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Introduction

Commutative algebra is the theory of commutative rings and their modules.
Although it is an interesting theory in itself, it is generally seen as a tool for
geometry and number theory. This is my point of view. In this book I try
to organize and present a cohesive set of methods in commutative algebra, for
use in geometry. As indicated in the title, | maintain throughout the text a
view towards complex projective geometry.

In many recent algebraic geometry books, commutative algebra is often
treated as a poor relation. One occasionally refers to it, but only reluctantly.
It also suffers from having attracted too much attention thirty years ago. One
or several texts are usually recommended: the “‘Introductionto Commutative
Algebra” by Atiyah and Macdonald is a classic for beginners and Matsumura’s
“‘Commutative rings” is better adapted for more advanced students. Both
these books are excellent and most readers think that there is no need for
any other. Today’sstudents seldom consult Bourbaki’s books on commutative
algebra or the algebra part in the E.G.A. of Grothendieck and Dieudonné.

With this book, | want to prepare systematically the ground for an algebraic
introduction to complex projective geometry. It is intended to be read by
undergradute students who have had a course in linear and multilinear algebra
and know a bit about groups. They may have heard about commutative
rings before, but apart from Z and polynomial rings in one variable with
coefficients in R or C, they have essentially worked with fields. | had to develop
quite a lot of language new to them, but I have been careful to articulate all
chapters around at least one important theorem. Furthermore | have tried to
stimulate readers, whenever their attention may be drifting away, by presenting
an example, or by giving them an exercise to solve.

In the first eight chapters, the general theory of rings and modules is de-
veloped. | put as much emphasis on modules as on rings; in modern algebraic
geometry, sheaves and bundles play as important a role as varieties. | had to
decide on the amount of homological algebra that should be included and on
the form it should take. This is difficult since the border between commuta-
tive and homological algebras is not well-defined. | made several conventional
choices. For example, | did not elaborate immediately on the homological
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X Introduction

nature of length. But quite early on, when studying dualizing modules on
Artinian rings in chapter six, | used non-elementary homological methods. In
chapter seven, | have been particularly careful on rings and modules of frac-
tions, hoping to prepare readers for working with sheaves.

I wanted this book to be self-contained. Consequently, the basic Galois
theory had to be included. 1 slipped it in at the end of this first part, in
chapter nine, just after the study of integral ring extensions.

Now, our favourite ring is C[Xj, ...,X,], the polynomial ring in several
variables with coefficientsin the field of complex numbers. We can derive many
rings from this one by natural algebraic procedures, even though our purposes
are geometric. Quotient rings of C[X7,. .., X,], in other words, finitely gener-
ated C-algebras, and their fraction rings are the basic objects from chapter ten
to chapter thirteen. Noether’s normalisation lemma and Hilbert’s Nullstellen-
satz, two splendid theorems of commutative algebra, concern these rings and
are at the heart of algebraic geometry. With these results in view, | discuss
the notion of dimension and move heartily towards geometry by introducing
affinecomplex schemesand their morphisms. | can then present and prove two
other important geometric results, a local version of Zariski’s main theorem
and Chevalley’ssemi-continuity theorem.

From chapter fourteen on, | have tried to provide a solid background for
modern intersection theory by presenting a detailed study of Weil and Cartier
divisors.

In order to keep this book short, | have had to make many painful choices.
Several of the chapters that | have deleted fromthis text will appear in a second
book, intended for graduate students, and devoted to homological algebra and
complex projective geometry.

I have been careless with the historical background. But | have been careful
in developing the material slowly, at least initially, though it does become
progressively more difficult as the text proceeds. When necessary, examples
and exercises are included within chapters. | allow myself to refer to some of
those. All chapters are followed by a series of exercises. Many are easy and a
few are more intricate; readers will have to make their own evaluation!

I would like to thank the many students, undergraduates or graduates,
whom | taught, or with whom | discussed algebra, at the universities of Stras-
bourg, Oslo and Paris VI. | have tried to attract each of them to algebra and
algebraic geometry. Special thanks are due to Benedicte Basili who wrote a
first set of notes from my graduate course in algebraic geometry and introduced
me to LaTeX.

My wife Vivi has been tremendously patient while | was writing this first
book. | hope very much that some readers will think that she did well in being
SO.

Rings, homomorphisms, ideals

Our reader does not have to be familiar with commutative rings but should
know their definition. Our rings always have an identity element 1. When
necessary we write 1, for the identity element of A. The zero ring A = {0} is
the only ring such that 14 = 0. In the first two sections we recall the really
basic facts about ideals and homomorphisms (one of the reasons for doing so
is because we need to agree on notation). From section 3 on, we begin to
think about algebraic geometry. Prime and maximal ideals are the heart of
the matter. Zariski topology, the radicals and comaximal ideals are henceforth
treated. Our last section is a first approach to unique factorization domains
(UFDs) (the proof of an essential theorem is postponed to chapter 7).

Examples 1.1

1. Z,Q,R and C are rings. Each of them is a subring of the next.

2. A commutative field K, with identity element, is a non-zero ring such
that K \ {0} is a multiplicative group.

3. The polynomial ring K[Xy, ..., X,] is a ring of which K[Xj, ..., X,,-1] is
a subring.

4, If A is a ring then A[X{, ..., X,] is a ring of which A[X3,...,X,1] is a
subring.

5. If A and B are two rings, the product A x B has a natural ring stucture
(ab)+ (@b)=(ata,btp) and (ab)d,b) = (aa’,bV).
Exercises 1.2

1. If K and K" are two fields, verify that the ring K x K’ is not a field.

2. Let p be a prime number. Denote by Z, the subset of Q consisting of
all n/m such that m ¢ pZ. Verify that Z, is a subring of Q.

1



2 1. Rings, hornornorphisrns,ideals

3. Let z = (z4,..,2) E K™ be a point. Verify that the set of all P/Q,
with P,Q € K[Xj, ..., X,,], and Q(z1, ..., z,) # 0, is a subring of the field
K(X1, ) Xn)-

Definition 1.3 Let A and B be rings. A (ring) homomorphismf : A— B is
a set application such that for all X,y E A.

fQa)=1p, flz+y)=f@)+fly) and flzy) = f(2)f(y).
An A-algebra is a ring B with a ring homomorphism f : A — B.
The composition of two composable homomorphisms is clearly a homomor-
phism.
1.1 ldeals. Quotient rings

Proposition 1.4 The kernel ker f = f~1(0), of a ring homomorphism
f :A— B is asubgroup of A such that

(ackerf and z€A) = azckerf
This is obvious.
Definition 1.5 A subgroup Z of a ring A is an ideal of A if
(aeZ and z€Ad) = axel.
IfZ # A, we say that Z is a proper ideal.
Examples 1.6

1. The kernel of a ring homomorphism f : A— B is an ideal of A.
2. If ne€ Z, then nZ is an ideal of Z.

3. Let a E A. The set aA of all multiples of a is an ideal of A.

4.

More generally, let a;, with i € E, be elements in A. The set of all
linear combinations, with coefficients in A, of the elements q; is an ideal.
We say that the elements a;, i E E, form a system of generators of (or
generate) this ideal, which we often denote by ((a;)icr)-

As an obvious but important remark we note that all ideals contain 0.

Exercise 1.7 Show that a ring A is a field if and only if (0) is the unique
proper ideal of A.

1.1. Ideals. Quotient rings 3

Theorem 1.8 Let Z be an ideal of A and A/Z the quotient group of equiv-
alence classes for the relationa ~ b <= a —b € Z. Then A/Z has a ring
structure such that the class map cl : A — A/Z is a ring homomorphism
(obviously surjective) with kernel Z.

Proof It is obvious that cl(a + b) and cl(ab) only depend on cl(a) and cl(b).
Defining then

cl(a) Fel(b) =cl(a+b) and cl(a)cl(b) =cl(ab),

the theorem is proved. a

Definition 1.9 The ring A/Z is the quotient ring of A by the ideal Z.

Example 1.10 If n E Z, the quotient ring (with |n| elements) Z/nZ is well
known.

Exercise 1.11 Let K be a field. Show that the composition homomorphism
K[Y] L KX, Y19 KIX, Y)/XK[X, Y]
is an isomorphism (i is the natural inclusion and cl the class application).

Let B be a quotient of A[X3, ..., X,]. The obvious composition homomor-
phism A — B gives to B the structure of an A-algebra. We note that any
element in B is a combination, with coefficients in A, of products of the ele-
ments cl(X3),...,cl(X,) € B. These elements generate B as an A-algebra.

Definition 1.12 A quotient ring B of a polynomial ring A[X, ..., X,.] over a
ring A is called an A-algebra of finite type or a finitely generated A-algebra.

Putting z; = cl(X;) E B, we denote B by A[z1,...,z] and we say that
z1,...,% generate B as an A-algebra.

Clearly a quotient of an A-algebra of finite type is an A-algebra of finite
type.

Theorem 1.13 (The factorization theorem)

Let f : A — B be a ring homomorphism. There exists a unique injec-
tive ring homomorphismg : A/ ker f — B such that the following diagram is
commutative:

A 4 B
ld
A/ ker f

Furthermore f is surjective if and only if g is an isomorphism.



4 1. Rings, homomorphisms, ideals

Proof One verifies first that f(a)only depends on cl(a) E A/ ker f. If we put
then g(cl(a)) = f(a),it is clear that g is a well-defined injective homomor-
phism. The rest of the theorem follows easily. O

The proof of the following proposition is straightforward and left to the
reader.
Proposition 1.14 Let A be a ring and Z an ideal of A.

(i) If J is an ideal of A/Z, thencl™(7) is an ideal of A containing Z.

(ii) IfZ’ is an ideal of A containingZ, thencl(Z’) is an ideal of A/Z (denoted
T/I).

(iii) One has cl™}(cl(Z")) = 7' and cl(cl"*(J)) = J. This bijection between
the set of ideals of A containingZ and the set of ideals of A/Z respects
inclusion.

Note that this can be partly deduced from the next result which is useful
by itself.

Proposition 1.15 If 7 is an ideal of A/Z, thencl™(J) is the kernel of the
composed ring homomorphism

A~ A/T — (4/T)/7.
This homomorphismfactorizes through an isomorphism

Ald™Y(T) ~ (A/T)/T.

This description of c1™*(J) needs no comment. The factorization is a
consequence of the factorization theorem.

Definition 1.16

(i) An ideal generated by a finite number of elements is of finite type (or
finitely generated).

(ii) An ideal generated by one element is principal.
If a,...,a, generate the ideal J, we write 7 = (a1, ..., an).
Theorem 1.17

(i) All ideals an Z are principal.

1.1. Ideals. Quotient rings 5

(ii) If K is afield, all ideals in the polynomial ring (in one variable) K[X]
are principal.

Proof Showing that a non-zero ideal Z of Z is generated by the smallest
positive integer of Z is straightforward.

Following the same principle, let Z be a non-zero ideal of K[X]. f P € Z is
a non-zero polynomial such that deg(P) < deg(Q) for all non-zero polynomials
Q E Z, showing that T = PK|[X] is also straightforward. O

Definition 1.18 Let A be a ring.

(i) IFa e A is invertible, in other words if there exists b € A such that ab = 1,
then a is a unit of A. One writesb =a~! and says that b is the inverse
of a.

(ii) If a€ A and b E B are elements such that ab =0 and b =0, we say that
a is a zero divider.

(iii) &faE A is such that there exists an integer n > 0 such that a™ =0, then
a is nilpotent.
Examples 1.19

1. The only units in Z are 1and —1.
2. The units of K[X] are the non-zero constants.

3. An element cl(m) € Z/nZ is a unit if and only if m and n are relatively
prime.

4. The ring Z/nZ has no zero divisors if and only if n is prime.

5. The ring Z/nZ has a non-zero nilpotent element if and only if n has a
quadratic factor.

6. If Z=(X*>+Y2 XY) CK[X,Y], then cl(X TY),cl(X) and cl(Y) are
nilpotent elements of K[X,Y]/Z.

Definition 1.20

(i) A non-zero ring without zero divisors is called a domain.

(ii) A non-zero ring without non-zero nilpotent elements is called a reduced
ring.

Definition 1.21 A domain which is not afield and such that all its ideals are
principal is a principal ideal ring.

Hence our Theorem 1.17can be stated in the following way.

Theorem 1.22 The domains Z and K|[X] are principal ideal rings.



6 1. Rings, homomorphisms, ideals
1.2 Operations on ideals
Exercise 1.23 If Z and 7 are ideals of aring A, then ZN 7 is an ideal of A.

Note that if Z and J are ideals of a ring A, then Z U J is not always an
ideal of A.

Definition 1.24 IfZ and .7 are ideals of a ring A, then
Z+J ={a+b, aEZ, beJ}.

Note that Z +.7 is an ideal of A, obviously the smallest ideal containing Z
and 7.

Definition 1.25 Let Z; be a family of ideals of A. We denote by 3", Z, the
set formed by all finite sums ¥, a,, witha, E Z,.

We note once more that }°, Z, is an ideal of A, the smallest ideal containing
Z, for all s.

Definition 1.26 IfZ and 7 are ideals of A, the product Z.7 denotes the ideal
generated by all ab withae Z and b E 7.

Definition 1.27 IfZ is an ideal of A and P a subset of A, we denote byZ : P
the set of all a E A such that ax EZ for all X E P.

if P 1,thenZ : P is a proper ideal of A. If P CZ, thenT : P =A.

Exercise 1.28 If Z;, i = 1,...,n, are ideals of A and P a subset of A, show

that
((]L-) P = Q(L : P).

Proposition 1.29 If f: A — B is a ring homomorphism and ;7 an ideal of
B, then f~1(7) is an ideal of A (the contraction of 7 by f).

Proof The kernel of the composition homomorphism A — B — B/J is
). O
Definition 1.30 If f : A — B is a ring homomorphism and if Z is an ideal
of A, we denote by f(Z)B the ideal of B generated by the elements of f(T).

In other words, f(Z)B is the set consisting of all sums of elements of the
form f(a)b with a € Z and b E B.

1.3. Prime ideals and maximal ideals 7

1.3 Prime ideals and maximal ideals

Definition 1.31 An ideal Z of A is prime if the quotient rang A/Z is a do-
main.

We note that a prime ideal has to be proper. The followingresult is obvious.

Proposition 1.32 An ideal Z is prime if and only if

abeZ and ad¢I =bel.

Definition 1.33 An ideal Z of A is maximal if the quotient ring A/Z is a
field.

Clearly, a maximal ideal is a prime ideal. The terminology is a bit unpleas-
ant: obviously A is an absolute maximum in the set of all ideals, ordered by
the inclusion. But the word maximal is justified by the following result:

Proposition 1.34 AnidealZ is maximal if and only if Z is a maximal element
of the set of all proper ideals, ordered by the inclusion.

Proof A field is aring whose only ideal is (0). Our proposition is an immediate
consequence of Proposition 1.14. o

Exercises 1.35

1. Let & be afield and (a4, ...,a,,) E k™. Showthat the set of all polynomials
P € k[Xi,..,X,], such that P(ai,...,a) = 0, is a maximal ideal of
k[X1, ..., X,] generated by Xi —aq,..., Xn — Gn.

2. Show that all non-zero prime ideals of a principal ideal ring are maximal.

Proposition 1.36 Let P be a prime ideal. If Z;, withi = 1,...,n, are ideals
such that N} Z; C P, there exists { such that Z; C P.

Proof Assume not; then there exist a; E Z; and a; ¢ P for ¢ = 1,...,n.
Since P is a prime ideal, this implies [[7 a; ¢ P. But [I7a: € N7 Zi; this is a
contradiction. 0

Theorem 1.37 (Avoiding lemma)

Let T,,..,Z,, be ideals of A such that at most two are not prime. If J is an
ideal of A such that 7 ¢ Z,, form =1,...,n, then J ¢ U} Z.
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Proof We use induction on n. The result is clear for n = 1.

If n > 1, by the induction hypothesis, there exists, for all i, an element
a; € J, such that a; € Upz; Zn. We can obviously assume a; E Z; for all i.
Assume that Z; is prime if n >2 and put a =a; *[lis; a: .

For i > 1we have a; ¢ Z; and [[;>;a; E Z;. This showsa ¢ Z; fori > 1.
Since [1;51 a; ¢ 7; and a; E I3, we have a ¢ Z; and we are done. a

Note that we have proved in fact the following more general useful result.

Theorem 1.38 Let Z;,..,Z, be ideals of A such that at most two are not
prime. IfE is a subset of A, stable for addition and multiplication, such that
E¢gZL,form=1,.,n,thenE ¢ U Z,.

Proposition 1.3 LetZ be an ideal of A and let. 7 ke an ideal of A containing
Z. ThenJ isaprime (resp. maximal) ideal of A if and only if J7/Z is aprime
(resp. maximal) ideal of A/Z.

Proof The proposition is an immediate consequence of the ring isomorphism

AlT = (A/D/(T/T).

Cl

Theorem 1.40 A ring A # 0 has a maximal ideal.

Let us first recall Zorn’slemma (or axiom):

Let E ke a non-empty ordered set. If all totally ordered subsets of E are
bounded above, E contains a maximal element.

Proof Consider Z;, a totally ordered set of proper ideals of A. Define Z =
U; Z;. We show that Z is a proper ideal of A (obviously an upper bound for
our totally ordered set).

Ifa,beZ and c E A, there exists i E E such that a,b E Z;. This implies
ath EZ; CZ and ac EZ; C Z. Furthermore, since 14 ¢ Z; for all i, it is clear
that 14 ¢ I 0

Using Proposition 1.39, we get the following two corollaries.
Corollary 1.41 Any proper ideal of a ring is contained in a maximal ideal.

Corollary 1.42 An element of a ring is invertible if and only if it is not
contained in any maximal ideal of the ring.

1.3. Prime ideals and maximal ideals 9

Definition 1.43

(i) A ring with only one maximal ideal is local.

(ii) IFA and B are local rings with respective maximal ideals M4 and Mz,
a homomorphism f : A — B such that f(M4) C Mp is called a local
homomorphism of local rings.

Exercises 1.44

1. Show that the ring Z¢, (defined in Exercises 1.2) is local and that its
maximal ideal is the set of all n/m with n € pZ and m & pZ.

2. Let K be a field and (zy,...,z,) E K. Show that the ring formed
by all rational functions P/Q, with P,Q E K[Xj,..., X»] and such that

Q(z1,...,%) # 0is a local ring and that its maximal ideal is the set of
all P/Q with P(z1,...,z,) =0 and Q(zn,...,z,) #0.

Definition 1.45 The spectrum Spec(A) of a ring A is the set of all prime
ideals of A.

Proposition 1.46 (Zariski topology)

If, for each ideal Z of A, we denote by V(Z) C Spec(A) the set of all prime
ideals P such that Z ¢ P, the subsets V(Z) of Spec(A) are the closed sets of
a topology on Spec(A).

Proof If Z,, with s = 1,...,n, are ideals of A, then U} V(Z;) =V(N} Zs)-
If Zs is a family of ideals of A, then N, V(Z;) =V (X, T,)- O
Note that by Corollary 1.41, a non-empty closed set of Spec(A) contains a

maximal ideal.

Definition 1.47 1fs E A, we denote by D(s) the open set Spec(A) \ V(sA)
of Spec(A).

We recall that a closed set of a topological space is irreducible if it is not
the union of two strictly smaller closed subsets.

Proposition 1.48 If P is a prime ideal of a ring A, the closed set V(P) C
Spec(A) is irreducible.

Proof Let Fy and F, be closed sets of Spec(A) such that V(P) = FiU F,.
Then there exists i such that P E F;. Consequently, we have V(P) =F,. O

As a special case, we get the following result.

Proposition 1.49 Let A e a domain.
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(i) The topological space Spec(A) is irreducible.
(i) Any non-empty open subset of Spec(A) is dense in Spec(A).
As we saw, the proof of this statement is straightforward. Its main conse-

quence, which we will understand in due time, is that algebraic varieties are
irreducible topological spaces for the Zariski topology.

1.4 Nilradicals and Jacobson radicals

Proposition 1.50 The nilpotent elements of a ring A form an ideal of A.
Proof If ¢® =0and 4™ =0, then (ca—db)"t™1 =0. 0

Corollary 1.51 If Z is an ideal of A, the set of all elements a E A having a
power inZ is an ideal of A.

Proof Apply the proposition to the ring A/Z. O

Definition 1.52 This ideal is the radical +/Z of Z. The radical /(0) of (0)is
the nilradical Nil{A) of A.

Note that /vZ =+/Z. As a consequence we see that if A is not the zero
ring, then A/4/(0) is reduced.
Proposition 1.53 A non-zero ring A is reduced if and only if Nil(4) = (0).
This is the definition of a reduced ring.

Theorem 1.54 If A is not the zero ring, the nilradical Nil(A) is the intersec-
tion of all prime ideals of A.

Proof Consider a € Nil(A4) and P a prime ideal. There exists n > 0 such that
a™ =0, hence a™ EP and a E P. This proves Nil(A) C P.

Assume now a ¢ Nil(A) and let us show that there exists a prime ideal P
such that a ¢ P. Consider the part S of A consisting of all positive powers
of a. We have assumed that 0 ¢ S. We can therefore consider the non-empty
set E of all ideals of A which do not intersect S. Let E' be a totally ordered
subset of E. Clearly E' is bounded above, in E, by Uzcz Z. By Zorn's lemma,
E has a maximal element.

If Z is a maximal element in E, let us show that Z is a prime ideal.

Let x,y E A be suchthat xy EZ. If x ¢ Z and y ¢ Z, there are positive
integers n and m such that «® EZ +zA and a™ £ Z +yA. This implies

om EL+al Yy tayAcCt,

hence a contradiction. O

1.5. Comaximal ideals 1

Corollary 1.55 If Z is aproper ideal of A, the intersection of all prime ideals
containing Z is vZ.

Proof Apply the theorem to the ring A/Z. a

As an important but straightforward consequence, we get the following
result.

Corollary 1.56 LetZ and 7 be ideals of a ring A. The closed sets V(Z) and
V(J) of Spec(A) are equal i and only if vZ =/ 7.

Definition 1.57 The intersection of all maximal ideals of a non-zero ring A
is the Jacobson radical JR(A) of A.

Theorem 1.58 An element a E A is contained in JR(A) ifand only if 1—ax
is invertible for all x E A.

Proof Assume a E JR{A). If M is a maximal ideal, then ax € M, hence
1-ax ¢ M (since 1= (1- ax) tax). Since 1 - ax is not contained in any
maximal ideal, this is an invertible element.

Assume now a ¢ JR(A) and let M be a maximal ideal such that a ¢ M.
Since A/M is a field cl{a) E A/M is invertible. Hence there exists b E A
such that cl(a)cl(b) =cl(1). In other words cl(1 — ab) = 0. But this implies
(1-ab)EM and 1-ab is not invertible. O

1.5 Comaximal ideals

Definition 1.59 We say that two ideals Z and J of A are comaximal if
I+J=A

Note that Z and J are comaximal if and only if the closed sets V(Z) and
V(J) of Spec(A) are disjoint. Indeed, Z + J = A if and only if there is no
prime ideal P in V(Z) NV (J).

Lemma 1.60 Let Z;, with1 = 1,...,n, be ideals pairwise comaximal. ThenZ.
and ;.. Z; are comaximal for any e E (1, ...,7n].

Proof Assume M is a maximal ideal containing Z. and ;<. Z;. Since

NZ: c M,

i#e
we know, from Proposition 1.36, that there exists 1# e such that Z; C M.
But Z, and Z; are comaximal. This is a contradiction. 0
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Lemma 1.61 Z;, with1=1,..,n, are pairwise comaximal, then

n
NZ =TT, I,
1

Proof By the preceding lemma, we can assume n = 2. Let 1= a * b, with
aEZand b EZ, Ifx EZ NZ,, then X = ax + bx E Z1Z5. Hence
.7, CIinNTI, CIiZ,. a

Theorem 1.62 Let I3, ..., 7, be ideals of A.
The ideals Z; are pairwise comaximal if and only if the natural injective
homomorphism

£ A4NNZ) ~ 1477
is an isomorphism.
Proof Assume first that f is surjective. There exists a E A such that
cli(a) =chi(1) EA/T; and cly(a) =clp(0) E A/T,.

This shows 1-a€Z; and a E Zo, hence 1= (1-a) tac I +7Z,. We have
proved that for any 1# k, the ideals Z; and Z, are comaximal.

Assume now that the ideals Z; are pairwise comaximal. By Lemma 1.60,
one can find a, EZ, and b, E (Yxx Zy such that 1=a, +b,, for all e. In other
words,

clebe)y=cl, (1)EA/Z. and cly(b) =0E A/T;, for k#e.

This shows
c(bizr + beza T .- Thyz,) = cli(z) E A/T

and the surjectivity of f. O

Exercise 1.63 If n = pi' ...pi™ is a prime decomposition of the integer n,
show that there is a natural isomorphism Z/nZ ~ Z/p{*Z X ... X Z/pirZ.

1.6 Unique factorization domains (UFDs)

Definition 1.64 A non-invertible element of a ring is called irreducible if it
is not the product of two non-invertible elements.

Definition 1.65 A domain A is a unique factorization domain 4f

)

1.6. Unique factorization domains (UFDs) 13

(i) for all irreducible elements a of A the ideal A is prime,

(ii) any non-zero and non-invertible element of A is a product of irreducible
elements.

Theorem 1.66 (The uniqueness of the decomposition as a product of irre-
ducible elements)

Let A be a UFD. fa;(i = 1,..,n) and b;( = 1,..,m) are irreducible
elements of A such that [17 a; =TI b,, then:
(M) n=m;
(i) there is a permutation 7 of [1,...,n]such that a;A =b,; A for all i.
Proof Since a;A is a prime ideal, there exists j such that b; € a;A. Let

b; = a;c. Since b; is irreducible, c is invertible. Hence b;A = a;A. The
theorem follows. O

Definition 1.67 Let A be a UFD and a,b & A non-zero elements.

(i) A divisor d E A ofa and b such that any common divisor of a and b is a
divisor of d is called a gcd (greatest common divisor) of a and b.
If 1 aged of a and b, we say that a and b are relatively prime.

(ii) A multiple m E A of a and b such that any common multiple of a and b
is a multiple of m is called a lcm (least common multiple) of a and 5.

The proof of the following result is easy and left to the reader.

Proposition 1.68 Let A be a UFD and a,b E A non-zero elements.

(i) The elements a and b have a gcd and a lcm.

(ii) If ¢ isagcd (resp. Icm) ofa and b, thend is a gcd (resp. lcm) of a and
b if and only if cA = A.

(iii) Hc (resp. m)is aged (resp. Ilcm) of a and b, then abA =cmA.

CAREFUL.: If A isa UFD and a and b are relatively prime elements of A, one
does not necessarily have oA +hA =A.

Theorem 1.69 A principal ideal ring is a UFD.

Our proof depends on the following lemma:

Lemma 1.70 An increasing sequence of ideals in a principal ideal domain s
stationary.
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Proof Let A be the ring and a;A C a2 A C ...C a,A C ... such an increasing
sequence. Then Z = ;¢ a;A is obviously an ideal of A. Consequently, there
exists b € 7 such that Z = bA. But b € a;A for i large enough. This shows
7 =a;A for i large enough, hence the lemma. |

Proof of Theorem 1.69

Let a be an irreducible element of a principal ideal domain A. Let M be
a maximal ideal containing a and b E M a generator of M. If a = bc, then
c is invertible, since a is irreducible. This proves aA =bA =M , hence aA is
prime.

Assume a; E A is not a product of irreducible elements. Let M =bA be
a maximal ideal containing a;. There exists a, such that a = ba;. We found
as € A such that a;A C azA, a1 A # azA and a; is not a product of irreducible
elements. As a consequence, if there exists a non-zero element which is not a
product of irreducible elements, we can construct an infinite strictly increasing
sequence of ideals in A. This contradicts our lemma. 0

Exercise 1.71 Let a and b be non-zero elements of a principal ideal ring A.
Prove that they are relatively prime if and only if a4 +54 = A.

CAREFUL : As we noted before, this result is not true in a UFD which is not
a principal ideal ring.

To end this chapter, we state a fundamental result which we will prove in
chapter 7. It is certainly possible to prove it already here and now, but it will
appear in Corollary 7.57 as a special case of a theorem concerning fractions
and UFDs.

Theorem 1.72 If A is a UFD (or a field), the polynomial ring A[X] is a
UFD.

Corollary 1.73 A polynomial ring K[Xj, ..., X, over afield K is a UFD.
1.7 Exercises

1. Show that if a ring A has only one prime ideal, then an element of A is
invertible or nilpotent.

2. Let K;, withi =1,...,n, be fields. Show that the ring K; X --- x K,
has only finitely many ideals.

3. If A is a principal ideal ring and a E A a non-zero element, show that
the quotient ring A/aA has only finitely many ideals.

1.7. Exercises 15

. Let A be a UFD and a E A a non-zero element. Show that the nilrad-

ical of A/aA is the intersection of a finite number of prime ideals. If
P1,- .., P, are these prime ideals, show that for each prime ideal P of
A/aA there exists ¢ such that P; C P.

. Let A be aring and a E A a nilpotent element. Show that 1+ a is

invertible. If a® =0 and a™~! # 0 describe the inverse of a.

. Inaring A, let e and ¢’ be non-zero elements such that 1=e+ ¢ and

ee' = 0. Show that A is the product of two rings.

. Let P be a prime ideal of a ring A. Show that the ideal PA[X] of the

polynomial ring A[X] is prime.

. Let Nil(A) be the nilradical of a ring A. Show that Nil(A)A[X] is the

nilradical of the polynomial ring A[X].
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Modules

As in the preceding chapter, we start with some fairly unexciting results. In
the first three sections we introduce the basic language and notations; we will
be moving fast. But reader, please, be sure to understand the statements
and do the exercises. In section 4, we meet free modules and many pleasant
memories from linear algebra over a field. Simultaneously we will make a
sad discovery: so many modules are not free. In other words, when studying
finitely generated modules, bases are not always available. In section 6 we
see that this lack doesn’t hinder us from using matrices. They are essential
in proving Nakayama’s lemma and a generalization of the Cayley—Hamilton
theorem, two results often used later on.

Throughout this chapter A is a given ring.
Definition 2.1 An A-module M is a commutative group equipped with a map

AXM—M; (q,z)— axz,

satisfying the following relations for all x,y EM and a,b E A:
(i) a(z+y) =ax +ay,
(ii) (atb)z =az T bx,
(iii) a(bz) = (ab)z,
(iv) 1z = z.
Examples 2.2

1. Obviously A is an A-module.

2. An ideal of A is an A-module.

3. If T is an ideal of A, the quotient A/Z has a natural structure of an
A-module, defined by acl(z) = cl(az).

4. If f : A— B is a ring homomorphism, B has a natural structure of an
A-module, defined by ab = f(a)b. We often denote this A-module by
f«(B).

17
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2.1 Submodules. Homomorphisms. Quotient
modules

Definition 2.3 A subset N of M is an A-submodule of M if
x,yEN and abEA=axtbyEN.

When there is no ambiguity about the base ring, we will write submodule
of M instead of A-submodule of M.

Examples 2.4

1. An ideal of A is a submodule of A.
2. If X E M, then AX is a submodule of M.
3. The A-submodules of A/T are the ideals of this quotient ring of A.

Definition 2.5 I xy,...,x, € M, a linear combination of x;,...,x, is an ele-
ment of the form a;z; T ... Tanz,, Withay,...,a, EA.

The next proposition is clear.

Proposition 2.6 Let z; (i E E) be elements of M. The set of all linear com-
binations of these elements is a submodule of M. It is the smallest submodule
of M containing the elementsz; (iE E).

We say that this submodule is generated by the elements z; (i E E). If
this submodule is M, then z; (iE E) is a system of generators of M.

Definition 2.7 Let M and N be A-modules. A map f: M — N is a homo-
morphism of A-modules (or is A-linear) if

flaz +by) =af(z)+bf(y) forallz,y € Mand a,be A

Note that the composition of two composable homomorphisms is a homo-
morphism. Note furthermore that if a homomorphism is bijective, then the
inverse map is a homomorphism (it is easy to check); such a homomorphism
is an isomorphism.

Proposition 2.8 Let f : M — N be a homomorphism of A-modules. The
kernel f=1(0) off is an A-submodule of M, denoted ker f. The image f(M)
off is an A-submodule of N.

Check it!

2.1. Submodules. Homomorphisms. Quotient modules 19

Theorem 2.9 Let N be an submodule of M. The quotient commutative group
M/N (the group of equivalence classes for the relationx ~y if (x—y) EN)
has a unique structure of an A-module such that the class mapel: M — M/N
is A-linear (in other words acl(z) Fbcl(y) = cl(az + by)).

The kernel of this map is V.

Proof If (x-x’) E N and (y —y’) E N, then ((ax+ by) — (ax’+by)) EN
for all a,b E A. It is therefore possible to define

acl(z) + bel(y) =cl(az Fby)

and we are done. O

As for ring homomorphisms, we have a natural factorization which we will
use often later on. The proof is easy but the result important.

Theorem 2.10 (Thefactorization theorem)

Iff: M — N is a homomorphism of A-modules, there exists a unique isomor-
phism f : M/ker f ~ f(M)such that f =io focl wherecl : M — M/ ker f
andi: f(M)— N are the natural applications.

Proof  Since (x—y) E ker f implies £ (x) = f(y), we can define f(cl(z)) = f(z)
and check immediately the factorization. g

Definition 2.11 N/f(M)is the cokernel, coker f, of the homomorphism f.

Proposition 2.12 Let N be a submodule of M.

(i) If F is a submodule of M /N, thencl™(F) is a submodule of M containing
N.

(ii) IF N’ is a submodule of M containing N, then cl(N’) ~ N'/N is a sub-
module of M/N.

(i) We have cI™*(cl(N")) = N’ and cl(cI™}(F)) =F.
(iv) This bijection between the submodules of M containing N, and the sub-

modules of M/N respects inclusion.

The proof is straightforward. The following proposition helps.

Proposition 2.13 (i) IfF is a submodule of M/N, thencl™*(F) is the kernel
of the composition homomorphism

M — M/N — (M/N)/F.
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(i) This homomorphismfactorizes through the isomorphism
M/cl™(F) n (M/N)/F.

This description of cI™!(F) needs no comment. The factorization is a con-
sequence of the factorization theorem.

Definition 2.14 Let N be a submodule o M and P C M a subset.

We denote by N : P the set of all a E A such that ax € N for all x €
P. This is the conductor of P in N. In particular the annihilator o M is
ann(M) = (0): M (the conductor of M in (0)).

Note that N : P is an ideal.
Exercise 2.15 For z € M, show Az >~ A/((0) : z).
Definition 2.16 An A-module M is faithful if (0):M = (0).

Exercise 2.17 Consider the Zmodule Q/Z. Show that ((0) : z) # (0) for all
X E Q/Z but that Q/Z is a faithful Zmodule.

2.2 Products and direct sums

Proposition 2.18 Let (M;);cr be afamily of A-modules.
The set-theoretical product [T;cg Mi = {(z:)ice}, €quipped with the follow-
ing operations, is an A-module.

(zi)iee T (Wiier = (@ Ty)ice and  a((2:)icr) = (a2:)ick-
Definition 2.19 The direct sum @, M; is the submodule o [T;cr M; formed
by all

(z:)ice, x; =0 forall i except finitely many.
Definition 2.20 (i) We denote by nM, or @7 M, or M™ the direct sum of
n copies of M.

(ii) More generally, if E is a set and if M; =M forall i E E, we denote by
@;cp M the direct sum of the A-modules ;.

One has, obviously:
Proposition 2.21 If E is finite, then @;cx M; = [Ticg M.

Exercise 2.22 Let (M;);cg be a family of A-modules and, for each i € E, let
N; be a submodule of M;. Note first that @,z NV; is naturally a submodule of
@iz M, and then show that there is a natural isomorphism

(€D M) /(D N:i) ~ @(M;/Ny).

ek i€EE icE

2.3. Operations on the submodules of a module 21

2.3 Operations on the submodules of a module
Definition 2.23 Let N and N’ be submodules of M. Their sum is
N+N ={z+z', zeN,z EN'}.
Obviously, N + N’ is the smallest submodule of M containing N and N'.

Definition 2.24 If N; (i E E) are submodules of M, we denote by 3-, N; the
smallest submodule of M containing N; for all i E E.

It is clear that z € Y, N; if and only if there exist x; E N;, all zeros except
for a finite number, such that X =3, z;.

DANGER: N UN’ is not generally a submodule.

Definition 2.25 Let Z be an ideal of A. We denote by ZM the submodule of
M formed by all linear combinations of elements of M with coefficients inZ.

The proof of the following result is straightforward.
Proposition 2.26 Let N and N’ be submodules of M.

(i) There is a natural surjective homomorphism N @ N' — N + N’ whose
kernel is isomorphic to N N N’.

(i) If NN N’ = (0),there is a natural isomorphismN & N’ ~N +N’.

(iii) If furthermore N + N’ = M, then M ~ N & N’. In this case we say that
N and N’ are direct factors of M.

Note that there are in fact several natural surjective homomorphisms N &
N’ — N + N’ whose kernel is isomorphic to N N N":

1®zr —zt2s and z®2 -z -2
are typical examples.
We conclude this section with an easy but particularly convenient result.
Theorem 2.27 (The isomorphism theorem)
(i) Let N C N' ¢ M be submodules of M. There is a natural isomorphism
M/N' ~ (M/N)/(N'/N).
(i1) Let N and F bhe submodules o M. There is a natural isomorphism

N/(NNF)~ (N+F)/F.
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Proof For (i), check that the kernel of the surjective composition homomor-
phism
M — M/N — (M/N)/(N'/N)

is N“, and use the factorization theorem.
For (ii), show that N N F is the kernel of the natural surjective homomor-
phism
N — (NTF)/F,

and use once more the factorization theorem. 0

2.4 Free modules
Definition 2.28 Let z;, with i E E, be elements of M

(i) If the homomorphism
@A - M, (ai)ieE - Z a;T;
i€k 1€E
is injective, We say that the elements xi, i E E, are linearly independent.

(ii) If the elements xi, i € E, are linearly independent and generate M, they
form a basis of M .

(iii) An A-module with a basis is a free module.

Note that (xi),with i E E, is a basis of M if and only if every element
in M has a unique decomposition as a linear combination of the elements xi,
i EE.

Example 2.29 The direct sumnA is a free A-module.

Proposition 2.30 If afree A-module L has afinite basis, all its bases have
the same number of elements. This number is the rank of the free module L.

Proof When A is a field, this statement is well known. Since every ring has a
maximal ideal, the proposition is a consequence of the following lemma applied
to a maximal ideal.

Lemma 2.31 Let L be afree A-module and (ey,...,e) a basis of L. IfZ is
an ideal of A, then L/ZL is afree A/Z-module and the elements

cl(ey),...,cl(e,) E L/TL

form a basis of L/TL.

2.4. Free modules 23

Proof It is clear that (cl(e;),...,cl(e,)) is a system of generators of L/ZL.
Consider a relation &7, cl(a;)cl{e;) =0, with coefficients cl{a;) € A/Z. This
relation can be written 3%, a;e; EZL. In other words there exist b; € Z such
that 7, a;e; = 3%, bie;. Since (eq, ...,e,) is a basis of L, it implies a; = b;,
hence cl(a;) =0, for all 3. O

Be careful with habits from linear algebra over a field. If you have n linearly
independent elements in a free module M of rank n, they do not necessarily
form a basis of M (find an example). But we see with the next statement,
that n elements generating M do.

Proposition 2.32 Let L be a free A-module of rank n. If Z1,...zn E L
generate L, then {zy,...,z,) is a basis.

Proof Let (ey,...,e,) be abasis of L. There are n x n matrices S and T with
coefficientsin A, such that

s €1 €1 s
T2 €2 () I
T = and S| . =
Tn én €n Tn
€1 €1
€2 €2
The relation 7S} . = implies TS = I,x,. Hence the deter-

€n €n
minant of S is invertible and S is an invertible matrix.
Consider a relation a;z1 + ...+ a,z, = 0. It induces a relation

hence a relation (ay,...,a,)S = 0. Since S is invertible, this proves a; = 0 for
all i. U

CAREFUL: If A is not a field, there are many non-free A-modules. For example
A/Z where Z is a non-zero ideal.
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Exercises 2.33

1. Show that a non-zero ideal of A is free if and only if it is principal and
generated by a non-zero divisor of A.

2. Let L be afree A-module of rank nand (ey, ...,e,) abasis for L. Consider
a positive integer m < n and elements ay,...,am E A. If M s the
submodule of L generated by a;e;, ..., amen, Show that

L/M ~ EmBA/aiA $(n —m)A.
1

2.5 Homomorphism modules

Definition 2.34 Let M and N be A-modules. The set Homa(M, N) of all
homomorphisms from A to N is an A-module.

(i) Iff € Homy(M,N) and a E A, then (af)(z) =af(z) = f(az).

(ii) Fh : N — N’ is a homomorphism, Hom4(M,h) : Hom4(M,N) —
Homa (M, N') is the homomorphism defined by Hom (M, h)(F)=ho f.

(iii) g : M — M is a homomorphism, Hom4(g, N) : Homa(M,N) —
Homa(M’,N) is the homomorphism defined by Hom4(g, N)(f) =fcg.

DANGER: There exist non-zero modules M and N such that
Hom, (M, N) = (0).

For example, if a € A is a non-zero divisor, then Hom4(A4/aA, A) = (0).
Indeed, let f E Hom4(A/aA,A) and y E A/aA. We have af(y)= f(ay) =0,
hence f(y) =0.

Definition 2.35 The module M~ = Hom4(M, A) is the dual of M.

Note that we have described a non-zero A-module whose dual is zero.
Proposition 2.36 Let M be an A-module. The evaluation homomorphism
e : M — M, defined by e(z)(f) = f(z), is linear.

If this homomorphism is an isomorphism, we say that A is reflexive.

Proposition 2.37 Let L be afree A-module of rank n, then:

(i) L isfree of rank n;
(ii) L is reflexive.
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Proof Let (f;):es be abasis of L. We define, as for vector spaces over a field,
the dual basis (f;)ier of L™ :

filfi) =65
Verifying that it is a basis of L™ is done exactly as for vector spaces. Then
(fi)ier is a basis of L. Checking e(f;) = f; is straightforward. O

Exercises 2.38 A reflexive module is not necessarily free.

1. Show that all ideals of Z/nZ are reflexive (but not all free) Z/nZ-
modules.

2. Show that (Xo, X1)/(XoX3 — X1X3) is a reflexive but not free ideal of
the ring

C[Xo, X1, X2, X3)/(Xo X3 — X1X2).

2.6 Finitely generated modules

In this last section, we focus for the first time on finitely generated modules.
We will often come back to such modules later on. Two extremely useful results
are established here. The first, Nakayama’s lemma, is a convenient criterion
in deciding whether a finitely generated module is zero or not. The second, a
generalization of the Cayley—Hamilton theorem, will be particularly suitable,
from chapter 8 on, for finding algebraic relations. The proofs make systematic
use of matrices with coefficientsin a ring and are elementary.

Definition 2.39 An A-module generated by a finite number of elements is of
finite type (or finitely generated).

Proposition 2.40 Let A be an A-module and N a submodule of M .

(i) If A4 isfinitely generated, so is M/N.
(i) N and M/N are finitely generated, so is M .

Proof (i) If zy,...,z, E M generate M, then it is clear that cl(z1), ..., cl(z,) €
M/N generate M/N.

(ii) Assume now that 4, ...,z, € N generate N and that cl(y1), ..., cl(ym) €
M/N generate M/N. We claim that the elements zy,..., Zn, Y1, ..., Yym of M
generate M. Indeed, if z E M, then there is, in M/N, a decomposition
cl(2) =¥ ; aiel(y;). This implies z — (¥; a;1:) E N and we are done. O
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Theorem 2.41 (Nakayama’s lemma)
Let 7 be contained in the Jacobson radical of A. If A/ is afinitely generated
module such that M =M, then M =(0).

Proof Assume (zi,...,z») generate M. Since M = JM, there exist a;; E T
such that x; = 3, a;;z;. Consider the n x n matrix, with coefficient in the
ring, T =1,,, —(a;;). We have

Let *Co(T) be the transpose of the cofactor matrix of T. We get

T
T2
fCo()T| . | =0,

hence

I
T2

det(T)| . | =0.

Zn

In other words det(T")z; = 0 for all i, hence det(T)M = 0. But we have
det(T') = 1+ a, with a E J. Since, by Theorem 1.58, 1+ a is invertible, this

implies M = (0). 0

Corollary 2.42 Let M te afinitely generated A-module and 7 an ideal con-
tained in the Jacobson radical of A. The elements zy, ...,.Xx, E M generate M
if and only ifcl(zy), ..., cl(z,) E M/JM generate M/TM.

Proof One implication is obvious. Assume that cl(z;),...,cl(z,) E M/IM
generate M/JM.

Consider x E M. There exist a4,...,a, E A such that cl(z) =} a;cl(z;).
This implies (x = (> a;z;)) E JM. Let N be the sub-module of M gener-
ated by zy,...,z,. We have proved M/N = J(M/N), hence M/N = (0) by
Nakayama’s lemma. O

2.6. Finitely generated modules 27

Exercise 2.43 Let A be aring and a E A an element contained in the Ja-
cobson radical of A. For all A-modules F, we denote clr : F — F/aF the
natural application. Let f : N — M be a homomorphism of finitely gen-
erated A-modules and f : N/aN — M/aM the homomorphism such that

fleln(z)) = clm(f(2)).
1. Show that f is surjective if and only if 7 is surjective.

2. Assume that x E M and ax = 0 imply x = 0 and that f is injective.
Show that for all y E ker f there exists ¢’ € ker f such that y = ay“.
Prove then that if ker f is a finitely generated A-module, f is injective.

Theorem 2.44 (Cayley-Hamilton revisited) Let (1, ...,z,) be a system of
generators of an A-module M.

Ifw is an endomorphism of M, let (a;;) be a (nx n)-matrix, with coefficients
in A such that u(z;) =X, aiz; for all i.

Then, if P(X) = det(XI,«, — (ai;)}) E A[X], the endomorphism P(u) of
M is trivial.

Proof Let us give to M the structure of an A[X]-module by defining Xy =
u(y) for ally E M. We get

Z1

(X[nxn - (aij)) x.z = 0.

Tn

Multiplying on the left by *Co(X I,xn — (ai;)), we find
kat
T2

det(XIan — (aij)) . =0
T

This means det(X I,xn — (as;))z; =0 for all ¢, hence
det(X Inxn — (ai))M = (0).

In other words P(u) =0, by definition of the operation of X in M. O

Exercise 2.45 Let B be an A-algebra. Assume that B is a finitely generated
A-module. If z E B, show that there exists a monic polynomial P € A[X]

such that P(z) =0.
L
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2.7 Exercises

. Let M; and M, be submodules of an A-module M. Show that the

natural injective homomorphism M/(Mi N M;) — M/M; & M/M, is
an isomorphism if and only if M = M, + M,

.Let P =X"4a; X'+ ... +4a E A[X] be a monic polynomial with

coefficients in the ring A. Show that the A-algebra B = A[X]/(P) is a
free A-module of rank n and that (cl(X°),...,cl(X™")) is a basis for
this A-module.

Consider the dual basis (cI(X?)7...,c(X™!)") of B = Homu(B,A).

Note that B" is equipped with the structure of a B-module defined by
bf (x)= f (bx)for b,z E B and f E B~ Show that this B-module is free
of rank one and that cl(X™!)"is a basis for it.

. Let A be a local ring and M its maximal ideal. Show that a homomor-

phism M — N of finitely generated A-modules is surjective if and only
if the induced composed homomorphism M — N/MN is surjective.

. Let Abealocalringand L and F be finite rank free A-modules. Consider

bases (e1, ...,e) and {f1,...,fs) of L and F. To a homomorphism v :
L — F, associate the matrix M = (ay;), with u(e;) =3, ai; fi.

Show that « is surjective if and only if M has an invertible n-minor.

. With the same hypothesis as in the preceding exercise, shcw that the

ideal generated by the n-minors of M and the annihilator of coker u
have the same radical.

. With the same hypothesis as in the preceding exercise, show that coker u

is free of rank n — [ if and only if M has an invertible {-minor.

. Let u be an endomorphism of a finitely generated free A-module. If

N = coker u, show that there exists a principal ideal having the same
radical as the annihilator (0) : N of N (I know that I have already
asked this question, but this is important and | want to be sure that you
remember!).

. Let L be a finitely generated free A-module and (es,...,e) a basis of

L. Consider a relation 1 =37 ,a;b; in A. If f : L — A is the homo-
morphism defined by f(e;) =a;, show that there exists e E L such that
L=~Aeadkerf.

3

Noetherian rings and modules

Complex algebraic geometry is basically the study of polynomials with coeffi-
cients in C, with a special interest in their zeros. As a consequence, polynomial
rings over C, their quotient rings and their fraction rings (they will be defined
in chapter 7) play a central role in this text. By Hilbert's Theorem, all these
rings are Noetherian.

As a remarkable first consequence we find that an algebraic set in C* (the
common zeros to a family of polynomials f; E C[Xj,...,X,]) is defined by
a finite number of polynomials (every ideal of the polynomial ring is finitely
generated).

The primary decomposition of an ideal in a Noetherian ring has also, al-
though it is not as obvious, an important geometric consequence: an algebraic
set is a finite union of irreducible (for the Zariski topology) algebraic sets
(every ideal of the polynomial ring has a primary decomposition). This last
statement will only be clear after understanding Hilbert's Nullstellensatz.

I hope that you agree with the following result. If not, prove it.

Proposition 3.1 Let E ke an ordered set. The following conditions are equiv-
alent.

(i) Any non-empty subset of E has a maximal element.
(i) Any increasing sequence of E is stationary.

We should perhaps recall that a sequence (z,,) is stationary if there exists
ng E Z such that X, =z, for n > ny.

3.1 Noetherian rings

Definition 3.2 If the set of ideals of a reng satisfies the equivalent conditions
of the preceding proposation, the ring & Noetherian.

29
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Since the ideals of a quotient ring A/Z are naturally in bijection with the
ideals of A containing Z, we get the following proposition.

Proposition 3.3 IfZ is an ideal of a Noetherian ring, the quotient ring A/Z
is Noetherian.

Theorem 3.4 A ring is Noetherian if and only if all its ideals are finitely
generated.

Proof ~Assume first that A is Noetherian. Let Z be an ideal of A. Consider
the set E of finitely generated ideals contained in Z. Let 7 be a maximal
element of this set. If a E Z, then the ideal Aa + 7 is in the set E. This shows
Aat+7 =7, hence J =Z. Conversely, assume all ideals of A are finitely
generated. Let Z;, with 1> 0, be an increasing sequence of ideals of A. Clearly
T =U;»o 7. is an ideal. Let (aq,...,a,) be asystem of generators of Z. There
is an integer r such that ay,...,a, E Z.. This proves Z = Z, and obviously
I, =1 forl1>r. (m}

Examples 3.5

1. A field is a Noetherian ring.
2. A principal ideal ring is a Noetherian ring.

Note that we proved earlier (Lemma 1.70) that an increasing sequence of
ideals in a principal ideal domain is stationary.

Our next result is elementary but fundamental. Think about it. Consider
some polynomials P; E C[X1, ...,X,], perhaps infinitely many. Hilbert's the-
orem states that the ideal of C[X, ..., X,] generated by the polynomials P; is
finitely generated, say by @1, . ..,Q,. Consequently if E C C™ is the set of all
(z1,...,z,) such that Pi(zq,...,z,) =0 for all i, then

(z1,...,2,) EE W Q1(z1,...,2,) = o= Qr(,. .. 2n) =0.

In other words the set E is defined by a finite number of polynomials.

Theorem 3.6 (Hilbert’s theorem)
If A is a Noetherian ring, the polynomial ring A[X] is Noetherian.

Proof Let J be anon-zero ideal of A[X]. Consider, for all n > 0, the ideal Z,,,
of A, whose elements are the leading coefficients of the polynomials of degree
n contained in 7 (we recall that the polynomial 0 has all degrees). Note that
since P E J implies X P E J, the sequence Z, is increasing. Hence there
exists m such that Z,, =Z,, forn > m.
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Consider, for all = < m, a system of generators (a1, ...,am,) of Z;. Let
Py, ..., P, € J be polynomials such that deg(P;;) =1 and the leading coeffi-
cient of F;; is a;;. We claim that they generate J.

If P E J, let us show, by induction on deg(P), that P is a combination,
with coefficient in A[X], of the polynomials P;;.

If deg(P) =0, then P € Zy, and P is a combination of the F;.

Assume deg(P) =t > 0. Let a be the leading coefficient of P.

If t < m, there is a decomposition a = bjan + ...+bmatnt. The degree
of the polynomial P — (b, t...Fb,, P.y,) is strictly less than t. Since this
polynomial isin 7, it is a combination of the polynomials F;;, by the induction
hypothesis, and so is P.

If t > m, there is a decomposition a = by, + .. +bnmamnm. The degree
of the polynomial P — (b; X* ™ Py + - .. F b, X"™ P, is strictly less than
t. Since this polynomial is in 7, it is a combination of the polynomials P;;, by
the induction hypothesis, and so is P. a

Corollary 3.7 If A is a Noetherian ring, an A-algebra of finite type is a
Noetherian ring.

Proof The ring A[Xj, ..., X,,] is Noetherian and a quotient of this ring also.
a

3.2 Noetherian UFDs

Theorem 3.8 A Noetherian domain A isa UFD if and only if any irreducible
element of A generates a prime ideal.

Proof It sufficesto show that in a Noetherian domain A any non-zero element
is a product of units and irreducible elements.

First note that if aA = a’A, then a is a product of units and irreducible
elements if and only if & is such a product.

We can therefore consider the set of principal ideals of the form aA where
a is not a product of units and irreducible elements. If this set is not empty,
let cA be a maximal element of this set. Since c is neither irreducible nor a
unit, there is a decomposition ¢ = bb', where b and ¥ are not invertible. But,
obviously, cA is strictly contained in the ideals 64 and ' A. This shows that
both b and ¥ are products of units and irreducible elements. Hence ¢ also, a
serious contradiction. a



32 3. Noetherian rings and modules

3.3 Primary decomposition in Noetherian rings
Definition 3.9 A proper ideal Z C A is irreducible if
I=I1NIT, and I#I,=>TI=1I,.
Note that a prime ideal is irreducible by 1.36.
Exercises 3.10

1. Show that T is irreducible if and only if (0) is irreducible in A/Z.

2. Show that if p E Z is prime and n > 0, then p"Z is an irreducible ideal
of Z.

Definition 3.11 A proper ideal Z C A is primary if
abEZanda¢Z ="' EZ forn>>0.

Proposition 3.12 A proper ideal Z isprimary if and only if any zero divisor
in A/Z is nilpotent.

Proof Note that cl(a) cl(b) =0E A/Z <= ab E Z. Assume a ¢ Z, in other
words cl(a) # 0. Sinceb™ E T forn >> 0 if and only if cl(b) € A/T is
nilpotent, we are done. O

Exercises 3.13

1. Prove that a prime ideal is primary.
2. Show that if v/Z is maximal, Z is primary.

Theorem 3.14 In a Noetherian ring an irreducible ideal is primary

Proof It suffices to show that if (0) is irreducible, then it is primary.
Assume ab = 0, with a # 0. Consider the increasing sequence of ideals

((0):b) C ((0):8*) C ...C ((0):b™) C ...

Since it is stationary, there exists n such that ((0): b") = ((0):5+1).

Let us show (0) = b"A NaA. If b®c = ad = x E 6”4 Na4, we have
b+l =bad =0, hence ¢ E ((0) : 5»*1) = ((0): b"),and z = b"c = 0. Since
(0) is irreducible and aA # (0) we have proved b*A = (0),hence ' =0. O

Corollary 3.15 In a Noetherian ring every ideal is a finite intersection o
primary ideals.
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Proof If not, let E be the set of those ideals which are not a finite intersection
of primary ideals. Let Z be a maximal element of E.

Since Z E E it cannot be irreducible. Therefore T =17, NZ,, with T # I;
and Z # T,. Since Z; and Z, are finite intersections of primary ideals, Z must
also be and there is a contradiction. |

Definition 3.16 If Q;, withi=1,...n, are primary ideals, we say that
I=(2
1
is a primary decomposition of Z.
Exercise 3.17 If n = p* ...pim is a prime decomposition of the integer n,

show that nZ = p*Z N ...Npi=Z is a primary decomposition of nZ in the
Noetherian ring Z.

3.4 Radical of an ideal in a Noetherian ring

Proposition 3.18 IfZ is anideal in a Noetherian ring A, there ezists n such
that (VI)» CI.

Proof Let (a4,...,a,) be a system of generators of VT and ny, ..., n, integers
such that a™ E Z. Let Iy, ..., be positive integers such that i; +...+1, >
Y n; — (r — 1). This implies I; > n; for some i and shows a{'a¥ ...akr € T.
Consequently, (VZ)* CZ forn > T n; — (r - 1). O

Proposition 3.19 fZ is aprimay ideal of a Noetherian ring, then VT is
prime.

Proof Assume ab E v/Z. Let n be such that ™6™ E Z. Then a £ vZ implies
g" ¢ II, hence a™ ¢ Z. Since Z is primary, (™)™ E Z, for m >> 0, hence
e V1. a

DANGER: An ideal whose radical is prime is not necessarily primary.

Exercise 3.20 Let Z = (X)N(X?Y?) C k[X,Y ] where K is a field. Show
that vZ = (X) and that Z is not primary.

Considering the definition of a primary ideal, we have:
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Proposition 3.21 Let Z be an ideal with prime radical P = v/Z. ThenZ is
primary if and only if all zero divisors modulo Z are in P.

Definition 3.22 Let P be a prime ideal. A primary ideal Z whose radical is
P is P-primary.

Proposition 3.23 IfZ and 7 are both P-primary ideals, then Z N 7 is P-
primary.

Proof Obviously, P is the radical of ZN7. AssumeabEZINJ. fa¢ INJ,
then a ¢ Z, for example. This implies " E Z for n >> 0, hence b E P and
consequently b is nilpotent modulo 7N 7. O

35 Back to primary decomposition in Noetherian
rings

Definition 3.24 Let Z =N} Q; be a primary decomposition. If T # N,.; O
for all 7 and if v/Q; # |/Q; fori # 7, this decompositionis called minimal.

Using Proposition 3.23, it is clear that in a Noetherian ring all ideals have
a minimal primary decomposition.

Theorem 3.25 Let Z =} Q; be a minimal primary decomposition of Z (in
a Noetherian ring A) and P a prime ideal of A. The following conditions are
equivalent:

(i) there exists an integer i such that Q; is P-primary;
(ii) there exists an element x E A such that P =7 :x.

Proof Assume first P = 4/Q;. Since the decomposition is minimal there
exists y E N;»1 Q; such that y ¢ Q,. Clearly y@; C Z. Since P* C @4, for
n >> 0, we have yP* CZ, for n >> 0. Let m > 1be the smallest integer
such that yP™ CZ and x € yP™! such that x ¢ 7.

It is obvious that P C (Z : X). Let z E (Z : X). Note that y E N1 Q;
implies yAN Q; CZ. Hence x ¢ Z and z E yA imply x ¢ Q;. Since
t2zEZC Qi,wehave 2/ E Q; CP,for1 >>0, hencezEP and P =T :x.

Conversely, assume P =7 : X. We have P =7 : x =N}(Q; : X). Since a
prime ideal is irreducible we have P = Q; : x for some i. This implies on the
one hand that @, ¢ P. On the other hand, this shows that all elements in P
are zero divisors modulo Q;, hence, by Proposition 3.21,that P = Vi O
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Corollary 3.26 fZ =N} Q; and T =N7* Q; are minimal primary decompo-
sition of Z, then n = m and there exists a permutation 7 of [1,n] such that

\/§§= vV @ri)-

This straightforward consequence of Theorem 3.25 allows the following def-
inition.

Definition 3.27 fZ =N} Q; is a minimal primary decompositions of Z, the
prime ideals +/@; are the associated prime ideals of Z (or A/Z). We denote
this finite set of prime ideals by Ass(4/Z). In particular, Ass(A) is the set of
prime ideals associated to A (or to (0)).

Proposition 3.28 Let Z he a proper ideal of a Noetherian ring. An element
of the ring is a zero divisor modulo Z if and only if it is contained in a prime
ideal associated to 7.

Proof Let P be a prime ideal associated to Z. There exists X E A such that
P =(T :X). Then z € P & 2z EZ. Since X ¢ Z, an element of P is a zero
divisor modulo Z.

Conversely, let z ¢ T and y ¢ T be such that zy € Z. There exists i such
thaty ¢ Q;. Then yz E Q; implies 2" € Q;, forn >>0,hence z € vQ;. O

3.6  Minimal prime ideals

Definition 3.29 A prime ideal 7P containing an ideal Z is a minimal prime
ideal of Z if there is no prime ideal strictly contained in P and containing Z.

Theorem 3.30 A proper ideal Z of a Noetherian ring has only a finite number
of minimal prime ideals, all associated to Z.

Proof Let P be a minimal prime of Z. If Z =N} Q; is a minimal primary
decomposition of Z, there exists i such that @; C P, by Proposition 1.36. This
implies +/Q; C P, and the theorem. O

CAREFUL.: A prime ideal associated to Z is not necessarily a minimal prime
ideal of Z.

Example 3.31 If Z = (X)N (X2,Y?) C k[X,Y] (where k is a field), show
that (X,Y )is associated to Z but is not a minimal prime of Z.

Proposition 3.32 Let Z =N} Q; be a minimal pmmary decomposition of I.

If vO; & a minimal pmme adeal of Z, then Q; = |J (Z :s).
s¢v/ Qs
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Proof Put P, =+/Q, for any 1. Assume a € Q;. If s € ;4 Q;, then as € T.
It sufficesto prove that N4 Q; ¢ Pi. If not there exists j # i such that
Q; C Pi. This implies P; C P;, hence P; = P; since P; is minimal. This is
not possible since the primary decomposition is minimal.

Conversely if s ¢ P;, then s is not a zero divisor modulo Q;. Hence as €
Z CQ; impliesa E Q;. O

As a remarkable consequence of this last proposition, we get the uniqueness
of the P-primary component of an ideal for a minimal prime ideal P of this
ideal.

Corollary 3.33 Let Z = N} Q; =N} Q; be minimal primary decompositions
of T such that ,/Q; =/Q;. If \/Q} =/ is a minimal prime ideal of Z then
Q= Qi

3.7 Noetherian modules

Let A be a ring, not necessarily Noetherian.

Definition 3.34 An A-module M is Noetherian if it satisfies the following
equivalent (see Proposition 8.1) conditions:

(i) any non-empty set of submodules of M contains a maximal element;
(ii) all increasing sequences of submodules o M are stationary.

Proposition 3.35 Let M be an A-module and N a submodule of M. The
following conditions are equivalent:

(i) M is Noetherian;
(ii) N and M/N are Noetherian.

Proof (i)= (ii)is clear enough. Let us prove (ii)= (%).

Let M, be an increasing sequence of sub-modules of M. Then M,NN and
(M, +N)/N are increasing sequences of sub-modules of N and M/N. We
show that

M,NN =Mny1 NN and (M, ¥ N)/N = (Moyy Y N)/N = M, = Moy

If X € Mp1, there exists y € M, such that cl(z) = cl(y) E (Mn1 T N)/N.
This impliesx —y E N, hence X -y E M, NN =M,NN C M, and
X E M,. O

With this proposition in view, you can solve the next exercise by an obvious
induction.

3.8. Exercises 37

Exercise 3.36 Let M;, withi =1,...,n, be A-modules. Show that &}, M;
is Noetherian if and only if A4; is Noetherian for all i.

Theorem 3.37 An A-module is Noetherian if and only if all its submodules
are finitely generated.

We have already seen a proof of a special case of this result (Theorem 3.4):
aring is Noetherian if and only if its ideals are all of finite type.
The proof of this generalization is essentially identical. Do it.

Proposition 3.38 A surjective endomorphism of a Noetherian module is an
automorphism.

Proof Let u be this endomorphism. Since u is surjective, u™ is surjective for
n > 0. The submodules ker(v") of the module form an increasing sequence.
Hence there exists n > 0 such that ker(u") =ker(u™*'). Consider X E ker(u).
There exists y such that X ="(y). But

u(z) =0 = u""'(y) =0= v"(y) =0 = X =0.

3.8 [EXxercises

1. Let A be aring and Z and J be ideals of A suchthat ZNnJ = (0). Show
that A is a Noetherian ring if and only if A/Z and A/J are Noetherian
rings.

2. Let M be a finitely generated A-module such that (0) : M = (0). Show
that if M is a Noetherian module, then A is a Noetherian ring.

3. Let A be a Noetherian ring. Show that each zero divisor is nilpotent if
and only if A has only one associated prime ideal.

4. Let A be a Noetherian ring and a E A. Show that if ais not contained
in any minimal prime of A, then ab =0 implies that b is nilpotent.

5. Let A be a Noetherian ring, a E A and P E Ass(A). Assume that a is
not a zero divisor and that cl(a) E A/P is not a unit. Show that there
exists a prime ideal P’ with a E P’ and P'/aA E Ass(A/aA) and such
that P C P’. Assume that b E A is such that cl(b) € A/aA is not a zero
divisor and prove that b is not a zero divisor.

6. Let A be a Noetherian ring and a E A. Assume (a"') :a" = (a)for n
large enough. Show that a is not a zero divisor.
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7. Let A be a Noetherian ring and a € A. Show that the subring A[aT]
of the polynomial ring A[T] is Noetherian. Show that a is not a zero
divisor if and only if the A-algebra homomorphism 7 : (4/aA)[X] —
AlaT)/aAleT] defined by 7(X) =cl(aT’) is an isomorphism.

8. Let A be a local Noetherian ring and M its maximal ideal. Assume
M E Ass(A). Showthat if L is a finite rank free A-module and e € L is
an element such that a8 =0 = a =0, then there exists a free submodule
L’ of L suchthat L=Ae® L’

BEE

4

Artinian rings and modules

Artinian rings are Noetherian. As we will see, this is not clear from their defi-
nition. They are in a way the “smallest” Noetherian rings. The main theorem
of this section states that a ring is Artinian if and only if it is Noetherian
and all its prime ideals are maximal. We considered in fact the possibility
of defining Artinian rings in this way and showing that they also enjoyed the
descending chain condition. But we came back to the traditional introduction
of Artinian rings. Not without reluctance! Our reader should keep in mind
that afield is an Artinian ring and that an Artinian ring without zero divisors
is a field.

| hope, once more, that you agree with the following result. If not, prove
it.
Proposition 4.1 Let E be an ordered set. Thefollowing conditions are equiv-
alent.

(i) Any non-empty subset of E has a minimal element.
(i) Any decreasing sequence of E is stationary.

4.1 Artinian rings

Definition 4.2 [If the set of ideals of a ring satisfies the equivalent conditions
of the preceding proposition, the ring is Artinian.

Examples 4.3

1. Since a field has only one ideal, it is an Artinian ring.

2. More generally a ring having only finitely many ideals is Artinian.
For example Z/nZ, with n > 2, is Artinian.

39
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3. The ring C[X,Y]/(X? Y2 XY) is Artinian, but it has infinitely many
ideals.

To understand the last example, note first that C[X,Y]/(X% Y2 XY) is
a @-vectorspace of rank 3 and that (1,cl(X),cl(Y)) is a basis of this vector
space. Check next that the ideals of the ring are the subvector spaces of the
rank-2 vector space generated by cl(X) and cl(Y). From this deduce that a
decreasing sequence of ideals is stationary and that there are infinitely many
ideals.

Since the ideals of a quotient ring A/Z are naturally in bijection with the
ideals of A containing Z, we get the following proposition.

Proposition 4.4 If Z is an ideal of an Artinian ring, the quotient ring A/Z
is Artinian.

Our next result is essential, but its proof is almost obvious.
Proposition 4.5 An Artinian domain is a field.

Proof Let X # 0 be an element of the ring. If X is not invertible, then
z"A, n >0, is a decreasing sequence of ideals. Since it is stationary, z"A =
™1 A, for n >> 0. Hence there exists a E A such that 2™ = az™*'. Since the
ring is a domain, X is not a zero divisor and 1= ax. a

Corollary 4.6 In an Artinian ring all prime ideals are maximal.

Proof Let P be a prime ideal. The ring A/P is an Artinian domain, hence a
field. In other words P is a maximal ideal. a

Proposition 4.7 An Artinian ring has only finitely many maximal ideals.

Proof Assume there exist distinct maximal ideals M;, for all i EN.
Since M; ¢ M, fori < n+ 1,we have Ny M; ¢ M,1. This shows that
I, =g M, is a strictly decreasing sequence of ideals, hence a contradiction.
O

Proposition 4.8 Let A be an Artinian,ring and Mj, ..., M, its maximal ide-
als. There exist positive integersny, ...,Nn, such that

(0)= MM MZ2 M =\ M.

1
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Proof Since A is Artinian, there are positive integers n; such that M} =
ML Let us show
(0)=MPMP. .M.
If not, let E be the set of ideals J such that JM7T' M52, . MP £ (0). It is
not empty since M; E E for all i.
Consider Z a minimal element of E. Let X € 7 be such that

TMPMP M #£ (0).
Note that this implies Z =xA. Furthermore, since
TMPMP . MP = g MPPEMETEL MEHT
we find that the ideal zM; M, ..M, is also in E. This shows
IMiMsy.. M, = zA.

Since zA is obviously a finitely generated A-module, this last relation implies
zA = (0) by Nakayama’s lemma, hence a contradiction.
Finally, the ideals M}* being pairwise comaximal, we have

MMM =M,

1

by Lemma 1.61,and we are done. O

We can now prove the main result of this chapter.

Theorem 4.9 A ring is Artinian if and only if it is Noetherian and all its
prime ideals are maximal.

Proof If A is Noetherian, let (0) =N] Q; be a primary decomposition of (0).
Since all prime ideals are maximal, /@, is a maximal ideal M;. But M? C Q,
for n >> 0. Hence there are positive integers n; such that (0) = O] MJ*.
Since the ideals M;" are pairwise comaximal we get, as in the Artinian case,
a relation

(+) (0) = MPME2 . M,

Now consider A a ring, M, maximal ideals of A and n; positive integers
such that the relation (*) is satisfied. We shall prove by induction on 3" n;
that A is Artinian if and only if it is Noetherian.

If Y n; = 1,the ring A is a field and we are done.

If >>n; > 1, consider the ring A = A/MPM32.. . M?~1. Note that the
maximal ideals of A" are M = M;/MPMP. . M1 for 1< i < rif
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n. > 1land for 1< i <r if n, = 1. Furthermore, there is, in A" a relation
(0) = MP M2 M1 If Ais Artinian or Noetherian, so is A'. Therefore,
by the induction hypothesis, A" is both Artinian and Noetherian.

Consider now Z, an increasing sequence of ideals of A. It induces an in-
creasing sequence Z,.A’ of ideals of A, necessarily stationary. The kernel of the
natural application Z, — Z, A4’ is TNMP* M52 . M™ L. It is easy to check that
T, is stationary if and only if the increasing sequence Z, N M7* M52 M7~
of submodules of MP* M32.. M?=1 s stationary.

Consider next a decreasing sequence 7, of ideals of A. The decreasing se-
quence J,. A’ of ideals of A' is stationary. We see as before that 7, is stationary
if and only if the decreasing sequence J, N M7 M7%2 M7~ of submodules
of M M52.. M?~1 is stationary.

To show our theorem, it will therefore be sufficient to prove the following
assertion:

In the A-module MP* M32.. M™~1 every increasing sequence of submod-
ules is stationary if and only if every decreasing sequence of submodules is
stationary.

Now since MP*M32 . M™ = (0), we have M, (MP M3 . M™~1) = (0).
This showsthat the A-module structure of M7 M3?.. M™ ! is in fact induced
by the structure of an AIM,-module. However A/ M, is a field, hence we
have that M M52.. M™~1 is an AIM,-vector space. Its A-submodules are
its AIM,-subvector spaces.

We can therefore conclude the proof of our theorem with the following
lemma.

Lemma 4.10 Let E he a vector space on afield k. The following conditions
are equivalent:

(i) every decreasing sequence of subvector spaces is stationary;
(ii) the vector space E has finite rank;

(iii) every increasing sequence of subvector spaces is stationary.

Proof of the lemma Clearly (ii) implies (i) and (iii).

Conversely, assuming that E is not of finite rank, let us prove that E
has non-stationary increasing and decreasing sequences of subvector spaces.
Consider z;, for i >0, linearly independent elements. Let E; be the subvector
space generated by 21, ..., z; and F; the subvector space generated by z;, 7 > 1.
Then (E;) (resp. F;) is an infinite strictly increasing (resp. strictly decreasing)
sequence of subvector spaces of E. a
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4.2 Artinian modules

Let A be aring, not necessarily Noetherian.

Definition 4.11 A module M is Artinian if it satisfies the following equivalent
conditions:

(i) any non-empty set of submodules of A contains a minimal element;

(ii) all decreasing sequences of submodules are stationary.

Proposition 4.12 Let M he an A-module and N a sub-module of M. The
following conditions are equivalent:

(i) the module M is Artinian;
(ii) the modules N and M/N are Artinian.
Proof (i) = (ii) is clear enough. Let us prove (ii) = (i).
Let M, be an decreasing sequence of sub-modules of M. Then M, NN

and (M, + N)/N are decreasing sequences of submodules of N and M/N. It
is therefore enough to show

M, NN =Mu1 NN and (M, TN)/N = (Mpyy TNYN = M, = Mp,1.

If X E M,, there exists y E M, such that cl(z) = cl(y) E (M, T N)/N.
This impliesx —y EN, hencex -y EM, NN =M,, 1NN C M,,,, and
T e Mn+1- 0

4.3 Exercises

1. Let Abe aring and Z and J be ideals of A such that ZnJ = (0). Show
that A isan Artinian ring if and only if A/Z and A/J are Artinian rings.

2. Let M be a finitely generated A-module such that (0) : M = (0). Show
that if M is an Artinian module, then A is an Artinian ring.

3. Let A be a Noetherian ring. Assume that if a E A is neither invertible
nor nilpotent, then there exists b E A such that b is not nilpotent and
that ab = 0. Show that A is Artinian.

4. Let M be an Artinian module. Show that an injective endomorphism of
M is an automorphism of M.



4. Artinian rings and modules

. Let A be an Artinian ring, M a finitely generated A-module and « an
endomorphism of /. Show that the ring Afu] is Artinian.

. Let A be a local Artinian ring. Show that if a homomorphism u : A" —
A" is injective, then coker u is free.

. Let A be an Artinian ring and a € A. Assume that a is not invertible.
Show that there exist an integer n and an element b E A such that a™ +b
is invertible and a™b = 0.

. Let A be aring. Assume there exist non-zero elements ¢1,...,a, E A
such that A = (a1, ...,a, and that (0):a; is a maximal ideal for each i.
Show that A is a product of fields.

B del

5

Finitely generated modules over
Noetherian rings

This is both an easy and difficult chapter. Easy because studying finitely
generated modules over Noetherian rings is pleasant. There is a lot to say
about them, most of it useful. Difficult because we don't want to drown the
reader in details. Some choices are necessary. To begin with, we study the
prime ideals associated to a finitely generated modules over a Noetherian ring
(they form a finite set). Next, we move to finite length modules: this notion
of length is at the root of modern algebraic geometry. We'll see in the next
chapter that the length is everybody's favourite additive function. Then we
go back to the very classical classification of finitely generated modules over a
principal ideal ring. Presenting Krull’s theorem at the end of this chapter was
our last difficult choice. We do not need this result this early, but now is the
right time to prove it.

Theorem 5.1 Let A be a Noetherian ring. An A-module M is Noetherian if
and only if it isfinitely generated.

Proof We already know from Theorem 3.37 that this condition is necessary.

Assume now that M is generated by (zy,...,z,). There exists a surjective
homomorphism nA — M. If K is the kernel of this homomorphism, then M =~
(nA)/K. By Proposition 3.35, it is sufficient to show that nA is Noetherian.
Since A is a Noetherian A-module, this is a special case of Exercise 3.36. O

In this chapter all rings are Noetherian.

5.1 Associated prime ideals

Definition 5.2 Let M be a module on a ring A. A pmme ideal P o A is
associated to M if there exists an elementx E M such that P = (0:z).
The set of all prime ideals associated to M is denoted by Ass(M).

45



46 5. Finitely generated modules over Noetherian rings

Examples 5.3

1. If A'is a domain, then Ass(A4) = {(0)}.

2. Let Z be an ideal of A. The elements of Ass(A/Z) are the prime ideals
associated to Z (yes, the language is ambiguous but we can live with it).
They have been described with the primary decomposition of Z.

3. In particular, if P is a prime ideal of A, then Ass(A/P) ={P}.

Proposition 5.4 For all non-zero x E M, there exists P E Ass(M) such that
(0:z2) CP.

Proof Consider the set of all ideals (0 :y), y E M, y # 0. We claim that a
maximal element (0 : z) of this set is a prime ideal. Assume ab E (0 :z) and
a¢ (0:2). We have abz =0 and az # 0. Hence b E (0 : az). But clearly,
(0:z)C (0:az). This implies (0:z) = (0:az),by the maximality of (0:2),
and bE (0:2). 0

Note the two following immediate corollaries.

Corollary 5.5 If M isanA-module, then M # (0)if and only if Ass(M) +# 0.

Corollary 5.6 For a E A, the multiplication map M = M, z — ax is not
injective if and only if there exists P E Ass(M) such thata EP.

Proposition 5.7 If M’ is a submodule of A, then

Ass(M') C Ass(M) C Ass(M')U Ass(M/M")

Proof The inclusion Ass(M’) C Ass(M) is obvious.

Let P E Ass(M) and £ E M such that P = (0 : x). Note first that
Ass(Az) = {P}.

If M N Az # (0), then Ass(M’' N Az) C Ass(Az) = {P}. This shows
Ass(M'N Ax) ={P}.Since Ass(M' N Az) C Ass(M’), we have P E Ass(M").

If M’ N Az = (0),consider cl(z) E M/M’. We have

acl(z) =0 az EM' & azx E M'NAx = (0)& az =0.
This shows (0 :cl(z)) = (0:x) =P, hence P E Ass(M/M"). 0

Corollary 5.8 Let M he afinitely generated A-module. If P is a minimal
prime of (0: M), then P E Ass(M).
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Proof Let (zy,...,X,) be a system of generators of M and let Z; = (0 : z;).
We have (0 : M) = n;Z;. Since (0 : M) C P, there exists i such that
I, CP. But A/I; ~ Ax; implies Ass(A/Z;) = Ass{Az;). Obviously P is a
minimal prime of Z;. This implies P E Ass(A4/Z;), by Theorem 3.30. We find
P E Ass(Az;) C Ass(M). O

Theorem 5.9 If M is afinitely generated A-module, there exist an increasing
sequence of submodules

O=MCMC..CM, =M
and prime ideals P; such that

M;/M; 1 ~ A/P; fori> 0.

Proof Assume there exist an increasing sequence of submodules
0)=MyCM;, C..CM,
and prime ideals P;, j = 1,...,1,such that
M;/M;_y ~ A/P;forj=1,..,1.

We show that if M; # M, there exist a submodule M, with M; C M;,;,
and a prime ideal P;.; such that M;,;/M; ~ A/P;.;.

Indeed, if P E Ass(M/M;), let cl(z) E M/M; be such that P = (0 : cl(z)).
Put Mi+1 = AX +M1 and Pi+1 =P.

We can construct in this way an increasing sequence of submodules of M.
Since M is Noetherian, this sequence is stationary. In other words, there exists
n such that M, = M and we are done. 0

CAREFUL: The prime ideals P; are certainly not uniquely defined!

This last result looks very much like a technical lemma. It is much more
than that and can be interpreted in the following way. Let A be a Noetherian
ring and F the free group generated by all finitely generated A-modules. In F
consider the equivalence relation generated by

M~MifM~M and M~NTM/NifNCM.

Then our theorem states that the quotient group of F by this equivalence
relation is generated by the classes of the modules A/P, with P prime ideal.



48 5. Finitely generated modules over Noetherian rings

Example 5.10 Consider M = A = Z. The following sequences satisfy our
theorem:

2. (0)=M, C2Z = M, C M, =Z, with P, = (0) and P, = 2Z.

Corollary 5.11 If M is afinitely generated A-module, then Ass(M) is finite.

Proof By Proposition 5.7, we have

Ass(M) C Ass(M;)UAss(M/M;) C Ass(M;)UAss(My/M;)UAss(M/M,) C ...
Ass(M;/Mo) U Ass(Ma/My) U ... U Ass(M,, /M _1) = {Py, ..., Ppn}.

5.2 Finite length modules

By Theorem 4.9 an Artinian ring is a Noetherian ring whose prime ideals are
all maximal. Therefore, Theorem 5.9 has the following consequence.

Theorem 5.12 Let A be an Artinian ring and M a finitely generated A-
module. There exist an increasing sequence of submodules

O=MCMC..CM,=M
and maximal ideals M; such that M;/M;_, ~ A/M; fori> 0.
Proof Since all prime ideals of A are maximal, this is clear. 0
Definition 5.13 Let A be a ring (not necessarily Noetherian). A non-zero
A-module M is simple if M has no submodules other than (0)and M.

Proposition 5.14 An A-module M is simple if and only if there exists a
maximal ideal M such that M ~ A/ M.

The proof is an easy exercise left to the reader.
Definition 5.15 Let M ke an A-module. If an increasing sequence (0) =
My C M, C ...CM, =M of submodules of M issuch that M;/M,;_; issimple
for all i, it is called a composition series of length n of M.

We have therefore seen that a finitely generated module over an Artinian
ring has a composition series.
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Exercise 5.16 Let p E Z be a prime number and n > 0. Show that M; =
p"'Z/p"Z, with 0 < i < n, is a composition series of the Z-module Z/p"Z.

Proposition 5.17 If an A-module M has a composition series, it is Noethe-
rian and Artinian.

Proof This is an immediate consequence of Proposition 3.35 and Proposition
4.12. a

Theorem 5.18 Let A be a ring (not necessarily Noetherian) and M an A-
module having a composition series.

(i) Any increasing or decreasing sequence of submodules of M can be extended
to a composition series.

(i) All composition series of M have the same length.

Proof We shall prove the result by induction on 1,,,(M), the length of a com-
position series of M of minimal length.
If L, (M) = 1,then M is simple and (i) and (ii) are then obvious.
Assume 1 =1,(M) > land let (0) =M, CM; C..C M, =M be a
composition series of M. If N is a submodule of M, we have

(M;nN)/(M;_1NN) C (M;/M;_1)

This shows that (M; N N)/(M;—1 NN ) is simple or trivial, for all i. We can
therefore extract from the sequence M; NN a composition series of N. This
proves L, (N) <.

Furthermore, if 1,,,(N) = 1we must have

(M;NN)/(M;_1 N N) =(M;/M;-1),

for all i. This implies M; "N = M;, for all i, by an easy induction on i, hence
N =M.

Let now (0) = Ny C M;,C ... C N, = M be a strictly increasing se-
quence of submodules of M. Since N,_; is a strict submodule of M, we have
1,(Nn—1) <1, hence n < 1. This shows (i) and (ii). O

We can now introduce the "length” of a module.

Definition 5.19 Let A be a ring (not necessarily Noetherian). If an A-module
M has a composition series of length n, we say that M has length n and we
write 1a(M) =n. If M has no composition series, we say that M has infinite
length.
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When the base ring is implicit, we sometimes write (M) for 14(M).

Theorem 5.20 Let A be a ring (not necessarily Noetherian), M an A-module
and N a submodule of M. Then

La(M) = 14(N) + 14(M/N).

Proof Let
NyCN C..CN,

be an increasing sequence of submodules of N and
FcFhC.CF

be an increasing sequence of submodules of M/N.
Put M; = N; fori <rand, fori =1,..,s, let M,,; be the submodule of
M, containing N, and such that M,,;/N = F;. We have

Mi/Mi—l :Ni/Ni—l; fori <rand Mi/M'_l = E—r/E—l—m fori >
The sequence
My CM; C..C M4,

is therefore a composition series of M if and only if (V;)o<i<r and (Fj)o<j<s
are composition series of N and MIN.

This proves on the one hand that if 1,(N) and 14(M/N) are finite, then
1a(M) =14(N) T14(M/N). On the other hand it shows that if either 14(NV)
or 14(M/N) is not finite, neither is 14(M). O

The following characterizations of Artinian rings will often be convenient.

Theorem 5.21 Let A be a ring. The following conditions are equivalent:
(i) the ring A is Artinian;

(i1) all finitely generated A-modules have finite length;

(iii) the A-module A has finite length.

Proof (i) = (ii) by Theorem 5.12,and (iii) = (i) is an immediate consequence
of Theorem 5.18. a

Corollary 5.22 Let A be an Artinian ring. If an A-algebra B isfinitely gen-
erated us an A-module, & is an Artinian ring.
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Proof Since B has finite length as an A-module, it has finite length as a B-
module. |

Examples 5.23

1. Let k be a field and M a k-vector space. Then 1x(M) is the rank of the
vector space M.

2. If M;, with i = 1,...,n, are A-modules, then L4(®7; M;) =7 1a(M;).

3. If A isan Artinian ring and M a free A-module of rank n,then 14(M) =

Proposition 5.24 Let K be afield and ¥ C K a subfield such that K is a
finite rank k-vector space. If E is a finite rank K-vector space, then E is a
finite rank k-vector space for the induced structure and we have

1k(E) =I‘kk(E) =I‘kk(K)I‘kK(E) =1k(K)1K(E)

Proof Let r be the rank of E as a K-vector space. There exists an isomor-
phism of K-vector spaces E ~ K‘. Since this is an isomorphism of k-vector
spaces, we are done. O

Exercise 5.25 Let k be a field and A a k-algebra such that for all maximal
ideals M of A, the natural application k — A/M is an isomorphism. Note
that an A-module M has an induced structure of a k-vector space. Show that
the A-module M has finite length if and only if it has finite rank as a k-vector
space and that 14 (M )=rky (M)

5.3 Finitely generated modules over principal ideal
rings

Theorem 5.26 Let A be a principal ideal rang, L a free A-module of rank n
and M a submodule of L. Then:

(i) the module M is free;

(ii) there ezist a basis (e,) of L, a positive integer m < n and elementsa, E A,
with 1 <1 < m, such that
(a) @41 E a;A, for all i,
(b) (areq,ages, ..., amem) & a basis for M.
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Proof We shall first prove (i), by an induction on the maximal number of
linearly independent elements in M. If this number is zero, then M = (0) and
we are done. Assume M # (0).

If g € Homu(L, A), then g(M) is an ideal of A. Since A is principal, we
can consider ¢4 = u(M), a submodule of A, maximal among the g(M), g €
Homy4(L,A) and choose € E M such that u(e’) = a. Note that if (fi, ..., f») is
a basis of L, there are linear forms v; on L, such that x = Y7 v;(z)f; for all
X E L. Since M # (0), there exists i such that v;(M) # (0). As a consequence
a## 0, hence € #0.

Next we show that v(e’) E aA, for all v E Homa(L,A). We can assume
v(e’) # 0. Consider a’ = ged(a, v(e’)). We have

& =bha tev(e) =bu(e) + cv(e’) = (butcv)(€),

hence a E (bu+ cv)(M)and u(M) C (but cv)(M). From the maximality of
aA =u(M), we get aA =u(M) = (butcv)(M). This implies a’ E a4, hence

v(e') EaA.
From this we deduce that there is an e E L such that € = ae. Indeed,
if € = > Ta;f;, we have just proved that a; = v;(¢/) E aA for all i. So

e =3"(a;/a)f; is our element. We note that u(e) = 1.
The next step is to prove

L=Aed®keru and M =Ae & (kerunM).

That Ae N keru = (0) is obvious. Furthermore, if X E L, we have x =
u(z)e + (z —u(z)e) E Ae + ker u.

Clearly, Ag’ n (kerun'M) = (0) is also obvious. If z E M, thereisab EA
such that u(z) = ba. This shows z =be’ +(z —be’) E A’ + (kerunM).

From the decomposition M = Ae’@®(ker unM), we deduce that the maximal
number of linearly independent elements in (kerun M) is strictly smaller than
the corresponding number for M. By the induction hypothesis (kerun M) is
free, hence so is M and we have proved (i).

We now prove (ii) by induction on n =rk(L).

By (i), kerw is free. Since rk(keru) =n — 1,we can apply our induction
hypothesis to the submodule (kerun M) of ker u.

There exist a basis (eg,...,e,) of keru, an integer m < n and elements
a; EA, 2 <i<m,suchthata;11 E ¢;A4, foralli > 2, and that (agey, ..., Gmem)
is a basis of (kerunN'M). Since M = Aae & (keru N M), if we denote e; = e
and a; = a, we must show as E a; A.

Let v E Homyu(L, A) be the linear form defined by v{e;) = 1 for all :.
We have v(aje1) = a4, hence a;A C v(M). Since a;A = aA, this implies
aiA = v(M). From this we deduce a; = v(aze2) E v(M) = a;A and the
theorem is proved. O
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Corollary 5.27 Let E he afinitely generated module on a principal ideal ring
A. There exist integers m and r and non-invertible elements a;, .., a,, E A
such that:

(l) ai4+1 E aiA fori >1;
(i) EN (BT A/a;A)BrA.
Furthermore m, r and the ideals a; A are uniquely defined by M.

Proof Letzy,...,z, € E be elements generating E. If (fi,..., f) is the canon-
ical basis of nA, consider the surjective homomorphism v : nA + E defined
by v(fi) = ;.

We consider the submodule ker v of nA and apply the theorem.

There is a basis (e1,...,e,) of nA and elements ay, ..., a,, E A, with m < n,
and a;4+; Ea;A for i > 1,such that (asey, ..., amer) is a basis for kerv.

By Exercise 2.33 (2), there is an isomorphism

m
(B A/a;A)P(n —m)A~ E.
1
To complete the proof of the corollary, let us introduce the torsion sub-

module of a module on a domain.

Proposition 5.28 If A is a domain and N an A-module, then the set T(N)
of all x EN such that (0):x # (0) is a submodule of N.

Proof Let x and y be elements of T(NV). If ax = 0 and by =0, then ab(cz +
dy) =0 for all c,d E A. O

Definition 5.29 The module T'(N) is the torsion submodule o N

Consider now, as in the theorem, two decompositions of M :

M =~ (%A/aiA)@TA N (éA/a;A)@T’A.

They induce isomorphisms

T(M) n éA/aiA ~ éA/a;A,

and
M/T(M)~rA~r'A
This last relation shows r =r’.
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Lemma 5.30 A finitely generated torsion module over a principal ideal ring
has finite length.

Proof Since such a module is isomorphic to a module of the form @ A/a; A,
it is sufficient to prove that if a E A is a non-zero element, then A/aA is
of finite length. Note that the A-submodules of A/aA are the ideals of the
quotient ring A/aA. Since the prime ideals of this ring are in natural bijection
with the prime ideal of A containing a, they are all maximal. As a consequence
A/aA is an Artinian ring, hence it has finite length as an A/aA-module and
as an A-module as well. o

We can now go back to the proof of Corollary 5.27
Let M be a maximal ideal of A such that a; E M. Since A is principal,
there exists a E A such that M =aA. If b E A, we have

(A/bA)/a(A/bA) ~ A/(aA FbHA).
Since a; E aA for all i, this implies
(A/a;A)/a(A/a;A) N AfaA, and
T(M)/aT (M) ~ em?A/aA N gléA/(aA +aA).

Since A/(aA + ajA) = (0) <> a; & aA, this proves m' > m, hence m’ =m,
and a; E aA for all i.

We now prove a;A =ajA by induction on 37" 14(A/a;A).

If m =0, we are done. If m >0, we have 14(aT(M)) <14(T(M)). In this
case the isomorphisms

m m m m
aT(M) n Pad/aA N @Pad/a;An P A/ (ai/a)A~ P A/(a;/a)A.
1 1 1 1
imply, by the induction hypothesis,
(a;/a)A = (a;/a)A, hence a;A =a}A, forall i.
The Corollary is proved. |

Exercise 5.31 Let A be a principal ideal ring, L a finitely generated free
A-module and u an injective endomorphism of L.

1. Show that coker () is an A-module of finite length.
2. Prove l4(coker (u)) =14(A/det(u})).

5.4. The Artin—Rees lemma and Krull's theorem 55

5.4 The Artin-Rees lemma and Krull's theorem

The Artin-Rees lemma is an apparently technical result whose proof is rather
elementary. Although the beginner will not perceive its importance immedi-
ately, it has proved to be particularly useful (as in the case of Nakayama's
lemma for example). Krull's theorem, which we will need often in the sequel,
is an immediate consequence of this "lemma".

Definition 5.32 LetZ an ideal of a ring A. The subring (@,>,Z"T") of the
polynomial ring A[T] =&,>¢ AT" is the Rees ring of A with respect to Z.

Proposition 5.33 If A is a Noetherian ring, the Rees ring of A with respect
to an ideal Z is Noetherian.

Proof Let (ay,...,8,) be a system of generators of Z. The homomorphism of
A-algebra
f :A[Xla “',XT] - @InTnv f(Xl) =aiT
n>0
is obviously surjective, hence the Rees ring is a finitely generated A-algebra.
O

Lemma 5.34 (Artin-Rees lemma) Let Z ke an ideal of a Noetherian ring A
and M afinitely generated A-module. If N is a submodule of M, there exists
an integer m such that

™M NN =I"(I"MNN), foralln > 0.

Proof Consider MT" = {zT™, x E M}. Clearly, it has the structure of an
A-module isomorphic to M.

The direct sum @,5o MT™ has an obvious structure of an A[T]-module,
hence an induced structure of a module over the Rees ring (6,50 Z"T™). Note
furthermore that (@, Z"MT") is a (B, Z"T™)-submodule of this module.

Now if (xy,...,z,) is a finite system of generators of M as an A-module,
then (2,77, ..., z,T°) is a system of generators of (B, Z"T™M) as a module
over the Rees ring (8,50 Z"T™). Hence this module is finitely generated.

Put N, = I"M n N. Clearly, we have Z*N,, C N, for k > 0. This
shows that (@,,5q N.T™) is a (B, I"T™)-submodule of (@,,5,Z"MT™). Con-
sequently, (@,so N.T") is a finitely generated module over the Rees ring
Drnxo I"T".

Consider z1, ..., z1 E @,~0 N, T™, a system of generators of this module. Let
m be an integer such that % E (pr_, N, T, for i = 1,..., 1. We have

n=0

T*T*N,,T™ = Nk T™*, in other words Z*(Z"M NN) ="M NN,

and the lemma is proved. O



56 5. Finitely generated modules over Noetherian rings

Corollary 5.35 (Krull’s theorem)Let A be a Noetherianring and M a finitely
generated A-module. IfZ is an ideal of A contained in the Jacobson radical of
the ring, then

AZ"M = (0).

Proof Put E =N,Z"M. We have Z"M NE =E for all n > 0. Hence by the
Artin-Rees lemma ZE = E. Applying Nakayama’s lemma, we have proved
E = (0). O

5.5 EXxercises

1. Let A be a Noetherian ring, M a finitely generated A-module and a €
JR(A) an element such that X E M and az = 0 imply X =0 (we say
that a is regular in M). If P E Ass(M), show that there exists a prime
ideal P’ containing a, such that P’ E Ass(M/aM) and such that P C P".
Show that if b E A is regular in M/aM, then b is regular in M.

2. Let A be a Noetherian ring, M a finitely generated A-module and P a
prime ideal such that (0) : M C P. Show that there exists a submodule
M’ of M such that P E Ass(M/M").

3. Let A be a Noetherian ring and N a finitely generated A-module. Show
that there exists a homomorphism of free modules f : nA — mA such
that N = coker f. Such a homomorphism is called a finite presentation
of N. If (ex)1<k<r and (fi)1<i<m are the canonical bases of nA and mA,
put f(e;) =3 ;a:;f; and consider the matrix M = (a;;) of f. Define Z,
to be the ideal generated by the (m-r)-minors of M and show that the
ideals Z. do not depend on the presentation f but only on N.

The ideal Z, is called the rth Fitting ideal of N and often denoted by
F.(N).

4. Let A be a Noetherian ring and N a finitely generated A-module. If N’
is a submodule of N, show that the Fitting ideals satisfy the relations

F.(N)C F,(N/N") and F.(N) C F.(N').

5. Let A be a Noetherian domain such that each non-zero prime ideal is
maximal. Showthat for every finitely generated A-module M , the torsion
submodule T (M) of M has finite length.
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6. Let R be a principal ideal ring and M a finitely generated R-module. If

M’ is a submodule of M, show 1x(T(M)) < la(T(M)) T1p(T(M/M")).
Show that if equality holds, then

M/T(M) =~ M'/T(M") ® (M/M')/T(M/M')

7. Let A be a Noetherian ring and a E JR{A) an element such that aA is a

non-minimal prime ideal. Show that A is a domain.

8. Let A be a local Noetherian ring. Assume that the maximal ideal M of

A'is in Ass(A). Show that if a homomorphism u :nA — mA is injective,
then coker u is free.
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A first contact with homological algebra

What is homological algebra? Where does it begin? Homomorphism modules
are introduced with linear algebra and often studied in commutative algebra.
They certainly are “homological” objects of the same nature as tensor prod-
ucts, which are usually introduced much later, with homological algebra. Let’s
take a break and present a set of elementary algebraic methods having a com-
mon flavour. This common flavour shall be our first contact with homological
algebra. Reader, if you are in a hurry be sure to understand the second section
of this chapter; if not, try the other sections also.

We cannot be really consistent without abelian categories, but we have
no desire to say more than necessary in our first section. Our second section
deals with exact sequences and additive functions. This is important and
allows us to see some previous results in a new light. In our third section we
come back to homomorphism modules and present them with tensor products.
Unfortunately their importance will not appear immediately to our reader,
who should trust us nevertheless. In our last sections we study duality on
artinian rings and introduce Gorenstein artinian rings. We hope that you will
take pleasure in reading these last two sections.

6.1 Some abelian categories

A “category” consists of objects and arrows (or morphisms). The set of arrows
from an object E to an object F is denoted by Hom(E, F). The arrows com-
pose in a natural associative way and for each object E, there is an identity
1g E Hom(F, E) which is an identity element for the composition.

The category whose objects are abelian groups and whose arrows are group
homomorphisms is of common use. We are interested in some of its subcate-
gories. More precisely, we require that all objects in our categories are abelian
groups, that the direct sum of two objects is an object, and that the set
Hom(E, F) is a subgroup of the group of homomorphisms from E to F. Fur-
thermore, each arrow has a kernel and a cokernel in the category, and if both
are zero the map is an isomorphism.

59
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Let A be aring. There is an “abelian category” whose objects are the A-
modules and whose arrows are the homomorphisms of A-modules. Note that
the kernel and the cokernel of an arrow are objects of the category.

There is also an “abelian subcategory” whose objects are the A-modules
of finite length and whose arrows are the homomorphisms of such A-modules.
Note once more that the kernel and the cokernel of a homomorphism between
finite length A-modules have finite length.

If A is Noetherian, there is another “abelian subcategory” whose objects are
the finitely generated A-modules and whose arrows are the homomorphisms
of finitely generated A-modules. If the ring is not Noetherian we run into
difficultiesbecause the kernel of a homomorphism of finitely generated modules
is not necessarily finitely generated.

A functor F from an abelian category C to another abelian category, C’,
transforms an object M of C into an object F(M) of C’ and an arrow of
C into an arrow of C’. The functor is called covariant if it preserves the
directions, in other words if the transform of an arrow f : M — N is an
arrow F(f) : F(M) — F(N). It is called contravariant if it inverts these
directions, in other words if the transform of an arrow f : M — N is an arrow
F(f) :F(N) — F(M).

A functor has also the following properties

F((0)) = (0), F(Idp) = ldp),

F(gof) =F(g) o F(f) for Fcovariant and
F(gof) =F(f)oF(g) for F contravariant.

Let F be a covariant functor. If for each injective (resp. surjective) ho-
momorphism f the homomorphism F(f) is injective (resp. surjective), we say
that F is left (resp. right) exact. If F is both left and right exact, we say that
F is exact.

Let F be a contravariant functor. If for each surjective (resp. injective)
homomorphism f the homomorphism F'(f) is injective (resp. surjective), we
say that F is left (resp. right) exact.

We do not intend to be more precise for the time being.
Examples 6.1 Let A be aring.

1. For all A-modules N, put F(N) = Homas(N,A) =N" f f :N = M
is a homomorphism, denote by F(f) the transposed homomorphism f~:
M~ — N Then F is a contravariant functor from the category of A-
modules to itself. If f is surjective, then fis injective, in other words F
is left exact.

6.2. Exact sequences 61

2. Let B be an A-algebra. For all A-modules N, put G(N) =Homyx(B, N).
Note that G(N) has a natural structure of a B-module: if b E B and
h E Hom (B, N), define bh by (bh)(c) = h(bc) for all ¢ E B.
If f:N — M isahomomorphism of A-modules, the natural application

G(f) : Homu(B, N) — Homu(B, M), G(f)(h)= foh

is B-linear. Clearly, G is a covariant functor from the category of A-
modules to the category of B-modules. Checking that G is left exact is
once more straightforward.

6.2 [EXxact sequences

Definition 6.2 Let f : M — M andg : M — M” e homomorphisms of
A-modules.

(i) Ifgof =0, i.e. if f(M') Ckerg, then
MLy an
is a complex of A-modules. The homology module of this complex is
H =kerg/f(M').
(if) If furthermore f(M’) = kerg, in other words if the complex has trivial

homology, this complex is called an exact sequence.

Examples 6.3 Let M L Nbea homomorphism of A-modules.

1. Since f(0) = 0, there is a complex 0 — M £ N This complex is an
exact sequence if and only if f is injective.

2. The complex M £ N = 0is an exact sequence if and only if f is
surjective.

3. There is an exact sequence

O—»kerf—i>M—f>NE—l»cokerf——>0,

where i is the natural inclusion and ¢l : N — N/f(M) the natural

surjection.
4. A commutative diagram
M LN
1 1
M LN
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induces the following commutative diagram, whose two lines are exact:
0 — kerf - M LN = coker f — 0
! I ! 1
0 — kerf — M LN S coker f/ — 0.

Definition 6.4 Let 0 — M’ & M % M” — 0 te an exact sequence of A-
modules. If the module f(M’) =kerg is a direct factor of M, we say that the
sequence splits.

Definition 6.5 A function A defined on the categoy of A-modules (resp. fi-
nite length A-modules, finitely generated A-modules if A is Noetherian), with
value in an abelian group G, is additive if, for all exact sequences 0 — M’ 4,
M 4 M" — 0, we have

MM) =AM T A(M").
Examples 6.6

1. The rank, defined in the category of finite rank k-vector spaces (where
k is a field), with value in Z, is an additive function.

2. The length, defined in the category of finite length A-modules, with value
in Z, is an additive function.

Exercise 6.7 Let A be a principal ideal ring. If M is a finitely generated
A-module, we recall that M/T(M) (where T{M) is the torsion submodule of
M) is a free A-module. We define rka(M) = rk(M/T(M)).

Show that rk4(x) is an additive function on the category of finitely gener-
ated A-modules.

The following property of additive functions is practically contained in their
definition. It is important. Keep it in mind; we will use it in section 4.

Proposition 6.8 Let 0l MM - 2umimPBorea complex
of A-modules (resp. finite length A-modules, finitely generated A-modules if
A is Noetherian). If A is an additive function defined in the corresponding
category, then

S(=1AM;) = (=) A(ker(£:)/ firr (Miy1))

i i

6.2. Exact sequences 63

It may be surprising for the reader, but the next result is truly impor-
tant! The fundamental piece of information is that the commutative diagram
presented induces a “canonical map” kerg” — coker ¢’, a “connection homo-
morphism”. That this homomorphism fits nicely in a long exact sequence,
makes it even more useful.

Theorem 6.9 (The snake lemma)
Let
M L5 M5 M S0
91 gl 9"l
0 - N % N B N
be a commutative diagram whose lines are exact sequences.
There exists a long exact sequence

kerg' — kerg — ker g"” — cokerg’ — cokerg — coker g”

whose homomorphisms commute with the homomorphisms of the diagram.
If furthermore t is injective (resp. w is surjective), then kerg’ — kerg is
injective (resp. coker g — coker g” is surjective).

Proof By Example 6.3 (4), we can enlarge our commutative diagram as fol-
lows

0 0 0
I l I
kerg — kerg — kerg”
I 1
M5 M5 M -0
| lg "Ly
0o - N 5 N 5 N
1 1 I
cokerg — cokerg — cokerg”
I l l
0 0 0

where the rows are exact sequences.
Proving that the complexes

kerg' — kerg — kerg” and cokerg’ — cokerg — coker g”

are exact is straightforward.
The only difficulty is to construct the “‘connection homomorphism”

ker " 5 coker g’
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This is “‘diagram chasing”. To this end consider z” E kerg”. Choose any
z € M such that 2”7 =u(z) and define y = g(z). Note then that

w(y) =¢"(z") =0.

Hence there exists 3 E N’ such that y = v(y’). It is easy to check that the
class y € N'/¢'(M’) = cokerg’ of 4 does not depend on the arbitrary choice
made. We define c(z”) =y’ € cokeryg'.
The proof of the lemma may be completed easily. We show for example,
that
ker g — ker g” = cokerg’

is an exact sequence.

If 2" = u(z) with z E kerg, theny =0 and ¢(z”) =y’ =0.

If ¢(z”) =y =0, there exists z’ € M’ such that ¥ = ¢’(z’). In this case,
we have =" = u(z — t(z')) where (z —t(z')) E kerg. a

As an immediate consequence, we get the next corollary:
Corollary 6.10

(i) g and ¢” are injective, sois g.

(ii) Ifg is injective and g’ surjective, then g” is injective.
(iii) I g”is injective and g surjective, then ¢’ is surjective.
(iv) If ¢ and ¢" are surjective, so is g.

Corollary 6.11 If M; and M, are submodules of M, there is a natural exact
sequence

0 — M/(My 1\ My) — M/M, & M/My — M/(M, + M) — 0.

Proof Consider the following commutative diagram:

0 — ]\Jlﬂ]% and Ml@Mz — M1+M2 — 0
! ! !
0 - M L MeM & M S o

where f(z) = (z,z) and g(z,y) =z —v and the verticale arrows are the natural
inclusions. It is clear that the two lines are exact. Our corollary is the snake
lemma in this case. a
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Let us focus for a while on the following special case. If Z and 7 are ideals
of a ring A, there is a natural exact sequence

0—-A/ZINnT)—A/IT®Al) = A/(T+T)—0.
This proves that Z and 7 are comaximal if and only if the natural map
A/INT)—- AT AT

is an isomorphism.
An easy induction on n proves that (Z;);<;<, are pairwise comaximal ideals
if and only if the natural application

A/(MTT;) — @A/L
1
is an isomorphism. This is our Theorem 1.62.

6.3 Tensor products and homomorphism modules

Although we will not use it immediately, it seems a good time for a first
contact with the tensor product, M ®4 N, of two A-modules M and N. In
our discussion, we reconsider the homomorphism module Hom4(M, N ) that
incidentally we met earlier.

Consider two A-modules M and N and their product M x N. We denote
by @D (zy)emxn A(z,y) the free A-module with a basis indexed by M x N. Next
we consider the submodule R of @, ,)enxn A(x,y) generated by the elements

((‘Tl + 1‘27:‘/) - (xlay) - (x%y))v ((‘Tayl +y2) - (m7y1) - (:E)y2))’
((az,y) —a(z,y)) and ((z,ay) —a(z,y)).
Definition 6.12

(i) The tensor product M ®4 N is the A-module @ yemxn Alz,y)/R. The
class of (z,y) is denoted by z @, y.

(i) If N LiNtisa homomorphism, then the homomorphism
M@af:(M®isN)— (M®4N')

is defined by
(M ®a f)z®4y) = (z®a f(¥))-

This apparently monstrous object is in fact natural and convenient. Its
positive nature appears already in the following assertion.
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Theorem 6.13

(i) The natural mapb : M x N - M ®4 N, b(z,y) =X®4Yy is A-bilinear.

(i) For any A-bilinear application f : M x N — P (where P is an A-module),
there exists a unique factorization f = w o b, through a homomorphism
u: M ®a N — P of A-modules.

The proof of this theorem is straightforward and left to the reader.

Proposition 6.14 There are natural isomorphisms:
(i) M®RsN~NRs M,
(ii) AQa M~ M,
(iii) (M ®a N) RAP~M®®4 (N4 P),
(iv) MOoN)®4 P>~ (M®4P)®(N®aP).

These isomorphisms are clear enough. The following is a bit more intricate.
Proposition 6.15 The natural homomorphism

Hom4(M ®4 N, P) — Hom, (M, Homy (N, P))

is an isomorphism.

Proof If f E Homs(M ®4 N, P), then clearly f(z ®4 .) E Homu (N, P). Our
map is defined and obviously injective. Now if g E Hom4 (M, Homu(N, P)),
note that

MxN—=P  (z,9) = g(z)y)

is an A-bilinear application. To conclude, we use Theorem 6.13 (ii). a

Next we want to study the functors associated to the tensor product and
the homomorphism modules.

Proposition 6.16 Let 0 — M’ L M S M - 0 be an exact sequence. For
any A-module N, it induces natural exact sequences:

M/®ANgi®—I>VM®ANf§->NM”®AN——>O,

Hom, (s,
14

0 — Homu(M",N) Hom,(s.m) Hom4 (M, N) M Hom4(M', N)

0 — Hom(N, M) O™ yom (v, M) HOBA™9) gom (N, ).
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The proof of this proposition is not very exciting. A reader who doubts it
should produce his own proof.

Note that if 0 — M’ HM % pm” - 0 splits, then the following sequences
are exact and split:

0= MO NS Mo N M 4N -0,

Hom.(/,
14

0 — Homa(M", ) TOBAG™N gor (M, N) Y Homa(M',N) = 0,

Hom,(v.f) Hom(w
- —

0 — Hom(N, M) Hom(N, M) %) Hom (N, M) — 0.

Proposition 6.16 can also be stated in the following way:

(i) The covariant functor N ®,4 . from the category of A-modules to itself is
right exact.

(ii) The contravariant functor Homy(., V) is left exact.

(iii) The covariant functor Hom4(N,.) is left exact.

Consider an ideal Z of A, the exact sequence 0 ~Z — A — A/Z — 0 and
an A-module M. By applying the functor M®4 to the exact sequence, one
gets the following easy but important consequence

Corollary 6.17 M ®4 A/T ~ M/IM.
Definition 6.18

(i) An A-module P isflat if for each exact sequence of A-modules M’ — M —
M", the comples M' @ 4P - M ®4 P — M" ®4 P is an ezact sequence.

(ii) An A-module P is faithfully flat if for each complex of A-modules M' —
M — M, the complex M’ ®4P — M ®4P — M"®4 P is exact if and
only if the complex M’ - M — M" is exact.

Exercises 6.19 Prove the following statements:

1. a free A-module is faithfully flat;

2. the A-algebra A[X] is a faithfully flat;

3. if B is a flat A-algebra, then B[X] is a flat A[X]-algebra;
4. the polynomial ring A[Xj, ...,X,] is faithfully flat over A.

We stress here an important property of faithfully flat A-algebra.
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Proposition 6.20 If B is a faithfully flat A-algebra and Z an ideal of A, then
IBNA=1T.

Proof First note that B®4 A/Z ~ B/IB. Since (IBNA)B =ZB, it is clear
that the complex 0 - A/Z — A/{(ZB NA) induces an exact sequence

0— B@sA/T — B4 A/(TBNA).

This shows that the natural surjective homomorphism A/Z — A/(ZBNA) is
an isomorphism.

6.4 Dualizing module on an artinian ring

Definition 6.21 Let A be an artinian ring. A finitely generated A-module D
is dualizing if the natural evaluation application

eD,M : M - HOIIIA(HOIHA(M, D),D), eD,M('r)(f) = f(.’l;')
is an isomorphism for all finitely generated A-modules M.

Example 6.22 Let k be a field. The dualizing k-modules are the k-vector
spaces of rank 1.

Definition 6.23 If an artinian ring A is a dualizing A-module, A is a Goren-
stein artinian ring.

Note that an artinian ring A is Gorenstein if and only if every finitely
generated A-module is reflexive.

Theorem 6.24 Let A ke an artinianring and D afinitely generated A-module.
The following conditions are equivalent:

(i) the A-module D is dualizing;

(ii) the A-module D is faithful and for all maximal ideals M of A one has
A/M ~ Homy(A/ M, D);

(iii) the A-module D satisfies 14(D) =14(A) and for all maximal ideals M of
A one has A/M ~ Homu4(A/ M, D);

(iv) for all finitely generated A-modules M, one has

IA(HOIHA(M, D)) = IA(M),

e
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(v) for all injective homomorphisms N <— M of finitely generated A-modules,
the natural homomorphism Hom4(M, D) — Homu(N, D) is surjective
and for all maximal ideals M of A, one has A/M ~ Hom,4(A/M,D).

Proof
(i) = (ii). Assume D is a dualizing A-module. The isomorphism

ep.a: A~ Homy(Homy(A, D), D)

shows that D is faithful.

Let M be a maximal ideal of A. If a E M and f € Homs(A/M, D), we
have

af(2) = f(az) = £(0) =0.

Hence Hom4(A/M, D) is an AIM-vector space. If it has rank =, consider an
isomorphism Hom4(A/M, D) ~ r(A/M). It induces isomorphisms

Hom (Homa(A/M, D),D) = Homyu(r(A/M), D)
~ r(Hom4(A/M, D))= r*(A/M).
Since D is dualizing, A/M ~ Hom4(Homa(A/M, D), D) and 7* = 1. O

Before we go on, let us prove, by induction on 1(M), the following assertion.

(*) If A/M 2= Homs(A/M, D) for all maximal ideals M of A, then for all
finitely generated A-modules M, one has 14(Hom4(M, D)) < 14(M).

If L4(M) = 1,there is @ maximal ideal M such that M ~ A/M. Hence
1a(Hom4(M, D)) =14(Homs(A4/M, D)) = 14(A/ M) =1
If14(M) > 1,Let M’ C M be astrict submodule. We have 14(M’) <l14(M)
and 14 (M/M") <14(M).
The exact sequence
0 — Homu(M/M', D) — Hom4(M, D) — Homu(M', D)
shows
14(Hom4(M, D)) < 14(Hom4(M’, D)) + la(Homa(M/M', D)),
from which we deduce, by the induction hypothesis,

lA(HomA(M, D)) < IA(M/) + IA(M/M,) = IA(M)
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Our assertion being proved, we can go back to the proof of Theorem 6.24.
(ii) = (iii). Using (*) twice, we find

1A(A) _>_ lA(HomA(A, D)) S IA(D) _>_ 1A(HomA(D,D))

Since ((0) : D) = (0), the natural homomorphism A — Hom,(D, D) is injec-
tive. Consequently 14(A) < 14(Hom,(D, D)) and

14(A) = 14(Hom(A, D)) = 14(D) = 14(Homa(D, D)).

(iii) = (iv). By (*), la(Homu(M, D)) < 14(M) for all finitely generated
A-modules M. If M is finitely generated, there exists an integer n and an

exact sequence
0 K—nA—-M-0.

This induces an exact sequence
0 — Homy (M, D) — Homu(nA, D) — Homyu(K, D)
which shows
14(Homz(nA, D)) < 14(Homu(M, D)) + 14(Hom4(K, D))
Since Homa(nA, D) =nD, we have
14(Homa(nA, D)) =nla(D) =nla(A) =14(M) +14(K),
hence
1a(M) +14(K) < 14(Hom (M, D)) + 14 (Homu(K, D)) < 1a(M) + 14(K),

which shows
lA(HomA(M, D)) = IA(M)

(iv) = (v). The exact sequence
0-N—->M-—-=M/N—-O,
induces an exact sequence
0 — Homy4(N, D) — Homs(M, D) — Homus(M/N,D) - T — 0,
where T is by definition the cokernel of the preceding arrow. Note that

La(Homa(M, D)) = 14(M)=14(N) +1a(M/N)
= lA(HOInA(N,D))+1A(H0mA(M/N,D)).

At ey
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This shows 14(7") =0, hence T = (0) and we are done.

(V)= (i). To begin with, note that if the evaluation homomorphism ep s =
0, then f(z) = 0 for all f E Homy(M,D) and all z E M. This shows
Homa(M, D) = (0). Let M be a maximal ideal. Since Hom(A/M, D) + 0,
then
ep,a/m - A/M — Homs(Homa(A/M, D), D)

is different from zero. Note next that
A/M ~Homy(A/M, D) ~ Hom4(Hom4(A/ M, D), D).

But a non-zero homomorphism from A/M to A/M is obviously an isomor-
morhism. We have proved that ep 4/ is an isomorphism. Now, if 14(M) =1,
there exists a maximal ideal M such that M ~ A/M. This shows that ep
is an isomorphism.
We can now prove, by induction on 14(M), that the evaluation homomor-
phism
€DM - M— HOIHA(HOIIIA(M, D) ,D)

is an isomorphism for all finitely generated modules M.

Assumels(M) > 1. Let M’ C M be astrict submodule. We have 14(M’) <
14(M) and 1a(M/M’) <14(M). Consider the following commutative diagram
(where we write Np™ for Hom 4 (Hom4(N, D),D)) :

O - M - M - MM - 0
| | |

0 - My — Mp —» (M/M)p — O.

The first line is exact by hypothesis and the second line is exact by applying
twice hypothesis (v). By the induction hypothesis, the vertical arrows ep ap
and ep a/p are isomorphisms, hence so is ep yr by the snake lemma. O

Theorem 6.25 Let A be an artinian ring. If D and D' are dualizing A-
modules, there exists an isomorphism D n D',

Proof Sincels(D) =14(D’), it is enough to find an injective homomorphism
D—- D"
Let Mjy,..., M,, be the maximal ideals of A. The natural isomorphisms

Homy(A/M;, D) ~ (0p : My), [ — f(1),

induce isomorphisms
(OD Ml) ~ A/Mz
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We claim that (0p : M;) N {(0p : N;zM;) = (0). Indeed, if z E (Op :
M) N (0p :NjwM;), Wwe have zM; = z(N;, M;) = (0). Since M; and
N M; are comaximal, this shows A =0, hence = = 0. As a consequence,

n

Z:(OD :Mi) ~ En?(OD 3Mi) ~ éA/MZ

and

n

2(01)/ M1) :é(OD/ : MZ) >~ éA/M,

Next note that if K C D, then
n
KN (0p : M) =(0)= K = (0).
1

Indeed, if K # (0), there exists i such that M; € Ass(K). This implies
(0g : M;) # (0) and since (0x : M;) C (0p : M;), we are done.
The isomorphism Y7(0p : M;) =~ >7(0p : M;) induces an injective ho-

momorphism
n

f : Z(OD : Mz) — D"
1
By Theorem 6.24 (v), the inclusion >7(0p : M;) C D induces a surjective
homomorphism

Homu(D.D') — Homu (> (0p : M,), D").
1

Hence there exists a homomorphism g : D — D' whose restriction to
1 (0p : M;) is f. This shows

kergﬂzn:(()p :M;) =ker f = (0),

hence kerg = (0), and the theorem is proved. g

Theorem 6.26 Let A be an artinian ring and B an A-algebra finitely gen-
erated as an A-module. If D is a dualizing A-module, then Hom4(B, D) is a
dualizing B-module.

Proof Recall first that B is artinian by Corollary 5.22 and note next that
Hom4(B, D) has a unique natural structure of a B-module.

We use Theorem 6.24 (ii). To prove that Homu4(B, D) is a faithful B-
module, consider a non-zero element b E B. Since the evaluation homomor-
phism B ~ Homu(Hom (B, D), D) is injective, there exists f E Homx(B, D)
such that f(b) # 0. In other words bf # 0.
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Next, we let A" be a maximal ideal of B. What we want to prove is that
Homg(B/N,Hom,4(B,D))is a BIN-vector space of rank 1.

Put M =N n A. Note that B/N is a finitely generated A-module anni-
hilated by M, hence a finite rank AIM-vector space.

The natural homomorphism (of A-modules) Homy4(B, D) — D, f — f(1)
induces a homomorphism of A-modules

Hompg(B/N,Hom4(B, D)) — Homx(B/N, D).

It is straightforward to check that this is an isomorphism of A-modules, hence
of AIM-vector spaces. Using the fact that D is a dualizing A-module, we get
as a consequence

l4(Homg(B/N,Homy (B, D))) =14(Homs(B/N, D)) =14(B/N).

Note that if P is a finitely generated A-module annihilated by M , hence
an AlM-vector space, we have 14(P) =rka/a(P). Therefore we have proved
I‘kA/M(HOHlB(B/N, HOIIIA(B, D))) = I‘kA/M(B/N).

By Proposition 5.24, this implies

tkp/n(Homp(B/N,Homy(B, D))) = tkg/p(B/N) =1,

and the theorem is proved. 0O

6.5 Gorenstein artinian rings

We recall that an artinian ring A such that A is a dualizing A-module is called
Gorenstein. We recall also, and this is an important characterization, that an
artinian ring A is Gorenstein if and only if all finitely generated A-modules are
reflexive.

Theorem 6.27 Let A ke an artinian ring and (0) =N} Q; the minimal pri-

mary decomposition. Then A is Gorenstein if only if Q; is irreducible for all
i

Proof Put M; = +/Q,. This is a maximal ideal and all maximal ideals of

A are thus obtained. Since A is a faithful A-module, by Theorem 6.24 it is

enough to show that Q; is irreducible if and only if Hom(A/M;, A) ~ A/M,.
By Theorem 1.62,we have A ~ [} A/Q;. We claim that for i # 7,

Homy(A/M;, A/Q.) = (0).
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Indeed the ideals M; and Q; are comaximal and are both contained in the
annihilator of this module. This shows

Hom(A/M;, A) n Homa(A/Mi, A/ Qi) n (Qi : Mi)/ Qs

Consider the A/ M;-vector space (Q; : M;)/Q;. If Q; is irreducible, then
(0) is irreducible in the ring A/Q;. Since (Q; : M;)/Q; is an ideal of this ring,
(0) is irreducible in this vector space which is therefore of rank 1. Hence we
have proved

Homa(A/M;, A) =~ (Q; : M;)/ Qi n A/M,.
Conversely, assume (Q; : M,)/Q; N A/M;. To prove that Q; is irreducible,

we show that if Z is an ideal strictly containing Q;, then (Q; : M;) C T.
We have Ass(Z/Q;) C Ass(A/Q;) = {M;}. This proves

(Z/Q:) N ((Qi: My)/ Qi) # (0).
Since (Q; : M;)/Q; is an A/ M;-vector space of rank 1,we must have
(Q;: M,)/Q: CT/Q.

Corollary 6.28 If R is a principal ideal ring and X # 0 a non-invertible
element of R, then R/zR is a Gorenstein artinian ring.

Proof Let x =pi*...pP" be a decomposition of X in prime factors. The prime
ideals of R/zR are p;R/zR. They are all maximal, hence R/xR is artinian.
Furthermore

(0)=(H*R/=R)

is a minimal primary decomposition of (0) in R/zR. Showing that p;*R is an
irreducible ideal of R is an excellent exercise. Do it. |

Exercise 6.29 Let P E C[X] be a non-zero polynomial of degree n > 0. The
ring A = C[X]/(P) is a @-vector space of rank n. The elements cl(X7) E A,
with 0 <5 <n — 1, form a basis of this @-vectorspace.

By Corollary 6.28, A is a Gorenstein ring, hence A is a dualizing A-module.
By Theorem 6.26, the A-module Hom¢(A, C) is also dualizing, hence is iso-
morphic to A by Theorem 6.25.

Show that the element 7 E Home(A, C), defined by 7(cl(X?)) = 6;n-1, is
a basis dof this rank-one free A-module.

Theorem 6.30 Let A be a Gorenstein artinian ring and Z an ideal of A. The
following conditions are equivalent:
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(i) the quotient ring A/Z is Gorenstein;
(ii) the ideal (0) : Z is principal;
(iii) there exists an element a E A such that (0:a) =Z.

Proof We recall first that for any ideal 7 of a ring R, there is a natural
isomorphism Homg(R/J,R)~ ((0) : 7).

We know, from Theorem 6.26, that Hom4(A/Z, A) is a dualizing module
for A/Z. Hence if A/Z is Gorenstein, then ((0):Z) >~ Homa(A/Z,A) N A/T.
This shows that ((0):Z) is a principal ideal and consequently that (i) implies
(ii).

Assume now Homy,(A/Z,A) ~ ((0) : Z) = aA ~ A/(0 : a). Since A
is a dualizing A-module, we have 14(Homa(M, A)) = 14(M), for all finitely
generated A-modules M, by Theorem 6.24 (iv). This implies

IA(A/I) = lA(HomA(A/Z, A)) = IA(A/(O . a))

But obviously, Z C (0 :a) and A/(0 :a) is a quotient ring of A/Z. Since they
have the same length, this shows that A/(0 : a) = A/Z, hence that (0:a) =Z
and (ii) implies (iii).
Assume next (0:a) =Z. ThisimpliesaA ~n A/Z, hence l4(aAd) =14(4/T).
On the other hand, we have
aA C ((0):7) ~ Homyu(A/Z, A),

hence 14(aA4) < 14(Homu(A/Z, A)). But, by Theorem 6.24 (iv), we know that
14(A/T) =14(Homa(A/Z, A)). This proves l4(aA) =14(Hom4(A/Z, A)) and
therefore

aA =((0):7) ~ Homu(A/Z,A).

Finally, we get
A/I ~aA =((0):7) ~ Homa(A/Z,A).

This shows that A/Z is a dualizing A/Z-module. Consequently A/Z is Goren-
stein and (iii) implies (i). 0

6.6 EXxercises

1. Let A be aring and a,b E A. Show that the complex
b

<), (ab)

0—-A " - 724" — " £

is exact if and only if a E A and cl(b) E A/aA are not zero divisors (or
if b E A and cl(a) E A/bA are not zero divisors).
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. Let A be aring, M an A-module and a E A an element regular in M,

i.e. such that Xx € M and ax = 0 = X = 0. Show that if M/aM has
finite length, then
(M/a"M) =rl(M/aM).

. Consider the ring A = C[X, Y, Z] and show that the following complex

is exact:

X 0 -2 Y

Y Z 0 -X

Z Y X 0 (XYZ)
e o —_— —

0—- A

. Let R be a domain and a,b E R non-zero elements. Show that the

following complex is exact:

.— R/abR % R/abR > R/abR % R/abR > R/abR — ...

. Consider the following commutative diagram of modules and homomor-

phisms:

.= M, - ... = My - My — 0
| | |

fr fl fo
1 ! 1
.= N, - ... = N - Ny —

Assume that the lines are exact and that f; is injective for all i. Show
that it induces a long exact sequence

...— coker f, — ...— coker f; — coker fo — ..

. Show that the local ring C[X,Y]/(X™ Y"")is artinian Gorenstein. Hint:

show that the ideal (X™ Y™} is irreducible.

. Let A be a Noetherian ring. Assume that a E A is not a zero divisor

and that A/aA is an Artinian Gorenstein ring. Show that A/a"™A is an
Artinian Gorenstein ring for all positive integers n.
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8. Let A be a UFD. Consider the matrix M = ( @ b\ coeffis

a b
cients in A. Put A; =Id —b'c, A, =ca' —c'a, A; =ab' ~ab and show

Ay
Mi A | =0.
A

Assyme that A;, As; and As have no common factor and show that

d

(dg) = 0 if and only if there exists d E A such that
d3

d1 Al
dy | =d | A,
ds Ay

M
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F’ractions

We are used to representing rational numbers as fractions of integers. We
often choose to work with a reduced representation of a fraction. This is
possible because Z is a UFD. We shall see that in a more general setting a
fraction does not necessarily have a reduced representation. Defining fraction
rings when the ring has zero divisors and then fraction modules takes a bit of
work. This is a first step towards the theory of sheaves, so central in geometry.
We proceed further in this direction by introducing the support of a module.
From section 4 on, we study the relations between the ideals of a ring and
the ideals of its fraction rings, with a special interest in prime ideals. Using
these new techniques, we prove, eventually, that a polynomial ring over a UFD
is a UFD. In the Noetherian case we understand how fractions and primary
decomposition interact.

7.1 Rings of fractions
Consider in Z x (Z\ {0}) the equivalence relation
(a,;s)~ (bt) if at—bs=0.

Denote by a/s the class of (as). It is clear that in the set of equivalence
classes the operations

a/s Thit = (at+bs)/st and (a/s)(b/t) =ab/st
are well defined. They give to this set the structure of a field, with 0 =0/s

and 1=1/1.
This field is obviously Q. The map

2= Q  i(a) =a/1,
is, as obviously, the natural inclusion of Z as a subring of Q.

79
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Definition 7.1 A part S of a ring A is called multiplicatively closed if

1ES and s, ES = ssES.
Note that Z \ {0} is a multiplicatively closed part of Z.

Definition 7.2 Let A be a ring and S be a multiplicatively closed part of
it. We denote by S-'A the quotient of A x S by the equivalence relation
(a,8)~ (b,t)if there exists r E S such that r(at —bs) =0 and bya/s E S~'A
the class of (a,s).

The proof of the following theorem is straightforward.
Theorem 7.3 (i) The operations

a/s thit=(attbs)/st and (a/s)(b/t) =ab/st

are well defined in S~1A.
(ii) Equipped with these operations, S™tA is a commutative ring.
(iii) Themapi:A — S~'4, i(a) =a/1, is a ring homomorphism.
(iv) The kernel of this homomorphism is the ideal U,cs((0) : s).

We make some obvious comments before going on.

o The set U,c5((0) :s) is an ideal because S is multiplicatively closed.

o We have S-'A =0 if and only if 1E keri, in other words if and only if
OES.

o The canonical ring homomorphism i : A —+ S7'A is an isomorphism if
and only if all s E S are units.

o The canonical ring homomorphism i : A — S~'A is injective if and only
if S does not contain any zero divisor. When this is the case, we will
often consider A as a subring of S-'A.

o If T CS is also a multiplicatively closed part, the homomorphism A —
S~ A factorizes through the homomorphism A — T-"A and a natural
homomorphism T-'A — S71A.

Examples 7.4 Assume that A is a domain.

1. Thepart S =A \ {0} of all non-zero elements is multiplicatively closed.

2. Thering S-"A is a field, the fraction field of A, often denoted by K(A).
3. The canonical ring homomorphism i : A — K(A) is injective.

[ o
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4. For any multiplicatively closed part T, with 0 ¢ T, the ring T-A is
naturally a subring of the fraction field K(A).

Exercises 7.5

1. Ifs€ Ais not nilpotent and S = {s"},>¢, one often writes A, for S~1A.
Show that the A-algebra homomorphism A[X] — A,, P(X) — P(1/s)
induces an isomorphism A[X]/(sX — 1)~ A,.

2. If P is a prime ideal of A, then S = A \ P is multiplicatively closed.
Show that all multiplicatively closed parts of A are not thus obtained
(hint: A \ S is not necessarily an ideal).

Definition 7.6 If P is a prime ideal of A and S = A\ P, we put
Ap = S-'A.
Note that Ap # (0) for all prime ideals P of A.
Example 7.7 Let M = (X; —a4,...X, —a) C C[Xy,..., X,] be the max-
imal ideal whose elements are the polynomials P E C[Xj,..., X,] such that

P(ay,..,a) = 0. Then Ay, is the ring of rational functions defined at the

point (ay,...,a) EC™

Theorem 7.8 Let S be a multiplicatively closed part of A and i : A — S7tA

the canonical ring homomorphism.

(i) IfsES, the elementi(s) E S-"A is invertible.

(ii) If f : A B is a ring homomorphism such that f(s) is invertible for all
s E S, there exists a unique ring homomorphism f : S='A _. B such
that f = foi.

Proof That i(s)1/s = 1/1is obvious. Define f(a/s) = f(a)s~!, then (ii)

follows. a

Example 7.9 Let A be a domain and f : A — K an injective homomorphism
with values in a field. There is a natural factorization of f through the fractions
field K(A) of A.
Indeed, since f is injective, f(s)is invertible for all s # 0.
Proposition 7.10 Let A be a domain. If SpecyyA is the set of all maximal
ideals of A, then

A= ﬂ AM

MeSpec, A

Proof Note first that if K(A) is the fraction field of A, then A C Ay, C K(A).
Consider next z/y E NaeSpecyya AM. Clearly z E y A for all maximal ideals
M . This shows (yA : x) ¢ M for all maximal ideals M , hence (yA :z) =A
and z/y E A, O
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7.2 Fraction modules

Definition 7.11 Let S be a multiplicatively closed part of the ring A and M
an A-module.

We denote by S~'M the quotient of M x S by the equivalence relation
(z,s)~ (y,t)if there existsr € S such thatr(zt —ys) =0 and by z/s E S-'M
the class of (x,s).

The proof of the following theorem is straightforward.

Theorem 7.12 (i) The operations z/s +yit = (tz +sy)/st (forz,y € M
and s,t ES) and (a/s)(z/t) =ab/st (forx EM,a€ A and s,t € S)
are well defined.

(ii) Equipped with these operations S-'M is an S~'A-module (hence an A-
module as well).

(iii) The map Iy : M — S™'M, 1y(x) = z/1, is a homomorphism of A-
modules.

(iv) The kernel of this homomorphism isU,cs(0ar = S).
The map s is often called the localization map.

Examples 7.13

1. Ifse Aand S = {s"},>0, We denote S~ M by M,.
2. 1fS=A\P where P is a prime ideal of A, we denote S~'M by Mp.

To an A-module M, we have associated the S~ !A-module S~*M. Next,
to a homomorphism of A-modules we associate a homomorphism of S—1A-
modules. We define thus a "covariant functor from the category of A-modules
to the category of S~ A-modules”. We also prove that this functor is "exact".

Proposition 7.14
(i) F¢ :M — N is a homomorphism of A-modules, the map

STl :S-'M — STIN,  §-l4(z/s) = é(x)/s

is well defined and is a homomorphism of S=! A-modules.
(ii) If ¢ and ¢ are composable homomorphisms of A-modules, then

S (goy) =S"'p0S .
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(iii) M & N % P is an exact sequence of A-modules, then
S-1M S5 gIN S50 g-1p

is an exact sequence of S™!A-modules.

Proof (i) and (ii) are obvious. We show (iii). If z/s € ker S~'¢, then ¢(z)/s =
0. Hence there exists t E S such that t¢(z) =0 = ¢(tx). Lety € M be such
that tx = (y). We have z/s =¥ (y/st). |

The proofs of the next six results are straightforward and left to the reader.

Proposition 7.15 If S and T are multiplicatively closed parts of A, the part
U of all st, withs ES and t E T, is multiplicatively closed. If M is an
A-module, there are natural isomorphisms of U=t A-modules

UM ~S™NT7'M) ~T7YS'M).

Corollary 7.16 IfP is a prime ideal, then Ap /P Ap is afield and Mp/PMp
a vector space on this field.

Proposition 7.17 Let S be a multiplicatively closed part of A and M an A-
module.

(i) If N is a submodule of M, then S~1N has the natural structure of an S~ A-
submodule of S~*M and there is a natural isomorphism S~'M/S™!N ~
S-1(M/N).

(ii) I N’ is another submodule of M, then
SUNFTN)=5'N+5N and SHNNN)=ST'NNSIN.

(iii) If F is an S~ A-submodule of S~1M, we denote by FNM the submodule
of M formed by all x E M such thatz/1 EF C S™*M and we have

F =S"(FnM).
(iv) IFN is a submodule of M, then
STINNM ={z EM, thereexistssE S suchthat sx € N}.
Yes, we know that the natural map M — S-'M s not always injective and

that our notation F N A does not make sense. But this is a truly convenient
notation and we should stick to it.
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Proposition 7.18 If (x;):cr generate the A-module M, then (zi/1)icr gen-
erate the S~'A-module S'M. In particular if M is a finitely generated A-
module, then S=*M is a finitely generated S-' A-module.

Corollary 7.19 If M is Noetherian, then S='M is Noetherian. In particular
a fraction ring of a Noetherian ring is Noetherian.

Exercise 7.20 Let A be a Noetherian domain and S = A\ (0). f M is a
finitely generated A-module, then S~1M is a finite rank vector space on the
field S—'A. Show that the function A(M) = rkg-14(S™*M), defined in the
category of finitely generated A-modules and with value in Z, is additive.

Proposition 7.21 If M and N are A-modules and S a multiplicatively closed
part of A, there are a natural isomorphisms of S~!A-modules:

STARUM~S"'M ad ST'M®s145 "N nSTHM®@AN).

The geometric consequences of the following proposition and its corollary
are important. We will use them in proving the semi-continuity theorem 7.33.

Proposition 7.22 Let M be afinitely generated A-module and S' a multiplica-
tively closed part of A. The following conditions are equivalent:

(i) S7'M =(0);
(ii) there exists s € S such that sM = (0);
(iii) there exists s E .S such that M, =(0).

Proof Assume S-'M = (0). Let z;,...,X, E M be generators of M. Since
r;/1 =0 E S™!M, there exists s; E S such that s;z; =0. If 8 = 5;...5,, We
have sz; = 0 for all i, hence sM = (0). Now sM = (0) obviously implies
M, =(0); and just as obviously, M, = (0), with s E S, implies S7*M = (0).
O

Corollary 7.23 Let M he a finitely generated A-module and S a multiplica-
tively closed part of A.

(i) zy,....x, EM are elements whose vmages an S~'M generate S™'M as
an S~'A-module, there exists s E S such that the images of z1, ...,z &
M, generate M, as an A,-module.

(ii) If A is Noetherian and if S-'M & a free S~'A-module of rank n, there
exists s € S such that M, s a free A,-module of rank n.
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Proof (i) Let C be the cokernel of the homomorphism
f :TLA—*M, (al,...,a,) —Vzalilh

We have assumed S~*C = (0). Since C is finitely generated, there exists, by
Proposition 7.22, s E S such that C, = 0. This shows that f; is surjective,
hence that z;/1 E M, generate M,.

(ii) Assume z,/s1, ..., Tn/s, € ST'M form a basis of S~'M. One imme-
diately checks that z,/1,...,z,/1 E S7'M form a basis of S7'M. Let K
and C be the kernel and the cokernel of the homomorphism f. We have
S71K = S871C = (0). Since A is Noetherian, the submodule K of nA is
finitely generated. Hence there exist t and = in S such that K; = (0) and
C, = (0). If we put s =tu, we have K, = C, = (0), hence f; is an isomor-
phism and M is a free A,-module of rank n. U

Our last result in this section is important. We will need it several times
when studying Weil divisors.

Proposition 7.24 (i) IfM and N are A-modules and S a multiplicatively
closed part of A, there is a natural homomorphism of S~ A-modules:

S'lHomA(M, N) 4 HOIIls—lA(S_ljw7 S_IN).
(ii) If M isfinitely generated, this homomorphism is injective.
(iii) Iffurthermore A is Noetherian, this homomorphism is an isomorphism.
Proof (i) The homomorphism
. S 'Homy(M, N) — Homg-14(S7'M,S™'N)
is defined by i{f/s)(z/t) = f(z)/st and needs no comment.

(ii) Assume now that M is generated by z1,...,z,. If i(f/s) = 0, then
i(f/1) =0and f(z;)/1 =0E S7IN fori =1,...,n. Consequently, there exists
t E § such that tf(z;) =0 for i = 1,...,n. This shows tf(M) = (0), hence
f/1=0and f/s =0.

(iii) Assume now that A is Noetherian. The kernel K of a surjective ho-
momorphism n4 — M is a finitely generated A-module. The exact sequence

0 — Homu4(M, N) — Homyu(nA, N) — Homu(K, V)

induces a commutative diagram

0 0
1 !
S~Homu(M,N) — Homg-1,4(S71M,S™IN)
1
S~'Homy(nA, N) — Homg-14(nS7!A,S7!N)
1 I

S~'Hom4(K,N) — Homg-14(S7'K,S7IN).
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By (ii), the three horizontal arrows are injective. We claim furthermore that
the second, i.e. the homomorphism

S~'Homy(nA, N) — Homg-14(nS™'4,S™'N)

is also surjective. Indeed, let (ei,...,e) be a basis for nA. Consider f €
Homg-14(nS™!A,S7IN) and put f(e;/1) =y;/si € STIN. Then ifs = s1...5n,
we have sf(e;/1) = z/1, with z; E N. If we define g € Homy(nA4, N) by
g(e;) = 2, we have f = g/s € Homg-14(nS™A, S7IN). With this in mind,
an easy chase round the diagram proves (iii) in our proposition. |

7.3 Support of a module

We recall that to a ring A, we have associated a topological space Spec(A).
To an A-module M, we associate now a subset Supp(M) of this topological
space. We shall see that when this module is finitely generated, this subset
is closed. In this section we study the relations between the module and this
subset of Spec(A).

Definition 7.25 The support Supp(M) C Spec(A) of an A-module M is the
set of prime ideals P of A such that Mp # (0). We denote by Suppm, (M) the
set of all maximal ideals an Supp(M)

Proposition 7.26 (i) Supp(A) = Spec(A).

(i) 0 — M’ - M — M” — 0 is an exact sequence of A-modules, then

Supp(M) = Supp(M") U Supp(M").

Proof We have already seen (i). For all prime ideals P there is an exact
sequence
0— Mp — Mp — Mp — 0.

This proves (ii). O

Proposition 7.27 Let M be an A-module. Thefollowing conditions are equiv-
alent:

(i) M =0
(ii) Supp(M) =0;
(iii) Suppm (M) =0.
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Proof It is clearly sufficient to prove that if M, = (0) for all maximal ideals
M of A, then M = (0).

Let x € M. Since X has a trivial image in My, there exists s ¢ M such
that sz =0. Hence ((0):z) ¢ M for all maximal ideals M of A. This proves
((0):z) =A and z =0. O

Corollary 7.28 Let f : M — N be an A-modules homomorphism. The fol-
lowing conditions are equivalent:

(i) f is injective (resp. surjective, bijective);

(ii) for all prime ideals P E Supp(M) (resp. P E Supp(N), P E Supp(M) U

Supp(N)), R
p - ip — Np

is injective (resp. surjective, bijective);

(iii) for all mazimal ideals M € Suppy (M) (resp. M € Suppp(N), M €
Suppp (M) U Supp (N)),

fMMM_’NM

is injective (resp. surjective, bijective).

Proof Let K =ker . Note +5at Supp(K) C Supp(M). If fuq is injective for
all M E Suppp (M), then Kxq = (0) for all M E Supppy, (K'), hence K = (0)
and f is injective.
One studies coker f in the same way.
We have proved (iii) = (i), the only non-trivial implication of the corollary.
m

Proposition 7.29 Let M be an A-module. ThenP € Supp(M) implies ((0) :
M) C P. Conversely i M s finztely generated, then ((0): M) C P implies
P E Supp(M).

Proof Note first that if ((0) : M) ¢ P, there exists s € (A\ P )N ((0) : M).
This shows M =ker[M — Mp], hence Mp = (0), and P ¢ Supp(M).

Let (zy,...,%,) be a finite system of generators of M. We have ((0): M) =
M:(0 :z;). If ((0): M) C P, there exists 2 such that (0:X,) C P. This shows
sz; # 0 for all s ¢ P, in other words z; ¢ ker[M — Mp] and z;/1 # 0 € Mp.

O

Corollary 7.30 If M & a finitely generated A-module, then Supp(M) & a
closed set of Spec(A) for the Zariski topology.
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Proof The set defined by the ideal ((0) : M) is closed. a

Exercise 7.31 Show that the support of the Z-module Q/Z is not a closed
set of Spec(Z) for the Zariski topology.

Definition 7.32 A finitely generated A-module M such that Mp is a free
Ap-module for all P E Spec(A) is called locally free. If rk(Mp) = r for all
P E Spec(A), we say that M is locally free of rank r.

Note that if M is locally free of positive rank r, then Supp(M) = Spec(A).
Note furthermore that in this case the Ap/PAp-vector space Mp/PMp has
rank r for all P E Spec(A).

Theorem 7.33 Let M be a finitely generated A-module. The function
Spec(4) = N, P rk(A,,/pA,,)(Mp/'PMp),
is upper semi-continuous.

Proof Let P E Spec(A) and r = rkea, pa,)(Mp/PMp). Firstly there exist
z1,...,X, € M such that

cl(z, /1), ...,cl(z,/1) E Mp/PMp

generate Mp/PMp. By Nakayama’s lemma, the elements z;/1,...,z./1 E
Mp generate this Ap-module. Consider N the submodule of M generated by
z1,...,X and the exact sequence

0—-N—-M-=M/N-=0.

We assumed (M /N)p = (0). By Proposition 7.22, there exists s ¢ P such that
(M/N)s = (0). In other words, for all prime ideals Q@ contained in the open
neighbourhood D(s) = Spec(A) —V (sA) of P in Spec(A), we have No = Mo.

This shows that x;/1,...,z,/1 E Mg generate this Ag-module. As an
obvious consequence, we see that cl(z1/1), ...,cl(z,/1) € Mg/QMg generate
this Ag/QAg-vector space, whose rank is therefore at most , and we are
done. O

Example 7.34 If M = A/I, we have

rk(AP/pA,,)(Mp/PMp) =l<<ICP<<Pce Supp(M)

and
I'k(A_P/pA,p)(M’p/PMp) =0<=71 ¢ PP ¢ Supp(M)

7.3. Support of a module 89

Exercise 7.3 Let A be a domain and M a finitely generated A-module.
Assume that k4, pa,)(Mp/PMp) =7 for all P E Spec(A). Show that M is
locally free of rank r.

Theorem 7.36 Let M he a finitely generated module on a Noetherian ring
A. Then M is of finite length if and only if all prime ideals in Supp(M) are
maximal.

Proof If M has finite length, let (0) = My C M; C ... C M; = M be a
composition series of M. For all i > 1,there is a maximal ideal M; such that
Mi/Mi—l ~ A/Mz We have

Supp(M) = (JSupp(Mi/M;—1) = {M, ..., Mi}.

Conversely, we know from Theorem 5.9, that there exist prime ideals P;
and an increasing sequence (0) = M, C M; C ... C M; = M of submodules of
M such that M;/M;_, ~ A/P;. Clearly P; € Supp(M). If P; is maximal for
all i, it is a composition series of M, which is therefore of finite length. a

Our next result will be particularly useful when studying quasi-coherent
sheaves. We believe nevertheless that this is the right time to state it and
prove it.

Theorem 7.37 Let M be an A-module.

(i) The natural application

f:M— II My, f(z)= (z/l)MeSUPPm(M)
MeSuppm (M)

& injective.

(ii) i M is finitely generated or if A is Noetheman, then f(M) is the module
formed by all (zpm/Sm) peSupppy () SUCh that zaspe = z a4 For all

M, M E Suppp(M).

(iii) I Supp(M) isfinite and contains only maximal ideals, then

fM)y=" I Mum
MeSupp(m)
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Proof (i) Consider z E ker(f). We have (Az)x = (0) for all M E Suppy (M).
Since Supp(Az) C Supp(M) we have proved (Az)p = (0) for all M =
Suppm (Ax), hence z =0 by Proposition 7.27.

(ii) We denote by M* the submodule of I peSuppyy (v) Mu4 formed by all

(‘tM/SM)MeSuppm(M) suchthat s = zarsaq for all M, M’e Suppy, (M).
It is clear that f(M) c M’. Note that (0) : M = (0) : M". If M is
finitely generated, this shows Supp(M’) C Supp(M) by Proposition 7.29, hence
Supp(M") = Supp(M).
Consider an element X = (zx¢/sam)m E M. We have

SmEr/Spar = Taa/1 E Mg for all M E Suppyy (M).

This shows syz E f(M), hence (f(M)m = M), for all M E Suppyy, (M).

When M is finitely generated, we have Supp(M’) = Supp(M) and this
proves f(M)=M’

When M is not finitely generated, we assume that A is Noetherian. Note
that f(M)N AXx is finitely generated and put N = f~'(f{(M) N AX. Thisis a
finitely generated submodule of M such that zx¢ E N for all M E Suppp, (M).
This proves x € f(N)and we are done.

(iii) Assume now that Supp(M) is finite and contains only maximal ideals.

Let N,M E Supp(M) = Suppy,(M). We claim that (Mx)x = (0) if
N # M. Indeed, there exist s ¢ A and t ¢ M such that st € P for all
P E Suppp(M). If z € M, we have st E v0:z. This shows (Az)s = 0,
hence ((Az)m)a = (0) and (Mag)ar = (0).

Now since Suppp, (M) is finite, we have by Proposition 7.17

( 11 Mp)w = I Muw =My
MeSuppm (M) MeSuppyy, (M)

and
frv My —( H My = My
MeSupp(M)

is an isomorphism for all N E Suppp, (M). By Corollary 7.28, f is an isomor-
phism. a

Corollary 7.38 Let A be a Noetherian ring with only finitely many maximal
ideals. If M is a finitely generated A-module such that My, is a free Au-
module of rank n for all maximal ideals M of A, then M is a free A-module
of rank n.

Proof Let M;, i =1,..,r, be the maximal ideals of A.

Assume first that A is Artinian. Then A~T[; Ay, and M ~ []; M,. For
i=1,.,r, lete; with j = 1,..,n, be a basis of the free Ax,-module My,
Then it is easy to check that e; =T1;_, e;; is a basis of M.
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If A is not Artinian, put Z = N, M;. Then B = A/Z is obviously an
Artinian ring and N = M/IM a finitely generated B-module such that

Ny is a free By-module of rank n for all maximal ideals M of B. By
the preceding case, N is free of rank n, hence there exists an isomorphim
nB ~ N.

Consider the composed surjective homomorphism g :nA — nB ~n N. We
claim that it factorizes through an isomorphism nA ~ M.

Let (e;), ¢ = 1,.,n, be the canonical basis of nA. Choose elements
z; € M such that g(e;) =cl(z;) E N and define f :nA — M by f(e;) = z,.
Note first that since Z is the Jacobson radical of A, the elements z; gen-
erate M by Nakayama’s lemma. Hence f is surjective. As a consequence
fm, i nAp, — My, is surjective, for all 5. By Proposition 2.32, this shows
that fg, is an isomorphism, for all 5. Finally f is an isomorphism by Corollary
7.28.

a

We conclude this section with generalizations of Theorem 1.62. Note that
two ideals Z and J of a ring A are comaximal if and only if Supp(4/Z) N
Supp(A/J) =0.

Proposition 7.39 Let M ke un A-module. If K;, withs = 1,..,n, are sub-
modules of M such that Supp(M/K;)NSupp(M/K;) =@ for i # j, the natural
injective homomorphism

f: M/(NK) - DM/K)

is an isomorphism.
Proof Since f is injective, we have Supp(M/(N:K;)) C U; Supp{M/K;). But
Supp(M/K;) C Supp(M/(N;K;)) is obvious and we find Supp(M/(N:K;)) =

U;Supp(M/K;). Consider P € Supp(M/(N;K;)). There is a unique integer j
such that P E Supp(M/K;). As a consequence, the homomorphism

fo : (M/(NK))p = (D(M/K:))p = (M/K;)p

a

is surjective, hence f is surjective by Corollary 7.28. a

Exercise 7.40 Assume Supp(M) = {M;,...,M,}, where M; is maximal for
all i. If, for all i, we put K; =ker(M — My4,), show that

MMiZM/K,‘
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When the ring is Noetherian, Proposition 7.39 can be improved in the
following way:
Proposition 7.41 Let A be a Noetherian ring and M be an A-module. As-
sume there exists afinite number of closed sets & C Supp(M) C Spec(A) such
that

n
FNF;=0 fori#j and Supp(M)=JF.
i=1

If T;(M) = {z E M, Supp(Az) C F}}, then M =@, T:(M).
Proof To begin with, note that Supp(X_;.4; T;(M)) C U;x:F};. This implies
Supp(Ti(M)) N Supp(}_ T3(M)) = 0.
d#i
As a consequence, we get

n n
T,(M)N (> T;(M)) = (0) and E:lTi(M) o~ G?T,-(M).
J#i i= i=

To show M =¥% , T;(M), consider z € M and Z = ((0) : X). We recall
that Az ~ A/Z. Next, consider a minimal primary decomposition Z =N[_, Q;.
If P, is the radical of Q;, there exists j E [1,n] such that P, E Fj, hence
V(Qs) =V (Ps) C Fj. Let E; C [1,n] be the set of integers s € [1,n} such that
V(Q;) C F; and put Z; = Nyeg, Qs It is clear that V(Z;) C F;, hence that
the ideals Z; are pairwise comaximal, and that Z =nN?_,Z;. By Theorem 1.62,
there is a natural isomorphism A/Z ~ & A/Z;. This isomorphism induces
obviously an isomorphism T;(Az) ~ T;(A/Z) N A/Z; and we are done. a

7.4 Localization of ideals
If Z is an ideal of A, we have seen that S~17 is a submodule of S~1A, hence
an ideal of S~*A. We often denote this ideal by ZS~!A. Clearly, we have
IS 'A={a/s} with aeZ and s€S,

INS+#0 < IS 'A=5714,

(ININSTA=IS'ANT'S'A and (Z+I)S'A=I8'A+T1'514

Let 3 be an ideal of S~ A. We denote, as in Proposition 7.17, by 7 N A the
inverse image 13'(J) of J by the localization homomorphism 14 : A — S—1A.
Clearly, 7 N A is an ideal of A.

We have already seen, in the more general case of modules (Proposition
7.17), the following result.
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Proposition 7.42 For all ideals 7 of S~ A4, we have

(TNA)SA=J7.

As an immediate consequence of this last result, we get

Corollary 7.43 If A is a principal ideal ring and S a multiplicatively closed
part of A, then S~'A is a principal ideal ring.

Proposition 7.44 IfZ is an ideal of A, then
IST'ANA={bEA, thereexistssE S suchthatsb E 7}

Proof We know that b E ZS~*ANA if and only if there existaEZ andt E S
such that b/1 = a/t E S7*A. But this is equivalent to the existence of s E S
such that sb E Z and we are done. 0

Corollary 7.45 Let S be » multiplicatively closed part and Z an ideal of the
ring A. Thenwe have ZS~*ANA =Z if and only if cl(s) € A/Z is not a zero
divisor for all s E S.

Proof Since b E ZS~'A N A if and only if there exists s E S such that
cl(s)cl(b) =0 E A/Z, this is clear. O

As an obvious consequence we get

Corollary 7.46 Let P be aprime ideal of A. If PNS =0, then PS-1A is a
prime ideal of S~'4 and PS!ANA =P.

Using Proposition 7.42 and Corollary 7.46, we immediately get
Theorem 7.47 The maps
P—PS!'4and P =P NA

define a bijective correspondence between the set of prime ideals of A disjoint
from S and the set of prime ideals of S~1A.

As special cases of this theorem, we find the two following corollaries.

Corollary 7.48 If P is aprime ideal of A, then PAp is the unique mazimal
ideal of the rang Ap, wn other words Ap & a local ring with maximal ideal PAp.
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Corollary 7.49 If s E A, the map P — P’ N A is a homeomorphism from
Spec(A,) to the open set D(s) =Spec(A) \ V(sA) of Spec(A).

Exercise 7.50 Let A be aring and P;, with i = 1,...,n, be prime ideals of
A such that P; ¢ P; fori #j. f S =Ni—;(A\ P;), show that the maximal
ideals of S™*A are P;S~tA, withi=1,...,n.

We end this section with a useful technical lemma.

Lemma 7.51 Let A be a subring of B. Let S be a multiplicatively closed part
of A and P a prime ideal of A disjoint from S. If A is a prime ideal of B
disjoint from S,

NNA=P«< NS'BNS-'A =PS 14

Proof Assume NNA =P. Then (NS7!BNB)NA =P, hence (NS7!BN
S'A)NA =7P. This implies NS!BNSA =PS 1A by Theorem 7.47.
Conversely, if NST'BNS™1A =PS54, we have NST'1BNSIANA =P,
This proves NST!BNBNA =P, that isN NA =P by twice using Theorem
7.47. O

7.5 Localization and UFDs

The following lemma is a convenient characterization of UFDs. Its proof is
straightforward and left to the reader.

Lemma 7.52 Let A be a domain and a; E A, withi E E, be elements satis-
fying the following conditions.

(i) The ideal a;A is a prime ideal for all i E E.
(ii) Every non-zero element A is a product of some of the a; and a unit of A.

Then A is a UFD and for each irreducible element b € A, there existsi € E
such that bA =a,A.

Theorem 7.53 If A isa UFD and S a multiplicatively closed part of A, then
S-'Ais a UFD.

Proof Leta E A be irreducible. If aANS =0, then aS~'A4 is a prime ideal of
S71A, hence a/1 E S~ A is irreducible. We claim that every non-zero element
of S7*A is a product of irreducible elements of this form and a unit, hence
that S~*A is a UFD by Lemma 7.52.
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Note that if A NS # 0, then a/l E S~1A is obviously a unit.

Consider b/s E ST'A. If b = a;...a, is a decomposition as a product
of irreducible elements, then b/1 = (a1/1)...(a,/1) is a decomposition as a
product of irreducible elements and units. Then b/s = (a;/1)...(a,/1)(1/s)
and we are done, since 1/s is also a unit. a

Theorem 7.54 Let A be a domain and s;, with i E E, non-zero elements of
A satisfying the following conditions:

(i) the ideals s; A are prime for all i EE,

(i) if S is the multiplicatively closed part of A formed by finite products of s;,
then for every non-zero elementb E A there exists € S and ¥ E A such
thatb=sb' and B ¢ s;4 forall i E E.

If S~'A is a UFD, so is A. Furthermore, a € A is irreducible if and only
if one of the following conditions is satisfied:

(1) there exists i E E such that a4 =s;A;

(2) the element a/1 E S~*A is irreducible and a ¢ s;A for all i E E.

Our proof depends on the following little lemma.
Lemma 7.55 If a ¢ s;A forall i EE thenaAnsA =asAforall sES.

Proof Assume & = sc. Put s = s7'...s7m. Since s;A is a prime ideal and
a ¢ s A, there exists ' E A such that b = s;’. This showsal’ = s7*™'...s™c.
We are done by an obvious induction on 3 n;. O

Proof of 7.54

Consider an irreducible element b/t E S~1A. The ideal (b/t)S™1A =bS1A
is prime. If b = sb' where s ES and V' ¢ s;A for all i € E, we claim that
YA =bS"'ANA. Indeed, if z EBST'ANA =V¥STANA, there exists s E S
such that ¢’z E¥ A. By our little lemma, this shows s’z € ¥'s’A, hence z E &/ A.
Note that this implies also &S~ A = (b/t)S71 A.

If x E A is non-zero, we have proved the existence, in the fraction ring
S™LA, of a decomposition x/1 = (a/t)(b1/1)...(b,/1) such that

(i) the element a/t is a unit in S71A,
(ii) forj =1,..,n the ideal b;A is prime and b; ¢ s;A forall 2 EE.

Note that &,...b, ¢ s;A for allz E E. By using once more our favourite little
lemma, we find tXx = ab;..h, E tANby..b,A =1tb;..b,A, hence x = cby..h,
This shows ¢/l =a/t E §~'A. Consequently ¢/1 E S-'A is a unit. We recall
that there exists s € S and ¢ E A such that ¢ = s¢ and ¢ ¢ s;A for all
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i E E. Now we claim that d is a unit of A. Indeed, if y/s' E S~'A is such that
(d/)(y/s') =1,thencdy = EANSA = dA (what a wonderful little
lemmal!), hence y E s’A and ¢’ is a unit.

We have therefore proved x =c'sby..b, where d is a unit, s E.S and b;4
is a prime ideal for all j. Since s is a product of elements s;, i E E, we have
proved Theorem 7.54, using Lemma 7.52. O

Remark 7.56 If the ring A is Noetherian and s;, withi € E, is a set of
elements of A such that s;A is a prime ideal for all i E E, then condition (ii)
in our theorem is automatically satisfied.

If not, consider the set of principal ideals bA such that b E A does not
satisfy condition (ii). Let cA be maximal in this set. There must be ani E E
such that ¢ E s;A. If ¢ = s;d, then cA is strictly contained in dA, hence d
satisfies condition (ii). There is a decomposition d = sd', with s E S and
d' ¢ s;A for all i E E. But the decomposition ¢ = s;sd’ shows that ¢ satisfies
condition (ii). This is a contradiction.

As an immediate consequenceof Theorem 7.54,we get Theorem 1.72, whose
proof was postponed.

Corollary 7.57 If R is a UFD, then so is the polynomial ring R[X]. The
irreducible elements of R[X] are

(i) the irreducible elements of R,

(ii) the polynomials P € R[X] whose coefficients have gcd 1 and such that P
is irreducible in K (R)[X], where K(R) is the fractionfield of R.

Proof In the ring A = R[X] consider the irreducible elements s; of R. The
multiplicatively closed part generated by these elements is § = R — {0}. If
P € A =R[X], let s be the gcd of its coefficientsand put P’ = P/s. It is clear
that P’ ¢ s;R|X] for all . Since S~?A = K(R)[X] is a UFD, we can apply
Theorem 7.54. a

7.6 Localization and primary decomposition

Proper ideals in Noetherian rings have a primary decomposition. Fraction
rings of Noetherian rings are Noetherian. Let Z be an ideal of a Noetherian
ring A such that ZS—*A4 # S~ A. In this section we explain how we can relate
the primary decompositions of Z (inA),of ZS™A (in S~'A) and of ZS~1ANA
(in A).

7.6. Localization and primary decomposition 97

Theorem 7.58 Let A he a Noetherian ring and S a multiplicatively closed
part of A.

(i) If Q is a P-primary ideal of A such that QNS =0, thenP NS =0 ad
QS 'A is a PS~!A-primary ideal of S~14 such that 9S~'ANA =Q.

(ii) If @ is a P*-primary ideal of S~'A, then (@' NA) is a (P'n A)-primary
ideal of A disjoint fromS and (@' N A)S™'A=0Q'.

We have thus defined a bijective correspondence between the set of primary
ideals of A disjoint from S and the set of primary ideals of S—1A.

Proof As for the case of prime ideals, this result is a straightforward conse-
guence of Proposition 7.42 and Corollary 7.46, with the help of the following
easy equivalences.

Let Q be a primary ideal of A and P =+/Q, then

QNS =0PnS=0&sESandsxE Q= XEQ.

Corollary 7.59 Let A be a Noetherian ring and S a multiplicatively closed
part of A. If Z is an ideal of A and Z =N Q; a minimal primary decomposition
of Z, then

(i) ZS'A =N(gins=0 QS A. If IS71A # S~1A4, this is a minimal primary
decomposition of ZS™!A4 in S714;

(i) ZS'ANA =Noins=Qi. IFZSTANA # A, this is a minimal primary
decomposition of ZS"!ANA in A.

Proof If 9;NS # @, then ;5714 =S-1A. If not, @;S71A is a primary ideal
and @;S*ANA = Q,. This proves (i). For (ii) we need also the following
general lemma.

Lemma 7.60 f Z and J are ideals of A, then
ZNJ)STTANA=(ZS'ANA)N (JS-'ANA).
Proof One inclusion is obvious. For the other, considera E ZS™'AN AN

JSTANA. Thereexist s E S such that saEZ andt € S such that tae J.
This shows sta EZ N J, hence a E (ZN J)S 1ANA. 0
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Corollary 7.61 Let A be a Noetherian ring, Z a proper ideal of A and Z =
N*Q; a minimal primary decomposition of Z. If P; =+/Q; is a minimal prime
of Z, then

Q; =TAp, NA.

Proof This is an immediate consequence of Corollary 7.59 (ii). Since P; is a
minimal prime of Z, we have Q; ¢ P; for j # 1. 0

We note that this proves yet again our Corollary 3.33, namely that the
primary component of an ideal Z for a minimal prime ideal of Z is uniquely
defined.

7.7 Back to minimal prime ideals

Equipped now with the notion of support, we return to minimal prime ideals.
First we note that if Z is an ideal of a ring A, then a prime ideal P is a minimal
prime ideal of Z if and only if Supp((A/Z)») = {PAp}. This allows us to give
the following definition.

Definition 7.62 Let M be an A-module and P E Supp(M). We say that P
is a minimal prime ideal of M if Supp(Mp) ={PAp}.

When the ring is Noetherian, the next statement can be proved by using
primary decomposition. Using fractions we find a shorter proof in the general
case.

Proposition 7.63 IfP is a minimal prime ideal of A and a E P, there exist
an integer r and an element s ¢ P such thata's =0.

Proof Consider a/1 € Ap. Since PAp is the nilradical of Ap, this element is
nilpotent. But if (a/1)" =0, there exists s ¢ P such that a's =0. O

Definition 7.64 (Symbolic powers of a prime ideal)
Let A be a (not necessarily Noetherian) ring and P a prime ideal of A.
The order n symbolic power of P is

P =P A4p N A,
Exercises 7.65

1. If M is a maximal ideal, show that M®™ =M",
2. If P =aA is a principal prime ideal, show that P =a"A =P™
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Since P is the only minimal prime ideal of 7", the next result is a conse-
quence of Corollary 7.61.

Proposition 7.66 If A is Noetherian, P is the P-primary component of
P,
7.8 Localization and associated prime ideals

We conclude this chapter with a short study of the prime ideals associated to
a finitely generated fraction module, when the ring is Noetherian.

Theorem 7.67 Let A be a Noetherianring, S a multiplicatively closed part of
A and P a prime ideal of A such that P NS =0. If M is a finitely generated
A-module, then

PS'A EAss(ST'M) < P E Ass(M).

Proof Let P be a prime ideal of A such that PNS =0. Let P E Ass(M)
and X E M such that A = 0 : x. The isomorphism A/P ~ AX induces an
isomorphism

STTA/PST'A~ S Az C STIM,

hence PS~'A =0 : x. This proves
PS™'AE Ass(S'M).
Conversely, let PS~'A E Ass(S™'M) and z/s E S™1M such that
PS'A = (0:(x/s)).
This shows first that PS~A =0 : (z/1) and then that there exists t € S such

that P = (0 : tz). O

Corollary 7.68 Let A be a Noetherian ring and M a finitely generated A-
module.

(i) The minimal prime ideals of A are all associated to M
(ii) M has only a finite number of minimal prime ideals.

Proof If Supp(Mp) = {PAp}, we have Ass(Mp) = {PAp}, hence P €
Ass(M). Since Ass(M) is finite, we are done. O
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Theorem 7.69 Let A ke a Noetherian ring and M a finitely generated A-
module. Assume

tka,/pap(Mp/PMp) =n for all P E Spec(A).

If Mp is afree Ap-module for all P E Ass(A), then M is locally free of rank
n.

Proof From the definition of locally free modules, we can assume that A is
local. Let M be its maximal ideal. Since rka/sm(M/MM) = n, there exist
z1,--- % E M generating M, by Nakayama's lemma. Let K be the kernel of
the surjective homomorphism

fnA—-M, (a,..,3) = az.

Consider P E Ass(A). Since tka, /pa,(Mp/PMp) = n, the free Ap-module
Mp has rank n, by Nakayama's lemma. Hence the system of generators
(x1/1,...,2,/1) of Mp is a basis by Proposition 2.32. This shows Kp = (0).
Since Ass(K) C Ass(nA) = Ass(A), we have proved Ass(K) = 0. Hence
K = (0) and f is an isomorphism. |

Proposition 7.70 Let A e a Noetherian ring and M a finitely generated,
rank n, locally free A-module. There exists an injective homomorphism f :
nA — M such that fp :nAp — Mp is an isomorphism for all P E Ass(A).

Proof Let P, i = 1,..,n, be the prime ideals associated to A and S =
ﬂ,-(A\Pi). If P is a prime ideal such that S NP =0, then P C u;P;. Hence
there exists i such that P C Pi. As a consequence, S-'A has only finitely
many maximal ideals. Since S~'M is a finitely generated, rank n, locally free
S~! A-module, it is free of rank n, by Corollary 7.38. Let (x;/s;), i = 1,...,n,
be a basis. Obviously, (z;/1) is also a basis. Let {e;), ¢ = 1,...,n, be the
canonical basis of nA. Consider then the homomorphism

fimA— M, fe) =u,.

Since S7!f : nS7!A — S-'M is an isomorphism, fp, : nAp, — Mp, is an
isomorphism for all i. In particular, if K =ker(f), we have Kp, = (0) for all i.
Since Ass(K) C Ass(nA) = Ass(A), this implies Kp = (0) for all P E Ass(K),
hence K = (0). i
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7.9 Exercises

. Let A be aring and Z an ideal of A. Show that the elements which are

not zero divisors modulo Z form a multiplicatively closed part S of A.
Assume furthermore that A is Noetherian and show that the ring S-'A
has only finitely many maximal ideals.

. LetZ and J be ideals of a Noetherian ring A. Showthat if ZpNJp = (0)

for all P E Ass(A), then TN J =(0).

. Let A be a ring such that its Jacobson radical is (0). Let M be a finitely

generated A-module and 1, ...,X, € M be elements such that for each
maximal ideal M of A the classes cl(zy), ...,cl(z,) E M/ MM form a
basis of the AIM-vector space M/MM. Show that M is free and that
(z1,...,%,) is a basis of M.

. Let P be a prime ideal in a Noetherian domain A. Show 5o P™ = (0).

. Let A be a Noetherian ring and Z an ideal of A. Assume that for each

P E Ass(A) the ideals Z and P are not comaximal. Show (1,5¢Z™ = (0).
Hint: consider for each ?; E Ass(A) a maximal ideal M; such that
P, +Z c M, and put S = A\ (N; M;). Show that S does not contain
any zero divisor, that ZS—'A C JR(S~1A4) and conclude.

. Let A be a Noetherian ring and M a finitely generated A-module. Con-

sider the Fitting ideals F.(M) as in section 5.5, exercise 3. If P is a prime
ideal of A, show rku,/pa,(Mp/PMp) > r if and only if F.(M) C P.
Why is this a new proof of Theorem 7.337

. Let A be a Noetherian ring and P, ..., P, its minimal prime ideals.

If M is a finitely generated A-module, put m(M) = i la, (Mp,).
Show that m is an additive function, defined in the category of finitely
generated A-modules.

. Let A be a Noetherian ring. Consider an exact sequence of finitely gen-

erated A-modules:
0O—L —-..oLy—-M-0.

Assume that L, is free for all .. Use exercise 8 in section 5.5to show that
if P E Ass(A), then Mp is a free Ap-module. Show furthermore that the
rank of Mp does not depend on P E Ass(A).
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Integral extensions of rings

If you like algebra, you will like this chapter! We have chosen to first study
integral and finite extensions of rings; the special case of fields is developed
later in chapter 9. In the third section the going-up theorem is easy, but the
going-down is a deep and difficult result.

If A is a subring of B, we will often say that A C B is a ring extension (or
an extension when it is obvious that we are working with rings).

8.1 Algebraic elements, integral elements

Definition 8.1 Let A C B he a ring extension and x € B

(i) We say that x is algebraic over A if there exists a non-zero polynomial
such that P(x) =0.

(ii) IFx is not algebraic over A, we say that x is transcendental over A.

(iii) Wesay thatx is integral over A if there is a monic polynomial P € A}
such that P(z) =0.

Note that an element integral over A is obviously algebraic over A. If A is
a field an element algebraic over A is integral over A.

Definition 8.2 A non-trivial relation agz”™ * a2z + ... *a, =0 with coef-
ficients a; E A, is a relation. of algebraic dependence for x over A. Ifap = 1,
it is a relation of integral dependence for x over A.

Definition 8.3 Let K be a field and x an element (in some extension of K)
algebraic over K . The minimal polynomial of x over K is the unique monic
polynomial of ] which generates the kernel of the ring homomorphism
e: K[X] — Klz], e(Q(X)) =Q(x).
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We recall that K[X] is a principal ideal ring, hence this definition makes
sense. On the other hand, if A is not a field, A[X] is not a principal ideal ring.
In this case an element algebraic (or integral) over A has nothing comparable
to a minimal polynomial.

Proposition 8.4 If P is the minimal polynomial of x over K, thendeg(P) =
rkg (K[z]).

Proof Let P =X" *+a;X* '+ ... +a. The isomorphism K[X]/(P) ~ K|[z]
shows that (1,z,...,z"') is a basis of the K-vector space K|z]. O

Theorem 8.5 Let A he a subring of B and x E B. The following conditions
are equivalent:

(i) the element x is integral over A,
(ii) the A-module A[z] is finitely generated;

(i) there exists a faithful A[z]-module M which is a finitely generated A-
module.

Proof (i) => (ii). Assume x is integral over A. There is a relation z" +
az™ 't . +a,1z ta =0, with coefficients a; E A. This relation proves
that z™ is contained in the sub-A-module of B generated by 1,x,...,z""'. The
relations

ntm + ntm-1 T . an_lme +an$m =0,

x a T
prove that z**™ is contained in the sub-A-module of B generated by

1x,..,zmm !

and a straightforward induction on m shows that z™ is contained in the sub-
A-module of B generated by 1,x,...,z""!, for all m > 0.

(ii) = (iii) is obvious with M = A[z].

To show (iii) = (i), we use Cayley—Hamilton revisited (Theorem 2.44).

Let (z1, ..., 2,) be a system of generators of M as an A-module. Consider
ai; E A such that zz; =377 a;;;.

Consider the monic polynomial P(X) = det(X I,xn — (a;;)) E A[X]. Mul-
tiplying by x in M is an endomorphism of the A-module. We know by the
Cayley—Hamilton theorem that the endomorphism P(z) of M is zero. But
this endomorphism is the multiplication by P(z) in M. Since M is a faithful
Alz]-module, this shows P(z) =0, hence x is integral over A. O

Corollary 8.6 Ifx is integral over A and y E A[z], theny is integral over A.

8.2. Finite extensions, integral extensions 105

Proof Obviously A[z] is a faithful Afy]-module (use for example 1 E A[z]).
Since it is a finitely generated A-module, we are done. o

While proving Theorem 8.5, we have almost proved the following useful
and more “precise” result.

Proposition 8.7 Let Z C A be an ideal. The following conditions are equiv-
alent:

(i) there exists a relationz® +b,z"1 + ..+ b, =0, withb; EZ for all i;

(ii) the A-module A[z] isfinitely generated and there exists an integer m such
that ™ A[z] C TA[z|;

(iii) there exist a faithful A[z]-module M which is a finitely generated A-
module and an integer m such that z™M C IM.

Proof (i) = (ii) = (iii) are proved as in Theorem 8.5. For (iii) = (i), it is
enough to find a relation z™* +p;zm-0 + _+b, =0, with b; E T for all
i. Hence we can assume zM C ZM. Going back to the proof of Theorem
8.5 we can choose a;; E Z. In this case, the non-dominant coefficients of
P(X) =det(XIxn — (a;;)) arein Z. O

8.2 Finite extensions, integral extensions

Definition 8.8 Let A be a subring of B. Then B is algebraic (resp. integral)
over A if x is algebraic (resp. zntegral) over A, for all x E B. We say in this
case that A C B is an algebraic (resp. integral) extension.

If f:A — B is a mng homomorphism such that B is algebraic (resp.
integral) over f(A), we say that f «s algebraic (resp. integral); and sometzmes
that B is algebraic (resp. integral) over A.

Definition 8.9 A ring extension A C B isfinite if B is a finitely generated
A-module.

Proposition 8.10 Let A C B be an integral (resp. finate) rng extension.

(i) IfJ ws anideal of B, then B/J a integral (resp. finate) over A/(J NA).

(ii) If S is a multiplicatively closed part of A, then S™'B is integral (resp.
finite) over S71A.
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Proof (i) is obvious. For (ii), consider z/s E S~!B. Since X is integral over
A, there is arelation 2" +a;z" ' +...+a,_1x+a, = 0, with coefficientsa; € A.
This induces another relation

(x/s)* F(ar/s)(x/s)" " F o4 (anor/s" M) (2/5) Tan/s™ =0,

which proves that z/s is integral over S™A. We have already seen that if
z1,...,X, generate B, as an A-module, then z;/1, ..., x,/1 generate S~ B as an
S-1A-module. O

The following important result is an immediate consequence of Theorem
8.5.

Proposition 8.11 A finite ring extension is integral.

Proposition 8.12 If A C B and B C C are finite ring extensions, then
A C C is afinite ring extension.

Proof Let (by,...,b) (resp. (c1,...,C,)) be a system of generators of B (resp.
C) as an A-module (resp. B-module). We claim that (bc;);; is a system of
generators of C' as an A-module. Indeed, consider z € C. There are elements
y; E B such that = = Y y;c; and z;; E A such that y; = Y. 2;;b;. This shows
z = injbjci. O

Corollary 8.13 If A C B is a ring extension and z3,...,x, € B are integral
over A, then A C Az, ...,%,] is afinite extension.

Proof We have already proved this result for n = 1. Assume it is true for
n — 1. Since X, is integral over A, it is integral over Alzi,...,Zn—1]. The
extension Alzi,...,tn_1] C Alzi,...,%] is therefore finite, and we conclude
with Proposition 8.12. |

Corollary 8.14 Let A C B he a ring extension. The set of all elements of B
integral over A is a subring of B (the integral closure of A in B).
Proof If x,y E B are integral over A, then Az, ] is finite over A, hence X —y

and xy are integral over A. O

Corollary 8.15 If A C B and B C C are integral ring extensions, then
A C C is an integral ring extension.

é
é
i
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Proof Consider z E C and 2"+ b; 2"~ + ... b =0 a relation of integral de-
pendence of z over B. Clearly z is integral over the subring B' = A[by, bs, ..., b]

of B. By Corollary 8.13, B' is finite over A. Since B'[z] is finite over B, it is
finite over A by Proposition 8.12 and z is integral over A by 8.5. ]

Exercise 8.16 If A is the integral closure of A in B and S a multiplicatively
closed part of A, show that S~14’ is the integral closure of 14 in S~1B.

Definition 8.17 (i) If the integral closure of A in B is A itself, we say that
A is integrally closed in B.

(ii) A domain A is integrally closed if it is integrally closed in its fractions
field K(A).

Exercises 8.18

1. Show that the integral closure of A in B is integrally closed in B.
2. Show that a UFD is integrally closed.

Proposition 8.19 If A is an integrally closed domain, A[X] is integrally
closed.

Proof Let K be the fraction field of A. Since K[X] is integrally closed, it
is sufficient to show that if P E K[X] is integral over A[X], then P E A[X].
Consider the relation of integral dependence P* ta,P*1+...+a =0, with
a; E A[X]. If mis a positive integer and Q = P — X™, this relation induces a
relation

Q" +b Q" - +b, =0, with b, =ap—ap_ 1 X™—--—a; X" _x"m,
Fixing m large enough, the polynomials —& and —b,, are monic.

We admit here that K is contained in an algebraically closed field L. In
L[X], there is a decomposition

Q= ﬁ(X —d;) = X" —(i d)X™ '+ (Y did)) X™ 2+ L (=1)™d; .4
1 1 1< g

Now it is clear that a root of Q is a root of b, This shows that the elements
d; € L are integral over A. Consequently the coefficientsof Q are integral over
A. Since these coefficients are in K, they are in A and Q E A[X]. This shows
P e A[X] and we are done. O
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Proposition 8.20

(i) A is integrally closed in B and S C A is a multiplicatively closed part,
S-14 is integrally closed in S~!B.

(ii) IFA is an integrally closed domain and S C A is a multiplicatively closed
part, S7tA is an integrally closed domain.

(iii) Let A C B be a ring extension. Iffor all maximal ideals M of A, the
local ring A, is integrally closed in S~'B, where S = A — M, then A is
integrally closed in B.

(iv) Let A be a domain. Iffor all maximal ideals M of A, the local ring A
is integrally closed, then A is integrally closed.

Proof (i) is a special case of Exercise 8.16 and (ii) a special case of (i).

For (iii), consider z E B an element integral over A. Let M be a maximal
ideal of A. There exist aE A and s E A — M such that z/1 =a/s E Apm. As
a consequence, there exists t € A — M such that tx € A. This shows that the

conductor (A:X)of X in A is not contained in any maximal ideal of A, hence
A :x=Aand z E A. Finally, (iv) is a special case of (iii). U

8.3 Going-up and going-down theorems

We conclude this chapter with two famous theorems. The going-up is an
immediate consequence of Theorem 8.21 below. The proof is straightforward.
The going-down is much more subtle. The proof given here is short. It does
not clearly show how this result is related to Galois theory. We shall come
back to this aspect in chapter 14, section 5.

Theorem 8.21 If A C B is an integral extension of domains, A is a field if
and only if B is afield.

Proof Assume first that A is a field. Consider x E B and the relation of

integral dependence ™ +a;2" ' +...4- a1z +a, =0 of X over A. Srmpllfylni

rf necessary, by a power of x, we can assume a, # 0. This shows z(z"*
2+ .. +a,_1)a;! = -1, hence z is invertible.

Conversely, assume B is a field. Let a E A be a non-zero element. Since
a”! E B, there exists a relation a-="* taa*™ + ... Ta,_1a7* Ta, =0, with
a; E A. Multiplying by ¢®', we finda™! = — (a1 +asa+...4a,_10" 2 +a,a™ ),
which showsa™! E A. O

Corollary 8.22 Let K C L be afield extensionand X € L. Thenx is algebraic
over K if and only if K[z] is a field.
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Proof If x is algebraic, hence integral, over K, then K C K][z] is an integral
extension of domains. By Theorem 8.21, K[z} is a field.
If z is not algebraic, the isomorphism K[X] ~ K[z] shows that K[z] is not
a field.
a

Corollary 8.23 Let A C B he an integral ring extension. If P is a prime
ideal of B, then P is maximal if and only if P N A is a maximal ideal of A.

Proof Since A/(PNA) C B/P is an integral ring extension of domains, we
are done by Theorem 8.21. O

Exercise 8.24 Let A be adomain. Showthat if a finitely generated A-algebra
Alzy,...,z,] is a field algebraic over A, there exists s E A such that A, is a
field.

Be sure to solve the next exercise. You will have proved Hilbert’s Nullstel-
lensatz. We come back to this result in chapter 10, where we give a different
proof.

Exercise 8.25 Let K be a field. Show, by induction on n, that if a finitely
generated K-algebra K|[zy, ...,z,) is a field, it is an algebraic extension of K.

Hint: by Corollary 8.22, this is true for n = 1. By the induction hypothesis
and by Exercise 8.24, there exists s E K|[z;] such that K|z], is a field. Use
this fact to show that K[z,] is a field and conclude.

Theorem 8.26 Let A C B be an integral ring extension.

(i) IFP isaprime ideal of A, there is a prime ideal P’ of B such that P'nA =
P.

(ii) 1f P' C P” are prime ideals of B such that P’n4 =P"NA, then P’ =P".

Proof Assume first that P is the only maximal ideal of A. If M is a maximal
ideal of B, we have M N A =P, by the preceding corollary, and (i) is proved
in this case.

In general, consider S = A\ P and the integral ring extension

Ap C S7'B.

Since Ap is local with maximal ideal P Ap, there exists a maximal ideal M of
S~1B such that M N Ap =PAp. Putting P =M N B, we have

P'NA=MNBNA=MNST'ANA=PS'ANA=P.
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For (ii), consider P =P’ NA =P"NA and S =A\ P. We have
PST'A=P'ST'BNST'A=P'ST'BNST'A

Since PS™'A is a maximal ideal of S7'A, the prime ideals P'S~!B and
P"S™1B of S7'B are maximal by Corollary 8.23. The inclusion P'S™'B C
P"S~'B proves P'S~!B =P”S~1B, hence P' =P". 0

Corollary 8.27 (Going-up theorem) IfP, C P, is an increasing sequence of
prime ideals of A and if P’y is a prime ideal of B such that P’o N A = Py,
there exists a prime ideal 7’y of B such that

PoCPiand PiNA =P,

Proof Since A/Py C B/P’y is an integral ring extension, there exists a prime
ideal A of B/P’o such that N N (A/Py) =P1/Po. If P’y is the prime ideal of
B such that P'1/P’s =N, it obviously satisfies our assertion.

Exercise 8.28 Show that if a domain A is integral over a principal ideal ring
R, all non-zero prime ideals of A are maximal.

Theorem 8.29 (Going-down theorem) Let A be an integrally closed ring and
A C B an integral extension of domains. P, C P, is a decreasing sequence
of prime ideals of A and if Py is a prime ideal of B such that P’ N A =Po,
there exists a prime ideal P’; of B such that

P, C Poand PN A =P;.

The proof of this last theorem is delicate and important. It relies on the
two following lemmas.

Lemma 8.30 Let A C B be a ring extension and P a prime ideal of A.
Then there exists a prime ideal P' of B such that ” N A =P if and only if
PBNA=7P.

Proof Assume PPN A =P. Then P C PBNA C P nA = P shows
PBNA="P.

Conversely, assume PB N A =P. If P is a maximal ideal of A, letting P’
be a maximal ideal of B containing PB, we have P’ nA =P.

In general, consider the multiplicatively closed part S = A \P. We have
PS'BNB = PB by Corollary 7.45. Let N be a maximal ideal of S~'B
containing PS~1B. if P’ =N N B, we have PB C P’ on the one hand and
P'NS =0 on the other. This impliesP C (P'nA)and (P"NA)NS =0,
hence P NA =P. a
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Lemma 8.31 Let A be an integrally closed ring, A C B an integral extension
of domains and x E B. P € K(A)[X] is the minimal polynomial of x over
the fractionsfield K(A) of A, then:

(i) the coeficients of P are in A;

(i) if furthermore P is a prime ideal of A such that x E PB, the non-
dominant coefficients of P are in P,

Proof We admit that every field is contained in an algebraically closed field.
If L is an algebraically closed field containing the fraction field K(B), there
are elements x1, zs, ..., X, E L such that P =I7(X —xi). This shows

(*) P(X) =X"- (Z Zi)Xn_l + (Z.’L‘il'j)Xn_2 + + (—1)"1'1.’132....1}".

1 i<j

Consider z" Thyz™ 1+ . +b, =0, a relation of integral dependence of x over A.
The polynomial Q = X" +b, X"~1+...+b, whose coefficientsare in A C K(4),
is a multiple of P in K(A)[X]. This proves Q(z;) =0, hence that z; is integral
over A, for all i. Going back to the description of P, its coefficients are also
integral over A. Since A is integrally closed and these coefficientsare in K(A),
we have proved (i).

Assume furthermore x € PB. We know from Proposition 8.7 that x satis-
fies an integral dependence relation z” Tbz"-1 + ...+ b, =0, with b, E P. As
before, this shows, for all i,

af tozit + . +b, =0.

If B = Alzy,...,X,], it proves z] E PB’, for all i. Since B' is integral over A,
there exists a prime ideal P’ of B’ such that PN A = P. We have z7 E P’ hence
z; € P', for all i. Using (*) again, we see that the non-dominant coefficients
of P arein P NA =P, and (ii) is proved. O

Proof of Theorem 8.29 To begin with, note that it is sufficient to prove that
there exists a prime ideal N of Bp:, suchthat NNA =P;. Indeed, P; =NNB
will satisfy the theorem. Using Lemma 8.30, it is therefore enough to show
Pprfo N A = Pl.

Consider an element z/s E P;Bpr, N A, with X E P;B and s E (B\ Po).
We use first that a =z/s E A C K(A). This implies K(A)[z] = K(A)[sa] =
K(A)[s]. Consequently, the minimal polynomials of x and s over K(A) have
the same degree, by Proposition 8.4.

Let P = X" +b, X1+ +b, be the minimal polynomial of x over K (A).
By Lemma 8.31,we have b; E Py, for all i. Putting Q(X) = X"+ (b;/a) X" 1+
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.. T (b,/a), it is clear that Q(s) = 0, hence Q is the minimal polynomial of
s. Using Lemma 8.31 once more, we see that (bi/ai) E A, for all . Assume
a¢ P,. Since b; = a'(b;/a’) € P, this implies (b;/a’) € P1. With Q(s) =0,
this shows s® E P;B C P’s. This is a contradiction and Theorem 8.29 is
proved.

8.4 Exercises

1. Let Abearing and M an A-module generated by n elements. Show that
for any endomorphism u of M there exists a monic polynomial P € A[X]
satisfying P(v) =0 and such that degP < n.

2. Let A C B be an extension of domains. Assume that the ideal A :B =
{aEA, aB C A} of A is finitely generated and show that B is integral
over A.

3. Let A be a domain and a E A an element such that the ring A/aA is
reduced. Show that if A, is integrally closed, then so is A.

Show that the ring R =C[X, Y Z]/(X Z - Y(Y* 1))is integrally closed.

4. Let A C B be a ring extension. Assume that for each minimal prime
ideal P of B, the ring extension A/(PNA) C B/P isintegral. Show that
B is integral over A. Hint: for x E B consider the elements P(z) for all
monic polynomials P E A[X] and show that they form a multiplicatively
stable part of B that contains {0}.

5. Let A C B be a finite extension of rings. If P is a prime ideal of A, put
S =A\ P and show that the ring S~X(B/PB) is Artinian. Define e(P)
to be the length 1(S~*(B/PB)) and show that the function e defined on
Spec(A) is semi-continuous.

Assume furthermore that A is a domain and show that if the function e
is constant, then B is locally free as an A-module.

6. Let A be an integrally closed domain. If A[X] C B is an integral exten-
sion of domains, show that for any maximal ideal M of B, there exists a
prime ideal P of B strictly contained in M and such that PNA = M NA.

7. Let A be a domain. Assume that for each non-zero element a E K(A)
such that a ¢ A, then a™! E A. Show that A is integrally closed.

8. Let A be an integrally closed domain and B = A[z] a domain integral
over A. Show that B is a free A-module.

9

Algebraic extensions of fields

In complex geometry we only need some basic results of Galois theory. Charac-
teristic zero really makes life easier. The content of this chapter can be found
in all algebra books, but in order to keep this book self-contained we present
here precisely the results that we shall need when we start studying complex
geometry.

An algebraic extension of fields is an integral extension of rings. Hence
several of the results presented in chapter 8 will be useful now. For the conve-
nience of the reader, we recall some of these results in the form needed here.

9.1 Finite extensions

Proposition 9.1 Let K C L be afield extension and x E L. The following
conditions are equivalent:

(i) the element x is algebraic over K;
(ii) the K-vector space K|[x] has finite rank;
(iii) the K-algebra K|[z] is afield.

The equivalence of (i) and (ii) is a special case of Theorem 8.5;that of (i)
and (iii) is Corollary 8.22.

Corollary 9.2 IfK C L is afinite field extension, L is algebraic over K .
Note that this corollary is a special case of Proposition 8.11.

Proposition 9.3 If K C L is afield extension and if zy,...,X, E L are
elements algebraic over K, then K[zy,...,x] is afield.

Proof Since K[z, ...,X] isadomain and is integral over K, this is a special
case of Theorem 8.21. O

113
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Definition9.4 Let K C L he a finite field extension. The degree of this
extension, deg, (L), also denoted by [L : K], is the rank of the K-vector space
L.

If there exists x E L such that L = K[xz], we define deg,(z) =[L : K].

Proposition 9.5 If P is the minimal polynomial of x over K, then
K[X]/(P)~nK[z] and degg(x) =deg(P).
This is Proposition 8.4.

Proposition 9.6 Let K C L CF hefield extensions.

(i) KL is algebraic over K and F is algebraic over L, then F is algebraic over
K.

(ii) If both extensions are finite, F is finite over K and
[F :K]=[F:L][L :K].

Proof (i) is a special case of Corollary 8.15.
For (ii), note that if (e;) is a basis of F over L and (f;) a basis of L over
K, then it is straightforward to verify that (e; f;) is a basis of F over K. O

Corollary 9.7 FK c L is afinite field extension and x E L, then deg(x)
divides [L:K].

Proof This is clear. O

We recall that a field 2 is algebraically closed if each non-constant poly-
nomial with coefficientsin © has a root in €2, or equivalently if all irreducible
polynomials in ©[X] have degree 1.

Definition 9.8 If K C 2 is an algebraicfield extension such that 2 is alge-
braically closed, €2 is called an algebraic closure of K.

Definition 9.9 Let © be an algebraic closure of K and P E K[X] a non-zero
polynomial. fP =u[I%,(X —x,) (withu E K) is the decomposition of P as
a product of irreducible polynomials in Q[X], then K]z, ...,x] is the field of
decomposition of P in R.

Clearly, the field of decomposition of P in § is the smallest subfield of 2
containing K and in which P decomposes into degree one factors.

We shall assume the next theorem without proof. An excellent proof can
be found in Bourbaki, Algbbre, chap. 5, p. 91, but the result is all we need.
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Theorem 9.10 Every field has an algebraic closure.

Definition 9.11 Let K C L and K ¢ F befield extensions. Afield homomor-
phism f : L — F such that f(a) =a for all a E K is called a K-isomorphism.

Note that a K-isomorphism is always injective, but not necessarily surjec-
tive. Yes this is unpleasant, but that’s life!

Theorem 9.12 Let © he an algebraic closure of K and K C L C L’ he
algebraic extensions. Ifu : L — Q is a K-isomorphism, there exists a K-
isomorphismu’ : L' — Q such that «'(z) =u(z) for all x € L. Wesay that «’
extends .

This result is easy to prove when the extension L C L’ is finite. If not,
things get more complicated. Since we’re in the mood, let’s assume this theo-
rem as well (for a proof, | recommend once more Bourbaki, Algbbre, chap. 5,
p. 90).

Definition 9.13 Let R be an algebraic closure of K. FK C L C Q and
K C F C  are extensions, they are conjugate if there exists a surjective
K-isomorphism v : L — F.

Note that since « is an isomorphism of fields, there is an inverse isomor-
phism »=! : F — L. Furthermore u(a) = a for all a E K implies obviously
ul(a) =afor all ae K and u™! is a K-isomorphism.

Note also that by Theorem 9.12, u extends to a K-isomorphism of §2 to
itself.

Definition 9.14 Let x and y he elements of R. We say that x and y are
conjugate over K, if there exists a K-isomorphism u : K[z] — K[y| such that
u(z) =vy.

Note now that if x and y are conjugate, then u(K[z]) = K[y} and that
u~! : K[y] — K[z] is a K-isomorphism such that «™'(y) = x.
Proposition 9.15 Two elementsx and y are conjugate over K if and only if
they have the same minimal polynomial over K.

Proof Let P E K[X] and Q E K[X] be the minimal polynomials of x and y
over K.

If x and y are conjugate by the K-isomorphism u, then

0 =u(0)=u(P(z)) = P(u(z)) = P(y).

Hence Q divides P. But P divides Q for the same reason, so P = Q since they
are both monic.

Conversely, if P = Q, consider the natural K-isomorphisms

f:K[X]/(P)~K|z] and ¢ :K[X]/(P) ~ K[y].

Clearly, the K-isomorphism g o f~! satisfies go f~1(x) = . O
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9.2 K-isomorphisms in characteristic zero

Proposition 9.16 Let K be afield of characteristic zero and P E K[X] an
irreducible polynomial. If K C L is afield extension such that P decomposes
into a product of degree one polynomials in L[X], then P has no multiple root
inL.

Proof Let x € L be aroot of P. Then P is necessarily the minimial polyno-
mial (up to a constant) of x. Since char(K) =0, the derivative P’ € K[X] C
L[X] of P is non-zero. Consequently, P’ is not a multiple of P and x is not a
root of P’. |

Corollary 9.17 Let Q be an algebraic closure of a field K of characteristic
zero. If P E K[X] is irreducible, then P admits deg(P) distinct roots in R.

Proof This is a special case of Proposition 9.16. |

Proposition 9.18 Let K he afield of characteristic zero and € an algebraic
closure of K. If K C L is an algebraic field extension and x E L, then the
number of distinct K-isomorphisms Kz] — Q is precisely [K[z] : K].

Proof Put n = [K[z] : K]. The minimal polynomial of x over K has n
distinct roots v, ...,y E €2 by Corollary 9.17. By Proposition 9.15, there are
K-isomorphisms wu; : K[z] — Q such that w;(z) =y, fori = 1,..,n, and no
other. O

Lemma 9.19 Let K C L be afinite extension of fields of characteristic zero.
There exist [L : K] distinct K-isomorphisms L — €.

Proof We use induction on n = [L : K]. The result is obvious for n = 0.

Consider x E L, with x ¢ K. Put F =KJz], m = [F: K]land d = [L: F].

Then n =md, with d <n.

From Proposition 9.18, there exist m distinct K-isomorphisms u; : F — (2,
with 2 = 1,...,m. By Theorem 9.12, for all i the K-isomorphism u; : F — Q
extends to a K-isomorphism v; : L — Q. Put F; =u;(F) and L; =v;(L) and
note that [L, : F;] =d.

By the induction hypothesis, there exist d distinct F;-isomorphisms s;; :
L; — Q, with j =1,....d.

Define tij = sjjov;, for 1<i<mand 1< j <d. We claim that these
K-isomorphisms L — € are pairwise distinct.

Since t;;/F = u;, Wwe have t;; # ty; if i # ¢, for any (j,5'). But j # §’
implies s;; # s;5, hence t;; # t;» and we are done. O
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Theorem 9.20 If K c L is afinite extension of fields of characteristic zero,
there exists x E L such that L = K{[z].

Proof Putn=[L:K]. Itissufficientto find x € L such that [K[z] : K] > n;
in other words, to find X E L having n distinct conjugates.

Let u; : L — R, with i = 1,...,n, be distinct K-isomorphisms. We are
looking for an x € L such that i # j implies u;(z) # u;(z). Consider, for all
(,7), with i # 7, the K-vector space L;; =ker(u; —u;). Sinceu; # u;, we have
L;; # L. We want to show L # UL,;. This is a consequence of the following
general lemma. a

Lemma 9.21 Let k£ be an infinite field and E afinite rank k-vector space. If
E;, withi=1,..,n, are strict subvector spaces of E, then

E # U,E;.

Proof We use induction on n. The result is obvious for n = 1. Assume n > 1.

By the induction hypothesis, there exists x E E such that x ¢ UT™'E;. If
x ¢ E,, we are done. If X E E, consider y ¢ E,. Note that ax +y ¢ E for
all a E k. If the lemma is not true, then for any a E k there exists i <n — 1
such that ax +y E F;. Since k is infinite, there exist 1 and distinct elements
a,d@ € k such that az Ty E E; and 'z Ty E E;. This proves (a —-d')z E E;,
hence x E E;, a contradiction. O

Corollary 9.22 Let K c L he afinite extension of fields of characteristic
zero. The number of distinct K-isomorphisms L — Q is [L:K].

Proof This is an immediate consequence of Proposition 9.18 and Theorem
9.20. 0

9.3 Normal extensions
In this section K is a given field of characteristic zero.

Definition 9.23 An algebraic extension K C L & called normal #f for any
x € L, the minimal polynomial P E K[X] of X over K decomposes into a
product of degree one polynomials an L[X].

Note that K C L is normal if for all x E L, the field L contains a decom-
position field of the minimal polynomial of x over K .
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Examples 9.24

1. If [L: K] =2, then K C L is normal.
2. An algebraic closure €2 of K is a normal extension of K.

Proposition 9.25 Assume K C F C L are algebraic extensions. If K C L
is normal, then F C L is normal.

The proof is left to the reader.

Proposition 9.26 Let K C L be an algebraic extension and €I an algebraic
closure of L. Then K C L is normal if and only if u(L) C L for any K-
isomorphismu: L — R.

Proof Consider x € L and P E K[X] its minimal polynomial.

Assume that the extension K C L is normal. Then P =[I(X - xi), with
z; EL. Ifu:L — Qisa K-isomorphism, then u(z) = z; for some i, by
Proposition 9.15. This shows (L) C L.

Conversely, consider y € Q a root of P. By Proposition 9.15, there exists
a K-isomorphism v : K[z] — Q such that v(z) =y. By Theorem 9.12, there
exists a K-isomorphism u : L — € such that u(z) =y. Since u(L) C L, this
proves y E L. g

Corollary 9.27 If P € K[X], its decompositionfield in an algebraic closure
{2 of K is a normal extension of K.

Proof Let zy,s,...,X E § be the roots of P. Then L = K{zy,...,X] is the
decomposition field of P. If u : L — € is a K-isomorphism, for all i there exists
j such that u(z;) =z;. This proves «(L) C L and we can apply Proposition
9.26. |

Corollary 9.28 Let 2 he an algebraic closure of K and x ER. If P E K[X]
is the minimal polynomial of x over K, then thefield of decomposition of P in
Q is the smallest normal extension of K contained in {2 and containing x.

Proof A normal extension of K containing x must contain the field of decom-
position of P. Since this field is a normal extension of K, we are done. |
Definition 9.29 If K C L is an algebraic extension, a K-automorphism g of

L is afield automorphism of L such that g(¢) =afor all a E K.

It is clear that the K-automorphisms of L form a group.
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Definition 9.30 If L is afield and G a group of field automorphisms of L, we
denote by L¢ the subfield of L formed of all elementsa E L such that g(a) =a
forallg E G.

Note that if G is the group of K-automorphisms of L, then obviously
K CL°.

Proposition 9.31 If K C L is a normal extension and €2 an algebraic closure
of L, a K-isomorphism « : L — Q is a K-automorphism of L.

Proof We have (L) C L by Proposition 9.26. Since u is injective, we must
show that it is surjective. If [L: K] is finite, then u(L) ~ L implies [u(L) :
K] = [L: K], hence [L:u(L)] =1and L =wu(L). If not, consider X E L.
Let F ¢ L be the decomposition field of the minimal polynomial of x. Then
K C F is normal and [F: K] is finite. This shows u(F) = F, hence X E u(L)
and we are done. O

Theorem 9.32 Let K C L be a finite extension and G the group of K-
automorphisms of L. The following conditions are equivalent:

(i) the extension K C L is normal;
(i) the order Ord(G) of G is at least [L: K];
(iii) one has LY =K.

Furthermore, if these conditions are satisfied, then Ord(G) = [L: K].

Proof (i) = (ii). Let §2 be an algebraic closure of L. By Proposition 9.18 and
Theorem 9.20, there are precisely [L: K] distinct K-isomorphisms L — R. If
K ¢ L is normal, each of them is a K-automorphism of L by Proposition 9.31,
i.e. an element of G. Hence G has at least [L: K] elements.

(if) = (iii). The elements a E L such that g(a) = a for all g E G form a
subfield F of L containing K. By Corollary 9.22, there are precisely [L: F]
distinct F-isomorphisms from L to €. Since each g € G is one of these, we
have

[L: K]< Ord(G) < [L: FI< L : K].

This shows [L: F] = [L: K] =Ord(G), hence K = F.
(iii) = (i). Let gi,..., 9, be the elements of G. If X E L, put z; = g;(x).
Consider the polynomial, with coefficients in L,

n

=1

1=0 1
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Note that its coefficients

n
a; = —in, [25] :Zzixj,
i=1

i#]

satisfy gx(a;) = a; for all k. Hence a; E K, for all i, by the hypothesis, and
P € K[X]. Since P(z) = 0, the minimal polynomial of z divides P. This shows
that any element conjugate to X is among the z;, hence in L. Consequently,
K ¢ L is a normal extension. 0

Definition 9.33 If K C L is a normal extension, the group G = Autg (L) of
K-automorphisms of L is the Galois group Gal(L/K) of this normal extension.

We have therefore proved Ord(Gal(L/K)) = [L : K] and LGal@/K) = k|

Theorem 9.34 Let K C L ke a normal finite extension of fields of character-
istic zero and G = Gal(L/K) its Galois group.

(i) If G' is a subgroup of G, then LE" is a subfield of L, containing K, such
that
Gal(L/L?") =G,

(i) IFF is afield such that K ¢ F C L, the Galois group Gal(L/F) is a
subgroup of G such that
1 Galw/rm _ p

(iii) A subgroup G’ of G is normal if and only if K C L is a normal exten-
sion. In this case Gal(L¢'/K) ~ G/G".

Proof (i) By the definition of L&', we seethat G’ is a subgroup of Gal(L/L%").
Since Gal(L/L%) has order [L : L%, it is sufficient to show [L : LE] <
Ord(G").

There exists z E L such that L = L% [x]. Let g1, ..., g, be the elements of G’
and z; = g;(z). The coefficients of the polynomial P =TIT_,(X —z;) € L{X]
are invariant for G’. Hence P € L¢'[X]. Since z is a root of P, we get

[L:LE] =[LF[z] : LY] < deg(P) =Ord(G"),

and we are done.

(ii) is an immediate consequence of Theorem 9.32.

(iii) Assume G’ is a normal subgroup of G. If g E G and ¢’ E G’, we have
g '¢'g E G', hence g~'¢’g(z) =x for all X E LE". This shows

d'(g(z)) =g(z) forallg EG, ¢ EG’and z E L.
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Consequently,
g(x) ELY forallg E Gandz E LY,

in other words,
g(L¢) Cc LY for all g E G.

Hence K C LY is a normal extension by Proposition 9.26.
Assume now that L¢ is a normal extension of K. By Proposition 9.26, we
have
g(LYy ¢ L forallg E G.

Hence for all g E G the restriction of g to L% is in Autx(LE") = Gal(L°'/K).
We have thus defined a group homomorphism G — Gal(L®'/K). Its kernel
is G’ = Gal(L/L%"), which is therefore a normal subgroup of G. We note
furthermore that G/G’ is isomorphic to a subgroup of Gal(L¢'/K). Now, we
have

Ord(G")Ord(G/G") =Ord(G) = [L: K] = [L: LF][LE : K].
Since Ord(G’) = [L : L¥], this proves
Ord(G/G") = [L¢ : K] = Ord(Gal(LY'/K)), hence G/G ~ Gal(L°/K).

O

9.4 Trace and norm
Once again, K is a given field of characteristic zero.

Definition 9.35 Let K C L te afinite normal extension of fields and G its
Galois group. The trace and the norm, over K, of an element x E L are
defined by

Troi(z) = > g(z) and Nyx(z) = ]] 9(z).

9€G geaq

It is clear that if g E G, then gG = G. This shows g(Trz/x(z)) = Trp/k(x)
and g(Ny,k(z)) =Ny /k(x) for all g E G and consequently that Trz,x(z) E K
and NL/K(LE) E K.

If z E K, then Try/x(z) = [L: K]z and Ny x(x) = zlL K],

Proposition 9.36 (i) Try/x(.) is a linear form on the K-vector space L.
(i) Np/k(zy) = Npk(2)Nr/x(y).

This is clear from the definition.
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Theorem 9.37 Let K C L be afinite normal extension of fields, G its Galois
group and x € L.
Consider L as a K-vector space and the endomorphism u,(y) = xy of L.
Let P, be the characterisitic polynomial of the endomorphismu, and P
be the minimal polynomial of x over K. If d = degg(z) = deg(P) and n =
[L: K], we have
I1(X -g(z)) =PY* = FeL-

g€eG

Proof Consider the subgroup H = Gal(L/K][z]) of G. It is clear that an
element g E G is in H if and only if g(z) =z. If we put m = [L: K[z]], then
dm =n.

We show [T,eq(X — g(z)) = P Consider 1, ..., z4 the distinct roots of
P. Let g4, ...,94 E G be elements such that g;(z) = ;. If g € G, there exists ¢
such that g(z) = z,. Furthermore,

This shows G = Udg; H. We note that this is a disjoint union and that ¢;H
has m elements for all i. Consequently, we have

d
TLX o) =TICIT (6 —gta) = [TX —a™ = ([T o™ =P

2

Next, we prove P, =P"".

The K-vector space K|[z] has rank d and is stable for u,. By the Cayley—
Hamilton theorem, the characteristic polynomial of this endomorphism of X [z]
has degree d =deg(P) and z is a root of this polynomial. This proves that P
is that polynomial.

Let (ey, ... ) be a basis of L over K[z]. Clearly K|xle; is stable for u,
in L. The natural K[z]-isomorphism K|[z] ~ K][z]e; shows that P is also
the characteristic polynomial of the restriction of u, to the stable vector space
K|z]e;. Considering then the decomposition of the vector space L, in u;-stable
factors, L = @7, K[z]e;, we find P, = P"". O

Corollary 9.38 Let P = X% _q, X% + ...+ (=1)%, be the minimal polyno-
mial of x over K. If m = [L: K[z]], then

TX‘L/K(CC) =1may and NL/K(QT) =a:ln

This is an immediate consequence of Theorem 9.37.

9.5. Roots of one and cyclic Galois groups 123

Theorem 9.39 Let K C L be a finite normal extension o fields of character-
istic zero. Then

(z,y) — Try/x(zy)
is a symmetric non-degenerate bilinear form on the K-vector space L.

Proof The form is obviously symmetric and bilinear. We will need the fol-
lowing lemma.

Lemma 9.40 Let (z,...,2,) be a basis of the K-vector space L and gy, ..., g,
the elements o the Galois group Gal(L/K). There is a matrix equality

(Treyx(2i25))ig = ((9:(2))i)((9i(25))ig)-

Proof of the lemma We have

ZI: gi(z)a(z) = Y qi(ziz) = Try(zz)).

Proof of the theorem

Let X E L be such that L = K[z] and x; = gi(z), for i = 1,..,n. The
matrix (g;(z?)); ; associated to the basis (1,,...,2™!) of L is the Vandermonde
matrix (z7)o<; j<(n—1)- 1ts determinant [T, ;(z; —z;) is non-zero, since z; # x;
fori#j. |

9.5 Roots of one and cyclic Galois groups
Once more K is a field of characteristic zero and 2 an algebraic closure of K.
Proposition 9.41 The polynomial X" — 1 =0 has n distinct roots in R.

This is clear since the unique root of nX"~! =0 is not a root of X" —1=0.

Our next assertion needs no comment.

Proposition 9.42 The roots of X™ — 1= 0form a subgroup o the multiplica-
tive group Q*.

Definition 9.43 A primitive dth root of 1, in €, is an elementa E Q* such
thata? =1 and ™ # 1for 0 < m <d.

Proposition 9.44 A primitive dth root of 1, in 2, generates the group of
roots of X< =1.



124 9. Algebraic extensions of fields

Proof A primitive dth root of 1,in €2, generates a group of order d contained
in the group of roots of X% = 1,whose ordar is d. O

Lemma 9.45 [If there exists one primitive dth root of 1 in Q*, there are pre-
cisely ¢(d) , where ¢(d) is the number of integers relatively prime tod contained
in[0,d —1] for 1<d and ¢(1) = 1.

Proof If Q* contains a primitive dth root of 1,the roots of X¢ — 1=0 form a
cyclic group G, of order d. There is therefore an isomorphism = : G — Z/dZ.
Furthermore a E G is a primitive dth root of 1if and only if w(a) generates the
additive group Z/dZ. Since a class generates Z/dZ if and only if its elements
are relatively prime to d, we are done. 0

Theorem 9.46 A finite subgroup of Q* whose elements are roots of 1is cyclic.

Proof Let G be such a group and n its order. All elements in G are roots of
X" — 1=0. We claim that G contains a primitive nth root of 1.

If a € G, thers exists a positive integer d dividing n such that a is a
primitive dth root of 1. Let E4 C G be the set of all primitive dth roots of 1
contained in G. Clearly G = UE; for d dividing n. Since we have seen that Ey4
contains either 0 or ¢(d) elements, we can conclude with the following lemma,
whose proof is left to the reader.

Lemma 9.47 34, ¢(d) =n.
In particular, we have proved the following statement.

Corollary 9.48 The roots of X" — 1=0 form a cyclic subgroup, of order n,
of Q*.

We can now describe, when K contains enough roots of 1, the normal
extensions of K with cyclic Galois groups.

Theorem 9.49 Assume K is afield such that X™ — 1E K[X] decomposes in
a product of degree 1 polynomials.

() If a e K and x E © are such that z® = a E K, then the extension
K < Klz] is normal and its Galois group is cyclic. The order d of this
group divides n and 2¢ E K.

(ii) FK C L is a finite normal extension with a cyclic Galois group and such
that d = [L: K] divides n, there exists x E L such that z* E K and that
L = K|z].
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Proof (i) Let » E K be a primitive nth root of 1. Clearly n*z is a root of
X™ =a. Thus this equation has n distinct roots in K[z]. Hence the minimal
polynomial of z over K factorizes into degree 1 polynomials over K|z] and
K C K[z] is normal. Let G be the Galois group of this extension and g E G.
There exists ¢ < n such that g(z) = n'z. The map g — #* = g(z)z~! is
obviously an injective group homomorphism from G into the group of nth
roots of 1. Hence G is isomorphic to a subgroup of this group. By Theorem
9.46, there exists d, dividing n, such that G is isomorphic to the cyclic group
of roots of X¢ — 1=0. If ¢ is a primitive dth root of 1,the conjugates of x
are {’z for 1< j < d. Hence

Nz = 22

=

d
Nipyx(z) = [[ (2 = (

j=1 j
Since Ngpo)/x () € K, (i) is proved.

(i) Let n E K be a primitive dth root of 1. Let r be a generator of
Gal(L/K). We claim that there exists a non-zero element z E L such that
T(z) =nz.

Notice first that (ii) is an immediate consequence of the existence of such
an X. Indeed, it shows 7¢(z) = n‘z, hence x has d distinct conjugates and
L = K[z]. Furthermore

d d
2= Hnix =[] 7(z) =Ny /k(z) e K

a

Proposition 9.50 There ezists X € L, x # 0, such that (z) =nz.

Proof Note first that n~! E K implies 7(p~!) = 57!, hence [T, ri(n~") =
(m71)¢ = 1. Consider now an element a E L such that T[], 7%(a) = 1. We
want to prove that there exists b € L such that ar(b) =b.

Put e, = ar(a)..7"(a). We claim that

ar(dle;m(c)) = dX—:l et (c)
i=0 =)
for all c E L. Indeed

at(e;7'(c)) =e; 7 (c) for 0<i<d-1 and
d
ar(eqa177c)) =[] T (a)r(c) =ac.
=1

It is now sufficientto show that there exists ¢ E L such that Y"1 e;7(c) #
0. But this is a consequence of the following general lemma.
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Lemma 9.51 (Dedekind)Let K C L be an extension. Let gy, ..., g be distinct
K-isomorphisms from L to Q. If z; E Q, with i = 1,...,n, are such that
P 29 =0,thenz; =0fori=1,.,n.

Proof We use induction on n. The result is obvious for n = 1. Assume
Y12z, =0. f x e Land y EL, we have

> (o) = 3 sa@)aty) =0,

which implies, for all z E L, that

n
> zigi(x)g: =0.
i=1

Substracting g,(z) >, zig; =0, we find a new relation

2 (6:(2) — gule))gs = 0,

n

|

<.
Il
—

yielding 2;(g;(z) — gn(z)) =0 for i = 1,..,n — 1. Since g; # gn, for i <n, there
exists x € L such that g;(x) # g.(x). As a consequence z; =0, for i <n, and
z, = 0. We are done. 0

9.6 Exercises

Here, all fields have characterisic zero.

1.

Let K C L be afinite extension of fields. Assume that [L : K]is a prime
number. If z € L and z ¢ K, show that L = K[z].

Let © be an algebraic closure of K. Consider L and L' two finite exten-
sions of K contained in €2 and F the smallest extension of K containing L

and L'. Find arelation between [F:K],[L:K],[L':K]and [LNL’ :K].

. Consider f E K[X] and L the decomposition field of f in an algebraic

closure of K. Show that the Galois group of the normal extension K C L
acts transitively on the roots of f if and only if f is irreducible.

. Consider K C L a finite extension of fields, 2 an algebraic closure of L

and F C Q the smallest normal extension of K containing L. Assume
that X E F is such that the conjugates of x form a basis of F over K.
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. Consider the involution i(P(X)) =P (- X)on the field K(X). If G is the

group, with two elements, generated by this involution, show K(X)¢ =
K(X?).

. Consider the natural action of the permutation group S, on the field

K(X1,. .., Xn). Put L =K(Xy,..., X5 If

n

[z -x)=2r+s27 ' . +s,,

i=1

show first that s; E L for: = 1,...,n and next that L = K|[s;,...,S,].
Hint: prove [L: K]s1,...,s,]] < n'.

. Let © be an algebraic closure of K and X E 2. If L C 2 is the smallest

normal extension of K such that x E L, give an upper bound, depending
on [K(z) :K] for [L:K].

. Consider the field L =Q[¢, e%™/%] ¢ C. Show that L =Q[e?"/%°], that L

is the field of decomposition of X% — 1=0 and compute [L: Q].
Consider the Q-automorphisms ¢ and 7 of L defined by

U(e2i7r/20) — eGiﬂ'/QO and T(eZiw/ZO) — 638i7r/20

Show that ¢ and 7 commute and that the group homomorphism 1 :
Z x Z — Gal(L/Q) defined by ¥(m,n) =¢™7" induces an isomorphism
(Z/AZ) x (Z/2Z) ~ Gal(L/Q).
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Noether’s normalization lemmma

In this chapter, we study finitely generated algebras over an infinite field.
Several of our statements are also true for finitely generated algebras over any
field. When the generalization to finite fields is essentially straightforward, we
do it. But we want to move fast towards complex geometry and to this end
we choose the most efficient version of the normalization lemma. This form
requires infinitely many elements in the field. We will not bother to adapt
our proofs to the most general situation. The reader interested in using finite
fields will have to do a bit of work on his own. or consult another text.

10.1 Transcendence degree

Definition 10.1 Let A € R be a ring extension. We say that zy,...,zs ER
are algebraically independent (or algebraically free) over A if the ring homo-
morphism

A[Xl,...,x,] - A[.’I)l,...,ws] P— P(-Tla""‘rn)
is an isomorphism.
Definition 10.2 Let K C L be afield extension and z1,...,X, € L be alge-

braically independent over K. IfL is algebraic on thefractionfield K(z, ..., X,)
of K[xy,...,X,], we say that (z1, ...,x,) IS a transcendence basis of L over K .

Definition 10.3 Let K c L he afield extension. If there exist z1,...,2, € L
such that L is the fraction field K(z1,...,2,) of K[z,...,z,], we say that L is
afinitely generated field extension of K.

The proof of the next result is straightforward and left to the reader.

Proposition 10.4 Let K C L he afield extension. Ifzy,...,z, E L are such
that L is algebraic over the fraction field K'(z1,...,x,) of K[z1,...,X,], there
exists a transcendence basis extracted from (zy, ..., X,).

In particular a finitely generated field extension of K has a transcendence
basis over K.

129
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Theorem 10.5 Let K L he a field extension such that L has a transcen-
dence basis with n elements over K. Then

(i) if z1,...,% E L are algebraically independent over K, then (zy,...,x,) isa
transcendence basis of L over K;

(ii) all transcendence bases of L over K have n elements.

Proof We can assume that all transcendence bases of L over K have at least
n elements. We proceed by induction over n. The assertion is obvious for
n=0.

If n> 0, let (z,..,2) E L be a transcendence basis of L over K.
Since x; is algebraic over K(zi,...,z,), there exists a non-zero polynomial
f € K|Z, ..., Z,, Xi] such that f(z1,...,2,,71) = 0. Since z; is transcen-
dent over K, the polynomial f has to depend on some z;, for example 2.
This shows that z; is algebraic over K(z,...,2,,21), hence that L is alge-
braic over K(zy, ..., z,,x1) by Corollary 8.15. Since n is minimal this proves
that (2o, ..., 2,,21) is a transcendence basis of L over K. As a consequence,
29, ..., 2y IS @ transcendence basis of L over K(x;), and we conclude by induc-
tion. 0

Definition 10.6 Let K C L be afield extension.

(i) If L has a transcendence basis with n elements, over K, we say that the
field L has transcendence degree n over K and we write trdegg (L) =n.

(ii) If L has nofinite transcendence basis over K, we write trdegy (L) = oo.

(iii) If A C B is an extension of domains and K(A) C K(B) the correspond-
ing extension of fraction fields, we define trdeg,(B) =trdegy 4,(K(B)).

10.2 The normalization lemma

In this short section we only prove the normalization lemma. This fundamental
result has so many algebraic and geometric consequences that we cannot hope
to explain them in a few words. We can only advise our reader to keep this
result in mind constantly, particularly when the time comes to think about
schemes and varieties.

Theorem 10.7 (The normalization lemma) Let A= K|zy, ...,X] be afinitely
generated algebra on an infinite field K. There exist ys,. ..,y E A such that:

(i) the elementsy,. ..,y are algebraically independent over K;
(ii) the ring A isfinite over K{y1,. .., ur);
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(iii) the elementsy,. ..,y are linear combinations of zy,. ..,X, with coeffi-
cients in K.

Our proof depends on the following result.

Lemma 10.8 Let K be an infinite field and F € K[X},...,X,] a non-zero
polynomial. There exist (as,...,a,) E K™ such that F(ay,...,a,) # 0.

Proof This assertion is well known for n = 1. We prove it by induction on n.
We can assume that F depends on the variable X, and order F with regard
to it :
F = GO(X17 L aXn—l)X:L + e +GT(X17 e ,anl),

with r > 0and Gy(X,...,X.-1) # 0. By the induction hypothethis, there
exists (ajy, . ..,a,_1) € K™! such that Gy(ay, . ..,an_1) # 0. The polynomial
Golar, . ..,an-1) X" L G,(ay,...,a, 1), in the variable X,, is non-zero.
Hence there exists a, E K which is not a root of it. O

Definition 10.9 A polynomial F E K[Xj,. .., X,] is homogeneous of degree
r if it is a combination of monomials of degree r.

Consider a monomial M(Xy,...,X,) = X ... Xk with 1, =r. I
aE K, it is clear that M(aX;,...,aX,) =a"M(Xi,...,X,). Consequently,

if F is homogeneous of degree r , then

FlaXy,...,aX,) =d F(Xy,...,X,).

We begin by proving a special case of the normalization lemma.

Lemma 10.10 Let K be an infinite field and f E K[Xy,. .., X,] a non-zero,
non-constant polynomial. There exist 73, ...,Z,-1 € K[X1,. ..,X,] such that:

(i) the elements Zi,. .., Z, are linear combinations of Xi,...,X,;

(ii) the classes Z; = cl(Z;) € K[Xy,...,X,]/(f) are algebraically indepen-
dent;

(iii) the ring K[Xy,...,X,]/(f) isfinite over K[Z,,...,Z, 1].

Proof Consider a decomposition f = F, + ...+F0, with F; homogeneous of
degree i and F, # 0. There exists (by,...,b) E K™ such that F.(by,...,b) #
0. Since F, is homogeneous, we have (b, ...,b) # (0,...,0) € K™. We can
assume b, # 0, for example. Putting b;/b, = a, we have F,(ay,. ..,an_1, 1)#
0.
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If Z, = X; — a; X, for 1 < i < (n-1), we have clearly K[Xi,...,X,] =
K|[Z,...,Zn-1,X,]. Note that

(Zl + a/]Xn, e ,Zn—l + an—ana X‘n)

F(X1,... ., Xn) F; |
Fiay,. . n1, DXL TGi( 21, s Zuet, Xa),

(1]l

where G; is a polynomial of degree ¢ whose degree in the variable X, is
strictly less than i. This shows

f(Xh e aXn,—17X11) - FT(a17 ceeyQp—1, I)XZ; +9(Z1, ‘e ~;Zn—17Xn)7

where degy (g9) <r. We have proved that K[Xy,...,X.)/(f) is finite over
K(Zi,...,Zn-).
To conclude, we must show that the elements

Zhyo . Znm1 € K[ X, X0l /()

are algebraically independent. Consider h E K[Z1, ...,Z.—1] such that

This implies
h E fK[Zh e ,Zn—l ,Xn] C K[Zl, R ,vath]'

Since h does not depend on the variable X,, on which f depends, we have
h=0. a

Proof of the normalization lemma by induction on n:

If z1,...., X, are algebraically independent over K , there is nothing to prove.
If not, let us find linear combinations =7, ...,z,,_, of zi,...,z,, such that A is
finite over K{z{,...,z,_,].

Consider a relation f(zy,...,z,) = 0, where f(Xj,...,X,) is a non-zero
polynomial. By Lemma 10.10, there exist linear combinations X1, ..., X],_; of
X4, ..., Xn, such that K[Xj, ..., X, /(F) is finite over K[X'}, ..., X",-1], where

Putting z; = cl(X]) E Klzy,...,X,], it is clear that K|y, ..., x,] is finite
over K[z}, ...,z _4].

Now, by the induction hypothesis, there exist linear combinations y1, ..., ¥r
of z},...,x},_4, such that y, ...,y. are algebraically independent over K and

that K|z}, ...,z},_,] is finite over K[yi,...,y-]. We are done.

L
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10.3 Hilbert’s Nullstellensatz

We have already proved Hilbert’s Nullstellensatz as an exercise; see Exercise
8.25. We give a new proof here. More precisely, we show that this result is
a consequence of the normalization lemma. We believe furthermore that this
new proof enlightens the meaning of the Nullstellensatz.

Theorem 10.11 (Hilbert’s Nullstellensatz)
Let K C L be afield extension. L is afinitely generated K-algebra then L
isfinite over K.

Proof If K is infinite, there exist an integer r > 0 and elements yy,. ..,y, E L,
algebraically independent over K, such that L is finite over Ky, . ..,y,]. Since
L is a field, the polynomial ring K[y, ...,y.] is a field by Theorem 8.21. This
implies r =0, and L is finite over K.

If K is finite, consider an isomorphism L ~ K[Xi,..., X,]/M, where
M is a maximal ideal of the polynomial ring K[X,...,X,]. Let K’ be
an algebraic closure of the field K. The polynomial ring K'[X3,...,X,] is
obviously integral over K[X;,...,X,]. Hence there exists a maximal ideal
N C K'[Xy,...,X,] such that N N K[X3,...,X,] = M. Since K’ is infi-
nite, the K’-algebra K'[X,. .., X,]/N is finite over K’, hence algebraic over
K. Using the double inclusion K C K[Xj,...,X,)/M C K'[X1,...,X,]/N,
we see that the field K[X;,...,X,]/M is algebraic over K. Now if we put
z; =cl(X;) E K[Xy,...,X,]/M, then L = Klzy,...,z,], where z; is finite
over K. Obviously, this implies that L is finite over K. O

Before presenting and discussing the main applications of the Nullstellen-
satz, we recall a few facts:

o to each point a = (ay,...,a,) € K™ we can associate the evaluation
homomorphism
eq tK[Xy,. .., Xn) — K, eo(P) = Play,. .., an)

whose kernel is, as we know, the maximal ideal (X; —a1,...,X, —a)
of K[Xl,. ..,X,];

o if Z is an ideal of KX, ...,X,), the closed set

V(T) C Spec(K[X1,... X))

V(I) = {PESpec(K[X),. .., X,]), I CP};
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e we denote by Specyy(A) C Spec(A) the set of maximal ideals of a ring
A. The sets

Vin(Z) = V(I)NSpecy(K[X1,. .., Xn])
= {MESpecyy(K[Xy,...,X,]), ZC M}

are the closed sets of Specy, (K[ X1, . ..,X,]) for the topology induced by
the Zariski topology and also called the Zariski topology.

Corollary 10.12 Let K be an algebraically closed field.

(i) The correspondence
a={(ay,...,a) —ker(e,) =(X; —a1,..., X, —a)

between K™ and Specy, (K [X1, ..., X4n]) is bijective.

(i) If Z is an ideal of K[X;,...,X,], this correspondence induces a béjec-
tive correspondence between the set of points a = (a1, ...,a,) € K"
such that F(ay,...,a) = 0for all F E Z and the closed set Vin(Z) of
Specm(K[Xl, .. ,Xn])

Proof Note first that (a1, ...,a,) # (b1,...,b) implies obviously ker(e,) #
ker(ep).

Let M be a maximal ideal of K[Xi,...,X,]. We want to show that
there exists a point (a1,...,a,) E K™ such that M = ker(e,). The field
K[X3, ...,X,])/Mis afinitely generated K-algebra. Hence it is algebraic over
K. Since K is algebraically closed, the composed homomorphism

K—>K[X1,. ..,Xn] —*K[Xlw aXn]/M

is an isomorphism (Theorem 10.11). As a consequence, there exists, for each
i, an element a; E K such that cl(X;) = cl(a;) E K[X1,. .., Xn]/M,. This
proves (X; —ai,...,X, —a) CM, hence M =ker(e,).

Now if M =ker(e,), it is clear that Z ¢ M if and only if e,(F) =0 for all
F EZ and we are done. ]

Let K be an algebraically closed field. From Corollary 10.12,we see that the
Zariski topology on Specy, (K[Xj, ..., X,,]) induces a topology on K™, once more
called the Zariski topology, whose closed sets are called the closed algebraic
sets of K™. In a bold and courageous move we decide to denote the closed
algebraic set of K™ corresponding to Vin(Z) by V(Z) C K™. In other words,

V(I) ={(a1,..,a) EK" Fla,..,a) =0forallF €I}

s sa
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This seems an abuse of notation. | would like to convince you that it is
not. We have proved that the closed sets Vin(Z) C Specy (K[Xh, ..., X4))
and V(Z) c K™ are in natural bijective correspondence. To conclude, we
prove that Vim(Z) C Specy (K[X1, ..., X,]) and V(Z) C Spec(K[Xi, ..., Xn])
do characterize each other. In other words, we must be able to recover V(Z) C
Spec(K[X1, ..., Xp]) from Vin(Z) = V(Z) N Specyy (K[ Xy, ..., Xa]). Since, in
Spec(K[Xy,..., X,]), we have V(Z) = V(vT), this can be done by using the
next theorem, often also called the Nullstellensatz.

Theorem 10.13 Let K te afield and Z ¢ K[X}, ..., X,,] an ideal. Then

VIi= (1 M.

MeVip(I)

Proof The inclusion
\/f C mMeVm(I)M

is obvious. If g ¢ v/Z, we show that there exists A’ E Vin(Z) such that g ¢ .
To this end, consider the multiplicatively stable part S = {¢"}n>0 and note
that SNZ =0. This implies

TIK[X1, oy Xolg # K[X1, o X,

Let M be a maximal ideal of the ring K[Xi, ..., X,], containing the ideal
IK[Xi,...,Xn)s Note that K[Xi,..., X,], = K[Xi,..., Xn,g7'] is a finitely
generated K-algebra, hence that the field K[X}, ..., X,];/M is one also. By
Theorem 10.11,the field extension K C K[Xj, ..., X,|,/M is algebraic.

Put N =M nK[Xy,...,X,). Since ZK[Xq,...,Xn], C M, it is clear that
I CN. Furthermore SNN =@. The double inclusion

K CK[X1, ., Xn) /N C K[X1, ..., Xulo/ M

shows that the ring K|[Xy,..., X,,]/A is an integral extension of K. Conse-
quently, this ring is a field and A/ is a maximal ideal of K[Xj, ..., X,]. Hence
we found a maximal ideal A" such that Z C A and g ¢ N. Our theorem is
proved. |

Exercise 10.14 Let f E C[X, Y] be such that f(a,a) = f(a,—a) =0 for all
a€ C. Showthat f E (X% - Y?)C[X,Y].
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10.4 Jacobson rings

An ideal is said to be radical if it is equal to its radical, in other words if it is
an intersection of prime ideals.

Definition 10.15 A ring in which every radical ideal is an intersection of
maximal ideals is a Jacobson ring.

We note that A is a Jacobson ring if and only if every prime ideal is an
intersection of maximal ideals. As an obvious consequence of Theorem 10.13,
we see that a finitely generated algebra over a field is a Jacobson ring.

We stress once more the following essential property of Jacobson rings.

Proposition 10.16 Let A be a Jacobson ring and F C Spec(A) a closed set.
Then F is characterized by F N Specy, (4). More precisely,

F=v( N M

MeFnSpecm (4)

This is an obvious consequence of the definition.

Exercise 10.17 Let A be a Jacobson ring and let M be a maximal ideal of
A[Xy,. ..,X,]. Showthat M N A is a maximal ideal of A.

10.5 Chains of prime ideals in geometric rings

A chain of length 1, of prime ideals of aring A, is a strictly increasing sequence
Py C ... C P, of prime ideals of A. Note that there are in fact 1+ 1 prime
ideals in a chain of length 1.

Theorem 10.18 Let K be afield, let A be afinitely generated K-algebra and
let zy,...,X, E A algebraically independent over K such that A is integral over
K[l’l,...,l‘n].

(i) IfPyC ...C P isachainof prime ideals of A, then 1< n.

(ii) If the chainPo C ...C P; cannot be extended, then

l=n<«= PyN Klzy, ..z, = (0).
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Proof If n =0, the ring A is Artinian and (i) and (ii) are obvious. We proceed
by induction on n.

If Q; =P;N K[zy,...,x,], then Qy C ... C Q; is a chain of prime ideals
of K[z1,...,x,) by Theorem 8.26 (ii). Since Q; # (0), there exists a non-zero
element f E Q;. Then Q;/(f) C ... C Q;/(f) is a chain of prime ideals,
of length (1 — 1), of the ring Klzy,...,z,]/(f). By Lemma 10.10, this ring is
integral over a polynomial ring K[Y;, ..., Y,_1]. Hence, we have (1-1)< (n—1),
by the induction hypothesis.

Assume now that the chain (P;)o<;<; is not extendable. If Qy = (0), put
A = A/Py and P'; = P;/P,. The domain A’ is integral over its subring
K|z, ...,x] and we can apply the going-down theorem to this extension of
rings.

Since K[z1,...,z,) is @ UFD, there exists an irreducible element f € Q.
Note that fK[zy,...,z,] is a prime ideal. Since fK|[z1,...,2,) C Q1 =P'1 N
K|z1, ..., z,)], there exists a prime ideal ' C P’y of A’ such that

N N Kz, ...,z) = fK|z1, ..., T4).

But the chain P’ C P’y is not extendable and P’y = (0), hence N' = Py,
and fK[zy,...,x,] = Qi. This shows that K|[z1,...,z,]/(f) is a subring of
A/P; on which this domain is integral. Now we recall that, by Lemma 10.10,
K[zy,...,z,)/(f) is integral over a polynomial subring KY3,...,Y,—1]. Since
(0)=P,/P, C ... C P,/P; is a non-extendable chain of prime ideals of A/P;
such that (0)N K[Y3,...,Y,-1) = (0) ,we have I — 1=n — 1, by the induction
hypothesis.

If Q, # (0), let g E Qy be non-zero. By Lemma 10.10, the ring
Klz1,...,x,)/(g) is integral over a polynomial ring in n — 1 variables. Hence
the chain

Q/(9) C ... C Q/(9g)
has length at most n — 1and 1< n. o

Corollary 10.19 Let K be aninfinite field and A a domainfinitely generated
as a K-algebra. Then all non-extendable chains of prime ideals of A have
length trdegy (K (A)).

Proof Put n = trdegy(K(A)). By the normalization lemma, there exist
algebraically independent elements x, ..., z, E A such that A is integral over
Klzy, ...,za]. Now, since A is a domain, for any non-extendable chain of prime
ideals Py C ... C P, we have Py = (0), hence Py N K[z1,...,25] = (0). We
conclude by Theorem 10.18 O

As an immediate consequence of this corollary we get the following.
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Corollary 10.20 Let K be an infinitefield, A a domain finitely generated as
a K-algebra and @ C P two prime ideals of A. If

Q=P CP,C..CP =P
is a non-extendable chain of prime ideals between @ and P, then

1=trdegy (K(A/Q)) — trdegx (K(A/P)).

10.6 Height and dimension

In this section, we come back to general Noetherian rings. We study their
chains of prime ideals.

Proposition 10.21 Let A be a Noetherian ring, Z = (a4, ...,a,) an ideal gen-
erated by n elements and P a minimal prime ideal of Z. fP; C .. CP, =P
is a chain of prime ideals, then1 < n.

To begin with, we prove this result for n =1, when A is a domain

Lemma 10.22 Let A be a Noetherian domain and a E A a non-zero element.
If P is a minimal prime ideal of aA, then (0)is the only prime ideal strictly
contained in P.

Proof By considering the local ring Ap we can assume that A is a local domain
with maximal ideal P and show that P is the only non-zero prime ideal.

Let @ be a prime ideal strictly contained in P. We want to prove @ = (0).
Consider the decreasing sequence of ideals Q™ +aA. Note that since AfaA
has only one prime ideal, it is necessarily Artinian. Now, since aA C Q™ +aA
for all n, there exists m such that

QM +44 =Q™ +4A4 forn>m.
This shows Q™ € Q™ +aA for n >m. Since Q™ is Q-primary and a ¢ Q,
abE Q™ = bE QM

hence
Q™ € Q™ +aQ™  forpn > m.

But a is contained in the Jacobson radical of A, hence Q™ = Q™ for all
n > m, by Nakayama’s lemma. Note then that Q™ C Q"Ag, since A is a
domain. This shows

Q(m) :ngmQ(n) C nganAQ-
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But N,>m@"Ag = (0), by Krull’s theorem, hence we have proved Q™ = (0).
Since A-s a domain, this implies Q = (0). O

Proof of Proposition 10.21 We proceed now by induction on n. Replacing
if necessary the ring A, by the ring Ap, we can assume that A is local with
maximal ideal P. Furthermore, we can also assume that 7,_; is maximal in the
set of prime ideals strictly contained in P and that a, ¢ P,_;. From this, we
deduce that P;_; +a, A is P-primary, and consequently that there exists k such
that 3" EP,_; Ta,A forall i E [1,n —1]. Put a" =b; + a,c;, With b; E Pp_y.
Obviously, we have (af,...,ak_,,a) = (by,...,ba_1,a,). This showsthat P is a
minimal prime ideal of (b, ...,b,_1,a,). We claim that P;_; is a minimal prime
ideal of (b1,...,b,_1). Indeed, let Q be a minimal prime ideal of (b,...,b,_1)
contained in P,_;. Since P/Q is a minimal prime ideal of (Q + a,A4)/Q, we
have P,_1/Q = (0), by Lemma 10.22. By the induction hypothesis, we find
I — 1< n—1and we are done.

Corollary 10.23 Let A be a Noetherian ring and P = (a4, ...,a,) a prime
ideal. A chain of prime ideals all contained in P has length at most r.

Proof This is an immediate consequence of Proposition 10.21. 0

Example 10.24 In the polynomial ring K[Xi,...,X,] over a field K, the
ideal (Xi,...,X,) is generated by n elements and (0)C (X;) C (X1, X;) C
... C (Xy,...,X,) is a chain of length n, of prime ideals all contained in
(X1,..., Xn)

We can now define the dimension of a Noetherian ring and the height of a
prime ideal.

Definition 10.25

(i) The dimension dim(R) of a local Noetherian ring R is the largest integer
n such that there exists a chain of length n, of prime ideals of this ring.

(ii) The height ht(P) of a prime ideal P, of a Noetherian ring A, is the di-
mension of the local ring Ap.

(iii) The dimension of a Noetherian ring A is dim(A) =sup(ht(P)), for P E
Spec(A).

Note that ht(P) = dim(Ap) is finite, by Proposition 10.21 or Corollary
10.23.

We state and prove two other results concerning all Noetherian rings.
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Theorem 10.26 Let P be a prime ideal of a Noetherian ring A. Then ht(P)
is the smallest integer h for which there exist elementsay, ..., ay € P such that
P is a minimal prime ideal of (a1, ...,an).

Proof We know that if P is a minimal prime ideal of (a1,...,a,), then ht(P)<
n. We put h = ht(P) and we prove by induction on h that there exist
ay, .--,ap E P such that P is a minimal prime ideal of (ay,...,ax).

This is obvious for h = 0. Assume h > 0. Let @;, with i =1,..., k, be the
minimal prime ideal of A contained in P. By the avoiding lemma, there exists
f € Psuchthat f ¢ Q; fori =1,....,k. Clearly, the height A’ of the prime
ideal P/ fA of the ring A/fA is less than or equal to h — 1. By the induction
hypothesis, there exist elements by, ..., by E A/ f A such that P/ f A is a minimal
prime ideal of (b1,...,bn). If a; E A is such that cl(a;) =b; E A/fA, then P
is a minimal prime ideal of (ai,...,an, f). Hence h = ht(P) < &’ + 1. This
implies h =h + 1 and we are done. O

Corollary 10.27 Let A and B be Noetherian local rings and M and A their
maximal ideals. If f : A — B is a local homomorphism, i.e. a homomorphism
such that f(M) C N, then

dim(B) < dim(A) *+dim(B/f(M)B).

Proof Put d =dim(A) and 1 = dim(B/f(M)B). By Theorem 10.26, there
exist ay, ...,ag E M such that (ay, ...,aq) is M-primary and by, ...,b; € N such
that (cl(ty), ...,cl(b;)) C B/ f(M)B is N/ f(M)B-primary.

Consequently, (f(ay), ..., f(aq),b1,...,5)) C B is N-primary and dim(B)

<
d+ 1, by Proposition 10.21. O

Exercises 10.28

1. Let A be a Noetherian local ring and a E A a non-zero divisor which is
not a unit. Show that dim(A) = dim(A/aA) *+ 1.

2. Let A be a Noetherian ring having only finitely many prime ideals. Prove
that they are all maximal or minimal; in other words that dim(A4) = 1.

3. Let R be a Noetherian domain and s E R such that the fraction ring R
is a field. Show that R has only finitely many non-zero prime ideals, all
maximal.
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10.7 Dimension of geometric rings

We can now focus our attention once again on finitely generated algebras over
a field.

Example 10.29 Let K be a field and A = K[X,, ..., X,] .Then:

(i) the dimension of A is n;
(ii) all non-extendable chains of prime ideals of A have length n.

Proof If K is infinite, this is a special case of Theorem 10.18. If K is finite, let
L be an algebraic closure of K. The polynomial ring L[X7, ..., X,] is integral
over its subring A. By the going-up and going-down theorems, for any non-
extendable chain Py, C ... C P, of prime ideals of A, there exixts a non-
extendable chain P’y C ... C P/, of prime ideals of L[Xj, ...,.X,] such that
P’; N A =P;. Since L is infinite, we are done. O

Exercise 10.30 Let r,,...,r, be positive integers and B a ring such that
K[X7',..,X] C B C K[Xy,..., X,]. Show that all non-extendable chains of
prime ideals of B have length n.

As a consequence of Corollary 10.20,we find:

Theorem 10.31 Let A be afinitely generated algebra over an infinitefield K .
If @ and P are prime ideals of A such that @ C P, then all non-extendable
chains of prime ideals between @ and P have length

Noetherian rings with this property are called catenary. Surprisingly, there
are non-catenary Noetherian rings. More precisely, one can find a local domain
R with a non-extendable chain of prime ideals having a length strictly smaller
than dim(R). Fortunatly we do not care here about non-catenary Noetherian
rings.

The following descriptions of the dimension need no comment.

Proposition 10.32 Let K be an infinitefield and A a finitely generated K-
algebra. Thendim(A) is equal to any of the following integers:

(i) max(trdegg(A/P)), for P a minimal prime ideal of A;
(ii) max(dim(Aaq)), for M a maximal ideal of A,
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(iii) max(dim(Ap) + trdeg,(A/P)), for P a prime ideal of A.

Definition 10.33 Let A be a Noetherian ring. If dim(A4/P) = dim(A) for all
minimal prime ideals P, we say that A is equidimensional.

By Theorem 10.18 (ii), we get

Proposition 10.34 Let K he afield and A afinitely generated K-algebra. Let
Z1,.., % € A be algebraically independent over K and such that A is integral
over K[z, ...,X,]. The following conditions are equivalent:

(i) the ring A is equidimensional;

(ii) for all minimal prime ideals P of A, we have PN Kzy, ..., %] =(0);
(iii) for all prime ideals P of A, we have dim(Ap) +dim(A/P) =n.

When the ring A is not equidimensional, the next result is often useful.

Proposition 10.35 Let K be an infinitefield, A afinitely generated K-algebra
ad z;,..,X, E A elements algebraically independent over K such that A is
integral over K[z, ...,X,].

(i) The function
P — dim(dp) Tdim(A/P),
defined on Spec(A), is bounded by n and upper semi-continuous.
(if) If F; is the closed set of Spec(A) formed by all prime ideals P such that

dim(Ap) + dim(A/P) > i

then :

(a) Fr, # 0;
(b) there existfor all i < n an open set U; C Spec(A4) such that U; C F;
and U; is dense in F;.

Proof We have already proved that the function is bounded by n in Theo-
rem 10.18(i). If P is a prime ideal of A, let Q,,, with m = 1,.,t, be the
minimal prime ideals of A contained in P. Note that we have dim(Ap) =

dim(Ap) T dim(A4/P) = max (dimg(4/Qm))

Fix i < n,and consider the minimal prime ideals A;, with j = 1,...,7, of

&
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A such that dim(A/N;) > i. Clearly, we have

dim(Ap) +dim(4/P) > | == P EV(\N;),

1

and (i) is proved.

By Theorem 10.18(ii), if P is a minimal prime ideal of A such that PN
K|z, ..., 7) = (0), then dim(A/P) =n, hence F, # 0.

Next consider the minimal prime ideals A”;, with y = 1,...,s, such that
dim(A/N’;) <. Let f E NJA”; be such that f ¢ N fory = 1,...,7. We
claim that the open set D(f) of Spec(A) is contained in the closed set F; and
dense in it. Indeed, if P E D(f) then N'; ¢ P for i =1,...,s. Since P has to
contain a minimal prime ideal of A, we have P E F;. This shows D(f) C Fi.
To conclude, note that NV; E D(f) for j = 1,..,7. Since F; =U}_,V(N}), this
shows that D(f) is dense in F;. O

Proposition 10.36 Let K be an infinitefield and let A be afinitely generated
equidimensional K-algebra. If a1,...,a, E A and P is a minimal prime ideal
of {ay,...,a,), then

dim(A/P) > dim(A4) — n.

Proof Since the ring A is equidimensional, we have dim{A/P) = dim(4) —
dim(Ap). But dim(Ap) < n, by 10.21, and we are done. O

Exercise 10.37 Let (Py,...,P.) C K[Xy,...,X,] be a proper ideal. Assume
that P41 is not a zero divisor in K[X,. .., X,]/(P,...,P) for 1<i<r - 1.
Show that dim{A/(Fy,...,P.) =n —r.

10.8 Exercises

1. Show that A = Clz,y, 2] = C[X,Y, Z]/(Z? - Y Z+ X?) isadomain, that
x and y are algebraically independent over C and that A is integral over
Clz, y].

Show that for all a,b E C the quotient ring A/(z —a,y —b)A is Artinian
of length 2 and find for which (a,b) E C? this ring is not reduced.

2. Consider polynomials fi,...,f, E C[Xy,...,X,] having no common
zero. Show that there exist polynomials gi,. ..,g, E C[Xy,...,X,] such
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Consider f,g E C[X;y,...,X,]. Assume that f is irreducible and that
there exists a polynomial b ¢ fC[Xy,...,X,] such that

h(a17 ---7a’n)#oand f(ala'--van) =0:=>g((11,. ..,a,) =0.

Show g E fC[X1, ..., X,].

Let A be a domain containing C and B a finitely generated A-algebra.
Show that there exist elements y1,...,y, E B algebraically indepen-
dent over A and a non-zero element s E A such that B, is finite over

As[yl, e ,yT]'

. Consider A =C[X; ...,X,—1] and P E A[X,,] a monic polynomial. Con-

sider next a maximal ideal M = (X; —ay,...,X, — a,)/(P) of the
ring B = C[X;...,X,]/(P) and N = M N A. Show that the natu-
ral homomorphism C — By /N By, is an isomorphism if and only if

é}f’j(alv o 7an) 7£ 0.

. Let A be a local Noetherian ring. Assume that dim A =n. Show that A

has infinitely many prime ideals of height ¢ for 1< ¢ <n.

Let R be a local Noetherian ring of dimension d and M its maximal ideal.
Assume that there exists @1, ...,aq E M such that M = (as,...,aq).
Show that R/(a1,. ..,a;) is a domain for all ¢ < d (you can use exercise
7 (Section 5.5)).

. Let R be a local Noetherian ring of dimension 2 and M its maximal

ideal. Assume that there exists a;,a2 E M such that M = (ay, az).
Show that R is a UFD.

11

Affine schemes

The decision to introduce the language of schemes at this point was not easy.
An affine scheme is a topological space, equipped for each open set with a
ring of algebraic functions defined on the set. Of course we have to be more
careful with the definitions! We try to be so in our first two sections. From
section 3 on, wejrelate the topological nature of an affine scheme to its algebraic
structures. Although we have tried earlier in the book to prepare the reader
for the language of schemes, he may have difficulties in adapting. Don't give
up, there is much more commutative algebra to learn. Be sure to understand
Theorems 11.15and 11.22;they are important.

11.1 The affine space A

By Corollary 10.12 of Hilbert’s Nullstellensatz, there are bijective correspon-
dences between:

o the set C";

o the set Specy (C[X1, ..., X,]) of maximal ideals of the polynomial ring
in n variables;

o the set of all @-algebrahomomorphisms C[Xj,...,X,] — C.

To a point z = (4, ...,%,) E C" corresponds the maximal ideal
M, =X -21,.... X —z,) of C[Xy,...,X,)]
and the evaluation homomorphism
e; :C[Xy,...,Xn] = C, with e,(P) =P(z1,...,2,).

The kernel of e, is M,.
We recall that the Zariski topology on Spec(C[X1, . ..,Xx]) induces Zariski
topologies on Specy, (C[X1, . -, X,]) and C™.

145
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To a polynomial P E C[X),...,X,] is associated a function everywhere
defined on C™.
To a fraction P/Q, with P,Q E C[X\,...,X,], is associated a function

defined on the open set D(Q) of C* (open for the Zariski topology), and
eventually on a larger open set if P and Q have a common factor. Note

that the function P/Q is defined at the point x € C" if and only if P/Q €
(C[Xh CR ,Xn]MI

Definition 11.1
(i) The fraction field C(Xy, ..., X,,) of C[Xy, ..., X,,] is the field ofrationalfunc-
tions on C".

(ii) The local ring C[Xy, ..., X,|um, is the ring of rational functions on C"
defined in the point x; this ring is also called the local ring of = in C".

(iii) U C C" is openfor the Zariski topology, A(U) = Nyer C[X1, ..., Xnr,
is the ring of rational functions defined in U ; it is also called the ring of
U inC".
(iv) If x EU’ C U, the natural homomorphisms
AU) — AU') — C[X, ..., Xnlat,
are the restriction homomorphisms.

Note that, by Proposition 7.10, the ring A(C") of rational functions every-
where defined is C[Xj, ..., Xn).

Definition 11.2

(i) The topological space C* = Specy, (C[X7, . ..,X,]) equipped with the func-
tion rings and the restriction homomorphisms is the complex affine space
A,

(ii) The local ring of a point = of A, is denoted by Oy, ..

(iii) The ring of rational functions defined on an open set U of A, is denoted
b:l/ F(U7 OAH)‘

From now on, we shall simply say affine space rather than complex affine
space.

Exercises 11.3

1. If f EC[Xy,. .., X,], show that T(D(f),0On,) =C{Xy,. .., Xuls-

2. Consider f,g € C[Xq,...,X,], non-constant polynomials without com-
mon factors, put U = A \ V(f,g) and show that C[X1,... X.] =
(U, Ou,).
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11.2 Affine schemes

Let Z C R = C[Xy,...,X,] be an ideal and X = V(Z) the closed set of C*
consisting of all points x € C” such that f(z) =0 forail f € 7.

Putting A = C[Xy, ..., X,,]/Z, we know by Corollary 10.12, that there are
natural bijective correspondences between:

o the set X :
e the set Specy,(A) of maximal ideals of A;

o the set of all C-algebra homomorphisms A — C.

To z = (x1,...,2,) E X corresponds the maximal ideal M, = (X; —
Z1y 0y Xn —2,)/Z of A, Since T C (X; — z1,...,X, —x,) = ker(e;), the
evaluation homomorphism e, : C{Xj,..., X,,] — C factorizes through A. This
defines therefore a C-algebra homomorphism A — C whose kernel is M, =
(Xl — Ty, ...,X, - l’n)/I

We identify these sets when we find it comfortable to do so.

The Zariski topology on Spec{A) induces once more a topology on X,
via Specy(A), also called the Zariski topology. We note that X is a closed
subspace of C* depending only, as a topological space, on v/Z.

In order to give to X = Specy,(A) the structure of an “affine complex
scheme", which will depend on Z and not only on v/Z, we need to define the
function rings on X and the restriction homomorphisms between these rings.

Definition 11.4 Let x € X and let M, be the corresponding maximal ideal
of A. The local ring Ox, = Ax4, is the ring of functions on X defined in x
(the local ring of x in X).

Note that Ox, = Oa, /204, s, hence that there is a natural surjective
homomorphism from the ring of functions on A, defined in x to the ring of
functions on X defined in X.

When Z is a prime ideal, i.e. when the ring A is a domain, the fraction
field K (A) is the field of functions on X . For any z € X ,the local ring Ox
is a subring of K (A). If U is an open subset of X, the ring of functions on X
defined in U is therefore I'(U, Ox) =My Ox 2

If A is not a domain, we no longer have a field containing all local rings
of points. Hence if U is an open subset of X ,we can no longer consider the
intersection N,y Ox »-

The following definition is unpleasant but localizing in rings with zero di-
visors is always nasty.
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Definition 11.5 Let U be an open set of X . The ring I'(U, Ox) of functions
on X defined in U is the subring of [[,er Ox . formed by the elements

(az/bz)er» a; €A, by e A \ M,

such that
bya, —bgay =0 forall x,z’ E U.

If x E U C U, the natural ring homomorphisms
L(U,0x) = T(U',0x) = Ox.
are the restriction homomorphisms.

When A is a domain, T'(U, Ox) is naturally isomorphic to (e Ox..- The
proof of this fact is left to the reader.

Note that if U C A is an open set, there is a natural ring homomoprhism
F(U, OA") i P(U N X, Ox)

Be careful, this homomorphism is not always surjective.

Next we see that the ring A is naturally isomorphic to the ring of functions
defined on X.

Proposition 11.6 The natural map
ALT(X,0x), i(a)=(a/1)sex
is an isomorphism.

Proof This is a special case of Theorem 7.37. O

As an obvious consequence we note that the natural homomoprhism
I'(A,,O,) - T(X,Ox)

iS surjective.

CAREFUL: Let f E T(X,Ox) be a function on X everywhere defined. Con-
sider z € X and M, be the corresponding maximal ideal of ['(X,Ox). If
f E M, then f(z)=0. If f is nilpotent, then f(X)=0 for all z E X. Con-
sequently, if the ring I'(X, Ox) is not reduced, there exists non-zero functions
g ET(X,0x) such that g(x) =0 for all x E X. The existence of such functions
is certainly one of the difficulties of the language of schemes.
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Definition 11.7

(i) The topological space X = Specp,(A) equipped with the function rings and
the restriction homomorphismsis a complex afine scheme.

(ii) The afine scheme X is a closed subscheme of A,.

(iii) The ring A =T'(X,Ox) is the ring of the afine scheme X .

(iv) If the ring A is reduced, then X is a reduced afine scheme.

(V) If the ring A is a domain, then X is an afine variety. In this case the
fractionfield of A is denoted by K(X) and called the field of functions
onX.

From now on we shall say affine scheme for complex affine scheme.

CAREFUL: If Z is an ideal of C[X,,,.., X,,], the subsets V(Z2) and V(Z) of
C™ are clearly bijective. Furthermore the topological spaces V(Z?) and V(Z)
are homeomorphic. But the affine schemes V' (Z?) and V' (Z) are distinct when
#1712

If X =V(Z) C A, then the ideal 7 of C[Xj,..., X,] is the kernel of the
natural ring homomorphism C[Xj,..., X,] = I'(A,,O4,) — T(V(Z),0v)-
As a consequence, We get:

Proposition 11.8 The correspondence Z « V(Z) between closed subschemes
of A, and ideals of C[.X7, ...,X,] is bijective.

11.3 Closed and open subschemes of an affine scheme

First, we study the open sets of an affine scheme X =Spec,(A) defined by a
function.

If f E A, then D(f) = {X E X such that f(z) # 0} is an open set in X .
Indeed X \ D(F) s the closed set Vin(fA) C Specp, (A).

Exercise 11.9 Show that I'(D(f),Ox) = Ay.
Proposition 11.10

(i) An open set of X is a finite union of open sets of the form D(f).
(ii) D(f) 0 D(g) = D(f9g).

Proof LetZ be an ideal of A and F =V (Z). ¥ Z =(f1,...,f), it is clear
that U =X \ F =} D(f;) or equivalently that X E U if and only if f;(z) # 0
for some ¢. This proves (i), and (ii) is obvious. O
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Proposition 11.11 IfU C X is an open set and if g € T'(U, Ox), the set
D(g) ={z U suchthat g(z)#0)
is anopen subset of U.

Proof Put U = U] D(f;) and consider for each i the restriction homomor-
phism

T : '(U,0x) — T(D(fi), Ox) = 4y,
If z E D(f;), then g(z) # 0 if and only if m;(g)(z) # 0. Consequently, D{g) N
D(f;) is open. O

Exercise 11.12 If f, g € A are such that f is not a zero divisor and that g is
not a zero divisor modulo f, put U =X \V(f,g) and show that the natural
homomorphism A — I'(U, Ox) is an isomorphism.

Now, we introduce the closed subschemes of an affine scheme.

Definition 11.13 Let X =Specy,(A4) be an afine scheme.

(i) 7 is an ideal of A, the afine scheme Specy,(A/J) is the closed sub-
scheme V() o X.
(ii)y P is aprime ideal of A, then Specy(A/P) is the closed subvariety

V(P) of X. If we denote this variety by X', the ring Ap is the local ring
Oxx of X' inX.

We note that a closed subscheme of an affine scheme is an affine scheme.

Examples 11.14 Consider z E X = Specy(A) and M, E Specyy(A) the
corresponding maximal ideal of the ring A =T(X,0x).

1. The subvariety {x} = V(M,) of X is concentrated in z. The ring of
functions defined on this subvariety is A/M, =~ C. The local ring of the
subvariety {x} in X is Axq, = Ox,,, i.e. the local ring of the point z of
X.

2. If M, # M2, the subscheme V(M?2) is concentrated in z, but is not a
subvariety.

Theorem 11.15 Let X = Specy,(A) be an afine scheme.

(i) The correspondence F «— Vin(N,er M.), between closed subsets of the
topological space X and reduced closed subschemes of X, is bijective.
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(ii) Thiscorrespondence induces a bijective correspondence between irreducible
closed subsets of X and prime ideals of A.

Proof (i) Let F be closed in X. There exists an ideal Z C A such that
X € F < T C M,. But this is equivalent to vZ C M,. Since A is a
Jacobson ring, this shows that v/Z = ,cp M. This proves that F and vZ
do characterize each other, hence the correspondence is bijective.

(i) First assume that +/Z is a prime ideal. If F = Fy UF, put Z; =
Neer, Mz. Then

VI= (N MJN(N M) = TN

e zE€F,
Since a prime ideal is irreducible there exists i such that vZ =Z;. This implies
XEF<=VICM,<=ZLCM, < zEF

and F is irreducible.

Next assume that the radical ideal +/Z is not prime. Consider a minimal
primary decomposition vZ = 1} P;, with r > 1. Let X; = Vin(P;) and F; be
the closed subset of X carried by X;. Clearly, we have F =] F;.

Now, we claim that F; & U, F;. Note that P; = N,cp Mz Then,
F; C U;» Fy implies

AN M.=N(N M) =P

zeF j#i z€F; J#

This is a contradiction, since we had a minimal primary decomposition of vZ.
This proves F; # F for all i, hence F is reducible. |

Note, since this is important, the essential meaning of Theorem 11.15: A
reduced closed subscheme of an affine scheme is characterized by its underlying
topological space.

Corollary 11.16 Let X = Specy,(A) be an affine scheme. Then X is irre-
ducible as a topological space if and only if the nilradical of A is aprime ideal.

Proof Since N,cx M, = 1/(0), this is a consequence of Theorem 11.15. O

Definition 11.17 Let X =Specy,(A) be an afine scheme. Y =Specy,(A/T)
and Z =Specy(A/J) are closed subschemes of X, then:

(i) their intersection YN Z is the closed subscheme Specyy (A/(Z +J)) of X;
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(ii) their union Y U Z is the closed subscheme Specy, (A/(ZNJ)) of X .

We recall the title of this chapter: Affine schemes. We noted that the closed
subchemes of an affine scheme are affine schemes, hence naturally studied here.
In order to be able to present and use the “affine open subschemes” of an affine
scheme, we find it convenient to introduce its “open subschemes”, although
they are not all affine.

Definition 11.18 Let X be an afine scheme and U C X an open set.

(i) Hx E U, the ring of functions on U defined in x is Oy, = Ox 4.

(ii) If U C U is an open set, the ring of functions on U defined in U’ is
(U, 0y) =T(U", Ox)

(iii) The topological space U equipped with itsfunction rings and the restriction
homomorphisms is an open subscheme of the afine scheme X .

(iv) An open subscheme of an affine scheme is a quasi-affine scheme.

Now we can present, as announced, the affine open subschemes of an affine
scheme.

Consider an open subset U C X and put B =T'(U, Ox). For X E U, the
kernel A/, of the composition homomorphism

B = F(U, OX) - OX,z — OX,z/MzOX,Z ~ C

is @ maximal ideal of B. In other words, the inverse image N, of M,Ox .
by the restriction homomorphism B = T'(U,Ox) — Ox_ is a maximal ideal
of B. Note that this induces, for each X € U, a natural local homomorphism
BNz - OX,x = OU,z'

If B is a finitely generated @-algebra,then Specy,(B) is an affine scheme
and we have defined a map U — Specy, (B), associating to X E U the maximal
ideal A, E Specy(B). We claim furthermore that this map is continuous.
Indeed, g E B\ W if and only if g(z) # 0.

Definition 11.19 Let U C X be an open set. We say that U is an afine open
subscheme of X if the following conditions are satisfied:

(i) the ring B =T'(U, Ox) is a finitely generated @-algebra;

(ii) the map U — Specy,(B), x — A is a homeomorphism;

(iii) for all x E U the natural homomorphism By, — Oy is an isomorphism.

Note that since the map U — Specy,(B) is continuous, our condition (ii)
is satisfied if and only if this map is bijective.
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Proposition 11.20 Let X be an afine scheme and A =T'(X,0x). If f E A,
then D(T) is an affine open subscheme of X whose ring of functions is Ay n

AlZl/(zf _1).

Proof We have seen in Exercise 11.9that A; =I'(D(F),0x).We claim that
the map

D(f) — Specm(Ay)

is bijective. Indeed, this map is induced by the natural bijective correspondence
between the prime ideals of A not containing f and the prime ideals of Ay;.
More precisely, if X € D(F),then M, Ay is the image of X by this map. So we
must prove that if A" a maximal ideal of Ay, then the unique prime ideal P of
A such that PA; =N is maximal. We recall that 3 =N NA. Since Asisa
finitely generated @-algebra,A;/N ~ C. This implies A/(N' N A) ~ C, hence
P is a maximal ideal of A. |

Exercise 11.21 If f,g E A are elements such that f is not a zero divisor and
that g is not a zero divisor modulo f, show that X \V(f, g) is not an affine
open subscheme of X .

11.4 Functions defined on an open set

If U is an open set of an affine scheme X , there exist finitely many functions
fi everywhere defined on X , such that U = J, D(f;). We use such a decom-
position of U to describe the ring of functions defined on the open set U of
X.

Theorem 11.22 Let U be an open set in an affine scheme X = Specy(A4).
Let fi,..., fo E A be functions such that U =UD(f;). Wi;; : Ay, — Apy, =
Ay,s, are the localization homomorphisms, there is a natural isomorphism

F(Uv OX) = ker[h : eaAfi - @K]'Afifj]v
with
h(ay, ..., an) = (li(a:) — Li(az))icj-

This theorem is a special case of the next proposition.

Proposition 11.23 Let U be an open set in an afine scheme X = Specyy, (4).
Let fi,..., fn E A be functions such that U = UD(f;). If M is a finitely
generated A-module, there is a natural isomorphism between the following A-
modules:
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K =ker[h: ®;My, — ®i;My,g,],  hlay, ..., an) = (lijas) — Li(a;))ic;,

where li; : My, — My, = My, are the localization homomorphisms;
(ii) the submodule M’ of Tl,cy Mm, formed by the elements

(apm,/Sm,)zct, Withan, € M, and sy, € A\ M,
such that  saam , —Sam,om, =0 forall z,2' eU.

The kernel of the natural homomorphism M — M’ ~ K is

) : (fi, ey £))-

>0

This homomorphism is not injective if and only if there exists P E Ass(M)
such that (fi, ..., f») C P and is zero if and only if U N Supp(M) =0.

Proof First, we describe a natural homomorphism = : K — M’. Consider an
element a = (a1 /fi*, ... an/f) E K with ¢; E M for all . Then

a=(aff/fi™, . anfy/fit), for r>0.
But, lij(ai/f¥) =1Ls(a;/ f7) E My, implies
aifff§+lj =a;fifiT"eM for r>>0.

Consequently, if X E U and i is such that f; ¢ M,, then a.f//fi*" € My,
only depends on x E K, and not on i. This defines our homomorphism = :
K— M.

Next, we define an inverse homomorphism. Since the open set D(f;) C
U, there is an obvious homomorphism M’ — [I,ep(s,) Mam, Whose image is
contained in the submodule formed by the elements

(aMz/SMz)ZED(fi)’ with am, € M, and Sm, € A\Mz

such that sap,an, —sam,,am, =0 for all x,2’ E D(f;).

Now D(f;) is the affine scheme Specy,(Ay,). By Theorem 7.37, there is a nat-
ural isomorphism between My, and the submodule of [T, p(f,) (M), formed
by the elements

(aMm/SMz)zGD(fi)) with ap, € My and spq, € Af; \MzAfi

such that syp,am,, — sm,am, =0 forallz,2’ € D(fi).

IR R iV i

11.5. Dimension of an affine scheme 155

Hence we have found, for each i, a natural homomorphism M’ — M/,. This
defines a homomorphism M’ — &;Mjy,. Checking that its image is in K is
straightforward. Proving that it is the inverse of = is fastidious. Do it only if

you feel like it!
Consider now the natural homomorphism
¢:M—eM;, z—(z/1,..,z/1).

Obviously its image is in K and just as obviously (z/1,...,z/1) = (0,...,0) if
and only if f?z =0 for all i and for n >> 0, in other words if and only if

z(f1, ..., fo)b =(0) for I >> 0.

This shows that ¢ is not injective if and only if there exists P E Ass(M)
such that (f1, ..., f») C P. Furthermore ¢ = 0if and only if (f1,..., fo)'M = (0)
for 1>> 0, but this is equivalent to U NSupp(M) = 0. a

Remark 11.24 Whenwe know enough about depth and the conditions S;, we
shall see that the natural homomorphism M — K is bijective if and only if
depth(Mp) > 2 for all P € Supp(M) such that (fy,...,f.) CP.

11.5 Dimension of an affine scheme
Definition 11.25 The dimension dim(X) of an afine scheme X is the di-
mension of the ring I'(X, Ox) of functions everywhere defined on X .

Note that dim(X) is the largest integer n such that there exists a strict
chain of subvarieties of X :

WCViC..CV,.

Theorem 11.26 Let X be an afine variety and K the field of functions on
X . For all subvarieties X' C X, we have

dim(Ox x) + dim(X") =dim(X) = trdege(K).
In particular, for all x E X, we have
dim(Ox ;) = dim(X) = trdeg¢(K).

This is Theorem 10.20.

As a consequence of Proposition 10.35, we get
Theorem 11.27 Let X be an afine scheme.
(i) Thefunction x — dim(Ox ) is upper semi-continuous.

(ii) If F C X s the closed set such that dim(Ox,) = dim(X) <= X E F,
there exists a open subset U ¢ X such that U C F and U is dense in F'.
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11.6 Irreducible components of an affine scheme
Consider an affine scheme X = Specy,(A). In the ring A, let
(0) = (MZ:) N (MLT))
be a minimal primary decomposition organized such that

e the prime ideals P; = /Z;, with 1< i < s, are the minimal prime ideals
of A

e the prime ideals P]’- = \/Z, with 1< j <t, are the embedded associated
prime ideals of A.

Since A is a Jacobson ring, the nilradical 4/(0) = N{P; of A is equal to
ﬂzGX M:c

Let F; be the closed set of X defined by the ideal P;, i.e. x € F;, <=
P; € M,, We know, by Theorem 11.15, that Fy,...F, are the irreducible
components of the topological space X . Note that F; is the topological space
carrying the scheme Vi (Z;).

Definition 11.28

(i) The closed subschemes X; = Specy, (A/Z;) are the irreducible components
o X.

(if) For each non-minimal associated prime ideal P;, we say that X has an
imbedded component along the subvariety Specy, (A/P;) (we recall that
J: is not uniquely defined).

(iii) Th()a( closed subscheme Specyy, (A/ N5 P;) of X is the reduced scheme X o4
o X.

(iv) I X has only one irreducible component, we say that the afine scheme
X is irreducible.

(v) I X is connected as a topological space, we say that the afine scheme X
is connected.

Note that an affirie variety is an irreducible reduced affine scheme. Note
also that an irreducible scheme is obviously connected.

Definition 11.29 If all the irreducible components of an afine scheme X
have the same dimension, we say that X is equidimensional.

Proposition 11.30 An affine scheme X is equidimensional if and only if for
all x EX, we have dim(Ox ;) =dim(X).
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Proof Let P;, with i = 1,...,n, be the minimal prime ideals of the ring
I'(X,0Ox). Consider the affine varieties X; = Specy, (A/P;). We have

dlm(OX@) = maAXzGXi (dlm(OXuZ))

But dim(Ox, ) =dim(X;) for all x E X;, by Theorer. 11.26.

If X is equidimensional, then dim(X;) =dim(X) for all i and dim(Ox ;) =
dim(X) forall x EX.

If X is not equidimensional, there exists i such that dim(X;) < dim(X).
Since X; ¢ U, Xj, there exists X E X; such that x ¢ X for j # i. This
implies dim(Ox ;) =dim(X;) < dim(X). 0

Proposition 11.31 Let X = Specyy,(A) be an afine scheme without imbedded
component. If there exists a dense open set U C X such that Oy, is a domain
forall x E U, then X is a variety.

Proof Let (0)=(N7_,Z;) be the minimal primary decomposition of (0) in the
ring A. Note that the non-empty open set X \ V(Nsz;Zs) is contained in the
closed set V(Z;). This shows V(Z;) N U # 0 for all j.

Consider x E U. Since Ox, is a domain, there is a unique integer s such
that x € V(Z,). Hence the closed sets V(Z;) N U of U are pairwise disjoint.
Since their union U is Connected, there is only one such closed set and X is
irreducible. Hence \/@ is a prime ideal P of A. Assume there exists a non-

zero element a E P. Since a is nilpotent, a/1 E Ox, = A, is zero for all
x E U. In other words, ((0) :a) ¢ M, for all x E U. This shows

Vi ((0) :a)nU =0.
But ((0):a)C P, since P is the only prime ideal associated to A. This implies
V(P)NU =0,

an obvious contradiction. 0O

11.7 Exercises

1. Consider
Zl = (0,0), 22 =(0,1), Z3 = (1,0),

z4 = (1,1) E Ag = Specy, (C[X1, X2)).

Give a system of generators of the radical ideal formed by all polynomials
f € C[X, X,] such that f(z;) =0 for all .
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2. Show that for all 0 <1 < d, there exists a polynomial f € C[X;, X} of

degree d and such that C[X;, J5JJlll T ) is an Artinian ring of length ¢.

. Let f1,...,f- € C[Xy,...dB be non-zero elements such that

Cl(fi+1) S C[Xla ce ,Xn]/(flv < ,fi)

is not a zero divisor for 1< i. Show that if

Spec (C[X1, - . Xal/(f1s- .., fr)

is not empty, then it is an equidimensional affine scheme of dimension

(n—r).

Let X = Specyy(A) be an affine variety. If P C A is a prime ideal such
that ht(P) > 2, show that the open subscheme X \ V(P) of X is not
affine.

. Let Z be an affine closed subvariety of A, = Spec(C[X1,. .. 2R

Show that there exists f E C[X, ... such that Z = V(f) if and
only if dimX =n - 1.

. Consider the ring homomorphism

7 :C[Xy,|.., X4 - Cud,vtv,uvi-' M
where
(X)) =U%, 7(Xs) = UV, m(Xs) =UV, and wigllll =V*.

Put P = kern. Show that V(P) is a closed subvariety of dimension 2
of A4 and that P cannot be generated by less than d elements. Hint:
Show that P is generated by one homogeneous polynomial of degree 2
and (d — 1) homogeneous polynomials of degree (d — 1).

. If H € C[Xy,. .., has degree one, we say that V(H) is a hyperplane of

A, If two hyperplanes of A4 are distinct and intersect, their intersection
is called an affine plane of A4.

Show that the variety
X= V(X1X4 —X2X3) C A4 = Specm((C[Xl,. e ,!

contains infinitely many affine planes of A4l

. Show that the variety X = V(Y; X2) C Ay = Spec (C[Xy,. .., 2

contains 27 affine planes of Ay.

12

Morphisms of affine schemes

An affine scheme is a topological space equipped with its rings of functions. We
recall that these functions are algebraic. To a “morphism of affine schemes"
X =Y should correspond a map I'(Y, Oy) — I'(X, Ox) of rings of functions.
Now, we want this map to be a C-algebra homomorphism. Conversely, we
shall see that a @-algebrahomomorphism I'(Y,Oy) — T'(X,0Ox) induces a
continuous map of topological spaces X — Y. We note, and this is important,
that if this map is a homeomorphism, the ring homomorphism need not be an
isomorphism. In our second section, we are careful in studying open and closed
immersions of affine schemes. Then, after having defined the product of two
affine schemes, we show, in the fifth section, an important result: the product
of two varieties is a variety. Consequently, we can prove a first theorem on
intersection (Corollary 12.28): if X and Y are subvarieties of A, an irreducible
component of X N'Y has dimension at least dim(X) *dim(Y) —n.

12.1 Morphisms of affine schemes

Consider r polynomials Gy, ..., G, E C[Xj, ..., X,;]{ They induce a map
T:C"=>C, 71z, .., Tn) = (GLT1y oy Tn)y ooy G0, o, 20)).
They induce as well a homomorphism of polynomial rings
fClYi, Y] = ClXy| o X,]) with  f(¥) =G

Let M, =(X; —z1,...,Xn — Zn) C C[Xy, ..., X,] be the maximal ideal cor-
responding to the point z E A, and Ny = (Y1 — Gi(21, .. Zn), - Yr —
G,(z1,...,zn)) C C[Y3,...,Y;] the maximal ideal corresponding to the point
n(z) E A,. Then, it is easy to check that

FH ML) = Naw).

In other words, recalling that C' is the underlying set of Specy, (C[X1, ..., Xi ]),
the map = is induced by the map

Specry (CXy, .., Xa]) = Speern(CY3, ..., ¥;]), M — f7H(M)-

159
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This map is a morphism from A, to A,.

More generally, let X = Specy(B) and Y = Specy(A) be affine schemes.
We claim that a @-algebrahomomorphism f : A — B defines a continuous
map my : X — Y.

Consider z E X and M, the corresponding maximal ideal of B. The
natural injective homomorphisms of finitely generated (C-algebras

C— A/f (M) > B/M,=C

show that f~!(M,) is a maximal ideal of A. If y € Y = Specy,(B) is the
corresponding point, put y =ms(z).

Now if a E A, we have 77)71(D(a) N7e(X)) = D(fa))C X. This proves
that 7 is continuous. We note that f(Mys)) C M, for all z € X and f
induces therefore, for all x E X, a local homomorphism of local rings

fo: Oy,,rf(z) — Ox.

Definition 12.1 The map 7y : X — Y defined by f is a morphism of afine
schemes. If f is an isomorphism, 7; is an isomorphism.

Consider Z = Specy (C) another affine scheme and 7, : Z — X a mor-
phism of affine schemes defined by a (C-algebra homomorphism g : B — C.
Then the maps mg; and my o m, are obviously identical, hence the composi-
tion of two composable morphisms of affine schemes is a morphism of affine
schemes.

Examples 12.2

1. For any affine scheme X, the natural homomorphism C — T'(X,Ox)
defines a (structural) morphism X — Ag.

2. Let f :CY1,...,Y;] — C[Xy, ..., Xx] be a ring homomorphism. if G; =
f(Y3), then Tp(21, -y @) = (G1(21, s Zn), -y Gr (T, ony T)).-

3. If Gy,...,G, are polynomials of degree one such that Gy, ...,G, and 1
are linearly independent, 7y is the projection from A, on A, with cen-
tre V(Gy,..,G;) C A. We note that z E V(Gy,...,G,) & 75(z) =
(0,...,0).

4. if G; = X; for 1<i<r,then ms(zy,...,2,) = (21, ..,2r).

5. Let A =Cly,...,y-] be a quotient ring of C[Y3, ...,Y;]. Then Specy,(4)
is a closed subscheme of A,. We say that the morphism Specy, (4) — A,

defined by the natural surjective homomorphism C[Y3,...,Y;] = Alis a
closed embedding of Specy,(A) in A, and we write Specyy (A) C A,

S
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6. More generally, let A be a finitely generated @-algebraand Z an ideal of
A. The natural surjective homomorphism A — A/Z induces a morphism
Specy, (A/T) — Specyym(A). This is the closed imbedding

Specyy (A/T) C Specyy (A).

7. Consider X = Specy, (C[z1, ..., z,]) an affine closed subscheme of A..
Let H; E C[Xy,...,Xy), for i = 1,...,m, be polynomials of degree one
such that Hy, ...,H,, and 1are linearly independent. The natural ho-
momorphism f : C[H}, ..., Hn] — Clzy, ..., z,] induces a morphism

g X = A, With 7p(zy, ., 20) = (Hi(Z1, con )y ooy Hn(Z1, 0, Tn)).

This is the projection of X to the affinespace A, =Spec,,(C[H, ..., Hn)).
It is obviously the composition of the imbedding X C A, and the pro-
jection, with centre V(Hy, ...,H,), of A, on A

Proposition 12.3 A morphismr : X — Y of afine schemes is an isomor-
phism if and only if & is a homeomorphism of topological spaces and for each
x E X the local homomorphism Oy () — Ox, is an isomorphism.

Proof Let f : [(Y,0y) — I'(X,0x) be the ring homomorphism defining .
If £ is an isomorphism, the two conditions are obviously satisfied. Conversely,
assume they are satified: then the local isomorphisms, induced by f, induce

an isomorphism
l I OY,y = H OY,r(z) ~ H OX,z~
ye

zeX zeX
Then, the following commutative diagram

T(Y,0y) & T(X,0x)

N N
H OY,y ~ H OX,z
yeYy zeX
and Proposition 11.6 show that f is an isomorphism. |

12.2 Immersions of affine schemes

Definition 12.4 Let 7 : X — Y be a morphism of afine schemes. If 7(X) is
an afine open subscheme U of Y and if = : X — U an isomorphism of afine
schemes, we say that = is an open immersion.

Example 12.5 Let g E I'(Y,Oy) = A be a function defined on Y _Consider
the affine scheme X = Specy, (A[Z]/(gZ — 1)).The natural homomorphism
f A — A[Z]/(9Z - 1)defines an open immersion 7y : X — Y whose image
is the open affine scheme D(g).
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Proposition 12.6 A morphism 7 : X — Y of afine schemes is an open
immersion if and only if the following conditions are satisfied:

(i) the subset 7(X) of Y is open and homeomorphic to X ;

(ii) for each x E X the local homomorphism Oy z(zy — Ox. is an isomor-
phism.

Proof If 7 is an open immersion the conditions are obviously satisfied.
Conversely, by Proposition 12.3, it suffices to show that the open set
U ==(X) is an affine subscheme of Y . The local isomorphisms induce an iso-
morphism ['(U, Oy) ~ I'(X, Ox). This shows that B =T'(U, Oy) is a finitely
generated @-algebra. The map Specy, (['(X, Ox))— U is a homeomorphism.
The natural map ¢ : U — Specp, (B) is obvioulslythe inverse homeomorphism.
Next consider y E U. If x =7~(y) and N, = ¢(y), the factorizations
By,

Yy

. OY,y =~ OX,z = BNy

show that the natural local homomorphism By, — Oy, is an isomorphism.
Hence U is an affine open subscheme of Y . O

Proposition 12.7 If #: X — Y is a morphism of afine schemes and U an
afine subscheme of Y , then #=*(U) is an afine open subscheme of X . There
is a natural isomorphism of C-algebras

I'(r~'(U),0x) ~ T(U,Op) ®rv,oy) I'(X, Ox).

Proof The rings I'(U, Oy) and I'(X,0x) are finitely generated C-algebras.
Put A =T(Y,Oy). By the natural homomorphisms

A _.T(UOy) and A—-T(X,0x)

they both have the structure of an A-algebra. Then B =T'(U, Oy)®4I'(X, Ox)
is a finitely generated @-algebra. Consider the affine scheme Z = Specy, (B).
The @-algebrahomomorphism

9:T(X,0x) > B g(a) =1®a

defines a morphism %, : Z — X . We can check at once that ¥, is an open
immersion whose image is #~1(U), i.e. that Z is homeomorphic to #=1(U)
and that the local homomorphisms Ox 4,y — Oz,. are isomorphisms for all
zEZ. |
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Corollary 12.8 U and V are afine open subschemes of an afine scheme
Y ,then U NV is an afine open subscheme of Y such that

T'(UNV,0x) ~ T(U,0y) ®r,oy) TV, Oy).

Proof Apply Proposition 12.7to the morphism of affine schemes U — Y (or
toV Y if you prefer!). |

Definition 12.9 Let 7 : X — Y be a morphism of afine schemes. If there
exists a closed scheme Y' C Y such that « factorizes through an isomorphism
X —Y’, we say that = is a closed immersion.

Note that = is a closed immersion if and only if the corresponding ring
homomorphism f :T'(Y, Oy) —+ T'(X,Ox) is surjective.

Example 12.10 Let B be a quotient ring of A =T'(Y, Oy). If Z =Specy,(B)
the closed embedding Z C Y defines (thank God!) a closed immersion of Z
in Y. In particular, if M, is the maximal ideal of A corresponding to a point
y E Y, then the surjective homomorphism A — A/M, defines the closed
immersion of {y} in Y.

Proposition 12.11 A morphism7 : X — Y o afine schemes is a closed
immersion if and only if the following conditions are satisfied:

(i) the subset #(X) of Y is closed and homeomorphicto X ;
(ii) for eachx € X the local homomorphism Oy, ;) — Ox. IS surjective.

Proof If 7 is a closed immersion the conditions are obviously satisfied.

Conversely, put B = T'(X,0x) and A = T'(Y,0Oy) and consider the ho-
momorphism f : A — B defining 7. We want to prove that f is surjective.
Consider the A-module C = coker (f). Fory E'Y ,let M, be the correspond-
ing maximal ideal of A and S = A —M,. We want to show that forally € Y,
we have S™I1C =Cu, = (0).

If y ¢ 7(X), there exists s E S such that D(s) N 7(X) =0. Consequently,
D(f(s)) =9 C Specyy(B). In other words, f(s) is contained in all maximal
ideals of B. Since B is a Jacobson ring, f(s) is nilpotent and By = (0).
Consequently, Cs = (0), hence S™'C = Cyuy, = (0).

If y =m(x), let N, be the maximal ideal of B corresponding to X. We have
f~YNz) = M, and the homomorphism Axs, — By, is surjective. Hence to
prove that S~'C' = Cy, = (0), we need only to show that f(S)™'B = By,
in other words that all prime ideals of B disjoint from f(S) are contained in
N,. Let P be such a prime ideal. Consider the variety X' = V(P) C X and
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the closed set Y' = 7(X’) C Y homeomorphic to X'. But f~}(P)nS =0
implies f~'(P) C M,, hence y E Y'. Consequently, 7~}(y) = x E X' and
P CN. O

Example 12.12 The natural homomorphism C[X]/(X") — C[X]/(X) in-
duces a homeomorphism A, —+ Specyy, (C[X]/(X™)) which is not an isomor-
phism for n > 1,but a closed immersion.

12.3 Local description of a morphism

Theorem 12.13 Let X and Y be afine schemes. Assume that there exist
finitely many afine open subschemes V; of X covering X and morphisms
m Vi — Y such that m; |y,nv,= m; |viav, for all (4,5). Then there exists
a morphismz : X — Y such that = | V; ==, for all i.

Note that for all (z, ), the open set V; N'V; is an affine scheme, hence that
i lvinv;: ViN'V; = Y is well-defined.

Proof of 12.13 Since an open set is a union of open sets of the form D(g),
we can assume that there exist g; € B =T'(X,Ox) such that V; = D(g;). The
morphisms 7; are induced by homomorphisms k; : A =T'(Y,Oy) — B,,.
Consider the localization homomorphisms l;; : By, — By,g,. Sincem; |y,qy, =
vinv;, We have [;; o h; =1j; 0 h;. In other words the homomorphism

7
h:A— @B, h(a)=(hia)),
has its image in the kernel of
®; By, — By,

By Theorem 11.22 this kernel is B. It is easy to chek that the morphism
7w : X — Y corresponding to h satisfies our needs. O

Definition 12.14 Let U and V be quasi-afine schemes. A morphism &
V — U is the following data:

(i) an afine covering (I/); of U:
(i) an afine covering (Vi); of V;

(iii) morphismsm; :V; — U; such that m; |v,av,= m; |virw; for all i, j

A A YT 5
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Note that if 7 : X — Y is a morphism of affine schemes and U C X an
open subscheme, then 7 |y: U — Y is a morphism from the quasi-affine scheme
U to the affine scheme Y .

We can now define immersions of quasi-affine schemes.

Definition 12.15 A morphism 7 : X — Y from a quasi-affine scheme X
to an afine scheme Y is an open immersion if #(X) is an open set of Y
homeomorphic to X and for each x E X the local homomorphism Oy sy —
Ox,; 1s an isomorphism.

Definition 12.16 A morphism= : X — Y of quasi-affine schemes is a closed
immersionif 7{X) is a closed set of Y homeomorphic to X and for eachx E X
the local homomorphism Oy ) — Ox, IS surjective.

Definition 12.17 A closed and open immersion« : X — Y of quasi-afine
schemes is an isomorphism.

Exercise 12.18 Let R be a finitely generated C-algebra and Z an ideal of
R. Consider the R-algebras A = ®,50I"T™ C B = R[T] and the natural
morphisms of affine schemes

Specy (B) — Specy (A4) +» Specpy, (R).

Note that if t EZ, we have A; = B;. Show that if U = Spec(R) — Vm(Z)
the induced morphism of quasi-affine schemes

7 ey 77 (@THU)) = 71 (U)

is an isomorphism.

12.4 Product of affine schemes

Definition 12.19 Let X and Y be affine schemes. The product X x¢Y of X
and Y is the afine scheme whose ring of functions is

F(X xcY, Oxxcy) = F(X, Ox) Qc F(Y, Oy)

The projections p; : X x¢ Y — X and po : X x¢ Y — Y are the morphisms
associated to the natural C-algebras homomorphisms

F(X, Ox) — F(X, Ox) ®Rc F(Y, Oy), a—a®1

and
F(}/’ OY) - F(Xv OX) Q¢ F(Ya OY)» a—1®a.
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It is easy to verify that the set carrying X x¢Y is X X Y . One needs to work
a bit more to show that X x¢Y is indeed the solution of a universal problem. In
other words, to show that given an affine scheme Z with morphismsg¢; : Z — X
and ¢ : Z — Y ,there is a uniqgue morphism = : Z — X X¢ Y such that
g =piowfori=12.

Exercise 12.20 Show that A, ,, ~ A xcA

Definition 12.21 Let 7 : X — Z and % : Y — Z be morphisms of affine
schemes.

(i) Theproduct X xzY of X and Y is the affine scheme whose ring of func-
tions is

[(X xzY,0xx,y) = [(X,0x) ®rz0, [(Y,0y).

(i) Theprojectionsp; : X XzY — X andp, : X XzY — Y are the morphisms
associated to the natural C-algebra homomorphisms

['(X,0x) — I'(X,0x) ®rz0,) ['(Y,0r), a > a®1

and
F(Y, Oy) — F(X, Ox) ®r(z,0z) F(Y, Oy), a—1®a.

Once more the reader will have to check by himself that this product is, as
it should be, a solution of the universal problem. In other words, that if W is
an affine scheme and ¢; : W — X and ¢. : W — Y are morphisms such that
T o0qg; =1 0qo, then there exists a unique morphism 7 : W — X xz Y such
that ¢; =p, 07 fori =1,2.

Exercises 12.22

1. Consider a morphism of affine schemes 7 : X — Z and the identity
automorphism of Z .Show that the projection morphism p; : X xz Z —
X is an isomorphism

2. If U and V are affine open subschemes of Y ,use Corollary 12.8to show
that
unV=U xy V.

Note that the natural surjective ring homomorphism
I'(X,0x) @ T'(Y,0y) = I'(X,0x) @r(z,0,) T'(Y,Oy)

induces a closed immersion X xzY — X xcY.

SRR

12.5. Dimension, product and intersection 167

Definition 12.23 If 7 : X — Z is a morphism of affine schemes, the closed
subscheme X xz Z of X x¢ Z is the graph of 7.

Proposition 12.24 Let 7 : X — Y be a morphism of affine schemes. If Z is
a closed subscheme of Y, the projection morphism X xy Z — X is a closed
immersion.

Proof From the definition of the product we see that X xy Z is a closed
subscheme of X xy Y. Since, by Exercise 12.22, p; : X Xy Y — X is an
isomorphism, we are done. O

Definition 12.25 Let 7 : X — Y be a morphism of affine schemes.
(i) If Z is a closed (resp. open) affine subscheme of Y, the closed (open)
subscheme p1(X xy Z) of X is the inverse image #~*(Z) of Z in X.

(ii) Ify is a point of Y, the inverse image 7~*(y) of the reduced subscheme
concentrated iny is thefibre of y EY by 7.

In other words, if M, CT'(Y, Oy) is the maximal ideal corresponding to the
pointy EY and if f :T(Y,0y) — I'(X,0x) is the homomorphism defining
w, then f(M,)I'(X,Ox) is the ideal of the fibre of y in the ring of X.

Examples 12.26 Consider the morphisms m; : A; — A, defined by the C-
algebra homomorphisms f; : C[X1, X5] — C[T] :

H(X) =T fo(X1) =T(T-1), fo(X) =T(T-1)(T-2); fa(X;) =T

1. The morphism 7 is a closed immersion.

2. The fibre 73(0,0) is a closed reduced subscheme of A; whose ring is
C[T|/T(T - 1).This fibre contains two points.

3. The fibre 73%(0, 0) is a closed irreducible, non-reduced, subscheme of A1
whose ring is C[T]/T?. It contains a unique point.
12.5 Dimension, product and intersection
Theorem 12.27 Let X and Y be affine varieties.

(i) X x¢ Y is an affine variety.
(i) dim(X x¢ Y )=dim(X) T dim(Y).
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Proof We first prove that the affine scheme Z = X x¢ Y is irreducible.
Assume Z = Z; U Z,, where Z; is a closed subscheme of Z. If X € X, the
fibre p;*(z) is isomorphic to Y, hence is a subvariety of Z. Since p;l(z) =
(prH(z)NZ;)U(p; H(x)NZ3), there exists i such that p7*(z) C Z;. Consequently,
if X; ={zE X, p;'(z) C Z;}, we have X = X; U Xs.
We claim that X is closed. To see this, consider, for all y € Y, the closed
subscheme of X

Xiy) =p(ZiNp;'(y) = {z € X, (z,y) € Z}.

It is clear that X; = NyeyXi(y). This shows that X; is closed. Since X is
irreducible, there exists i such that X = X;. Obviously, this implies Z = Z;.
Next we prove that Z = X x¢Y is reduced. Consider h =3, f; ®c g;, with
fi ET(X,0x) and g; E I'(Y, Oy), a function on Z. Obviously, we can assume
that the functions g; are linearly independent on C. If h is nilpotent, then

Zfi(Sv) ®c gi(y) =0 forall (z,y) € Z.

Fix x E X. Since ¥; fi(z) ®c g:i(y) = 0 for all y E Y, the function
> filz) ®c ¢ E T(Y,0y) is contained in all maximal ideals of the ring
['(Y,Oy). But this ring is a Jacobson domain, hence Y; fi(z) ®c ¢; = 0.
Since the functions g; are linearly independent, this means f;(z) = 0 for all i.
We have therefore proved f;(z) = 0 for all z E X. Since the ring I'(X, Ox)
is a Jacobson domain, this shows f; =0 E I'(X,Ox), hence h =0, and (i) is
proved.

Now (ii) is a straightforward consequence of the normalization lemma. In-
deed, consider 13, ...,Ty € I'(X, Ox) (resp. Si, ...,S; € T(Y, Oy) ) algebraically
independent elements such that I'(X, OX) (resp. T'(Y,Oy)) is integral over
ClTh, ..., T4 (resp. C[S, ..., S1]).

It is clear that the polynomial ring, in d 1 variables,

(C[Tl, vy Ly 81,4 oy Sl] = (C[Tl, ...,Td] K¢ (C[Sl, ey Sl]
is a subring of the function ring
F(X Xc K OXXCY) = F(‘X7 Ox) &Qc P()f, Oy)

We claim that I'(X x¢ Y, 0xx.y) is integral over C[Ty, ..., Ty, S1, ..., Si]. Indeed,
it is generated, as an algebra, by elements of the forms f ®¢ 1, with f €
I'(X, Ox), and 1®c g, with g E T'(Y, Oy). Now, since f ET'(X, Ox) is integral
over C[Ty, ..., Ty4), an element f ®c 1 is integral over C[T3, ..., Ty, S1, ..., Si]. S0
is an element 1®¢ g for the same reason, and we are done. O
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Corollary 12.28 Let X and Y be closed subvarieties of A,,. If Z is an irre-
ducible component of X N, then

dim(Z) tn > dim(X) + dim(Y).

Proof Consider R = C[Xy, ..., X,], the ring of A,. Let P = (f1,..., fi) and
Q =(g1,...,gm) be the prime ideals of X and Y in R. If A =T(X NY,Oxny),
there is a natural isomorphism

A =~ (C[Xl, ceey Xn, Tl, ey Tn}
J(filXa, o Xo)r<icts (Gr(Ths -y To))1gkgms (X5 — Ti)1<j<n)-

By Proposition 10.36, it is sufficient to show that the ring
B = (C[Xl, veey Xn, Tl, ,Tn]/((fz(Xl, “‘)Xn))lgiﬁla (gk(Tla -~~7Tn))1§k§m)

is equidimensional of dimension dim(X') + dim(Y").
But there is an obvious isomorphism

B =~ CX1, ..., Xul/(((fil X1, ooy Xn) )1<i<t)
QcClT, -, Tn) /(g (T, ..., Tn) 1<k <m)-

Conseguently, the ring
B~ F(X, 0)() K F(Y, Oy) = F(X xcY, Oxxcy)
is a domain of dimension dim(X) *dim(Y") by Theorem 12.27. u

Definition 12.29 Let X and Y be closed subvarieties of A,. If dim(Z)+n =
dim(X) *dim(Y) for each irreducible component Z of X NY, we say that X
and Y intersect properly in A,

12.6 Dimension and fibres

Proposition 12.30 Let 7 : X — Y be a morphism of affine schemes. For
x E X, we have

dim(Oy,,r(x)) +dim(07r—l(7r(z)),z) > dim(OX,m).

If furthermore the ring homomorphism I'(Y,Oy) — T[(X,Ox) is injective,
there exists a non-empty open subset U C X such that

dim(Oy r(z)) T AM(Or-1(x(a)) 2) = dim(Ox ).

forallx E U.
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Proof The inequality is a special case of Corollary 10.27.

If A=T(Y,Oy) and B =T'(X,0Ox), assume now that the ring homomor-
phism A — B, defining = is injective.

By the normalization lemma, there exist y1,...,y, E A algebraically inde-
pendent over C and such that A is finite over R =Clyy, ..., ¥s)- Put S =R -0
and note that S~!B is finitely generated as an S—!R-algebra. By the normal-
ization lemma, yet again, there exist z1, ...,z, € S~!B algebraically indepen-
dent over the field S™'R and such that S™'B is finite over S~'R|[21, ...,].
We note first that we can assume z; E B, for all i, by getting rid of the de-
nominators if necessary. Next we recall that B is a C-algebra of finite type,
say B = Clz1,...,z,). Obviously, there exists s E S such that z; is integral
over Ry|z1, ..., 2] for all i. Consequently B, is finite over Rq[z1,...,Z].

Let P be a minimal prime ideal of B such that PB, N R,[z1, ..., z2m| = (0).

If M C B is a maximal ideal such that s ¢ M and P C M, we claim that
dim(By) = dim(Bag/PBup) =n T m.

Indeed N' = M N R[z,...,z] is amaximal ideal. Hence it contains a chain of
prime ideals, of length n+m. It induces a chain of prime ideals of R;(z1, ..., Zm]
contained in N'Ry|z1, ..., zm]. By the going-down theorem, there is a chain of
prime ideals of B,/PB,, contained in MB;/PB, and lying over this chain.
This shows dim(Bx/PBay) =n+m.

Now let Q;, with i = 1,...,r, be the minimal prime ideals of B; such that
Q;N Ry[z1, ..., Zm] # (0). Since Q; ¢ P for all i, there exists t E M;<;<, @; such
that t ¢ P. The open set U = D(st) is not empty and we have proved that it
satisfies the assertion. O

Exercise 12.31 Let Y be an affine variety and A =I['(Y,Oy). Consider B, a
finitely generated A-algebra and zy,...,X, E B such that B = Alzy,. ..,z
Put X = Specy,(B) and show that all fibres of the morphism 7 : X — Y have
dimension less than or equal to n. Show furthermore that if all fibres of ™ have
dimension n, then the elements x4, ...,z, are algebraically independent over
A.

12.7 Finite morphisms

Definition 12.32 A morphismz : X — Y of afine schemes is finite if the
corresponding ring homomorphismI'(Y, Oy) — I'(X, Ox) isfinite.

Note that all fibres of a finite morphism are finite. Indeed, let M be a
maximal ideal of A =T'(Y,Oy). Since the ring B =T'(X, Ox) is finite over A,
it is clear that B/MB is finite over the field A/M. Consequently B/MB is
Artinian and has only a finite number of maximal ideals.
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Theorem 12.33 If 7 : X — Y is a finite morphism of afine schemes, 7(X)
is closed inY.

Proof Let Z be the kernel of f :T'(Y,0y) — I'(X,0x). If M is a maximal
ideal of ['(Y,Oy) containing Z, we know by Theorem 8.26 that there exists a
maximal ideal N of I'(X, Ox) such that f~1(N) =M. This proves #(X) =
Vin(T). a

The normalization lemma can be restated as follows:

Theorem 12.34 If X C A, is a closed affine subscheme of dimension d,
there exists a projection A, — A, such that the induced projection morphism
X — A4 isfinite and surjective.

Exercise 12.35 Let X be an affine variety of dimension n and X — A
a finite morphism. If A, -+ A, is a projection, show that all fibres of the
composition morphism X — A, have dimension n —r.

12.8 Exercises

1. Let X and Y be varieties and 7 : X — Y a morphism. Assume that
dimX = land that #(X)} is not a point. Show that all the fibers of =
are finite.

2. Put Z = Specy, (C[X,Y,T)/(XT - Y)) Then,
ClX,Y]CC[X,Y, T)/(XT _Y)

induces a morphism 7 : Z — A,.

Show that 7 induces an isomorphism of open affine schemes 7=*(D(X)) ~
D(X), hence an open immersion 7} (D(X)) C A,. Prove that the fiber
7~1(0, 0) is isomorphic to A;. Finally, checkthat 7(Z) = D{(X)U{(0,0)}.

Definition 12.36 A morphism of varieties 7y : X + Y is called ra-
tional if the corresponding homomorphism of domains f : T'(Y,0y) —
['(X,0x) is injective.

A rational morphism of varieties 7y : X — Y is called birational if the
injective homomorphism K(Y) — K(X) is an isomorphism.

3. Let 7y : X — Y be a birational morphism of affine varieties. Show that
there exists an affine open subscheme D(s) C Y such that 7y induces an
isomorphism 7;'(D(s)) ~ D(s).
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Let 7y : X — Y be a rational morphism of varieties. Assume that the
field extension K(Y) C K(X) is algebraic. Show that there exists an
affine open subscheme D(s) C Y such that the induced morphism of
affine schemes 77 (D(s)) — D(s) is finite.

In the preceding exercise, show that we can choose s such that for all
y E D(s), the Artinian ring [(7; " (y), O,,f-l(y)) has length [K(X) : K(Y)].

In the preceding exercise, show that we can choose s such that for all
y E D(s), the fibre 77'(y) contains exactly [K(X) : K(Y)] distinct
points. To do so, consider b € T'(X,0x) such that K(X) = K(Y)[}]
and P(Y,T) E K(Y)[T] a minimal polynomial of b over K(Y). Then
choose t such that the coefficientsof P are functions defined on D(t) and
that for each y E D(¢) the polynomial P(y,T) E C[T] has no multiple
root. Finally take the intersection of D(¢) with the open set found in the
preceding exercise.

Consider an affine variety Y = Spec,(A) where A is an integrally
closed finitely generated @-algebra. Consider a finite extension of do-
mains A[Ty,. ..,T,] € B. Show that each fibre of the induced morphism
IT : Specy (B) — Y is equidimensional of dimension n.

Let 7; : X — Y be a rational morphism of varieties. Show that there
exists an affine open subscheme D(s) C 'Y such that the ring

(77 '(D(s)), Ox)

is finite over a polynomial ring over the ring I'(D(s), Oy). Use the pre-
ceding exercise to show that there exists an affine open set U C Y and
an integer n such that for y € U the fibre 7=!(y) is equidimensional of
dimension n.

13

Zariski's main theorem

If V is an affinevariety, a non-empty open set U of V is dense in V. Hence a
point X E V is a connected component of V if and only if V = {x},in other
words if and only if dim(V) = 0. Consequently, if X is an affine scheme and
X E X, then {x} is a connected component of X if and only if it is an irreducible
component. In other words if and only if the maximal ideal M, of I'(X, Ox)
is also a minimal prime ideal of I'(X, OX). We note that if X = Specy,(4) is
a finite set, then the ring A is Artinian and each point of X forms a connected
component pf X .

Next consider I : X — Y a morphism of affine schemes, X E X and
7Y (r(z)) the fibre of 7(x). Then X is a connected component of 7~ (7 (x))
if and only if dim(Or-1(r(z)).) = 0. In this case we say that X is isolated in
its fibre. We note that if ¢» : Z — Y is a finite morphism, all fibres of i are
finite, hence all points of X are isolated in their fibres. Now if i : U C Z is an
open immersion, we can consider the composition morphism ¢ oi : U — Y.
The fibres of this morphism are also finite, hence once more all points of U are
isolated in their fibres.

We shall see that given a morphism of affine schemesm : X — Y, a
point X € X is isolated in its fibre if and only if the morphism is "near z”
a composition of an open immersion and a finite morphism. This is Zariski's
main theorem.

Theorem 13.1 (Zariski's main theorem)
Let m : X — Y be a morphism of afine schemes and x E X such that
dim(On-1(n(z)),z) =0 (i.€. X is isolated in its fibre).

There exist a factorization of i through a finite morphism¢ : Z — Y and
an open afine neighbourhood U of x in X such that the induced morphism
U = Z is an open immersion.

Our approach to this celebrated result is completely algebraic. Indeed, it
is clearly a special case of our Theorem 13.3, proved in the next section.

173
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13.1 Proof of Zariski's main theorem

Definition 13.2 Let B be an A-algebra and A a prime ideal of B. We say
that V is isolated over N NA if it is maximal and minimal among prime ideals
P of B such that PN A =NNA.

If Q =NNA,put S =A\Q. Note that N is isolated over Q if and only if
NS~'B/QS™'B is a maximal and minimal prime ideal of the ring B/QS™'B.

By Theorem 8.26 (ii), we know that if A C B is an integral extension of
rings and N a prime ideal of B, then N is isolated over N N A.

Theorem 13.3 Let S be a finitely generated R-algebra. IfFN is a prime ideal
of S isolated over P = A N R, there exist a finite R-algebra B’ contained in S
and an element t E R'\ (M N R’) such that R; = S;.

We first show that it is sufficient to prove the following proposition.

Proposition 13.4 Let B be a finitely generated algebra over a subring A.
Assume that A is local with maximal ideal P and that A is integrally closed in
B. IfN is a prime ideal of B isolated over P =N N A, then A =B,

Assume the proposition is true. Let S = R|zy,...,x] and C be the integral
closure of R in S. The prime ideal A/ of S is isolated over @ = A N C and
S =Clzy, %] KT = Cc\ Q, we have, by Proposition 13.4,Cqg =T !B.
Hence there exist y; E C and ¢; E T such that z; =y;/t;. f t =[I1¢t;, itis
clear that R[ys, ..., ¥n, t] is a finite R-algebra such that S; = R[y1, ..., yn, t];-

Proof of Proposition 13.4 in the case B = A[z].

Consider the A/P-algebra Alz]/PA[z]. It is naturally a quotient of
(A/P)[X]. Since, by hypothesis, A'/PA|z] is a maximal and minimal prime
ideal of this ring, A[z]/PAlz] is a strict quotient of (A/P)[X].

From this we deduce that there exists a relation

" te, ™ttt EPA[z],

with ¢; E A and that every prime ideal of A[z] lying over P is isolated.

Denotey—1+x +en1z™ 4 L T

We note that x is integral over A[y] and that cl(y) = 1 E Alz]/PAlz].
Put M =N N Aly]. Let us show that M is isolated over P and that cl(y) E
Aly]/PAly] is invertible.

We claim that every prime ideal of A[y] lying over P is isolated. Indeed,
since Alz] is integral over Aly}, over any chain of prime ideals of Aly] there is
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a chain of prime ideals of A[z]. Since every prime ideal of A[z] lying over P is
isolated, we are done. As a consequence, by the same argument as before, the
ring Aly]/PAly] is a strict quotient of (4/P)[Y] and there is a relation

V' ta '+ ta E PAly,

with a; E A.

If cl(y) E Aly]/PAly] is not invertible, it is contained in a maximal ideal of
Aly)/PAly]. Hence there exists a maximal ideal M" of A[y] such that M'NA =
Pandy EM'. Let A be a prime ideal of A[z] suchthat N’'NA[y] =M". Since
N'NA =P, we have cl(y) EN'/PA[z] C Alz]/PA[z], but this contradicts
cl(y) = 1 E Alz]/PAlz].

We claim that we can assume ag ¢ P. Indeed, cl(y) E Afy]/PA[y] is not
a zero divisor, hence y(y"* tan iyt + +a1) E PA[y] implies y~! +
any™ Lt EPA]Y.

The relation can be written

y" +an_1y"_1 + ...+a0 =by tThyt+ ..+ boy®,

with b; E P. This shows that y divides (ap — by). Since (ag — by) ¢ P, this
element is invertible, and so is y in A[y]. Now if t =max(n, s),the relation

(a0 —bo)y™ F(ar —br)y't ... =0.

shows that y~* E A[z] is integral over A. Since A is integrally closed in Aly],
we have y~! E A. But y is invertible in Afy], so we have y=! ¢ M, hence
y~! ¢ P and y~! is invertible in A. We have proved A = A[y].

Since x is integral over Aly] = A, which is integrally closed in A[z], it
follows that A = Alz].

Lemma 13.5 Let R C S be a ring extension. Assume that R is integrally
closed in S, and that there is an element t E S such that S is finite over RJt].

Let F E R[X] satisfy F(¢)S C R[], i.e. F(t) is in the conductor ideal
(R[t] : S). Ifa is the leading coefficient of F, there exists an integer » such
thata™S C R[t], i.e. a” E (R[t] :S).

Proof Assume first that F is monic (i.e. a = 1). We must prove that R[t] =S
If deg(F") =0, then F =1and S = R][t]. Assume now deg(F) > 0.
rf F(t) =0, then t is integral over R, hence S as well, and R = R[t] =
F(t) # 0, consider x E S. There exists G E R[X] such that zF(t) = G(t)
and H Q E R|[X] such that G = QF + H, with deg(H) < deg(F). Put
y =X —Q(t). We have yF(t) — H(t) =0, hence F(t) =y 'H(t) in the ring
Sy. This relation shows that t is integral over the ring R[y~!] C S,. Since
y € S is integral over R[t], it is integral over R[y~!] as well. By multiplying
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the relation of integral dependence of y over R[y~'] by a convenient power of
y, we see that y is integral over R, hence in R. But y =x — Q(¢) E R implies
X E R[t] and R[t] =S, as required.

If F is not monic, we have, by the preceding case, R,[t] = S,. Let
(z1,...,z,) be a system of generators of S as an R[t]-module. There is an
integer r such that a"z; € R[t]. This implies a"S C R[t] and the lemma is
proved. O

Lemma 13.6 Let C ke a subring of B such that ACC C B. Then M =
N NC is a maximal ideal of C.

Proof Since A is isolated over the maximal ideal P of A, it is necessarily
maximal so the field extension A/P C B/ is finite. The double inclusion
A/P c C/M C B/N shows then that C/M is finite over the field A/P.
Hence C/M is a field and M is a maximal ideal of C. O

Proof of Proposition 13.4 when there exists x E B such that B is finite over
Alz].

Let Z = (A[z] : B) be the conductor of B in Az], ie. T = {f E
Alz], [fB CAlz]}. Note that T is an ideal of Afz] and of B as well. Consider
the ideal M =N N A[z] of the ring A[z], which is maximal by Lemma 13.6.

If Z ¢ M, we have A[z]p = By and M is isolated over P. Indeed, M
is maximal and A[z]xs = Bu shows that M is minimal among prime ideals
lying over P. By the case previously treated, this shows A = A[z]. Since B is
integral over A[z], the proposition is proved in this case.

We prove now that Z C M is impossible.

Let © be a prime ideal of B suchthat Z C @ CM and that Q is minimal
among prime ideals containing Z. Since B was not assumed Noetherian, the ex-
istence of such a minimal prime @ has not been established, but this is an easy
consequence of Zorn’s lemma that we can skip here. Denoting A’, B, x", A/, ...
the images of A, B,x, N, ... in B/Q., we show that z’ is transcendental over
A

If not there exists a non-trivial polynomial G’ E A’[X] such that G'(z") =0.
In other words, there exists G E A[X], with dominant coefficient a ¢ Q, such
that G(x) E Q. By Proposition 7.63, there exist y ¢ Q and an integer r such
that yG(z)” € Z. We have therefore yG(z)"B C Az}, showing that G(z)" is
contained in the conductor of the ring Alz][yB] in Alz]. Clearly A[z][yB] is
a finitely generated A[z]-module in which A is integrally closed. By Lemma
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13.5there is an integer s such that a’yB C Alz]. This impliesa®y € Z C Q.
Since y ¢ Q, this proves a® E Q, hence a contradiction. We have proved that
x’ is transcendental over A’. To conclude our proof, it is sufficient to prove the
following general lemma.

Lemma 13.7 Let B be a domain, z € B and A a subring of B such that x is
transcendental over A and that B is integral over A[z]. A prime ideal V' of B
is not isolated over A" N A.

Proof We assume first that A is integrally closed. Then A[z] is integrally
closed by Proposition 8.19. Put A7 =N N Afz].

Since Az} is a polynomial ring over A, the prime ideal N; cannot be
isolated over ;N A =N N A. Applying the going-up or the going-down
theorem, depending on whether A/ is minimal or maximal among prime ideals
over N N A, we see that N is not isolated over N N A.

If A is not integrally closed, let A’ and B’ be the integral closures of A and
B. Clearly x is transcendental over A’ and B’ is integral over A'[z]. f A is a
prime ideal of B’ such that AN B =/, it is not isolated over N/ N A’. From
this fact, we essily deduce that N is not isolated over N NA =A"N A NA.

i

Proof of Proposition 13.4 in the general case

Consider 1, ..., z, E B such that B is finite over A[zy,...,x]. We proceed
by induction on n (the proposition is obvious for n = 0).

Let C be the integral closure of Alzy, ..., z,_1} in B. Since B is finite over
C[z,] and N is isolated over M = N N C, we deduce from the previously
treated case that By = Cu.

Let us show that there exists a finite Az, ..., z,_1]-algebra B’ contained
in C and such that

By, =Cp for NN=NNB'=MnB".

Consider z1, ..., z- E B generating B as an Alzy, ..., z,}-module . Since
B = Alz1, ..., Tn-1][Tns 21, -, 20 and By =Cu,

there exists t E C, with t ¢ M such that tx,, tzi,...,tz, € C. If B’ is the finite
Alzy, ..., T,—1]-algebra generated by t,tz,,tz,...,tz,, putting N' =M nB’,
we have

Bl = Cp = Bw.

To conclude the induction on n, it is sufficient to show that A is isolated
overP=N"NA.
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By Lemma 13.6, A/ is maximal, hence maximal among prime ideals lying
over P. But Bj,» = By shows clearly that it is minimal among these ideals as
well.

Thus Proposition 13.4is proved and Zariski’s main theorem as well.

13.2 A factorization theorem

As an easy consequence of Theorem 13.1, we get the following more precise
result.

Theorem 13.8 Let 7 : X — Y be a morphism of affine schemes.
(i) Theset V C X of points z such that dim(Oy-1(r(z)).) =0 is open.

(ii) There exists an affine scheme Z and a factorization X 275Y o T,
satisfying the following conditions:
(a) the morphism is finite;
(b) the restriction morphism ¢ |,: V. — Z is an open immersion such
that ¢~ ((V)) = V.

Proof Put A=TI(Y,0Oy) and B =T'(X,0x) and let C be the integral closure
of Ain B.

Consider V C X, the set of points x such that dim(Ox-1(x(z))) = 0. By
the main theorem, if € V ,there exists t € C such that t(z) # 0 and C; = B,.
Obviously, the open affine subscheme Specy,(B;) of X is a neighbourhood of x
contained in V . Hence V is open. Since B is Noetherian, there exists ¢, ...,t, E
C such that V = {J; Specy(By,) and that By, = Cy, for all i. We recall that
B is a finitely generated A-algebra, say B = A[zy, ..., x,]. Clearly, for m>> 0
we have t*z; E C for all i and j. Consequently, D = Alty, ..., t,, (t7z;);;] is a
finite A-algebra such that D,, = B,, for all ;.

We put Z = Specy (D). The morphisms ¢ and ¢ are induced by the
homomorphisms A — D — B. We claim that the morphism V — Z is
an open immersion such that ¢=(¢(V) = V. Indeed V = |J; Specy (By,) =~
Ui Speen(Dy,) C Z. o

13.3 Chevalley's semi-continuity theorem

Let A be aring. Assume for the sake of simplicity that A contains an infi-
nite field. As a consequence, for each prime ideal A" of A, the field k(N) =
Ay /N Ay is infinite.

Consider a finitely generated A-algebra B, a prime ideal P of B, the prime
ideal Q=P NAof Aand S =A\ Q. Then k(Q) ®4 B=5"'B/QS 'Bisa
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finitely generated algebra over the infinite field £(Q). The prime ideals of this
k(Q)-algebra are in natural bijection with the prime ideals of B lying over Q.
In particular S~'P/QS~!B is one of these.

Definition 13.9 The relative dimension in P of B over A is
dimp(B, A) =dim(Bp/QBp) Tdim(S™'B/PS™'B),

in other words dimp (B, A) is the length of a chain, of maximal length, of prime
ideals of B lying over @ and passing through P.

Example 13.10 If B = A[X, ..., X;], then
dimp(B, A)=r
for all prime, ideals P of B.

This is clear since k(Q) ®4 B is a polynomial ring in r variables over the
field £(Q).

Lemma 13.11 Let A be a ring containing an infinite field, B a finitely gen-
erated A-algebra and z,, ...,z, E B such that B is integral over A[z1, ...,X,].
Then for all prime ideals P of B, we have

dim'p(B, A) S T.

Proof Put @ =P N A. Let (P;) be a strict chain of prime ideals of B lying
over Q. f N; =P; N Alzy, ..., z.], then (N;) is a strict chain of prime ideals of
Alzy, ...,z,] lying over Q. f N =P N Az, ...,z,], this shows dimp(B, A) <
dimy (Alzy, ...,2,],A).

Now consider the natural surjective homomorphism = : A{Xy,...,X,] —
Alzy,...,z,) and put N7 =7 1(N). Clearly,

dimpr(Alzy, ..., 2], A) < dimpr (A[ Xy, -0 Xo[, A) =T,

hence we are done. 0

Theorem 13.12 (The semi-continuity theorem)
Let A be a ring containing an infinitefield and B afinitely generated A-algebra.
The function

P — dimp(B, A),

defined in Spec(B), is upper semi-continuous.
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Proof Consider P a prime ideal of B and r =dimp(B, A).

fQ=PNA weput S=A—-Qand k =k(Q) =Ag/QAg.

Next we denote by R the ring S7'B/QS~'B and by A its prime ideal
PSIB/QS™1B. We have

r =dim(Ry) +trdegk(R/N)

By 10.35, there exists t E B, with t ¢ P, such that dim(R;) =T.

But R; is a finitely generated k-algebra. By the normalization lemma,
there exist 2z, ..., 2, E R, such that R, is integral over [z, ..., 2,]. Since R; =
S~'B,;/QS™!'B;, there exist z; E B; and s; E S such that z; = cl(z;/s;) E R;.
Clearly R, is integral over k[cl(z1), ..., cl(z,)]. In other words, we can assume
z =cl(zy).

Since R, is integral over k[z, ..., 2], the prime ideal AR, is isolated over
NR, N k[z, ..., z;]. This implies that P B, is isolated over PB; N Alxy, ..., z,).

By Zariski’smain theorem, there exist a finite A[zy, ..., z.]-algebra D C B;,
and an element u E D, with u ¢ PB, such that (B;), =D, But u =a/t
for some a E B, with a ¢ P. Put s = at. We have s ¢ P, hence D(s) =
Spec(B) — V(sB) is an open neighbourhood of P in Spec(B).

We claim that for all prime ideals P’ E D(s), then

r > dimp:(B, A).

But s ¢ P’ impliest ¢ P’ and a¢ P, hence u ¢ P'B,. f N’ =P'B,N D, we
have
Bp: =DN' and Bp//Ppr/ =DN’I/N’DN’/.

Put @ =P'NA=N"NA. Then,
dimp:(B, A) = dim(Bp// Q' Bp:) T trdegy g (Bp/P'Bp) =
dim(DN//Q/DN’) +trdegk(Ql)(DNl/NlDNl) = (iiII'I‘A/’/(D7 A).

Hence, we need to prove r > dimp» (D, A), but this is Lemma 13.11,s0 we are
done. 0

Corollary 13.13 Let m : X — Y be a morphism of affine schemes. The
function dim(Or-1(z(z))z), defined over X with values in Z, is upper semi-
continuous.

Proof This is a special case of Theorem 13.12. Indeed, let M, be the maximal
ideal of B =I'(X, Ox) corresponding to . Put A =T(Y, Oy). We have

Oﬂ.#I(,r(z))’z) = (B/(MI N A)B)'Mz and C = B/Mz = A/(Mw NA),

hence
dim(Orl(,r(z)),z) = dimMz(B, A)
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13.4 Exercises

. Let A be a UFD and B = A[z] a domain contained in the fraction field

of A. Show that there exist a,b E A such that B ~ A[X]/(aX —b).
Show that a prime ideal N of B is not isolated over N N A if and only
if a,b EN.

. Let # : X — Y be a rational morphism of varieties. Assume that

dimY = 1and show that all fibres of = are equidimensional of dimension
equal to dimX — 1.

. Let # : X — Y be a rational morphism of affine varieties of dimension

one. Assume that the ring I'(X, O x) is integrally closed. Let B be the
integral closu\re of I'(Y, Oy) in the fraction field of I'(X, Ox). Show that
there exist elements s and t in B such that T'(X,Ox) = Bs N B;.

. Consider the ring extensions C[X,Y] C C[X,Y,XZ,YZ] C C[X,Y,Z]

and the corresponding morphisms of affine schemes
Az — Specyy (CIX,Y XZ,YZ]) — A,

Study the dimension of the fibres of these morphisms.
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Integrally closed Noetherian rings

We begin to prepare 1che reader for the theory of divisors. Integrally closed
Noetherian rings, often called normal rings, carry Weil divisors. In the first
part of this chapter our main resut is “Serre’s criterion”, Theorem 14.4. We
decided to break it into pieces: we characterize separately reduced Noetherian
rings, Theorem 14.1, and Noetherian domains, Theorem 14.2. In the second
and third sections we study discrete valuations and their rings: along with
Dedekind rings they are at the centre of the theory of divisors.

In each of the two last sections we present a useful theorem. In the fourth,
we prove that under certain hypotheses, always satisfied in complex geometry,
the integral closure of a Noetherian domain is finite over the domain. In the
fifth section, we study the integral closure of a domain in a finite normal
extension of its field of fractions: we focus on the action of the Galois group
on the set of prime ideals of this integral closure.

14.1 Reduced Noetherian rings

Theorem 14.1 If A is a Noetherian ring the following conditions are equiva-
lent:

(i) the ring A is reduced, i.e. Nil(4) = (0);
(ii) for all prime ideals P E Ass(A), the local ring Ap is a field;
(i) for all prime ideals P E Ass(A), the local ring Ap is a domain.

Proof If A is reduced, (0)is the intersection of the minimal prime ideals of
A. There are finitely many minimal prime ideals by Theorem 3.30, say P;
with i =1,...,n. Then (0) =N} P; is a minimal primary decomposition. This
shows that Ass(A) = {P, ..., P,}. By Corollary 7.59 (i), we have

OAPz = PiAPi

183
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for i =1,...,n. Hence Ap is afield for all P E Ass(A4) and (i) implies (ii). We
note that (ii) implies (iii) obviously.

To show that (iii) implies (i), consider a nilpotent element a E A. If
P E Ass(A), then a/1 E Ap is nilpotent. Since Ap is a domain, this shows
that aAp = (0) for all P E Ass(A). Consequently, Ass(4) N Ass(ad) = 0.
Since Ass(aA) C Ass(A), this proves Ass(aA) =0, hence a4 = (0). 0

Theorem 14.2 Let A be a Noetherian ring which is not the product of two
rings. The following conditions are equivalent:

(i) the ring A is a domain;
(ii) for all x E A and all N E Ass(4/zA), the local ring Ay is a domain.

Proof A fraction ring of a domain is a domain, hence (i) implies (ii).
Conversely, A is reduced by Theorem 14.1. We assume that A is not a
domain and find x E A and N E Ass(A/zA) such that A is not a domain.
Consider the minimal primary decomposition (0) =N} P;, with n > 1, of
(0)in A. If we put P =P, and @ =N P;, we have (0)=P N Q.
If (P+Q) =A, then P and Q are comaximal and A ~ A/P x A/Q by
Theorem 1.62. This contradicts our hypothesis, hence (P+ Q) is an ideal of
A

If N E Ass(4/(P T Q)),it is clear that A, is not a domain. Indeed, since
Q C N there exists i > 2 such that ?; C N, hence N contains the minimal
prime ideals P; and Pi. Moreover we claim that there exists x E A such that
N E Ass(A/zA).

There exist a E P such that a ¢ P; for i > 1 and b E Q such that b ¢ P.
We obviously have

aANbACP NQ = (0), (0):a=rnm=g and (0):b=P.
2

We claim that A/ E Ass(A/(a T5)A). To begin with, we show that (a+ b)A:
a=(P+Q):

ar = (u +b)y<=> a(z —y) =by = a(z —y)=by=0.
But this is equivalent to

(r-y)EQ andy EP henceto X:(X—y)+yE(P+Q),

Now since N E Ass(A/(P+ Q)) there exists ¢ E A suchthat N = (P+Q) :c.
Then
acz E (a+ b)A<=czE(P+Q)<>z2EN,
hence N = (atb)A:ac,and N E Ass(A/(a +b)A). The theorem is proved.
U
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14.2 Integrally closed Noetherian rings

We recall that a prime ideal P of a Noetherian ring A is of height one if all
prime ideals of Ap except PAp are minimal.

Lemma 14.3 Let R be a local Noetherian domain which is not afield and M
its maximal ideal. The following conditions are equivalent:

(1) the ring R is integrally closed and there exists x € R such that M €
Ass(R/zR);

(ii) the maximal ideal M is principal;
(iii) the ring R is a principal ideal ring;
(iv) the ring R is integrally closed of dimension 1.

Proof Assume (i). There exists a E R such that M =(zR :a).

If aM C zM, we have (a/z)M C M. This shows that M is a faithful
R[a/z]-module which is finitely generated as an R-module. Consequently, a/x
is integral over R by Theorem 8.5. SinceR is integrally closed, a/z E R, hence
a € zR. This contradicts M = (zR : a), hence we know aM ¢ zM. This
implies x E aM, so there exists b E M such that x =ab. Then M = (zR :
a) = (abR :aR) =bR and (ii) is proved.

Assume now M = zR. Let us show that R is a principal ideal ring.
If not, let Z be an ideal of R maximal among non-principal ideals. Since
Z C M =zR, there is an ideal J such that Z =zJ. We claim that Z # J.
Indeed Z = zZ impliesZ C MZ and Z = (0) by Nakayama’s lemma. Hence
J is principal. But if 7 =aR, then Z =zaR, a contradiction. Hence (ii) =
(iii).

A principal ideal ring is integrally closed and its non-zero prime ideals are
maximal, hence (iii) = (iv).

To conclude, assume (iv). If x E M is non-zero, then M is a minimal
prime ideal of zR. This proves M E Ass(R/zR) and (i). .

Theorem 14.4 (Serre’s criterion)
Let A be a Noetherian ring which is not a product of two rings. The following

conditions are equivalent:
(i) the ring A is integrally closed:;

(ii) for all x E A and all N E Ass(4/zA), the local ring Ay is afield or a
principal ideal ring.

(iii) for all x E A and all N E Ass(4/zA), the local ring Ay is integrally
closed.
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Proof Assume (i). Consider a non-zero element x E A and N E Ass(A/zA4).
Then Ay is an integrally closed local ring such that its maximal ideal A Ay
is associated to Ay /xAx. By Lemma 14.3, A, is a principal ideal ring and
(i) is proved.

Since a principal ideal ring is integrally closed, (ii) implies (iii).

Assume (iii). By Theorem 14.2, A is a domain. If a domain is an inter-
section of integrally closed rings it is obviously integrally closed. Hence the
following general lemma proves (i).

Lemma 14.5 Let A be a domain. IfE C Spec(A) is the set of prime ideals
N such that there exists X E A with N E Ass(A/zA), then

A= ﬂ AN‘
N€eE

Proof It is clear that A C Nyrep An-

If Y/ E Mwer AN, We have y/z E NycAgg(asea) AN- Hence y E zAy for
all V E Ass(A/zA). In other words cl(y) E A/z A satisfies cl(y)(4/zA)n = (0)
for all N E Ass(A/zA). This proves (0:cl(y)) ¢ N for all N E Ass(A/zA),
hence cl(y) =0. This means y E zA, hence y/z E A and the lemma follows.

|

Our two last results in this section are almost immediate now, but we
choose to present them separately for later reference.

Proposition 14.6 If R is integrally closed, then

R = ﬂ R‘p.
ht(p)=1

Proof By Lemma 14.5, this is a consequence of the following lemma.

Lemma 14.7 : Let R be an integrally closed Noetherian domain and P a
prime ideal of R. The following conditions are equivalent:

(i) the height of P is one;
(ii) there exists a non-zero element x E R such that P E Ass(R/zR);
(iii) the local ring Rp is a principal ideal ring.

Proof Ifht(P) = 1and x E P is non-zero, then P is a minimal prime of zR.
This proves P € Ass(R/zR), hence (i) implies (ii).

If P € Ass(R/zR), then Rp is a principal ideal ring, by Theorem 14.4,and
(i1) implies (iii).

In a principal ideal ring all non-zero prime ideals have height 1, hence
ht(P) = 1. O
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14_.3 Discrete valuation rings. Dedekind rings

Definition 14.8 A local principal idea! ring is called a discrete valuation ring
(DVR).

Proposition 14.9 A Noetherian local domain R, with maximal ideal M , is a
discrete valuation ring if and only if the RIM-vector space M/M? has rank
one.

Proof If a E M is such that cl(a) E M/M? generates the RIM-vector space
M/M?* then M =aR by Nakayama’s lemma. The converse is obvious. [0

Exercise 14.10 Let P E C[X,Y ]= R be non-zero and (a,b) € C? be such
that P(a,b) = 0. Put M = (X —a,Y —b) and show that the following

conditions are equivalent:

(i) (R/PR)m is a discrete valuation ring;

(ii) P ¢ M?%

(iii) (OP/O0X,0P/0Y) ¢ M ;

(iv) there exist (c,d) E C? such that c(8P/8X)(a,b) +d(3P/8Y)(a,b) # 0.

Definition 14.11 fuV is the maximal ideal of the discrete valuation ring V ,
we say that u is a uniformizing element for V.

Proposition 14.12 Let V he a discrete valuation ring and « a uniformizing
element for V. For any non-zero element x in the fraction field K(V) of V/,
there exists a unigue integer n such that zV =u"V.

Proof Clearly, vV is the unique non-trivial prime ideal of the principal ideal
ring V. Therefore, f E V isirreducible if and only if f =us, with s invertible.
This showsthat anon-zero element a E V has a unique decomposition a = u"s,
with s invertible. Consider x = a/b E K(V), with a,b E V. If a =«"s and
b =u™s', with s and ¢’ invertible elements of V ,it is clear that zV =4*™V.
Finally, if u¥V =4'V, with k > 1, we find ©*~'V =V ,hence k = 1. O

Note that the map v : K(V)* — Z which associates to x € K(V)* the
unique integer n such that zV =™V satisfies the following conditions:

(@) vlzy) =v(z) toy), @) v(z+y) > min(v(z),v(y))
(431) v(z) > 0«<=x E V.
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Definition 14.13 A discrete valuation on afield K is a surjective homomor-
phismv : K* — Z, from the multiplicative group K* to the additive group Z,
such that v(atb) > min(v(a), v(b)).

Exercise 14.14 Let p € Z be a prime number. For a E Z — {0}, put v,(a) =
max(n, a € p"Z) and for ¢ = a/b E Q*,where a and b are relatively prime,
put vp(q) =v,(a) —v,(b). Show that v, is a discrete valuation on Q.

Theorem 14.15

(i) IV isa discrete valuation ring, there exists a discrete valuation v on the
fractionfield K of V such that V — {0} is the set of all a € K* such that
v{a) > 0.

(if) Let v be a discrete valuation on afield K. The set R formed by {0} and
the elementsa E K* such that v(a) > 0 is a discrete valuation ring.

Proof (i) has already been proved.

For (ii), we note first that the relation w(a+ b) > min(v(a), v(b)) shows
that R is a commutative additive subgroup of K. Then from the relation
v(ab) =w(a) To(b) it follows that R is a ring.

We note next that fora,b E R — {0}, then

bEaR & b/a € R & v(b) > v(a).

This shows that if Z C R is an ideal and a E Z is such that v(b) > v(a) for
all bE Z, then Z =aR. Hence R is principal.

Finally, let » € R be such that v(v) = 1. If y E R is non-zero and non-
invertible, then y=' $ R, hence v(y) = — u(~-"% 0. This showsy E uR.
Consequently R is the only maximal ideal of R. O

Exercise 14.16 Let R be a UFD and f E R an irreducible element. For
a € R — {0}, put vs(a) = max(n, a) E f*R. Show that we can define
vg(a/b) =vg(a) —vs(b) fora/b E K(R)*, that vy is a discrete valuation on the
field K(R) and that the discrete valuation ring associated to this valuation is
Rsry (we recall that fR is a prime ideal of R).

Definition 14.17 A Noetherian domain A such that for each prime ideal P
of A the local ring Ap is a discrete valuation ring, is called a Dedekind ring.

Note that by definition a fraction ring of a Dedekind ring is a Dedekind
ring.

Example 14.18 A principal ideal ring is a Dedekind ring.
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Exercise 14.19 Let P E C[X,Y] be non-zero. Use Exercise 14.10 to show
that
C[X,Y]/PCIX,Y]

is a Dedekind ring if and only if (PgP/0X,0P/8Y)=C[X,Y] .

Proposition 14.20 A Noetherian domain R is a Dedekind ring if and only if
it is integrally closed and of dimension one.

Proof Assume R is a Dedekind ring. Let M be a maximal ideal of R. The
local ring R4 is principal, hence integrally closed. Since R = N R, for
M maximal, this shows that R is integrally closed. Furthermore, if M is a
maximal ideal of R, then Ry, is principal, hence dim(Ra¢) = 1. This proves
dim(R) = 1.

Conversely, let R be an integrally closed ring such that all non trivial prime
ideals are maximal. If P is a maximal ideal of R, then PRp is the unique non-
trivial prime ideal of the integrally closed local ring Rp. This ring is therefore
principal, hence a discrete valuation ring, by Lemma 14.3. o

Theorem 14.21 Let D be a Dedekind ring. Then:

(i) any non-trivial prime ideal of D is maximal;
(i) any non-trivial primary ideal of D is a power of a maximal ideal;

(iii) any non-trivial ideal of D has a unique decomposition as a product of
maximal ideals.

Proof (i) is already proved in Proposition 14.20.

(ii) Let @ be a P-primary ideal. Then Dp is a discrete valuation ring.
Hence, @Dp = P"Dyp for some positive integer n by Proposition 14.12. But
P is, like Q, a P-primary ideal, since P is the unique prime ideal containing
P". By Theorem 7.58 (i), we get

Q= QApNA=PApNA=P"

(iii) Let T =N7 P;* be a minimal primary decomposition of the non-trivial
ideal Z. The prime ideals P; are all maximal, hence all minimal prime ideals
of Z and the primary decomposition is uniquely defined. Since the ideals P;*
are pairwise comaximal, we have

T =Ppm.pr.
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Proposition 14.22 In a Dedekind ring D, any ideal is generated by at most
two elements.

Proof LetZ =Pr...P. By the avoiding lemma, for all i, there exist a; E
P such that

a; ¢ P;, forj#£i and a, ¢ Prtl
Put a =aja,...a,, We have
aDp, =Pi"Dp, =IDp,.
This proves
aD =P PrJ =P n..nP" NI, where J¢gP;forj=1,.,r

Let (P'))1<i<x be the prime ideals associated to 7. Since Z ¢ P’; for all 1,
there exists b EZ such that b ¢ P’, for all 1. Consequently,

(a,b)D'pi = ID'pi, fori =1,...,7

and
(a,p)Dp =Dp for P #P, foralli,
which shows (a,b)D =Z. 0

Proposition 14.23 If a Dedekind ring D has only finitely many maximal
ideals, it is a principal ideal ring.

Proof By Theorem 14.21, it suffices to show that any maximal ideal of D is
principal. Let (P;)1<i<, be the maximal ideals of D. By the avoiding lemma,
there exists

aiEPi, aigé’Pj for J?éz and a2¢’Pz2

Since a; ¢ P; for j # i, the principal ideal a;D is Pi-primary. Consequently,
a; D is a power of P;. Then, a; ¢ P? shows a;,D =P;. O

14.4 Integral extensions of Noetherian domains

The integral closure of a Noetherian domain A is not necessarily Noetherian.
We won’t let this unpleasant piece of news trouble us. When our Noethe-
rian ring A is a finitely generated C-algebra its integral closure is not only
Noetherian but it is also finite over A. This is essentially the theme of this
section.
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Theorem 14.24 Let A C B be an integral extension of domains of character-
istic zero such that the fraction field L of B is afinite extension of the fraction
field K of A.

If A is Noetherian and integrally closed, then B isfinite over A.

Proof Consider z € L such that L = K[z] and P the minimal polynomial of
z over K. Let © be an algebraic closure of L, and L' € €2 the decomposition
field of P. Note that it suffices to show that the integral closure B' of A in L
is finite over A. Indeed, B is an A-submodule of B and A is Noetherian. In
other words, we can assume that the extension K C L is normal.

Put S =A —{0}. The domain S~!B is integral over the field S™'4 =K,
hence it is a field, in other words S™'B = L. There exists therefore a basis
(x1,...,2,) of the K-vector space L such that z; EB fori =1,...,n.

Now we recall that (z,y) — Trp/k(zy) is a non-degenerate symmetric
bilinear form on the K-vector space L. Next we consider the basis (y1, - ¥n)
of L dual to the basis (zy,...,z,) for this form. In other words, we have
Try x(z:iy;) = 6;;. We claim that B is a submodule of the A-module generated
by y1,...,yn; Since A is Noetherian this proves that B is a finitely generated
A-module. Consider v € B C L. There exists a; € K such that u = a1y +
.. Ya,y,. We have

Trok(zw) = Y a;Trok(zy;) = a
7

But z; EB and u € B imply z;v E B. By Lemma 8.31, this shows that the
minimal polynomial of z;v over K isin A[X]. Consequently, &; = Trr/x{zv) E
A by Corollary 9.38 and we are done. O

Corollary 14.25 Let K he afield of characteristic zero, A a domain finitely
generated as a K-algebra, S a multiplicatively closed part of A and A* =S~!R.

If L is afield finite over the fraction field of A, the integral closure B’ of
A’ in L isfinite over A" In particular, the integral closure of A* isfinite over
A

Proof We note first that if B is the integral closure of A in L, then S™!B is
the integral closure of A’ in L. Hence it suffices to show that B is finite over
R.

We know, by the normalization lemma, that A is finite over a polynomial
ring R. The fraction field of A is obviously finite over the fraction field K (R)
of R. Hence L is finite over K(R). The ring B is obviously the integral closure
of R in L. Since R is integrally closed, the ring B is finite over R by Theorem
14.24. This implies that B is finite over A. O
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14.5 Galois group and prime ideals

In the final section of this chapter, we consider an integrally closed Noetherian
domain A, of characteristic zero, and its integral closure B in a finite normal
extension of the fraction field of A. If P is a prime ideal of B and Q =
P NA, we show that the fraction field of B/P is a finite normal extension of
the fraction field of A/Q and we relate the Galois group of this extension to
Gal(K (B)/K(A)).

Theorem 14.26 Let K C L be afinite normal extension of fields of character-
istic zero and G = Gal(L/K) its Galois group. Let B C L be a ring such that

g(ByCBforallgeGad A=BnK ={xEB, g(z) =x forallg E G}.

Let P be a prime ideal of B such that the fraction field of B/P has character-
istic zero and & =P NA. Then:
(i) the ring B is integral over A;

(if) if g E G, then g(P) is a prime ideal of B such that ¢(P) NA = Q and for
each prime ideal N of B such thatN n A = Q there exists g E G such
that N = g(P);

(iii) the fraction field k' of B/P is a finite normal extension of the fraction
field k of A/Q;

(iv) if G denotes the subgroup of G formed by all g E G such that g(P) =P
(the stabilizer of P ), then there is a natural surjective homomorphism
from G’ to the group Gal(k'/k).

Proof (i) Put G ={g1,...,9.}. If X E B, consider the polynomial

(X - gi(z)) =X" Ta, X" + ..+ q,.

-

By an argument that we have now used several times, g(a;) =a; forall g E G.
This proves a; E A for all i, and consequently that x is integral over A.

(if) Since g is a ring automorphism, g(P) is a prime ideal of B = g(B).
Furthermore,

YyE9YPINA<=y=g"'(y) EPNA=Q.

Now let N be a prime ideal of B such that N NA =Q and x EA. Clearly,
9(IT7 9:(z)) =TI7 gi(z) for all g E G. This shows [Trgi(z) EN NA=PNA.
Hence there exists 4 such that g;(z) € P. This proves x E g;!(P) and
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By the avoiding lemma, there exists i such that N C g;(P). Since NNA =
PNA=g(P)NA wehave N = g;(P) by Theorem 8.26.

(ili) Consider x € B and denote its class in B/P C k' by z. Clearly, x is a
root of the polynomial P(X) =TI} (X —gi(z)) = X" +a: X" '+...+a, € A[X].
Consequently, Z is a root of the polynomial P(X) =TI} (X —g:(x)) E (B/P)[X]
whose coefficients are in fact in A/(P N A) = A/Q. This shows that_the
conjugates to Z in an algebraic closure of k' are among the elements g;(z),
hence in kK. Now, an element z E &' is of the form g/s, with y E_B and
s € A — Q. This shows that its conjugates are among the elements g;(y)/s,
hence in K. Consequently, the extension k C k' is normal. Furthermore, an
element of £’ has at most n conjugates over k. Since k" has characteristic zero,
this proves [K' : k] < n by Theorem 9.20.

(iv) If g(P) =P, it is clear that g induces an injective A/ Q-endomorphism
of B/P, hence a k-isomorphism of k' We have therefore defined a natural
map 7 :G' + Gal(k’/k) which is obviously a group homomorphism. We claim
that m is surjective.

Let (P, ..., P.) be the pairwise distinct prime ideals of B such that P;,NA =
P NA, with P =P;.

Consider x E;P;. If g ¢ G', then g~' ¢ G’ and there_exists i > 1such
that g(P;) = P. This implies g(z) E P, in other words g(z) = 0. Assume
X & P, in other words T£0. The conjugates to = in k', over k, are non-zero
and among the elements g;(z). This showsthat these conjugates are among the
elements g(z), with g E G', in other words that G' operates transitively on the
set of all conjugates of 7 in k'. Next we claim that there exists x € (3 P; such
that k' =k[z] and we note that this will conclude the proof of our theorem.

Put S =A - Q and note that ¥ =S-!B/PS~'B. By Theorem 9.20, there
exists z E S~1B such that its class 7 € S~1B/PS™1B =k’ satisfies k' = k[Z].
Since in the ring S™!B the ideals PS™'B and (N;P;)S™!B are comaximal,
there exist 2’ E (N5 P;)S~*B and y E PS~!B such that z = =’ ty". This
showsz =z’ E S™'B/PS~'B =k’. Now if x E N P; is such that 2’ = z/s,
with s E S, we obviously have k' = k[Z]. o

We can now come back briefly to the Going-down theorem. Let A C B be
an integral extension of domains such that A is integrally closed. We assume
here, for the sake of simplicity, that the fraction field L of B has characteristic
zero and is finite over the fraction field K of A.

Let @; C Qo be a chain of prime ideals of A and P, a prime ideal of B
such that Pon A = Q. We want to explain once again why there exists a
prime ideal P; C P, in B such that Py N A = Q;.

Consider z E L such that L = KJ[z] and P the minimal polynomial of z
over K. Let © be an algebraic closure of L, and L’ € 2 the decomposition
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field of P. Note that L' is a finite normal extension of K and consider B’ the
integral closure of B in L'. Now, there exists a prime ideal P} of B' such that
P, N B =Py,. We claim that it suffices to find a prime ideal P; C P} in B,
such that P; N A = Q;. Indeed, the prime ideal P; =P; N B satisfiesP; C P,
and P,NA =Q;.

First we note that for each g E G = Gal(L'/K’), we have ¢g(B') =B and
that B'NK =A. We assume furthermore that the fraction field of B’/P; has
characteristic zero and we apply Theorem 14.26. Let A; C A be prime ideals
of B' such that N;N A = Q,. We know by Theorem 14.26(ii), that there exists
g E G such that g(My) =Pg. We put P; = g(N;). Clearly, we have P; C P}
and P; N A = Qy, hence we are done.

14.6 Exercises

1. Let A be a Noetherian domain such that A = ﬂ Ap. Show that
ht(p)=1
for each non-zero and non-invertible element a € A, all prime ideals
associated to A/aA have height one.

2. Let A be a Noetherian local domain of dimension 2. Assume that there
exists a E A such that all prime ideals associated to A/aA have height
one. Show that for each non-zero element h E A, all prime ideals associ-
ated to A/bA have height one.

3. Show that a Noetherian domain A is a discrete valuation ring if and only
if for each non-zero element X E K(A) such that x ¢ A, then z=! E A.

4. Showthat a Noetherian domain A is a discrete valuation ring if and only
if A and K(A) are the only rings containing A and contained in K(A).

5. Let Fy, F; € C[Xi, X,, X3] be polynomials. Put
X = Specm(C[Xl,Xz,X3]/(F1, Fg)

If X = (ab,c) E X, show that Ox is a discrete valuation ring if and
only if the matrix (g—%(a, b,c)) has rank 2.

6. Consider the integral extension of rings
A=C[X] CC[X,Y]/(Y*+X +1)=B.

Show that B is a Dedekind ring and the integral closure of A in the
fraction field L of B. Find for which maximal ideal M of A the integral
closure of Axq in L has strictly less than three maximal ideals.
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7. Let V be a discrete valuation ring. Assume that the fraction field K of V

has characteristic 0. Let K ¢ L be an algebraic field extension of degree
n. Show that there are at most n discrete valution rings U such that
V C U and that L is the fraction field of U. Show that the intersection
of these rings is the integral closure V' of V in L. Finally, show that V*
is a principal ideal ring and that there are n different discrete valuation
rings containing V if and only if a uniformizing element a of V has no
quadratic factor in V'.

. Let P,Q E C[X,Y] be polynomials such that C[X,Y] is integral over

its subring C[P,Q]. Show that C[P,Q) is a polynomial ring and de-
scribe the set of prime ideals P of this ring such that the quotient ring
C[X,Y]/PC[X, Y] is not reduced.
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Weil divisors

Consider an affine scheme of dimension one, X = Specy,(R), in other words
an affine curve. If the ring R is integrally closed, the free group generated by
the points of X is the group of Weil divisors of X. Now for each point X E X,
the local ring Ox; is a discrete valution ring to which is associated a discrete
valuation that we denote w,. If a E K(R), it is easy to check that v,(a) = 0 for
all x € X except a finite number. Hence we can associate to a the Weil divisor
diviw(a) = Y,ex vz(a)z]. Such divisors are called principal Weil divisors;
they form a subgroup of the group of Weil divisors. The quotient group is the
Weil divisors class group.

This easy construction can be extended to define the group of Weil divisors
and the Weil divisors class group for any integrally closed Noetherian ring.
This is our first section. In the second section, we study in detail the relations
between Weil divisors and reflexive rank-one modules.

Let P be a prime ideal of a Noetherian ring A. If ht{P) =r, we will say
that A/P has codimension r in A. If Z is an ideal of A such that A/P has
codimensionr for all P E Ass(A/T), we will say that A/Z has pure codimension
rin A

If X is an affine scheme and V C X a closed subvariety, the codimension
of V in X will clearly be the dimension of the local ring Oxy. We note
that dim(V) + codimx(V) < dim(X) and that equality holds for all closed
subvarieties of X if and only if X is equidimensional.

15.1 Well divisors

In this chapter R is a given integrally closed Noetherian domain. We intend
to study its height-one prime ideals.

Definition 15.1

(i) Toeachprime ideal of height one P we associate an irreducible Weil divisor
[P] of R.

197
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(ii) Thefree group generated by the irreducible Weil divisors of R is the group
Divw(R) of Weil divisors of R.

(iii) A divisor D =31 n,[P;] is effective if n; > 0 for all i. We write in this
case D > 0.

(iv) An effectivedivisor 37 n;[P;] is positive if 37n; > 0. We write in this
case D > 0.

Now, we want to interpret positive divisors of R as quotient rings of pure
codimension one. To do this, we need the following result.

Proposition 15.2 If P is a height-one prime ideal of R and Q a P-primary
ideal, there exists n >0 such that @ =P™,

Proof Since Rp is a discrete valuation ring, any ideal in this ring is of the
form P"Rp, by Proposition 14.12. Hence @ = P"Rp N R = P™ for some

n>0. 0

Consider a quotient ring R/Z of pure codimension one. By Proposition
15.2,the ideal Z has a unique minimal primary decomposition Z :Pf"‘)ﬂ N
P). The map R/T — Y7 n;P; obviously defines a bijective correspondence
between pure codimension one factors of R and effective Weil divisors. We put

ini[Pi] =divw(R/Z), inparticular [P]=divw(R/P).
1

If R is a Dedekind ring and Z a non-trivial ideal of R, then R/ is of pure

codimension one. Note that if div(R/Z) = Y] n;[P;], then R/Z has length

Tn;. Indeed, R/T ~ @[R/Pj since the primary ideals P are pairwise
comaximal. The reader will check that R/P™ has length n.

To each irreducible divisor P of R, we associate the discrete valuation vp,
on the fraction field K of R. The discrete valuation ring of vp is Rp.

Theorem 15.3

() If x e K*, there are only finitely many irreducible divisors P such that
vp(z) # 0. IFfurthermorex € R, thenvp(z) > 0 for all P and

2R = (P,
P

(ii) The map

divw(.) : K* = Divw(R), z— divy(z) Z;vp(a:_l)[P],

is a group homomorphism.
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(iii) The divisor divw(z) is effectiveif and only if R C zR.

(iv) The kernel of the homomorphismdiv (.) is the multiplicative group of
units of R.

Proof (i) Let x = a/b, with a,b € R. Since vp(z) = vp(a) — vp(b), then
vp(z) # 0 implies vp(a) > 0 or vp(b) > 0, in other words a E PRp or
b E PRp. But if a E PRp, the prime ideal PRp of Rp is associated to aRp,
hence the prime ideal P of R is associated to aR. Consequently, if vp(z) # 0
then P E Ass(R/aR) U Ass(R/bR). Since both these sets are finite, we are
done.

Now if X E R, all prime ideals associated to R have height one, by Theorem
14.4. Hence zR has a unique minimal primary decomposition R =(); ’Pi(""),
by Proposition 15.2. This shows vp,(z) =n; on the one hand, and vp(z) =0
for P # P, on the other.

(ii) Since vp((zy) ™) = vp(zt) Tup(y™?), for all irreducible divisors P, it
is clear that divy(.) is a group homomorphism.

(iii) We have already seen that z=! E R* implies divw(z) > 0. Conversely,
if divy(z) > 0, then 27! E Rp for all height one prime ideals P of R. Since
R = Npt(py—1 B> by Proposition 14.6, this shows z7 ' € R, hence R C zR.

(iv) Finally, divw(z) =0 if and only if X E R and z™! E R, and we are
done. O

Remark 15.4 Note that for a € R, we have divw(a™!) =divw(R/aR).

Definition 15.5
(i) The subgroup div (K*) of Divy (R) is the group o principal Weil divisors
of R.

(ii) We say that two Weil divisors D and D' are linearly equivalent if D — D’
is a principal Weil divisor.

(iii) The quotient group of Div w (R)/div (K™) is the Weil divisors class group

The next theorem illustrates the importance of the divisors class group.

Theorem 15.6 The following conditions are equivalent:
(i) the ring R is a UFD;
(i1) all height one prime ideals are principal;

(iii) Clw(R) = (0).
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Proof Assume R is a UFD. Let P be a prime ideal of height one and x € P
a non-zero element. Since X is a product of irreducible elements, there exists
an irreducible a E P. Since aR is a non-trivial prime ideal contained in P, we
have aR = P, and (i) = (ii).

Note next that (ii) and (iii) are clearly equivalent since

divy(z) =P <z 'R =P

Finally, assume (ii). Let a € R be an irreducible element and P &
Ass(R/aR). We know, by Lemma 14.7, that ht(P) = 1. Consequently, P
is principal, say P =bR. Then a EbR and a irreducible imply R =bR. But,
by Theorem 3.8, if each irreducible element generates a prime ideal, the ring
R is a UFD. O

As a special case of Theorem 15.6, we get:

Corollary 15.7 If D is a Dedekind domain, the following conditions are equiv-
alent:

(i) the ring D is a principal ideal ring;
(ii) all maximal ideals of D are principal;
(iii) Cly(R) = (0).

Exercises 15.8

1. Show that the ring R =C[X, Y Z]/(X%+ YZ)is integrally closed but is
not a UFD. Prove Cly (R) ~ Z/2Z.

2. Let A be an integrally closed Noetherian domain. Show that if P is a
height one prime ideal of A, then PA[X] is a height-one prime ideal of
A[X]. Prove that the group homomorphism Div y(A) — Div w (A[X])
thus defined, induces an isomorphism Cly (A) ~ Cly (A[X]).

3. Let A be an integrally closed Noetherian domain.

g) if T is a finitely generated torsion A-module, we put divy(T) =
ht(P)=1 }(Tp)[P]. Show that if 0 — TV - T — T” — 0 is an ex-

act sequence of finitely generated torsion A-modules, then divw (T) =

div w (T") Fdiv w (T7).

(i) Assume there exists an exact sequence 0 — L LT 0, where

L and L’ are free A-modules. Show that divy (T") = divw(A/det(f)) =

divw (det(f)™).

(iii) If M is a finitely generated A-module, show that there exists a free

submodule F of M such that M/F is a torsion module and that the class

of the divisor div y (M/F) in cly (A) only depends on M. Denote this

class by c1(M).

(iv) Show that if 0 — M’ — M — M” — 0 is an exact sequence of

finitely generated A-modules, then ¢;(M) =c;(M’) + o, (M),
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Exercise 15.9 Let R C R*be afinite extension of integrally closed Noetherian
domains.

1. If P is a height-one prime ideal of R, show that there are finitely many
prime ideals @ of R/, all of height one, such that QN R =P.

2. If Q is a height-one prime ideal of R’ such that @ " R = P, show that
there exists a unique positive integer rg such that PR, = Q"2 Ry,.

3. Consider the group homomorphism = : Divy(R) — Divy (R') defined

by
m(P]) = Y rolQl

ONR=P
If x E K(R)* C K(R')*, denote by divwg(z) and divwg(z) the prin-
cipal divisors of divy (R) and divw(R’) defined by x and show that
W(leWR(I)) :diVWRI(I)
4. Show that there exists a unique group homomorphism ¥ : Clyw(R) —
Clw (R') such that the following diagram is commutative

KR C K(R)

I !
Divw(R) = Divw(R)
! |

Clw(R) % Clw(R).

15.2 Reflexive rank-one modules and Weil divisors
We recall that R is again a given integrally closed Noetherian domain.

Consider a domain A. We recall that an A-module M is torsion-free if
for all non-zero elements a € A and x € M we have ax # 0. In this case,
for each multiplicatively closed part S of A, the localization homomorphism
M — S7'M is injective; furthermore, if T = A\ {0}, there is a natural
inclusion S~'M C T-!M. Note that

M= ﬂ Mp;
PeSpec(A)

the proof is easy and left to the reader.

Definition 15.10 Let A te a domain, T =A\ {0} and N an A-module. We
define the rank of N as the rank of the T~} A-vector space T*N.

Note that if rk(N) =r and rk(N’) =/, then rk(N ®4 N’) =r7’". Indeed
we recall that T-Y(N ®4 N') ~ TN ®p-1, T"IN'.
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Proposition 15.11 If M is an R-module, the dual A~ of M is torsion-free
and satisfies
M = ﬂ (Mv)'p.
ht(p)=1

Proof Consider f E M and aE R. If af =0, then af (x)=0for all x € M.
But this implies f(x)=0 for all z € M, hence f =0 and M is torsion-free.
Note that there is a natural identification (M™)p = Myp.
The inclusion A~ C ﬂ Mpis obvious. Now, if g E ﬂ Mz we have
ht(p)=1 ht(p)=1

gMyc () Rp,
ht(p)=1

but this intersection is R by Proposition 14.6,and g € M". O

Corollary 15.12 A finitely generated R-module M is reflexive if and only if
it is torsion-free and
M= [\ Mp.
ht(p)=1

Proof Note first that, by Proposition 15.11,a reflexive module is torsion-free.
Hence we can assume that M is torsion-free.

Let P be a prime ideal of height-one. Since Mp is a torsion-free finitely
generated module on the principal ideal ring Ap, it is free, hence reflexive.
Consider then the natural commutative diagram

M - M
! !
Mp o .2\4';;'v
Since M= (| Mp,wefind M M <= M= () Mp. O
ht(p)=1 ht(p)=1

Corollary 15.13 A finitely generated torsion-free R-module M is reflexive if
and only if for all non-zero elements a E R, all prime ideals P E Ass(M/aM)
are of height one.

Proof First we assume that M is reflexive. Let @ be a prime ideal of height at
least two. Asumme that x € M issuch that zQ C aM. Thisshowsza™! E Mp
for all height-one prime ideals P. By Corollary 15.12, this proves za™* E M,
hence X E aM. Consequently @ ¢ Ass(M/aM) is impossible.
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To prove the converse, we apply Corollary 15.12 once more. Consider
XE N Mp. We want to prove z ¢ /. Lety EM and a E R\ {0} be

ht(p)=1
such that X = y/a. We have y/a E Mp, hence y € aMp, for all height-one
prime ideals P. This shows that a} :y is not contained in any height-one
prime ideal. If x ¢ M, theny ¢ aM and cl(y) # 0 € M/aM. In this case
(0) :cl(y) =(aM :y) is contained in a prime ideal associated to M/aM. Since
they are all of height one, this is a contradiction, and x € M. O

Applying Theorem 15.11and Corollary 15.12,we find:
Corollary 15.14 M is afinitely generated R-module, then M~ is reflexive.

Next we note the following obvious but convenient consequence of Corollary
15.12:

Corollary 15.15 A homomorphism f : M — N of reflexivefinitely generated
R-modules is injective (resp. surjective, bijective) if and only if the homomor-
phisms fp : Mp — Np are injective (resp. surjective, bijective) for all prime
ideals P of height-one.

In the remainder of this section we are particularly interested in finitely
generated rank-one, reflexive modules.

Proposition 15.16

(i) IFM and N are finitely generated rank-one, reflexive R-modules, then so
is (M ®rN)™.

(ii) M is afinitely generated rank-one, reflexive R-module, then
(M"®r M) ~R.

(iii) The operation described in (i) gives to the set of all isomorphism classes
offinitely generated rank-one, reflexive R-modules the structure of a com-
mutative group.

Proof (i) We note first that the dual of a finitely generated module M over
a Noetherian ring A is finitely generated. Indeed, a surjective homomorphism
nA — M induces an injective homomorphism M~ — (nA)" ~nA. So M’ is
isomorphic to a submodule of a finitely generated A-module and is therefore
finitely generated.

By Proposition 15.11, (M ®g N) " is torsion-free and reflexive. We must
show that it has rank one. We put T = R \ {0} and recall the isomorphism
T-Y(M ®r N) >~ T7'M @p-15 T"'N. It shows that the rank of the vector
space T-}(M ®p N) is one. Now, by Proposition 7.24, we have

T™H((M@rN)") = (T"(M@rN)™
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This proves tk((M ®g N)7) = 1.
(ii) Consider the homomorphism

(M"@rM) =R, forz— f(z).

It induces a homomorphism (M "®p M) — R~ R.

If P is a height-one prime ideal, then Mp is a rank-one free Rp-module,
hence the induced homomorphism (Mz&r Mp) ™ — Rp is an isomorphism. We
are done by Corollary 15.15.

To prove (iii), note that the natural isomorphisms

(M &g N)®r P ~M®r (N ®gP),
(M@grN)~(N®rM) and R®pN=N

show immediately that the operation is associative and commutative and that
R is a neutral element. Since by (ii) every element has an inverse, we are
done. O

From now on, we shall say quasi-invertible R-module for finitely generated
rank-one, reflexive R-module. We go on studying the group of isomorphism
classes of quasi-invertible R-modules.

We have chosen a description of the group operation that has advantages
but which is not always the most convenient. The following lemma shows that
a different approach is possible.

Lemma 15.17 Let M and N be quasi-invertible R-modules.

(i) The R-module Hompz(M, N ) is quasi-invertible.
(ii) There is a natural isomorphism (M ®x N) =~ Homg(M", N)

Proof (i) Clearly, Homg(M, N ) is a rank-one finitely generated R-module. If
P is a height-one prime ideal, there is a natural identification

(HOIHR(M, N))p = HOIHR.P (Mp, Np),

by Proposition 7.24. Now if gE () Homg,(Mp, Np), then
ht(p)=1
g(M)C Np =N, hence g E Homg(M, N). This shows
ht(p)=1

HOH’IR(M, N) = m HOIIIR.P(MP,NP) = m (HomR(M, N))p,
ht(p)=1 ht(p)=1

and Hompg(M, N) is reflexive by Corollary 15.12.
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(ii) Consider the natural homomorphism @ : (M ®g N) — Hompg(M", N),
defined by w(x ®g y)(f) = f(z)y. If M and N are free, w is obviously an
isomorphism. Since Mp and Np are free Rp-modules for all height-one prime
ideals P, this showsthat 7 is an isomorphism for all height-one prime ideals P .
By Corollary 15.15,7"": (M ®g N)™" — (Homg(M7 N)) "is an isomorphism.
But Homg(M ", N) is reflexive and we are done. O

From now on, in this section, we are particularly interested in the quasi-
invertible submodules of the fraction field of R.
If 3 and G are two non-zero submodules of the fraction field K of R, we
put
F:xkG={aEK, aG C F}.

Note that if 3 and G are finitely generated, so is 3:x G. Indeed, if b E G
is non-zero and (aq,...,a) is a system of generators of F, then F :x G is a
submodule of the module finitely generated by (a1/b,. .. ,ax/b).

Proposition 15.18

(i) A non-zero proper ideal Z C R is reflexive if and only if all prime ideals
associated to Z have height one.

(ii) Z and J are reflexive non-zero ideals of R, then J :x Z is reflexive and
the natural homomorpism J :x Z — Homg(Z, J) is an isomorphism.

Proof (i) We know that Z C ﬂ Ip and that equality holds if and only if
ht(p)=1
T is reflexive.
Now clearly,

eE (| Ip<s=Z:un¢P for ht(P)=1
ht(p)=1

Assume first that Z is reflexive. If Q E Ass(R/Z), there exists a ¢ Z such
that (Z : a) = Q. This shows that there exists a prime ideal of height one P
such that Q C P, hence @ =P.

Conversely, if Z is not reflexive, there exists

a¢Z, with a€ () ZpC () Rp=R.
ht(p)=1 ht(p)=1

This shows (Z : a) ¢ P for all prime ideals P of height one. But there exists
Q € Ass(R/T) such that (Z : a) C Q. Obviously, ht(Q) > 1.
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(ii) First we use Corollary 15.12to show that J :x Z is reflexive. Indeed,
if
ze () (Jp:xIp), then zIcC (| Fp=J and z€(J:xI).
ht(»)=1 ht(p)=t

Next we consider the natural inclusion of finitely generated rank-one, re-
flexive R-modules 7 :x T € Hompg(Z, 7). If P is a prime ideal of height-one,
then Zp and Jp are principal. This implies (Jp :x Zp) = Homg,(Zp, Jp),
hence (J :x Z) =Homg(Z,.J), by Corollary 15.15. O

The advantages of our next lemma will appear very soon, so don't be put
off by its appearance.

Lemma 15.19 If Pi, withi = 1,...,», are height-one prime ideals of R and
li,n;;m; > 0fori=1,..,r, then

($].'p n@) nfp(m, ($1'P ni+l) n plmitl)

Proof Put

and

g ( ﬂ P(nﬁ-l i)

($1P(m1+lz

Note first that F and G are both finitely generated submodules of the fraction
field K of R. Since they are reflexive by Proposition 15.18, we have

F= () F» and G= [) G».
ht(p)=1 ht(p)=1

Consequently it sufficesto show that Fp = Gp for each prime ideal P of height
one.

if P+#£P;fori:1,..r, then Fp =Gp =Rp.

If P =P;, let u be a uniformizing element in the ring Rp,. Then

f’pi :'PZ-(M)R‘pi ‘K rpi(mi)Rpi = u""Rpi 'K umiR'pi = U"i_miRpi.

This obviously shows our technical lemma. O

As an immediate consequence of it, we get the following useful corollary.

S FTRICHE =V,
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Corollary 15.20 Let P;, with§ = 1, ... r, be height-one prlme |deals of R
and n;,m; positive integers. IFZ = ﬂ’ p("i) and T =i 17?”’ the map
which associates to the Weil divisor D = Z _,(m; —n;)[Pi] the quasi-invertible
R-submodule Z :x 7 is well defined.

We denote this quasi-invertible module by O(D).

i

We note that O(D) is a submodule of K.

Theorem 15.21 Ifmy is the map from the group Divw (R) to the group of
isomorphism classes of quasi-invertible R-modules which associates to a divisor
A= (m —nz)[Pz-], with n;,m; > 0, the isomorphism class of O(A) =
(Lot P i (Nioy PI™), then:

(i) the map mw is a surjective group homomorphism;

(ii) the kernel of mw is the group of principal divisors and so mw induces an
isomorphism between Clw (R) and the group of isomorphism classes of
quasi-invertible R-modules.

Proof We denote by [L]the isomorphism class of a quasi-invertible R-module
L. We consider the operation in the group as a product. In other words we
write

(L)L) = (L ®& L')"] = [Homg(L’, L')] = [Homg(L", L)} and [L] ™" = [L]

We recall that 7y is well defined by Corollary 15.20. First we showtha(gntws
map is a group homomorphism. We put Z =Nj_ ("l) and J = (N, P\™

Consider the effective divisor D =3_; m,[P,] Then
mw(D) = [R:x J)=[T").
As a special case we get mw (0) = [R]. Put D' =¥_; n[Pi]. Then
mw(=D) =T :x R = [T} = [T =mw(D)~"
Recalling the isomorphisms
T :x J ~Homp(J,I) = (J"®rI)",
we have proved
mw(D — D) = [Homp(J,T)] = [T ®r )] = mw(D)mw(D') ™
Next we want to prove my (D + D') = mw(D)mw (D') or equivalently

ﬂw(—D - DI) = 71'W(D)—l""-W(‘DI)_1
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In order to do so, we must show

(I ®R J)Vvﬁ ﬂpi(ni+Mi)'

This can be done by using Corollary 15.150nce more. Indeed, there are obvious
natural homomorphisms

Terd)—~IJ and IJ =(\PI)\P™) = Pinctm

and it sufficesto prove that for any height-one prime ideal P of R, they induce
isomorphisms

(Zr ®r, Jp) 2 IpJp and IpJp ~ ﬂ(Pi(n#mi)RP)-

Let uw E Rp be a uniformizing element of this discrete valuation ring. There
exist integers n > 0 and m > 0 such that Zp = u™Rp and Jp = u™Rp and
it is clear that the natural homomorphism u"Rp Qg, u™Rp — u™ ™ Rp is an
isomorphism. Now if P s P; for all i, then

n=m=0 and (P Rp)=Rp.
i

if P =7, then

n=n, mM=m; and n(Pi(ni+mz‘)RP) — un¢+mtRP

1

and we are done.
Now if A; and A, are divisors, there exist effective divisors D; and D,
with i =1,2, such that A; = D; — D]. We have

Ww(Al et Ag) 7Tw(D1 + Dg — (D; +D2)) = 7Tw(D1 + Dlz)ﬂw(Dll +D2)_1
7w (D1)mw (Dy)mw (D)) ™' (Dy) ™
= Ww(Dl - D'l)ﬂ'w(Dg - D;)_l = Ww(Al)ﬂw(AQ)—l.

We have proved that 7y is a group homomorphism.

Proving that mw is surjective is easier. Let M be a quasi-invertible R-
module. If T =R\ {0}, consider an isomorphism ¢ : T-*M ~ T-'R. Since
¥(M) C T-'R is a finitely generated R-module, there exists t E T such that
tY(M) C R. Note that M = t3p(M). Hence the ideal Z = ty(M) is reflexive.
If D =divw(R/ZT),we have proved [ M J= 7y (—D).

To conclude, we must prove that the kernel of my is the group of principal
divisors. As before put Z =_, P™ and J =V, P{™, with n;, m; > 0. If
D= Zle(mi —n,-)[Pi], then

D Ekermy <= [O(D)] =(R]<—T :x J ~R.
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But this is equivalent to the existence of an element X E K(R) such that
(T :x J) =zR. This last relation is equivalent with

Ip =zJp forall P suchthat ht{(P)=1.

But this means vp,(z7!) =m; — n; for each ¢ and vp(z) =0 if P # P; for all
i. In other words D E kern if and only if there exists an element z € K(R)*
such that divw(z) =D. O

Corollary 15.22 An integrally closed Noetherian domain is a UFD if ad
only if all quasi-invertible R-modules are free.

Proof The ring R is a UFD if and only if Cly (R) = (0), by Theorem 15.6.
But, by Theorem 15.21, we find that Cly,(R) = (0) if and only if each quasi-
inverible module is isomorphic to R. O

Exercise 15.23 Let R C R’ be a finite extension of integrally closed Noethe-
rian rings.

1. If M is a quasi-invertible R-module, show that (M ®g R') " is a quasi-
invertible R'-module.

2. Showthat the map ¥ : clw (R) — clw (R') definedby ¢(M) = (M®gR')™
is a group homomaorphism.

3. Compare the homomorphism ¢ with the homomorphism 1 defined in
Exercise 15.9 (4).

15.3 Exercises

The ring R is a given integrally closed Noetherian domain.

1. Let Z C R be an ideal. Show that the natural injective homomorphism
I — R~ R is an isomorphism if and only if Z is not contained in any
height one prime ideal of R.

2. Let Z C R be a reflexive ideal. If a E Z is a non-zero element, show
(a): Z~T.

3. Let D = ¥7_, n/P; be a positive Weil divisor and Z = N_; Pi". The
natural map Z C R induces an injective homomorphism R C 7 (the
image of 1 is the natural map). Show that Ass(Z/R) = {Pi,...,Pr}
and that (Z7/R)p, is an Rp,-module of length n;.
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- Let Z C R be a reflexive ideal. Assume that Z is generated by two

elements a and b. Show that the kernel of the surjective homomorphism
R Tis isomorphic to 7~

Show that a finitely generated R-module M is reflexive if and only if M
is the kernel of a homomorphism of finitely generated free R-modules.

If A and 2 are two quasi-invertible submodules of the fraction field of
R, show that A ~ B if and only if there exist non-zero elements a,b ER
such that bA =aB.

Assume that for each ¢ E cly/(R) there exists an integer n such that
nc = 0. Show that a prime ideal of height one of R is the radical of a
principal ideal.

. Assume that the class of the divisor D = Y°7_, n;P; generates cly (R).

Show that for each quasi-invertible ideal Z there exist positive integers
s;,t;, fori=1,...,r and elements a,b € R such that

aZNPEN...APT) =b(PPN...0P).

16

Cartier divisors

If Weil divisors are often convenient to study curves and surfaces, they do not
behave well enough in higher dimensional geometry. They do not behave well
under base change either: more precisely if R — R’ is a homomorphism of
integrally closed Noetherian rings, we meet real difficulties in trying to con-
struct group homomorphisms div y (R) + divw (R} and cly(R) + clw(R').
When the local rings R4 are UFDs for all maximal ideals M , many of these
drawbacks disappear. This is precisely when all Weil divisors become Cartier
divisors.

We present and describe Cartier divisors in our first section. They are
defined for any Noetherian ring. When the ring is integrally closed, they form
a subgroup of the group of Weil divisors.

In the second section of this chapter, we study the relations between Cartier
divisors and finitely generated rank-one locally free modules. Such modules are
called invertible. The isomorphism classes of invertible modules form a group,
the Picard group of the ring. When the ring is integrally closed, the Picard
group is a subgroup of the group of isomorphism classes of quasi-invertible
modules.

16.1 Cartier divisors

Definition 16.1 A non-zero divisor element of a ring A is also called a regular
element.

If T C A is the multiplicatively closed part formed by all regular elements
of A, the fraction ring 71 A is the total fraction ring 7(4) of A.

Note that a regular element of T'((A) is invertible. Indeed, if a/b € T(A)
is regular, then a is regular in A and b/a € T(A). Hence the set of regular
elements of T'(A) is the group U(T(A)) of units of T'(A). The units U(A) of
A form a subgroup of this group.

211
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Definition 16.2

(i) The quotient group U(T'(A))/U(A) is called the group of principal Cartier
divisors of A.

(if) The class in U(T(A))/U(A) of a regular element x E T'(A) is denoted by
diVC(:L').

Note that when A is a domain, then the group of principal Cartier divisors
is K(A)YU(A).

In the group of principal Cartier divisors we use an additive notation: we
write

dive(zy) =dive(z) +dive(y), hence dive(z/y) =dive(z) —dive(y).

Next we study the relations between principal Cartier divisors of A and
free A-submodules of T'(A4).

Proposition 16.3 The correspondence div¢(z) «—— zA, between principal
Cartier divisors of A and free A-submodules of T'(A) is bijective.

Proof If x E T(A) is aregular element, it is clear that 24 is a free A-module.
Conversely, let A C T'(A) be a free A-module. Put x =a/t, witht E T. Then
ab =0, with b E A, implies xb = 0 hence b = 0. This shows that a is regular
in A, hence that x E U(T'(A)). To conclude, note that if z,y E U(T(A)), then

TA =yA = z/y EU(A) <= div¢(z) =div(y).

Definition 16.4
(i) A principal Cartier divisor div ¢(z) is effective if A C zA or equivalently
if 7! EA.
(ii) An effective principal Cartier divisor div(z) is positive if x ¢ A.
(iii) We write div ¢(x) > dive(y) if the principal Cartier divisor div¢(z/y)
is effective, i.e. ify/x E A.
Note the obvious following result:

Proposition 16.5 Ifdivc(z) and divo(y) are effective principal Cartier di-
visors, so isdiv¢(zy). Iffurthermore div(z) or div(y) is positive, then so
is dive(zy).
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Now, we want to define the group of Cartier divisors of any Noetherian
ring A. Before we do so, we recall that a principal Cartier divisor is a free
A-submodule of T(A). We are tempted to define Cartier divisors as finitely
generated locally free A-submodules of T(A). Unfortunatly, this is not always
convenient; the total fraction ring may be much too small. When A is a
domain, this approach is excellent.

Exercise 16.6 Let A be a Noetherian domain and K its fraction field. If M
and N are submodules of K we denote by M N the submodule of K generated
by all xy, with x € M andy € N.

1. Show that if 7 and 3 are finitely generated locally free, rank-one A-
submodules of K, then so is 33".

2. Showthat the set of finitely generated locally free, rank-one A-submodules
of K, equipped with this product, is a commutative group with neutral
element A itself.

This group, denoted by Div ¢(A), is called the group of Cartier divisors
of A

3. Show that Div¢(A) is ordered by F > 0<= A C 3.

4. Show that the map 7 : K* — div(A) defined by 7(z) = z7'A is a
group homomorphism whose kernel is the group of units of A and whose
image is the group of free rank-one A-submodules of K (also called the
group of principal Cartier divisors of A).

The group coker 7 is denoted by Clo(A) and called the group of classes
of Cartier divisors of A.

When the ring A is not a domain, in other words when it has no fraction
field, we cannot define and study its Cartier divisors so pleasantly. S0 be
patient, while we develop the necessary machinery!

Definition 16.7 Let A be a Noetherian ring and Z C A be a locally free ideal
of A.

IfZ is aproper ideal, the factor ring A/Z is called a positive Cartier divisor.
We denote this positive Cartier divisor by div(A/Z).

IfZ = A, then A/T is the zero Cartier divisor. We write 0 =div ¢(A/A).

An effective Cartier divisor is a positive Cartier divisor or zero.

Consider an effective principal Cartier divisor divc(z). Then 714 is a
free submodule of A and div ¢(A/z*A) is an effective Cartier divisor. All free
submodules of A are thus obtained and we know furthermore by Proposition
16.3, that div¢(z) and div ¢(A/z7'A) do characterize each other. In other
words, each effective principal Cartier divisor divo(z) is an effective Cartier
divisor (thank God!). Note by the way that 0 = div¢(A/A) =dive(1).
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Let D =dive(A/T) and D' =div(A/J) be effective Cartier divisors of
A. Note that Z7 is a locally free submodule of A. Indeed if ZAp =aAp and
JAp = bAp, with a,b € Ap regular elements, then (ZJ7)Ap = ZApJAp =
abAp. We put

D D' =dive(4/17).

Consequently, the set of effective Cartier divisors of A is equipped with an
addition. Clearly, 0 = div(1) is a neutral element for this addition (how
surprising!).

We recall that the principal Cartier divisors form a commutative group and
that by Proposition 16.5,the set of effective principal Cartier divisors is stable
for the addition. Everything would fit nicely if this addition was induced by
the operation on all effective Cartier divisors that we have just defined. This
is indeed the case. More precisely, if D = divg(A/z71A) = dive(z) and
D' =divg(A/ytA) = dive(y) are both principal effective Cartier divisors,
we have

D+D = dive(A/z~ytA) =dive(A/(zy)tA)
= dive(zy) =dive(z) + dive(y).

We can now define the group of Cartier divisors of which the group of
principal Cartier divisors is obviously a subgroup.

Definition 16.8 Let A be a Noetherian ring.
(i) The group Div(A) of Cartier divisors of A is the commutative group gen-
erated by the set of effective Cartier divisors equipped with this addition.

(ii) Two Cartier divisors D and D’ are said to be linearly equivalent if D — D/
is a principal Cartier divisor.

(iii) The quotient group of Div(A) by the group of principal Cartier divisors
of A is the group Clc(A) of classes of Cartier divisors.

Exercises 16.9
1. When Ais a Noetherian domain, check that the groups of Cartier divisors
and of classes of Cartier divisors are indeed the same as in Exercise 16.6.

2. Show that if R is a Noetherian local ring, then Clo(R) = 0, i.e. all
Cartier divisors of R are principal.

3. Showthat if a Noetherian ring A has only finitely many maximal ideals,
then Clg(A) =0.
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Proposition 16.10 Let A be a Noetherian ring and S be a multiplicatively
closed part of A.

If A/T is an effective Cartier divisor of A, then S~YA/ZS™ A is an effective
Cartier divisor of S~*A. This induces group homomorphims

Div(A) = Dive(S™'A) and Clg(A) — Clo(S7'A).

Proof Since Z is a locally free ideal, ZS~1A is a locally free ideal of S~!A.
Furthermore, if J is another locally free ideal, we have

(ZTT)ST'A =(IST'A)(TS'A).

Finally, if div¢(A/Z) is a principal effective Cartier divisor of A, then Z is free,
hence ZS~1A is free and div¢(S™1A/ZS~'A) is a principal effective Cartier
divisor of S71A. O

Definition 16.11 If D =dive(A/Z) is an effective Cartier divisor of A, we
define
Supp(D) = Supp(4/I).

Note that Supp(D+D’) = Supp(D) USupp(D’). Indeed if D =div¢(A/T)
and DY =divc(A/J), it is clear that

IJCP<—ICP o JCP.

Lemma 16.12

(i) If D =div¢(A/T) is apositive Cartier divisor, all minimal prime ideals
of Z have height one.

(ii) The Support of an effective Cartier divisor contains only a finite number
of height-one prime ideals.

Proof (i) Let P be a minimal prime ideal of Z. Then PA» is a minimal prime
ideal of ZAp. Since this last ideal is generated by a regular element, PAp has
height one and P also.

If D = dive(A/Z), the prime ideals of height one containing Z are the
minimal prime ideals of Z, hence they are in finite number.

Consider now an integrally closed Noetherian domain R. Denote by K

the fraction field of R. Let P be an irreducible Weil divisor of R and vp the
discrete valuation associated to it. If D =div¢(R/T) is an effective Cartier
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divisor, there exists a € K such that Zp = aRp. We note that vp(a) only
depends on D and we put vp(D) =vp(a). Clearly,

vp(D) # 0 <= P E Supp(D) W vp(D) >0,

hence this occurs only for a finite number of irreducible Weil divisors P. Fur-
thermore, if D* = div¢(R/J) is another effective Cartier divisor, we have
vp(D T D’) =vp(D) Twp(D'). We put up(D - D’) =vp(D) —vp(D'). The
map
v :Dive(R) — Divw(R), A—v(d)= > vp(A)[P]
ht(p)=1
is a well defined group homomorphism. a

Theorem 16.13 Let R ke an integrally closed Noetherian domain.
(i) The map
v :Divg(R) = Diviw(R), A—v(A)= Y vp(A)[P]

is an injective group homomorphism.

(i) The Cartier divisor A is effective if and only if the Weil divisor v(A) is
effective.

(iii) For each z E K(R)*, we have v(dive(z)) = divw(z) and v induces
therefore an injective group homomorphism@ : Clg(R) — Clw(R).

(iv) The homomorphism v is surjective if and only if R is a UFD for all
maximal ideals M of R.

Proof (i) We show that v is injective. Indeed, assume that D =div¢(R/T)
and D' =div¢(R/J) are effective Cartier divisors such that vp(D) = vp(D’)
for all irreducible Weil divisors P. This means Zp = Jp for all height-one
prime ideals P. Since a finitely generated locally free module is reflexive, by
Corollary 15.12we find

T = ﬂ Ip = ﬂ TIp=J.
ht(p)=1 ht(p)=1

Now, consider Cartier divisors A and A; such that v(A) = v(A,). There
exist effective Cartier divisors D, D, D; and Dj such that A =D — D' and
A, =D, — D). We find v(D + D)) = v(D; + D*), hence D + D} = D, + D’
and A =A;.

(i) If D = div¢(R/T) is an effective Cartier divisor, then vp(D) > 0
for each irreducible Weil divisor P and v(D) is effective. Conversely, put

A AQZ\A({«;T?"!‘%%%
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D' =div¢(R/J) and assume that v(D — D') is an effectiveWeil divisor. Let
P be an irreducible Weil divisor. Since vp(D) > vp(D’), we have

(T Dp=Tp :Ip = ’pUP(D’)RP : ’PU‘P(D)R,P - fpvv(D—D’)RP C Rp.

Hence J : 7 is a locally free ideal and the effective Cartier divisor A =
dive(R/(J :Z)) satisfies

v(A) =v(D - D).

(iii) We deduce v(div¢(z)) = divw(x) from the definition of v. Conse-
quently v induces an injective homomorphism Clg(R) — Cly (R).

(iv) Clearly, our homomorphism v is surjective if and only if all irreducible
Weil divisors are Cartier divisors, in other words if and only if P is a locally
free ideal for h(P) = 1.

First we assume that A4 is a UFD for all maximal ideals M . Then AN is
a UFD for all prime ideals A/. Let P be an irreducible Weil divisor. If P C N,
then P Ay is a prime ideal of height-one, hence a free AN-module of rank one.
If P ¢ N, then PAy = AN is also a free Ay-module of rank-one. In other
words P is a Cartier divisor.

Conversely, let M be a maximal ideal of A. Let Q be an irreducible divisor
of Ay, Then P =QNR is a height-one prime ideal of R. If P is locally free,
then Q@ = PA,, is free, hence principal and generated by a regular element.
We are done by Theorem 15.6. o

Exercise 16.14 Let A be a Noetherian domain and K its fraction field.

1. Show that if F C K is a Cartier divisor of A, then FA[X] C K(X) isa
Cartier divisor of A[X].

2. Showthat the map F — FA[X] from Div ¢(A) to Div ¢(A[X]) is agroup
homomorphism.

3. Show that, when A is integrally closed, this group homomorphism in-
duces an isomorphism Clg(A) o Cle(A[X]).

16.2 The Picard group

In this section A is a given Noetherian ring. A finitely generated locally free
A-module of rank one is called an invertible A-module.

Proposition 16.15

(i) If L and L' are invertible A-modules, so isL ®4 L.

(ii) This operation gives to the set of isomorphism classes of invertible A-
modules the structure of a commutative group.
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Proof (i) Let P be a prime ideal of A. By Proposition 7.21, we have (L®4
L')p ~ Lp®u, Lj. Since Lp ~ Ap = L%, we are done.
(ii) The natural isomorphisms

(LO,LYQ4L" ~ LOA(L'®RL"), (L®4L')N(L'®4L) and A®aL =L

show immediately that the operation is associative and commutative and that
the isomorphism class of A is a neutral element. We are left with finding an
inverse for each element. We claim that the finitely generated rank one, locally
free module L~ is the inverse of L, in other words that (L"®4 L) >~ A. Since
the homomorphism

(LV®A L) — A, with f@sz — f(.’E)

is obviously an isomorphism, this is clear. O

Definition 16.16 The group of isomorphism classes of invertible A-modules
is the Picard group Pic (A) of A.

If L is an invertible A-module, we denote the class of L an Pic (A) by [L]
and we put [L]L] = [L®4 L].

Note, it is clear, that when R is an integrally closed domain, then the
Picard group Pic(R) is a subgroup of the group of isomorphism classes of
quasi-invertible A-modules.

Theorem 16.17 There is a natural surjective group homomorphism
7o Div(A) — Pic (A)

whose kernel is the group of principal divisors and inducing an isomorphism
Clg(A) ~ Pic (A).

Proof For each effective Cartier divisor D = div ¢(A/T), we define 7o (D) =
[Z7]. Consider D' =divg(A/J). Then

mo(D+ D) = [ZII)] =T ®sT =TT

Hence 7 is a map from the set of effective Cartier divisors to Pic (A)which com-
mutes with the operations in div¢(A) and Pic (A). Since the group div ¢(A)
is generated by the effective Cartier divisors, we have defined our homomor-
phism.

Now we show that = is surjective. Consider [L] € Pic(A). By Proposi-
tion 7.70, there exists an injective homomorphism f : A — L inducing an
isomorphism

fp :Ap — Lp for P E Ass(A) = Ass(L).
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We claim that the transposed homomorphism f™: L' — A"~ Alisinjective. Let
K be its kernel. Since fp is an isomorphism for all P E Ass(A) = Ass(L"), we
have Kp = (0) for all P € Ass(K) C Ass(L"), hence K = (0). Consequently,
L~ is isomorphic to an ideal Z C A. Since L is invertible, so isZ. Then D =
div¢(A/Z) is an effective Cartier divisor such that L 2 7, i.e. [L] =7¢(D).

Next we show that the kernel of m¢ is the group of principal Cartier divisors.
Consider a principal Cartier divisor div(ab™), where a,b E A are regular
elements. We have

mo(dive(b™))r(dive(a™))™
7rc(dlvC(A/bA))Wc(dva(A/aA))
[Ab7Y[Aa7Y] ! = [AbT! @4 Ad]  [A].

me(dive(ab™))

Il

Conversely, if D = divg(A/Z) and D' = div¢(A/J) are effective Cartier
divisors such that ng(D — D') = [A],we have

IV®AJ ~ A.

We want to show that there exists a regular element x in the total quotient
ring T(A) such that divg(z) = D — D', in other words such that zZ = J.
By Proposition 7.70, there exists an injective homomorphism ¢z : A — Z. Put
a = i(1). Since za = zi(1) = i(z) for all z E A, it is clear that a E Z is
a regular element. Consequently a7 is a Cartier divisor contained in Z. We
claim that there exists a regular element b E A such that bZ =aJ. First we
show that the natural homomorphisms

h:(aJ :I) — Homa(Z,aJ) and j:I°®sad — Homa(Z,aJ)

are isomorphisms. If P is a prime ideal of A, there exist regular elements
z,Y E Ap such that Zp =zAp and Jp =yAp. Clearly,

hp : (aJp : Ip) = (ayAp : Ap) — Homy, (zAp, ayAp) and

ip : (TA% @4, ayAp) — Homy, (zAp, ayAp)

are isomorphisms, hence h and j are isomorphisms by Corollary 7.28. Conse-
quently, we find

aJ IT~T"QRsad 2T° Q4T ~ A

and the ideal a7 : T is free. Let b E A be a regular element such that

aJ T =bA. This impliesbZ C aJ. SinceaJp and Zp are free for each prime
ideal P, this shows furthermore bZp = aJp for each prime ideal P, hence
bZ =aJ by Corollary 7.28. 0
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Theorem 16.18 IfR is integrally closed, the homomorphismz¢ : Div o(R) —
Pic (R) is the restriction to Div(R) of the natural homomorphism my, from
Divy (R) to the group of isomorphism classes of quasi-invertible R-modules.

Proof We recall that if D = divw (R/Z) is an effective Weil divisor, we defined
mw (D) = [R:x I] = [Z"]. If furthermore D is a Cartier divisor, i.e. if Z is
invertible, then we defined mo(D) = [Z7] E Pic (R), so the theorem is clear.

|

Exercise 16.19 Let A be a Noetherian ring and B a Noetherian A-algebra.

1. Show that if L is an invertible A-module, L ®4 B is an invertible B-
module.

2. Show that the map Pic (A) — Pic (B)thus defined, is a group homo-
morphism.

3. When B = A[X] and A is integrally closed, show that this homomor-
phism is an isomorphism.

16.3 Exercises

1. Let Dy,...,D, be positive Cartier divisors in a Noetherian ring A. Show
that for each minimal prime P of the closed set N}, Supp(D;), we have
ht(P) < n.

Definition 16.20 Iffor each minimal prime ideal P of M- Supp(D;),
we have ht(P) = n, then we say that the positive divisors D; intersect

properly.

2. Let A be a Noetherian ring and let D =divgo(A/Z) and D' =dive(A/J)
be two positive Cartier divisors intersecting properly. Show that (Z +
J)/T C A/T isalocally free ideal if and only if Supp(A/J)NAss(A/T) =
0.

3. Let A be a Noetherian ring and D =div¢(A/Z) and D' =div¢(A/T)
two positive Cartier divisors. Show that there exists an effective Cartier
divisor A = div(A/J") linearly equivalent to D’ and such that (Z +
J")/I C A/T is a locally free ideal.

4. Let R be an integrally closed Noetherian ring. Consider a Weil divisor
divw(R/I) and a Cartier divisor div¢(R/J). Assume that R/Z and
R/J have no common component, in other words that R/(Z +.7) is of
codimension at least two. Showthat (Z+.7)/Z is a locally free submodule
of the ring R/Z, hence that R/(Z+.7) defines an effective Cartier divisor
of the ring R/Z.
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. Let A be a Noetherian ring and a E A. Assume that a E JR(A). Show

that the natural group homomorphism Pic (A) — Pic(A/ad), [L] -
[L/aLl, is injective.

. Let A be a Noetherian ring and a € A a regular element such that aA is

a prime ideal. Show that the natural homomorphism Pic (A) — Pic (A))
defined by [L]— [L,],is an isomorphism.

. Let A be a Noetherian ring and a E A a regular element. Assume that

A is a UFD. Show that Pic (A) is a finitely generated group.

. Consider a Noetherian ring A, a non-invertible element a € A and the

natural group homomorphism p : Pic(A) — Pic(A/aA). Let L be an
invertible A-module. Show that [L]€ kerp if and only if there exists
an effective Cartier divisor D = div¢(A/Z) such [L]= [Z°] and that
Supp(D) NV (aA) =0.
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P-primary, 34

A-algebra, 2
A-algebra of finite type, 3
A-linear, 18
A-module, 17
dualizing, 68
faithfully flat, 67
flat, 67
of finite type, 25
A-submodule, 18
abelian category, 59
additive function, 62
affine complex scheme, 147
affine open subscheme, 152
affine scheme, 149
connected, 156
equidimensional, 156
irreducible, 156
product, 165
affine space, 145
affine variety, 149
algebraic closure, 114, 115
algebraic element, 103
annihilator, 20
Artin—Rees lemma, 55
Artinian modules, 43
Artinian rings, 39

associated prime ideals, 35, 45

avoiding lemma, 7

basis, 22
birational morphism, 171

Cartier divisors
linearly equivalent, 214

catenary, 141
Cayley—Hamilton, 27
chains of prime ideals, 136
Chevalley’s semi-continuity theorem,
178
class map, 3
closed embedding, 160
closed immersion, 163, 165
closed subscheme, 149, 150
closed subvariety, 150
codimension, 197
cokernel, 19
comaximal ideals, 11
commutative diagram, 61
complex affine scheme, 149
complex of A-modules, 61
composition series, 48
conductor, 20
conjugate, 115
connection homomorphism, 63
cyclic Galois groups, 123

Dedekind, 126
Dedekind ring, 188
depth, 155
dimension, 138
dimension of a Noetherian ring, 139
dimension of an affine scheme, 155
direct sum, 20
discrete valuation, 188
discrete valuation ring, 187
domain, 5
integrally closed, 107
dual, 24
dual basis, 25
dualizing A-module, 69
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dualizing module on an artinian ring,
68

effective Cartier divisor, 213
effective principal Cariter divisor, 212
effective Weil divisors, 198
element
algebraically free, 129
algebraically independent, 129
irreducible, 12
equidimensional, 142
evaluation application, 68
evaluation homomorphism, 133, 145
exact sequence, 61

factorization theorem, 19, 178
fibre, 167
field extension, 113
field of functions on X, 149
field

algebraically closed, 114
field of decomposition, 114
finite extension, 105
finite field extension, 113
finite length modules, 48
finite morphism, 170
finitely generated A-algebra, 3
finitely generated field extension, 129
finitely generated module, 25
Fitting ideal, 56, 101
fraction field, 80
fraction module, 82
free module, 22
functions defined on an open set,

153

functions on X defined in X, 147
functor, 60

contravariant, 60

covariant, 60

Galois group, 120

Going-down theorem, 110, 193
Going-up theorem, 110
Gorenstein artinian ring, 68, 73

graph, 167
greatest common divisor, 13
group
of classes of Cartier divisors, 214
of Weil divisors, 198
group of principal Cartier divisors,
212

height, 138

height of a prime ideal, 139
Hilbert’s Nullstellensatz, 109, 133
Hilbert’s theorem, 30
homological algebra, 59

homology module, 61
homomorphism module, 24
homomorphism modules, 65
homomorphism of A-modules, 18

ideal, 2

finite type, 4

finitely generated, 4

irreducible, 32

principal, 4
imbedded component, 156
integral, 103
integral closure, 106
integral element, 103
integral extension, 103, 105
integrally closed in B, 107
intersect properly, 220
inverse image, 167
invertible A-module, 217
irreducible component, 156
irreducible component of an affine

scheme, 156

irreducible ideal, 32
irreducible Weil divisor, 197
isolated in its fibre, 173
isomorphism, 18

Jacobson radical, 10, 11
Jacobson ring, 136

K-automorphism, 118
K-isomorphism, 115
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kernel of a ring homomorphism, 2
Krull’s theorem, 55, 56

least common multiple, 13
left (resp. right) exact, 60
length, 48, 49

length of a chain, 136
length of a module, 49
linear combination, 18
linearly independent, 22
local homomorphism, 9
local ring of X, 146

local ring of z in X, 147
localization map, 82
localization of ideals, 92
locally free module, 88

maximal ideal, 7
minimal polynominal, 103
minimal primary decomposition, 97
minimal prime ideal, 35
module, 17
faithful, 20
simple, 48
morphisms of affine schemes, 159
multiplicatively closed part, 80

Nakayama’s lemma, 26
nilpotent, 5

nilradical, 10

Noetherian module, 36
Noetherian ring, 29
Noetherian UFD, 31
norm, 121

normal extension, 117
normalization lemma, 130

open immersion, 161, 165

Picard group, 218
polynomial

homogeneous, 131
positive Cartier divisor, 213
positive divisors, 198
primary, 32

primary decomposition, 33, 34
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prime ideal, 7

prime ideals associated to A, 35

primitive dth root, 123

principal ideal ring, 5

principal Weil divisors, 199

product, 20

projection, 160

proper ideal, 2

proper intersection, 169

pure codimension, 197

quasi-affine scheme, 152
quasi-affine schemes
morphism, 164
quasi-inertible
module, 204
quotient module, 18
quotient ring, 3

radical ideal, 136
radical of an ideal, 10
rank, 201
rank of a free module, 22
rational function, 146
rational functions defined in
a point, 146
an open set, 146
rational morphism, 171
reduced affine scheme, 149
reduced ring, 5
reflexive, 24, 202
regular element, 211
relation of integral dependence, 103
restriction homomorphisms, 146, 148
ring homomorphism, 2
local, 9
ring extension, 103
ring of fraction, 79
roots of one, 123

semi-continuity theorem, 179
sequence splits, 62
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Serre’s criterion, 185

spectrum, 9

stabilizer, 192

stationary, 29

submodule, 18

support of a module, 86

symbolic powers of a prime ideal, 98

tensor product, 65

the factorization theorem, 3
the isomorphism theorem, 21
the snake lemma, 63

torsion module, 54

torsion submodule, 53
torsion-free, 202

total fraction ring, 211

trace, 121

trace and norm, 121
transcendence basis, 129
transcendence degree, 130
transcendental, 103

uniformizing element, 187

unique factorization domains (UFDs),
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unit, 5

Weil divisors
linearly equivalent, 199
Weil divisors class group, 199

Zariski topology, 9

Zariski’s main theorem, 173
zero divisors, 5

Zorn’s lemma, 8
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M®yN, 65
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M, 24

Mp, 82
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N+ N 21
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O(D), 207
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Ox.a, 147

S-1A4, 80
S~1M, 82
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T(4), 211

U(A), 211
U(T(A)), 211
U(T(A)/U(A), 212
UFD, 13, 31
V(Z) C Spec(A), 9
V(T), 134
Vin(Z), 134

Symbols index

X xzY, 166
X xcY, 165
[L: K] 114
[L], 207, 218
L][L), 207
[LV], 207

[P], 197
AutK(L), 120
Clw(R), 199
Div(4), 214
Divw(R), 198
Gal(L/K), 120

T(D(f),0Oa,), 146

I(U,Ox), 148
T(U,04,), 146
Homy(., N), 67
Hom(M, N), 24
Homy4 (M, k), 24
Hom4(N,.), 67
Homy(g, N), 24
Ord(G), 119
Pic (A), 218

Specp(A), 81, 134

Specyy (K[ X1, ...
Supp(D), 215
Supp(M), 86
Suppm (M), 86
TYL/K(:E), 121
@ M, 20

@ieE M: 20
Dicx M;, 20
oo I"T", 55
17,6

div o(A/T), 213
div o(z), 212
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div (), 198, 199
divw (R/T), 198
ht(P), 139

1(M), 50

14(M) =n, 49
Nil (A), 10
Ass(A), 35
Ass(A/T),35
Ass(M), 45
M/N, 19
Spec(A4), 9
Clc(A), 214
NL/K(CL‘), 121
degy (L), 114
degy (), 114
depth(Mp), 155
dim(R), 139

dim(X), 155

dimp (B, A), 179
ann(M) = (0) : M, 20
coker £, 19

ged, 13

ker f, 2, 18

Icm, 13

[Tice Mi, 20

tk(4p /P 47) (Mp /P Mp), 88
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(0), 10
VT, 10
Y. Z,, 6
trdeg,(B), 130
trdegy (L), 130
a/s, 80
ez, 145
€D7A, 69
f(@)B, 6
fu(B), 17
nM, 20
v(4A), 216
z/s, 82
A,, 145, 146
L), 1
Cn, 145
F kG, 205
I:P,6
I+J,6
M, 21
I8-14, 92
IS'ANA, 93
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M,, 145
P™, 98
S;, 155





