. Let U be a convex open subset of R%. Prove that RT.(U; ky)
is concentrated in degree d and H4(U; ky) ~ k.

Exercise 5.2. Let X be a locally compact space. Prove the isomorphisms
HI(X;F) ~ liﬂHf((X; F), where K ranges over the family of compact sub-
K

sets of X.

Exercise 5.3. (i) Let I = [0,1]. Show that RI'.(/;k;) = 0.
(ii) Let s denote the map R? — R, (x,y) — = +y. Let D C R*D =
| —1,1[x[-1,1]. Calculate Rsi(kp).

Exercise 5.4. Let Y = [0, 1]x]0, 1] and let X denote the manifold obtained
by identifying (0,¢) and (1,1 —¢). Let S denote the hypersurface of X, the
image of the diagonal of Y. Calculate I'(X; org/x).

Exercise 5.5. Let X be a locally compact space and let {F;};c; be an in-
ductive system of c-soft sheaves on X, with [ filtrant. Prove that hﬂFZ is

c-soft.

Exercise 5.6. (i) Let ¢ be an indeterminate, and denote by F[t] the sheaf
F ® (k[t])x. Prove that on X = C, the sequence of sheaves 0 — Ox|[t] —

C¥I[t] RN C¥[t] — 0 is exact.
(ii) Using the fact that there are C*°-functions ¢ with compact support

such that the support of any solution of the equation 9y = ¢ is the whole
set X, deduce that H'(C; Oclt]) # 0.

Exercise 5.7. Recall that f : Z — X is a trivial covering if there exists
a non empty set S, a topological isomorphism h : Z = X x S where S is
endowed with the discrete topology, such that f = poh wherep: X x5 — X
is the projection. Also recall that f : Z — X is a locally trivial covering
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if f is surjective and any z € X has an open neighborhood U such that
flg=1wy : f71(U) = U is a trivial covering.

Prove that is f : Z — X is a locally trivial covering, then the functor f=1
is right adjoint to f.

Exercise 5.8. Assume f: X — Y is a covering. Prove that f' ~ f~!.
(Hint: the functor f; is a left adjoint to the exact functor f~! and we get the
isomorphism Hom (F, f~'G) ~ Hom (F, f'G) for all c-soft sheaf F.)

Exercise 5.9. Let S” denote the real n-dimensional sphere, P" the real n-
dimensional projective space, v : S — P” the natural projection. Prove that
v is a 2-covering and deduce that for n > 2 there are at least two different
locally constant sheaves of rank one on P".
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