MODULI AND PERIODS OF HYPERKAHLER MANIFOLDS

OLIVIER DEBARRE

ABSTRACT. This is an introduction to hyperkéhler manifolds, their moduli spaces, and their period
maps. Few proofs are provided, so that these notes should be seen as an introductory guide to the
theory more than a complete reference text.
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1. HYPERKAHLER MANIFOLDS: GENERAL THEORY

We work over the complex numbers.

In dimension 1, compact kdhler manifolds with trivial first (real) Chern class are (projective)
elliptic curves. In dimension 2, they are either bielliptic surfaces (they are projective, their integral
first Chern class has order 2, 3, 4, or 6, and their universal cover is a complex torus), Enriques
surfaces (they are projective, their integral first Chern class has order 2 and their universal cover
is a K3 surface), K3 surfaces, or complex tori.

In higher dimensions, the situation gets more complicated and there is no complete classifi-
cation. Even the finiteness of the number of deformation types is unknown.

1.1. The decomposition theorem for compact kdhler manifolds with trivial first Chern
class. The first result that we present, without proof, shows that hyperkéhler manifolds are one
of the building blocks for all compact kdhler manifolds with trivial real first Chern class.

Theorem 1.1 (Beauville, Bogomolov). Let X be a compact kéihler manifold with ¢1(X)r = 0.
There exists a finite étale cover X — X such that

X~Tx[[cvx [[HEK;,
i J
where T' is a complex torus, CY; is a Calabi—Yau manifold and HK; is a hyperkahler manifold.

The proof of this theorem depends on a difficult result of S.T. Yau: the existence on X of a
Ricci-flat kdhler metric.

Let us define the Calabi—Yau and hyperkahler manifolds that appear in the theorem..

Definition 1.2. A Calabi-Yau manifold is a simply connected compact k&hler manifold X of
dimension n > 3 with Kx trivial and H°(X, Q%) =0 for all 0 < p < n.

One has in particular x (X, Ox) = 1+ (—1)". Examples are easy to find: any smooth complete
intersection of multidegree (di,...,d,) in P"™ with dy +---+d, =n+r+1and n > 3, is a
Calabi—Yau manifold of dimension n.

Definition 1.3. A hyperkdihler manifold is a simply connected compact kéhler manifold X with
an everywhere nondegenerate holomorphic 2-form ox such that H°(X,03%) = Cox.

A hyperkihler manifold X has even dimension n = 2m. One has H°(X, ) = Ca;\(p /2 i P
is even and H°(X, Q%) = 0 if p is odd; in particular, x(X, Ox) =m + 1.

In dimension 2, hyperkahler manifolds are K3 surfaces. They exist in any even dimension but
are harder to construct (see Section [1.2] below).

It follows from the decomposition theorem that the integral Chern class ¢1(X) € H 2(X,Z)
of a compact kdhler manifold X with ¢;(X)gr = 0 is torsion (one has ¢;(X) = 0)

Example 1.4. A compact kdhler fourfold X with ¢;(X)r = 0 and x(X, Ox) = 3 is a hyperkéhler
manifold.

Indeed, we have X(X', 0'5) = 3d, where d is the degree of the étale cover X — X. Since this is
nonzero, there is no torus factor, hence either X is a Calabi-Yau fourfold, but then X()N( ,05) =2,

1n dimension 3, Beauville proved that it has order < 66 and that this bound is optimal (IBel, Proposition 8]).
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which is impossible, or it is a product of two K3 surfaces, but then X()? ,O0%) = 4, which is
impossible, or it is a hyperkéhler manifold, but then X()N( ,0%) =3, hence d = 1.

1.2. Examples of hyperkahler manifolds. Two infinite series of examples were constructed by
Beauville.

1.2.1. Punctual Douady spaces of K38 surfaces. If S is a compact analytic surface, the Douady
space SI™ parametrizes analytic subspaces of S of length m; we will call it the mth Douady space
of S. It is a smooth (Fogarty) compact complex manifold of dimension 2m.

Theorem 1.5 (Beauville, Fujiki). Let S be a K3 surface. The Douady space Stml is a hyperkihler
manifold of dimension 2m.

All K3 surfaces are kdhler (Siu) and simply connected; this implies that S [m] is also kéhler
(Varouchas) and simply connected.

The structure of SI™ is quite complicated, but it is enough to construct the symplectic form
on the big open subset parametrizing subspaces of length m where at most two points coincide. It
is obtained from the corresponding open subset in S” by blowing up the diagonals and taking the
quotient by the action of the symmetric group &,,, simply ramified along the exceptional divisor
(in particular, this describes S [2] completely).

When S is projective, so is S [m] (it is then called a Hilbert scheme).

1.2.2. Punctual Douady spaces of complex tori of dimension 2. One can do the same construction
starting from a complex torus T of dimension 2. One gets again a manifold T+ but it is not
simply connected.

Theorem 1.6 (Beauville). Let T' be a complex torus of dimension 2. The fiber K,,(T) of 0 of the
sum map T — T is a hyperkihler manifold of dimension 2m.

The manifold K,,(T) is called the mth Kummer variety of TEI

1.2.3. Other examples. We will see soon (Examples and that smooth deformations of the
hyperkahler manifolds constructed above are still hyperkahler manifolds which are not in general
of that type.

O’Grady constructed two other families of hyperkahler manifolds (of respective dimensions 6
and 10) which are not deformations of the examples above (they have different topological types).

These are the only examples known.

1.3. Deformations of hyperkdhler manifolds.

2When m = 1, it is isomorphic to the minimal desingularization of the quotient T'/{+Idz}, usually called the
Kummer variety of 7', hence the name.
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1.3.1. Small deformations. Any smooth kéhler deformation of a hyperkahler manifold is again a
hyperkéhler manifold (any small deformation is kahler, but there are large deformations of compact
kéhler manifolds that cease to be kéhler).

Let X be a hyperkihler manifold. Then Tx =~ Qx, hence HY(X,Tx) ~ H°(X,Qx) C
H'(X,C) vanishes. By Kuranishi’s theorem, there is a universal local deformation. Its base is (a
germ of ) an analytic subspace of H*(X, Tx) defined by h?(X, Tx) equations. Note that h?(X, Tx) =
h?(X,Qx) = hY?(X) = $b3(X) can very well be nonzero. However, we have the following result.
Theorem 1.7 (Bogomolov, Tian, Todorov). Small deformations of a hyperkihler manifold X are
unobstructed. The base of the universal local deformation of X is therefore smooth of dimension

RN (X, Tx) = ba(X) — 2.
Example 1.8. Let S be a K3 surface. Beauville showed that for any m > 2, one has
H2(S!™ Z) ~ H*(S,Z) & Z5

for a certain class 8. In particular, by(S™) = by(S) +1 = 23: the universal local deformation space
of S[™ has dimension 21 and a very general deformation of S is not of that type.

Example 1.9. If T is a complex torus of dimension 2, one has again, for m > 2,
H*(K,(T),Z) ~ HXT,Z) ® Z5

for a certain class d, so that bo(TU™) = by(T) 4 1 = 7: the universal local deformation space
of K, (T') has dimension 5 and a very general deformation of K,,(T") is not of that type.

1.3.2. The local period map. Let X be a hyperkahler manifold and let 7: 2~ — B be its universal
local deformation, with X = %, the fiber at 0 € B. Upon shrinking B, we may assume that it
is smooth and simply connected. The family 7: 2~ — B is then differentially trivial and we may
uniquely identify each H?(2},Z) with H?(X,Z) (the local system R?m,Z is trivial because B is
simply connected). The (local) period map is the map
0: B — P(H*X,QC))
b — [H?*9(2)).

Griffiths showed that p is holomorphic and that its differential at the point 0 € B is the composition

Tpo—> HY(X,Tx) - Hom(H>'(X), H'(X,Qx))

C Hom(H*°(X), H*(X,C)/H*"(X)) = Tp(12(x,c)),[120(X)

where ¢ is induced by interior product.

Theorem 1.10 (Local Torelli theorem). The local period map of a hyperkihler manifold is an
embedding and its image is (a germ of) a smooth analytic hypersurface in P(H?(X, C)).

Proof. The symplectic form oy induces an isomorphism Tx — Qx. The map g above is therefore
an isomorphism, because it factors as

J0x

g: HY (X, Tx) —— HY(X,Qx) —— Hom(H?*°(X), H'(X,Qx))

ot (ox — a).

This finishes the proof of the theorem. (]
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1.4. The Beauville-Bogomolov quadratic form. One can be much more precise: we are go-
ing to show that the image of the local period map is an open subset of a smooth quadric in
P(H?(X,C)).

Theorem 1.11 (Beauville, Bogomolov, Fujiki). Let X be a hyperkdhler manifold of dimension
n = 2m. There exist a unique (integral) quadratic form qx on H?*(X,C), which takes integral
values on H*(X,Z), and a unique constant cx € Qsq such that

(a) for all o € H*(X,C), one has
(1 [ am=exax@r,
X

(b) the form qx is nondivisible on H?*(X,Z) and takes positive values on kéhler classes in
H?(X,0C).

The form ¢x is called the Beauville-Bogomolov form and the constant c¢x the Fujiki constant.

Proof. As we saw above, the image of the local period map is a smooth analytic hypersurface
D c P(H?*(X,C)) and

(2) Yo € D o™t =0
(because it has type (n +2,0) in H"*2(.2;, C)).

fla)i= [ o

defines an algebraic hypersurface of degree n = 2m in P(H?(X, C)). By taking derivatives in ([2), one
sees that f vanishes along D (hence along its Zariski closure D) with multiplicity > m. Moreover, D
is not contained in a hyperplane (otherwise, the hyperplane H>°(.2;) @ HV1(2;) = Im(T,) would
be the same for all b € B), hence D is a quadric with equation ¢ = 0 and f = ¢™. Since f has
rational coefficients, one can choose gx proportional to ¢ integral and nondivisible, and cx as in .
This formula determines gx up to sign. We choose this sign so that ¢x is positive on the convex
cone of kahler forms. O

The vanishing of the polynomial

We now prove some properties of the Beauville-Bogomolov form. Recall that if w is a kahler
form on a compact manifold X of dimension n, one defines the primitive cohomology by

H2, (X, R) == Ker(H2(X,R) — H(X,R) 25 R).

prim(

Lefschetz theory tells us that the quadratic form

quw(@) ::/ w2
X

is nondegenerate of signature (2,b2(X) — 3) on ngim(X, R).

Theorem 1.12. Let X be a hyperkdhler manifold with symplectic form ox . Its Beauville—Bogomolov
form qx satisfies the following properties.

(a) One has
qX(Ux):O , qX(Ux,ﬁx)>0.
(b) One has
HY'(X) = (H*(X) @ H* (X))o,
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(¢) If w is a kdhler form on X, the restriction of qx to Hpnm(X, R) is a positive multiple of
the form q,,.

(d) The signature of gx on H*(X,R) is (3,b2(X) — 3).
By (d), the form gy is nondegenerate. We denote by (Ax,qx) the lattice (H?(X,Z), qx).

Proof. Taking the derivative of at a kahler form w, we get
(3) Vg € H*(X,C) n/ W8 = mexqgx (W)™ Lgx (w, B).
X

Since gx (w) > 0, this implies that H?2

orim (X R) is the same as wrax . Taking another derivative, we
get

n(n — 1) /X W28y = m(m — exqx (@)™ 2qx (w, B)gx (@,7) + mexax @)™ ax (8,7)

for all 3,7 € H?>(X,C). When 3,7 € pnm(X, R) = whax, this shows (c), which in turn implies (a)
and (b) (since ox,ox € H2, (X,C)) and (d) (since gx(w) > 0). O

prim

Remark 1.13. Let X be a hyperkidhler manifold. Fujiki proved that ¢x is proportional to the
quadratic form o — [, \/td(X) @ (where td(X) is the Todd class of X). In particular, it only
depends, up to multiplication by a positive rational constant (see footnote , on the topological
structure of X, not on its complex structure.

Example 1.14. Let S be a K3 surface. Recall from Example that for any m > 2, one has
H?(SM 7)) ~ H?(S,Z) & Z6.

This decomposition is orthogonal for the form ggum, the restriction of ggim to H?(S,Z) is the

usual intersection product (giving rise to the K3-lattice Aks), and ggim)(6) = —2(m — 1). One has
— (2m)!
Cstml = igm -

Example 1.15. If T' is a complex torus of dimension 2, one has, for m > 2 (Example ,
H*(K,,(T),Z) ~ H{(T,Z) & Z5.
This decomposition is orthogonal for the form gy, (1), the restriction of g, (7) to H XT,Z) is

the usual intersection product (giving rise to the lattice U®3, where U is the hyperbolic plane
|
(ZQ, (9 [1)))), and g, (1)(0) = —2(m + 1). One has cg, (1) = @m)m+1)

ml2m

To end this section, I will mention without proof an important result of Huybrechts. Recall
that if w is a kéhler class on a hyperkéhler manifold X, one has ¢x(w) > 0. In particular, if L is
an ample line bundle on X, one has gx(c1(L)) > 0. The following theorem states a sort of converse
(note that an L with gx(c1(L)) > 0 is not necessarily ample, but it becomes plus or minus ample
on a small deformation).

Theorem 1.16 (Huybrechts, Demailly-Boucksom). A hyperkdihler manifold is projective if and
only if there is a line bundle L on X such that gx(c1(L)) > 0.

1.5. The Hirzebruch—Riemann—Roch formula. The classical Hirzebruch-Riemann—Roch for-
mula says that the Euler characteristic of a line bundle L on a compact complex manifold X of
dimension n is given by the formula

x(X,L) Zz,/ ) tdy—i(X),
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where td(X) is as above the Todd class of X. On a hyperkdhler manifold, it takes a particularly
simple form.

Theorem 1.17 (Huybrechts). Let X be a hyperkdhler manifold of dimension 2m. There exist

rational constants ag, as, . .., as, such that, for every line bundle L on X, one has
m

(4) X(X,L) = ZGQZ‘QX(CI(L))Z
=0

The proof is based on the fact that, for any class f € H%(X,R) which remains of type
(24,2j) on every small deformation of X, the form o — [ Ba2(m=7) on H?(X,R) is proportional
to the form a — gx(a)™ 7 (formula is the particular case where 8 = 1 € H°(X,R)). This
applies to each tdgm,—2;(X) and gives (since Tx ~ T4, the odd Chern classes of X vanish, hence
so do its odd Todd classes)

m

-> 5

J=0

aqu e ( L))j.

When L is nef and big, its higher cohomology groups vanish (Kawamata—Viehweg), hence
x(X,L) = h°(X, L) and ¢qx (L) > 0. Moreover, some positive tensor power of L is base-point free
(Kawamata base-point free theorem).

The relevant constants in have been computed for the two main series of examples:

e when X is SI™ (or a deformation), we have (Ellingsrud-Géttsche-M. Lehn)
1
5qx (L) +m+1
(5) X(X,L) = <2 K );
m
e when X is K,,(T") (or a deformation), we have (Britze)

X(X, L) = (m + 1)<§‘JX(£1) —I—m).

It is conjectured that in general, the polynomial function x — > 7" ax’ in is increasing
on R0 (as it is in the two examples above).

1.6. Cohomology of hyperkiahler manifolds. Let X be a hyperkédhler manifold of dimension

n = 2m. The formula
/ o =exgx ()™
X

seen in has very strong consequences on the structure of the cohomology algebra H?*(X, C).

Theorem 1.18 (Verbitsky). Let X be a hyperkihler manifold of dimension 2m. The kernel of the
canonical morphism

p: Sym*H?*(X,C) — H**(X,C)
is generated by the relations o™+ for all o € H*(X, C) such that qx(a) = 0. In particular, p is
injective in degrees < m.

Proof. We have already seen during the proof of Theorem that
Ya € H*(X,C) gx(a) =0 — (am+1:01n H2m+2(X,C)).

(The implication <= follows from and the implication = from the fact that o — o™*!
vanishes on D, hence on its Zariski closure (¢gx = 0).)
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It is a general fact from algebra that if V' is a complex vector space with a nondegenerate
quadratic form g, the graded algebra A® := Sym*®V/ (@mF1 | q(a) = 0) is Gorenstein with socle in
degree 2m: one has A?™ = C and the pairings A’ x A?™~" — A?™ = C are nondegenerate for
0<17<2m.

In our case, we take V = H?(X, C). The morphism s factors through a morphism fi: A® —
H?*(X,C) which is an isomorphism in degree 2m, since A>™ = C and u(w™) # 0 for every kihler
class w. We want to show that i is injective; if & € A* is nonzero, there exists § € A?™* such
that a8 # 0, hence p(af) # 0, hence pu(a) # 0. O
Example 1.19. When S is a K3 surface, the (injective) canonical morphism Sym?H?(S™, C) —
H*(S!™l, C) is an isomorphism for m = 2, but not when m > 3 (the dimensions of all these spaces
are known by work of Gé&ttsche).

The proof says nothing about the cohomology in odd degrees (it vanishes in degree 1, but
can be nontrivial in degrees > 3; for example, bs(K2(T)) = 8).

Corollary 1.20 (Beauville). Let X be a hyperkdhler fourfold. One has by(X) < 23.

Proof. The proof is based on the relation (Libgober-Wood)

n

1
[ aTen1(Tx) = S (1)7(65° — ntan+ DN,
p=0

valid for all compact complex manifolds X of dimension n. One has x(X, Q%) = >  (—DIRPI(X),
and when X is hyperkéhler, the isomorphisms Q% ~ Q" give h?? = B P2, All these identities
can be combined to prove the equality (Salamon)

4m

> (=1)P(6p” — m(6m + 1))by(X) =0

p=0
fo all hyperkahler manifolds X of dimension 2m. In dimension 4, this gives

b3(X) + ba(X) = 46 + 10ba(X).

Theorem also gives by(X) > ba(X)(b2(X) + 1)/2, hence 46 + 10b2(X) > ba(X)(b2(X) + 1)/2.
This gives the desired inequality (and b3(X) = 0 if there is equality). O

For hyperkéahler fourfolds, one can prove that either ba(X) = 23 or 3 < by(X) < 8 (Guan).
Note that for m > 2, one has by(S™) = 23 for any K3 surface S and by(K,,(T)) =
complex torus T of dimension 2.

7 for any

2. CONES IN THE COHOMOLOGY OF HYPERKAHLER MANIFOLDS

2.1. Monodromy groups. The proofs of some of the results in this section depend on the con-
structions presented in the next section, but we chose to group them together here for clarity.

We are interested in the bimeromorphic geometry of hyperkéhler manifolds. The whole theory
rests on the following elementary result. If X is irreducible, we say that an open subset U C X is
big if codimx (X \U) > 2.

Proposition 2.1 (Huybrechts). Let X and X' be hyperkdihler manifolds with a bimeromorphic
isomorphism u: X -~ X'. There exist big open subsets U C X and U' C X' such that u induces
an isomorphism U U’ and a Hodge isometry u*: (H*(X',Z), qx) —~=(H*(X,Z), qx).
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Sketch of proof. Let U C X (resp. U' C X') be the largest open subset on which u (resp. u™1) is
defined. Since X is normal and Qg( is locally free, U is big and restriction induces an isomorphism
HO(X,03%) 5 HO(U,Q2,). These vector spaces are spanned by the symplectic form ox and, since
(u|y)*ox is nonzero, it is a nonzero multiple of o x|y. Since this 2-form is nowhere degenerate, u|y
is quasi-finite and, being bimeromorphic, it is an open embedding by Zariski’s Main Theorem.
This implies w(U) C U’ and, applying the same reasoning with v~!, we deduce that u induces
an isomorphism between U and U’. Since U is big, the restriction H?(X,Z) — H?(U,Z) is an
isomorphisnﬂ and we get an isomorphism u*: H%(X',Z) = H?(X,Z) such that u*(H*%(X')) =
H?9(X).

For the proof that u* is a Hodge isometry, we refer to [Hull Section 27.1]. O
In the situation of the proposition, if one of the manifolds X or X" is projective, so is the other:

this is because a compact kdhler manifold which is bimeromorphically isomorphic to a projective
manifold is projective.

Let X be a hyperkahler manifold. Since the quadratic form ¢x has signature (1,b2(X) — 3)
on HY(X)R, the set {a € HY(X)R | ¢x () > 0} has two components (when bg(X) > 3). We let

(6) O™ (Ax) € O(Ax)
be the subgroup of the full isometry group that preserves each of these components. We let
(7) Mon(X) C O (Ay)

be the subgroup generated by the images of the monodromy representations 71 (B,b) — O(Ax) for
all smooth proper families 2" — B with B connected and 23, = X.

We let
(8) MOang(X) C MOH(X)

be the subgroup of elements of Mon(X) that preserve the Hodge structure of H?(X). In other
words, their complexifications preserve the line H>°(X) c H?(X, C).

Any bimeromorphic automorphism u: X -+ X induces, by Proposition an isometry u*

of Ax which is in fact in Mongqg(X) ([M, Theorem 3.1]). We let
Mong;;, (X) C NIOIlHdg (X)

be the subgroup consisting of all these isometries.

We will say that an irreducible hypersurface Y C X is negative if ¢x(Y) < 0. The reflec-
tion Ry about the hyperplane Y is then integral and belongs to Monpgg (X )H We let
(9) WEXC(X) C MOHHdg(X)
be the subgroup generated by all these reflections (JM} Definition 6.8 and Theorem 6.18(3)]).

The following is [M} Corollary 6.9 and Theorem 6.18(5)] (this is actually a consequence of
Theorem |2.5)).

3If n := dime(X) and Y := X ~ U, this follows from example from the long exact sequence
Hznfz(Y, Z) — I‘Iznfz()(7 Z) — H2n72(X, K Z) — Hgnfg(Y, Z),
the fact that H;(Y,Z) = 0 for j > 2(n — 2) > dimgr(Y), and the duality isomorphisms Ha,—;(X,Z) ~ H*(X,Z) and
Hon—i(X,Y,Z) ~ H(X \Y,Z).
“When X is projective, this is [M} Proposition 6.2]; this result extends to the general case as explained in [AV1]
Theorem 3.24].
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Proposition 2.2 (Markman). Let X be a projective hyperkdhler manifold. The group Monpge(X)
is the semi-direct product of its normal subgroup Wgx.(X) and its subgroup Monp;, (X).

2.2. Cones in H''(X)gr. Let X be a hyperkiihler manifold. The set of kihler classes on X form
an open convex cone

Kah(X) ¢ H"Y(X)r

called the kdhler cone. By Theorem b), it is contained in one component
Pos(X) C HY'(X)Rr

of the set {a € HM(X)R | gx(a) > 0} which we call the positive cone.

By Proposition it makes sense to define the (possibly nonconvex) open bimeromorphic
kdhler cone

(10) BirKah(X):= | w*(Kah(X')) C Pos(X).
w: X S X!

There might be infinitely many different cones u*(Kah(X")). The following result shows that these
cones are either disjoint or equal.

Proposition 2.3 (Fujiki). Let X and X' be hyperkdhler manifolds with a bimeromorphic isomor-
phism u: X -=» X'. There are equivalences

u is an isomorphism <= u*(Kah(X')) = Kah(X) <= u*(Kah(X')) N Kah(X) # @.

There is only one nontrivial implication (that if the pullback of one k&hler class is a kdhler
class, u is an isomorphism). For the proof of a stronger result, see [Hull, Proposition 27.7].

The closed cone BirKah(X) is convex: this is a consequence of the following result.

Theorem 2.4 (Boucksom, Huybrechts). Let X be a hyperkdhler manifold. We have the following
characterizations

Kah(X) = {a€Pos(X)|a-C >0 for all rational curves C C X},
Kah(X) = {a€Pos(X)|a-C >0 for all rational curves C C X},
BirKah(X) = {a €Pos(X)|qx(a,Y) >0 for all irreducible hypersurfaces Y C X}
= {a €Pos(X) | gx(a,Y) >0 for all uniruled irreducible hypersurfaces Y C X}
= {a €Pos(X) | gx(a,Y) >0 for all negative irreducible hypersurfaces Y C X}.

This is [Hull Propositions 28.2, 28.5, and 28.7]. Regarding the description of BirKah(X),
the inequality ¢x(w,Y) > 0 for any kéhler class w and any hypersurface Y C X follows from ;
this gives one inclusion. Also, it follows from the signature property of the quadratic form ¢x that
qx(a, ) > 0 for all a, B € Pos(X). It is therefore enough to check gx (o, Y) > 0 when Y is negative.
Boucksom proved that this implies that Y is uniruled ([Hull Corollary 28.9]).

We also consider the interior

(11) BirKah(X) := {a € Pos(X) | ¢x(,Y) > 0 for all negative irr. hypersurfaces Y C X}
of the closed birational kéhler coneﬂ It contains BirKah(X).

SMarkman denotes this cone by .Z&x and calls it the fundamental exceptional chamber (M| Definition 5.2]).
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Let u: X -=» X’ be a bimeromorphic isomorphism between hyperkihler manifolds. Since u
induces an isomorphism between big open subsets and u* is an isometry (Proposition [2.1)), u sends
negative irreducible hypersurfaces to negative irreducible hypersurfaces, hence

(12) u*(BirKah(X")) = BirKah(X).
We will see later a kind of converse to that statement (Section |3.1.3]).

The importance of this cone is demonstrated by the following result ([M, Theorems 6.17
and 6.18]).

Theorem 2.5 (Markman). Let X be a projective hyperkdhler manifold. There is a subset Sx C
Pic(X) N\ {0}, which is stable under the action of Monnag(X) and consists of classes of negative

qx-squarel’| such that BirKah(X) is the connected component of
(13) Pos(X)~ | J Wt
WwWex

that contains the kihler cone. The group Monuag(X) acts transitively on the set of connected com-
ponents and its subgroup Wex.(X) acts faithfully and transitively.

The groups Monpge (X ) and Wex.(X) were defined in and @ The connected components
of are called ezceptional chambers in [M|, Definition 5.10(1)]. There is a further decomposition
for which the kéhler cone is a connected component (JAV1, Theorem 1.19]).

Theorem 2.6 (Amerik—Verbitsky). Let X be a hyperkdhler manifold. There is a subset #x C
Pic(X)~{0} containing /x, which is stable under the action of Monuqe(X) and consists of classes
of negative qX—squareE such that the connected components of

(14) Pos(X) ~ U wt
Wex

are the g(u*(Kah(X"))), for all g € Monpag(X) and all bimeromorphic isomorphisms u: X -~» X'.

The cone Kah(X) is therefore a component of . The connected components of are
called kdhler-type chambers in [M), Definition 5.10(2)], where they were defined, and kdhler- Weyl
chambers in [AV1], Definition 6.1].

Corollary 2.7. With the notation of the theorem, the connected components of

(15) BirKah(X)~ () W
Wex

are the u*(Kah(X")), for all bimeromorphic isomorphisms u: X -~» X'.

Proof. Theorem [2.6|says that the components of are the g(u*(Kah(X'))), for g € Mongqg(X)
and u: X -~» X’ bimeromorphic isomorphism. By Proposition we can write g = wv*, where

6Elements of Spe are defined right before [M| Definition 6.6]; our set #x is Spe U (—Spe). The set Spe contains
c1(0x (Y)) for all negative irreducible hypersurfaces Y C X (see [M} Proposition 6.6 and Corollary 6.9]).

"The set #x is defined in [AVI] Definition 1.13], where its elements are called MBM classes (for monodromy
birationally minimal), and in [Moll, Definition 1.2], where they are called wall divisors. The fact that the two definitions
are equivalent (in the sense that MBM classes and wall divisors are rational multiples one of another) is explained in
[KLM, Remark 2.4].
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w € Wixe(X) and v: X -=» X. Then, g(u*(Kah(X"))) = w((uv)*(Kah(X"))), and, by Theorem
this component does not meet BirKah(X) unless w = Id. This finishes the proof. O

2.3. Cones in Pic(X)r. Assuming that the hyperkiahler manifold X is projective, we now look
at the intersections of the cones in H'!(X)r that we have constructed with the real subspace
Pic(X)R := Pic(X) ® R = (H"(X)r N H?(X, Q)). The open cone

Pos?!8(X) := Pos(X) N Pic(X)r
is again the component of {L € Pic(X)r | L? > 0} that contains the ample classes.
The intersection
Kah(X) N Pic(X)r = Amp(X)
is the ample cone, generated by classes of ample line bundles, hence the intersection
Kah(X) N Pic(X)r = Amp(X) = Nef(X)
is the nef cone, generated by classes of nef line bundles. Theorem implies
Amp(X) = {a€Pos¥(X)|a-C >0 for all rational curves C C X},
Nef(X) = {ac %alg(X) | - C >0 for all rational curves C' C X}.

The movable cone
Mov(X) C Pic(X)r
is the convex cone generated by classes of line bundles on X whose base locus has codimension > 2

(no fixed divisors). Integral points that are in the interior Mov(X) of Mov(X) do correspond to
line bundles, some positive multiple of which has no fixed divisors (Kawamata).

The following result ([Mal Proposition 2.1]) characterizes movable line bundles on hyperkéhler
manifolds. Its proof uses the Minimal Model Program.

Proposition 2.8 (Matsushita). Let L be a movable line bundle on a projective hyperkihler mani-

fold X . There exists a projective hyperkihler manifold X' with a birational isomorphism u: X =+ X'
and a nef line bundle L' on X' such that L = u*L'.

Corollary 2.9. Let X be a projective hyperkdhler manifold. We have

(16) Mov(X)= | w*(Nef(X’)) = BirKah(X) N Pic(X)g.
w: X S X!
In particular,
Mov(X) = {ac T%alg(X) | gx(,Y) >0 for all irreducible hypersurfaces Y C X'}
= {ac Twalg(X) | ¢x(a,Y) >0 for all uniruled irreducible hypersurfaces Y C X'}
= {ac T%alg(X) | ¢x(a,Y) >0 for all negative irreducible hypersurfaces Y C X}.

Proof. Theorem implies that Mov(X) is contained in (J, u*(Nef(X’)). Conversely, each cone
u*(Amp(X”)) is obviously contained in Mov(X). This gives the first equality in and the second
equality follows easily. O
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Theorem 2.10. Let X be a projective hyperkdhler manifold. We have

(17) Mov(X) = BirKah N Pic(X)r

and this cone is the connected component of

(18) Pos™(X)\ | ) H*
Hex

that contains the ample cone.

The image of the restriction map Monpqg(X) — O(Pic(X)) has finite index in O(Pic(X))
and contains Wgx.(X) as a normal subgroup which acts faithfully and transitively on the set of
connected components of .

Proof. The equality (17) is [M, Lemmas 6.22]. The statement that the cone Mov(X) is a con-
nected component of ([18) is obtained from the analogous statement in Theorem by restricting
to Pic(X)r. The rest is [M, Lemma 6.23]. O

We get a similar statement by restricting the decomposition in Corollary to algebraic
classes ([MY], Proposition 2.1]).
Theorem 2.11. Let X be a projective hyperkdhler manifold. The connected components of
(19) Mov(X)~ | J H*
HeWx
are the w*(Amp(X")), for all birational isomorphisms u: X -~» X'.

Example 2.12. Let S be a projective K3 surface and let X = SI" with m > 2. We have
(Example [1.14))

12

H*(X,Z) H*(S,Z) & 76,
Pic(X) =~ Pic(S)® Z9,

with ¢gx(d) = —2(m — 1). The irreducible hypersurface in X that parametrizes nonreduced sub-
schemes has class 20; it is therefore negative. The whole nef cone Nef(S) C Pic(S)r corresponds to
classes that are nef but not ample on X: it is contained in the boundary of Nef(X) C Pic(X)gr; by
Corollary it is also contained in the boundary of the movable cone Mov(X) C Pic(X)r. The
precise determination of the cones Nef(X) C Mov(X) is a difficult problem which was solved only
recently (at least theoretically) by Bayer—Macri.

When m = 2, they proved in particular that the set .#’x of Theorem [2.10] is the set of
all classes W € Pic(X) such that gx(W) = —2 and they also determine the set #x. If (S, L)
is a very general polarized K3 surface, with L is ample of degree 2e, so that Pic(S) = ZL and
Pic(X) = ZL @ Z§, we have gx(aL + b§) = 2ea® — 2b%, hence

Pos™8(X) = Ruo(L — ved) + Rso(L + v/ed).
To find the elements of .#x, one needs to find the integral solutions of the equation
ea’? — b = —1.
The solutions (a,b) = (0,£1) gives the elements +0 of .#x and the “wall” RL. Beside that,
e cither e = f? is a perfect square and there are no other solutions, so that
Mov(X) = R>oL + Rxo(L — fd) C Pic(X)r,
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e or ¢ is not a perfect square, they are infinitely elements in .y, and
Mov(X) = R>oL + R>o(z1L — ey19) C Pic(X)R,

where (1, 1) is the minimal solution of the Pell equation 22 — ey? = 1. There are infinitely
many chambers in the decomposition : they are bounded by “successive” solutions to
the Pell equation.

Bayer—Macri also proved that the set #'x \ .’x consists of the classes W = 2aL 4+ bd such that
qx (W) = —10. One therefore needs to find the integral solutions of the equation 4ea® — b? = —5.

If this equation has no solutions (for example, if e = +2 (mod 5)), we have Mov(X) =
Nef(X): any birational isomorphism X -~+ X’ to another hyperkihler manifold is an isomorphism.

If this equation does have solutions, one checks that the set may have up to 3 connected
components. This is the case for e = 29: there is a nonregular involution 7: X -~» X that exchanges
the two “extreme” chambers and a nontrivial birational model X -=» X’ on which 7 induces a
biregular involution.

Example 2.13. Let us present another example originally worked out geometrically by Hassett—
Tschinkel. There is a projective hyperkéahler fourfold X (deformation of the Hilbert square of a K3
surface) for which (Pic(X),qx) = (ZL & ZM, (§ °;)). We have

Pos®8(X) = Ruo(L — \/3/2 M) + Rso(L + \/3/2 M).
To determine .#x, one needs to solve the equation 3a? — 2> = —1, which has no integral solutions
(reduce modulo 3). Therefore,

Mov(X) = Posalg(X).
The set #x . consists of the classes W = aL+bM such that ¢x (W) = —10. One therefore needs
to find the integral solutions of the equation 3a® — 2b> = —5. There are infinitely many of them
(they are all given by av/3 4262 = (£33 + 8\@)(5 + 2\/6)7", for r € Z) hence the set has
infinitely many chambers, hence infinitely many “different” birational isomorphisms u,: X -~» X,.
But half of these are explained by the fact that the group of birational automorphisms of X is the
infinite dihedral group Z x Z/2Z: the fourfold X, is either isomorphic to X or to Xj.

Example 2.14. Here is a similar example. There is a projective hyperkéhler fourfold X (deforma-
tion of the Hilbert square of a K3 surface) for which (Pic(X),qx) = (ZL & ZM, (§ _95)) (we will
explain in Example why such an X exists). To determine .x and #x, one needs to solve the
equations 3a% — 11b° = —1 or —5, which have no integral solutions (reduce modulo 11). Therefore,

Nef(X) = Mov(X) = Pos ¢(X) = Ruo(L — /3/11 M) + Rso(L + /3/11 M).

3. THE TORELLI THEOREM FOR HYPERKAHLER MANIFOLDS
3.1. The global period map and the Torelli theorem.

3.1.1. The moduli space and the period map. Our aim is to construct a global period map for hy-
perkahler manifolds of a certain topological type. It should be defined on a “moduli space” for
these hyperkéahler manifolds and should locally look like the local period map that we defined
in Section In particular, its target space should be a fixed projective space P(V). In or-
der to define the period of any given X of the type under consideration, we need to choose an
isomorphism H?(X,C) ~ V. There are too many such isomorphisms so we rigidify the situa-
tion: we fix a lattice (A, gp) and we consider pairs (X, ), where X is a hyperkdhler manifold and
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o: (H*(X,Z),qx) (A, gr) an isometry. Such pairs are called A-marked hyperkdihler manifolds. One
defines isomorphisms (isomorphisms between the varieties that are compatible with the markings)
and families 2 — B of marked hyperkiihler manifolds (with a trivialization ¢: R*1,Z = A x B).
Given such a family, there is a holomorphic period map

B—PA®C)
that sends a point b € B to ¢p c([H?%(23]). It takes its values in
Qn = {[z] e P(A® C) | qa(z) = 0, qa(x,7) > 0}.

If A has signature (3,7 — 3), this is an open subset of a smooth quadric hypersurface of dimension
r—2. It is connected, simply connected, and isomorphic to O(3,7—3,R)/SO(2,R) x O(1,r—3,R).

The (possibly empty) moduli space M)y , for A-marked hyperkahler manifolds of dimension
n and the holomorphic period map

PAn: Mpn — Qa
are constructed by glueing together the local constructions of Sections and If nonempty,

the moduli space M)y, is smooth of pure dimension rank(A) — 2 but nonseparated, and there is in
general no universal family over My .

It is known that M), , has finitely many components if one fixes in addition the Fujiki con-
stant c¢x |°| Let M An be the union of all components of My ,, that correspond to a fixed deformation
type, that is, to pairs (X, ¢), where X is a deformation of a fixed hyperkéhler manifold Xy (for ex-
ample, X is a deformation of mth Hilbert schemes of K3 surfaces). By definition of the monodromy
group (see ), the number of connected components of M /’\n is the (finite) index

(20) [O(Ax,) : Mon(Xj)].

Since Mon(X() € O (Ay,), the number of components is even (if by(X) > 3): if (X, ¢) is in one
component, (X, —¢) is in another.

Example 3.1. When n = 2, there is only one lattice A for which M}y o is nonempty: the K3
lattice Ak3. The space My, 2 has exactly two components.

Example 3.2. Let m > 2 and consider the lattice Aygim = Akz ® Z(—2(m — 1)) (see Exam-
ple . Let M} o 2m be the union of the components of Ma 1 2m that correspond to marked
K3 m|

pairs (X, ¢), where X is a deformation of the mth Hilbert scheme of a K3 surface.

For any such X, Markman proved in [M, Lemma 9.2] that Mon(X) is a normal subgroup
of O(Ax) of index 2m@{P(m=1).1} "\where p(m — 1) is the number of distinct prime factors of m — 1.

This index is also the number of components of M} g 2 When m = 2 or m is a prime power,
K3lml»

it follows that M} ] 2 has exactly two components.
K3 mi

Example 3.3. Let m > 2 and consider the lattice Ay, := UP3@®Z(—2(m+1)) (see Example[1.15)).
Let M/’\K 2m be the union of the components of My, 2, that correspond to marked pairs (X, ¢),
where X is a deformation of the mth Kummer variety of an abelian surface.

8See the discussion of [Hull Section 26.5], and in particular [Hull, Proposition 26.20], for various finiteness
results. It turns out that the normalization we chose for the form ¢gx (integral and nondivisible) may not be
the right one. For each dimension n, there is a universal positive rational constant ¢, such that the quadratic
form gx: a — cn fX Vtd(X)a? is integral (see Remark just take for ¢, a positive integer divisible
enough to kill all denominators in /td(X)). Then My , has finitely many components if one considers markings
(HQ(Xa Z)7 QX) %(A7 QA)-

In particular, they are only finitely many deformation types in a given topological type.
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For such an X, Mongardi proved in [Mo2, Theorem 4.3] that Mon(X) is a normal subgroup

of O(Ax) of index 2°("*+D+1 wwhere p(m + 1) is the number of distinct prime factors of m + 1.

In particular, Mon(X) is always a proper subgroup of O (Ax) and M} has at least 4
K

3lm] 2m

components, and exactly 4 if and only if m + 1 is a prime power.

This explains Namikawa’s example in [N]: if 7" is a very general complex torus of dimension 2,
with dual TV, there is a Hodge isometry H?(Ky(T),Z) ~ H?(K2(TV),Z) (so that, for suitable
markings ¢ and ¢, the periods of (K2(T),p), (K2(T), —¢), (Ko(T"), "), and (Ko(TV), —p") are
the same) but 7' and TV are not bimeromorphically isomorphic (there is a similar example with T'
projective; see [N, Remark 2]).

3.1.2. The Torelli theorem. We first express the Torelli theorem in terms of the surjectivity and
injectivity properties of the period map for hyperkéhler manifolds. The following statement com-
bines fundamental results of Huybrechts and Verbitsky ([V]). We fix as before a lattice A and an
even integer n, and we let M)y , be the (possibly empty) moduli space for A-marked hyperkahler
manifolds of dimension n.

Theorem 3.4 (Torelli theorem, first version). Let A be a lattice and let n be a positive integer.
The period map

PAn: My — Qa
is a local isomorphism. Its restriction to any connected component of My , is surjective and it is
injective over the complement of the union of countably many hypersurfaces of Q.

The proof of this important result is difficult and uses constructions that we have not seen
(see [Hu3| for a very nice account).

Let M be a component of My ,. The period map cannot be injective on M because M is not
separated, while @5 is. This accounts entirely for the noninjectivity of pa »|a: points (X, ¢) and
(X', ¢') of M have the same image by @a 5, if and only if they are inseparable, meaning that any
neighborhood of one meets any neighborhood of the other ([Hu3, Corollaries 4.10 and 5.9]). In that
case, the isometry ¢'~! o o: (H*(X,Z),qx) = (H?*(X',Z),qx’) maps the subsets and of
Pos(X) to the corresponding subsets of Pos(X’) ([M], Corollary 5.13]) and there exists a bimero-
morphic isomorphism X -~» X’ ([Hu3l, Proposition 4.7]).

Remark 3.5. There is a bijection between the fiber of pj »|ar at the point (X, ¢) (which con-
sists entirely of inseparable points) and the set of connected components of : it maps a point
(X', ¢') € M in the fiber of (X,¢) to the component ¢~ !(¢'(Kah(X’)) of (IMl, Proposi-
tion 5.14]).

In particular, this fiber is a single point if and only if Kah(X) = Pos(X). This certainly
happens when the period is in Qa ~ UaEA\{O} a’: for any (X, ) with period [z] in that set, we
have

Pic(X) = HY'Y(X)NH*(X,Z) =zt nztnA = {0},
hence the set #x in (14) is empty. This explain the very general injectivity statement in Theo-
rem

Remark 3.6. The fiber of pj »|y at the point (X, ) might very well be infinite: if Bir(X) is
the group of bimeromorphic automorphisms of X and Aut(X) the subgroup of (biregular) auto-
morphisms, the number of points that are inseparable from (X, ) is at least the index of Aut(X)

INote that the fiber of the period map at such a point [z] has a single point on every component; in general, it
could possibly happen that the cardinality of the fiber of a period point depends on the component.
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in Bir(X). Indeed, by Remark this number is the number of connected components of ,
which is at least the number of connected components of , which is at least the index [Bir(X) :
Aut(X)] (this is because, by Proposition u,v: X --» X satisfy v*(Kah(X)) = v*(Kah(X)) if
and only if vu™! € Aut(X)).

In the situation of Example all these numbers are infinite.

Remark 3.7. Points in the same fiber of p, , but on different components of M} , correspond to
hyperkéhler manifolds that may not be bimeromorphically isomorphic (see Example [3.3)).

3.1.3. Another form of the Torelli theorem. We now use the Torelli theorem to try to answer the
following basic questions: given hyperkihler manifolds X and X’ of the same dimension, and a
Hodge isometry

W (HQ(X,aZ)aQX/) %(HQ(Xa Z)a‘]X)a
are X and X’ bimeromorphically isomorphic, or isomorphic? More precisely, is ¥ induced by a
bimeromorphic isomorphism, or by an isomorphism, between X and X'?

A necessary condition for a positive answer to any of these questions is that X and X’ are
of the same deformation type (that is, they are deformation one of another)m However, as noted
in Remark even under this assumption, the existence of the isometry 1 does not in general
imply that X and X’ are bimeromorphically isomorphic. As stated in [M, Theorem 1.3], only
specific isometries (which Markman calls parallel transport operators) are induced by bimeromorphic
isomorphisms and they are in practice hard to characterize.

We will therefore make the additional assumption that the group Mon(X) has index 2 in
O(H?*(X,7Z),qx); equivalently, by the discussion preceding Example only two components
of My gim(x) correspond to deformations of X: if (X', ') is in one component, (X', —¢') is in the
other. This assumption is satisfied in some important cases (see Examples and .

Theorem 3.8 (Torelli theorem, second version). Let X and X' be hyperkahler manifolds of the
same deformation type. Assume that the group Mon(X) has index 2 in O(H?*(X,Z), qx).

If there is a Hodge isometry ¢: (H*(X',Z),qx/) ~>(H*(X,Z),qx), the manifolds X and X'
are bimeromorphically isomorphic. Moreover, we have the following equivalences.

(a) The following properties are equivalent:
(i) there exists a bimeromorphic isomorphism u: X -~» X' such that 1 = u*;
[¢]

(ii) we have 1 (BirKah(X’)) = BirKah(X);

(iii) we have ¥ (BirKah(X’)) N BirKah(X) # @.
If X is projective, these properties are also equivalent to

(iv) ¢ (Mov(X’)) NMov(X) # @.
(b) The following properties are equivalent:
(i) there exists an isomorphism u: X — X' such that ¢ = u*;
(ii) we have 1 (Kah(X’)) = Kah(X);
(iii) we have ¥ (Kah(X’)) N Kah(X) # @.

10This is because bimeromorphically isomorphic hyperkéhler manifolds are deformations one of another ([Hull
Proposition 27.8]). More precisely, if (X, ¢) is a A-marked hyperkihler manifold of dimension n and u: X -=+ X' is a
bimeromorphic isomorphism with another hyperkihler manifold, the pair (X', pou*) is a A-marked pair that belongs
to the same component of My, as (X, ¢) (this is because, by [M| Theorem 3.1], the isometry u* is a parallel transport
operator).
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If X is projective, these properties are also equivalent to
(iv) ¥ (Amp(X’)) N Amp(X) # @.

Proof. Any marking ¢: (H*(X,Z),qx) ~ (A, qp) of X induces a marking ¢’ := @ o1 of X', and
(X,p) and (X', ¢') have the same period. As explained above, (X, ) and (X', e¢’), for some
e € {—1,1}, are in the same component of M Adim(x) and have the same period. They are therefore
inseparable hence bimeromorphically isomorphic.

We already saw in that (a)(i) implies (a)(ii), which trivially implies (a)(iii). Assume (a)(iii).
As explained above, either ¢ or — is a parallel transport operator; since 1 satisfies (iii), it is a par-
allel transport operator. By [M|, Theorem 1.6], there exist w € Wi (X') (see (9)) and u: X -=» X’

such that 1) = w o u*. We then have w(BirKah(X')) = BirKah(X’) and by Theorem [2.5) w = Id.
Finally, if X is projective, so is X', and by (17), (a)(iv) implies (a)(iii), and (a)(ii) implies (a)(iv).

As for (b), the implications (b)(i) = (b)(ii) = (b)(iii) are obvious. Assume (b)(iii). By (1),
there exists u: X -~» X’ such that ¢ = u*. Since u* maps a kihler class to a kéhler class, u is
biregular by Proposition [2.3] Finally, if X is projective, so is X’, (b)(iv) implies (b)(iii), and (b)(ii)
implies (b)(iv). O

3.1.4. Construction of hyperkahler manifolds with given Picard lattice. The surjectivity of the pe-
riod map can be used to prove that hyperkéhler manifolds with given Picard lattice exist.

Example 3.9. Let A be a lattice for which the moduli space M} ,, is non empty (that is, there exists
a hyperkiihler manifold X of dimension n such that the lattice (H?(X,Z), gx) is isometric to A).
In particular, the signature of A is (3, — 3), with » > 3. Let Ay be a lattice with signature (1, s)
and assume that Ay embeds into A as a primitive sublattice (when A is even, this is always possible
when 2s < r — 3 by a theorem of Nikulin).

Using that Ay is primitive in A, one easily checks that for a very general element [z] € Qa ﬂAé,
one has 2+ N A = Ag. By the surjectivity statement in Theorem there is a marked hyperkéahler
manifold (X, ¢) whose period is [z]. Its Picard group is precisely

HYWX)NH*(X,Z) ~ 2z nztn A=zt nA=A,.
Note that X is projective by Theorem [I.16] This proves for example that a hyperkéhler fourfold X
4

as in Example [2.14] exists (in that case, since Nef(X) = %alg(X ), every class in Ag with positive
square will be plus or minus ample).

Example 3.10. The case where A has signature (3,0) is interesting (although it is expected to
lead to empty moduli spaces!): in that case, @A is a smooth conic (this is the only case where it
is compact). It is a twistor line, as defined in [Hu3, Definition 3.3]. If X is a hyperkahler manifold
with by(X) = 3, it has a universal deformation 2~ — P! which is its twistor space. Projective
deformations of X correspond to countably many points in the moduli space P'; they are rigid,
hence defined over Q.

3.1.5. Automorphisms of hyperkdihler manifolds. Let X be a hyperkéhler manifold, let Bir(X) be
the group of its bimeromorphic automorphisms, and let Aut(X) be the subgroup of its (biholomor-
phic) automorphisms. By Proposition there are representations

(21) Ol Bir(X) — O(H%*(X,Z),qx) and U4: Aut(X) — O(H*(X,Z),qx).

Proposition 3.11 (Huybrechts, Hassett—Tschinkel). Let X be a hyperkihler manifold. The kernels
of ‘1134( and \IJ? are equal and finite, and they are invariant by deformation of X.
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Sketch of proof. The first part is [Hu2l, Proposition 9.1]: any bimeromorphic automorphism in the
kernel of \I/J;} preserves a kéhler class, hence is biholomorphic (Proposition. If an automorphism
of X fixes a kahler class, it fixes the unique Calabi—Yau metric in that class hence is an isometry
of the underlying riemannian manifold. Since the group of isometries of a compact riemanniann
manifold is compact and the group Aut(X) is discrete (its Lie algebra is H(X, Tx) = 0), it is
finite.

The deformation invariance of the kernel is [HT2, Theorem 2.1]. O

In particular, the index of ¥4 (Aut(X)) in WE(Bir(X)) is equal to the index of Aut(X)
in Bir(X) (this may be used to apply Remark .

Example 3.12. If X is a deformation of the mth Hilbert scheme of a K3 surface, it follows from
[Be, Proposition 10] and Proposition that \Ifﬁ and \II)B} are both injective.

If X is a deformation of the mth Kummer variety of an abelian surface, it follows from [BNS,
Corollary 5(2)] and Proposition that the common kernels of \1134( and WE are isomorphic to
(Z/(m+1)Z)? x Z/22[1]

The images of the groups Aut(X) and Bir(X) in the group O(H?*(X,Z),gx) can then be
studied using the Torelli theorem, for example in its version presented in Theorem [3.8] This has
proved to be a very powerful tool to compute these groups and to produce hyperkahler manifolds
with interesting automorphism groups (see Example .

3.2. The Torelli theorem for polarized hyperkihler manifolds. We now consider pairs (X, H)
consisting of a hyperkéhler manifold X and an ample line bundle H on X. The idea is that since any
birational isomorphism between two such pairs is automatically biregular (because an ample class
pulls back to an ample class), this should allow us to avoid the nonseparation problems described
earlier.

3.2.1. Marked polarized hyperkihler manifolds and their period map. Let (A, qp) be a lattice and
let h € A be an element with ga(h) > 0. We consider triples (X, H, ), where (X, ¢) is a A-marked
hyperkéhler manifold such that H is an ample line bundle on X and ¢(ci(H)) = h; we called them
(A, h)-marked hyperkdahler manifolds, or simply marked polarized hyperkéihler manifolds. Since ¢q (H)
is orthogonal to H?°(X), the period of (X, ) lands in

Qap = {[z] EP(A®C) | qa(z) = qa(z,h) =0, qalz,Z) >0} = Qa N AT,

If A has signature (3,7 — 3), this variety has dimension r — 3 and two connected components (one
if » = 3), each isomorphic to the homogeneous space O(2,r — 3,R)/SO(2,R) x O(r — 3,R) and
interchanged by complex conjugation. The manifold ()5 ; is acted on by the group

(22) O(A,h) ={g € O(A,qn) | g(h) = h}.
The Torelli theorem (Theorem now takes the following form.

HThe action of the latter group on K,,(T) is given as follows: (Z/(m 4 1)Z)? is the group of (m + 1)-torsion
points t € T and the action is induced by the action (t,¢) - (zo,...,%m) = (t + exo,...,t + €m) on T™* where
e € {—1,1}. In particular, any smooth deformation X of K,,(T) carries several involutions which are deformations of
involutions of K, (T), for example the one induced by the involution (zo, . .., Zm) +— (=0, . . ., —2m) of T™ . Tts fixed
locus has dimension m’ := |4 (m+1)] (one component is the subvariety consisting of all (zo, —Zo, . .., Tm/—1, —Tym/—1)
when m is odd, and of all (xo, —xo, ..., Tm/—1, —Tm/_1,0) when m is even). It follows that X has nontrivial compact
analytic subvarieties (Kaledin—Verbitsky). In contrast, a very general deformation of the mth Hilbert scheme of a K3
surface contains no nontrivial compact analytic subvarieties (Verbitsky).
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Theorem 3.13. Let (A, qp) be a lattice, let h € A be such that ga(h) > 0, and let n be a positive
integer. There is a smooth and separated moduli space My p, C My p for (A, h)-marked hyperkdhler
manifolds. The restriction of the period map

(23) OA R MApn — Qan

to any connected component of M j s an open embedding.

Proof. Tnside the (closed) inverse image g} (Qx 1) C My, the locus of pairs (X, ) where the class

o~ 1(h) is ample is open. We denote it by M. Ahn- One then only needs to prove that inseparable
points (X, ¢) and (X', ¢') in Mp p,,, are equal. This follows from the description of the fiber of
the period map given in Remark since ¢! o ¢’ maps the kihler class c;(H’) to the kihler
class ¢1(H), it maps Kah(X’) to Kah(X) and the points (X, ¢) and (X', ¢’) are the same. O

3.2.2. Polarized hyperkdhler manifolds and their period map. The holomorphic period map is
equivariant for the obvious actions of the group O(A,h), defined in , on its source and target
spaces. This group acts properly discontinuously on @4 5 and the Baily-Borel theory tells us that
the quotient O(A, h)\Qa » has a natural structure of a quasi-projective variety (with finite quotient
singularities).

The quotient Ay p n, := O(A, h)\ M p, n is a moduli space for polarized hyperkéhler manifolds.
It can be given an analytic structure via the period map; it can also be given an algebraic structure
as follows.

Matsusaka’s Big Theorem implies that there is a positive integer k(n) such that, for any hy-
perkéhler manifold X of dimension n and any ample line bundle H on X, the line bundle H®* is very
ample for all k£ > k(n). Since smooth subvarieties of a fixed PV of bounded degrees form a quasi-
projective subscheme of the Hilbert scheme, we obtain a quasi-projective scheme . parametrizing
all hyperkahler manifolds with fixed dimension, Fujiki constant, and Beauville-Bogomolov form.
One would then like to take the quotient of .7 by the canonical action of SL(N +1). The usual tech-
nique for taking this quotient, Geometric Invariant Theory, is difficult to apply directly in that case
(one would need to show that points corresponding to our hyperkdhler manifolds are semistable)
but Viehweg managed to go around this difficulty to avoid a direct check of GIT stability and still
construct a quasi-projective coarse moduli space.

Theorem 3.14. Let n and d be positive integers. There exists a quasi-projective coarse moduli
space for polarized complex hyperkdihler manifolds (X, H) with dim(X) =n and H™ = d.

On each connected component of .#Z p,,, the degree H™ is ﬁxedH hence we are in the
situation of Theorem and this puts an algebraic structure on this component. For this algebraic
structure on .#x j,p, the induced period map

AN b — O(A,R)\QA R

is algebraic (this is again by Baily—Borel’s theory). However, it is not in general the “right” map
to consider if one wants it to embed the components of .#j j,,,: one needs instead to take, on the
right side, the quotient by a subgroup of O(A, h) of finite index.

To define this subgroup, we follow [M), Sections 7 and 8]. We fiz a component M of M ,
(hence in particular a deformation type) and set

(24) %/{\j[h,n ={(X,H) € M\ | there exists a (A, h)-marking ¢ such that (X, ¢) € M}.

12Actually, as explained in [Hull, Proposition 26.20], H™ is bounded once the dimension n and the lattice (A, ga)
are fixed, if one uses markings for the modified form ¢x (see footnote .
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By [M, Corollary 7.3], this is an irreducible component of .# . Let (X,¢) € M; in , we
defined the monodromy group Mon(X) C O"(Ax). The finite-index subgroups

(25) Mon} = poMon(X)oyp ! c OF(A)
(26) Mony", == Mony' NO*(A,h) C OF(A,h)
are independent of the choice of the point (X, ¢) of M ([M, Definition 7.2]) and different compo-

nents M give rise to conjugate subroups. The polarized Torelli theorem takes the following form
(M} Theorem 8.4]).

Theorem 3.15 (Polarized Torelli theorem, first version). Let (A,qp) be a lattice, let h be an
element of A with gx(h) > 0, and let n be a positive integer. Let M be a component of the moduli
space My . The period map

'//K\?h,n — Mon%h \QAJL

is an open (algebraic) embedding between quasi-projective algebraic varieties.

When A has signature (3,7 — 3) with 7 > 3, the variety Q4 5 has two connected components
(each stable under the OT (A, h)-action) and one usually chooses one, Q;{ ,» into which the period

map lands; the image of the period map is then an open dense subset of Mon% h \QX,h‘

Remark 3.16 (Song). We saw in that the number of components of My, in a given de-
formation type is the index [O(A) : Mon}/] (which does depend on the choice of the compo-
nent M). The number of components of .#y p,, (still within the given deformation type) is then
[O(A) : Mon}!]/[O(A, R) : Mon%h].

When Mon(X) is a normal subgroup of O(Ax), these subgroups are independent of M and

the number of components is
[O(A) : O(A, h) - Mony].

This is the case when X is a deformation of either the mth Hilbert scheme of a K3 surface (Exam-
ple or the mth Kummer variety of an abelian surface (Example and Jieao Song computed
that this number is 2m2{P()=1.0} " where ~ is the divisibility of h (taken to be primitive), which
is the positive generator of the subgroup h - A of Z, and, for every r > 0, we denote by p(r) the
number of distinct prime factors of r and set p(r) = p(r) if r is odd and p(r) = p(r/2) if r is even.

This remark has the following consequence (note that the divisibility of H divides 2m — 2
and ¢x (H); in particular, the theorem applies when m — 1 is the power of a prime number).

Theorem 3.17 (Polarized Torelli theorem, second version). Let m be an integer such that m > 2.
Let (X, H) and (X', H') be polarized hyperkdhler manifolds that are deformations of the mth Hilbert
scheme of a K38 surface or of the mth Kummer variety of an abelian surface. Assume that there is
a prime number p and an integer s such that the divisibility of H is either p® or 2p®. If there is a
Hodge isometry

P (H2(X/7 Z)?QX’) %(H2(X7 Z),QX)
such that y(H') = H, there exists an isomorphism u: X — X' such that ¢ = u*.

This theorem can be used to construct automorphisms of a hyperkéahler manifold whose ample
cone is known, as shown in the next example.

Example 3.18. Let X be a hyperkihler fourfold as in Example We saw in that example
that every class in the positive cone of X is ample. Let O"(Pic(X),qx) C O(Pic(X),qx) be the
index-2 subgroup of isometries that preserve the positive cone. A little bit of lattice theory shows
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that every element of OF(Pic(X),¢x), extended by eId on Pic(X)* for some ¢ € {—1,1}, lifts
to an isometry of (H?(X,Z),qx). This implies that Aut(X) contains (and is in fact equal to) the
group O™ (Pic(X), ¢x), which is the infinite dihedral group.

3.3. Image of the period map for polarized hyperkiahler manifolds. The period map in
Theorem is not surjective and one may ask what its image is. In the next theorem, My ,, is the
moduli space of A-marked hyperkéhler manifolds of dimension n and .# /yh,n a component—defined
in —of the moduli space .#x 4, of h-polarized hyperkahler manifolds.

Theorem 3.19. Let (A, qp) be a lattice, let h be an element of A with ga(h) > 0, and let n be a
positive integer. Let M be a component of My ,. The image of the period map

M M
MY p, —> Mony j, \QAhn

s the complement of a finite union of Heegner divisors.

A Heegner divisor is defined as follows. Let @ € A with negative square; the Heegner divi-
sor D, defined by « is the image in the quotient of the hyperplane section Q5 N at. It is an
irreducible algebraic hypersurface.

Proof. For each hyperkahler manifold X, we defined (Theorem and footnote [7)) a subset #x C
Pic(X) of classes of negative squares called wall divisors (or MBM classes). If ¢ is a A-marking
on X, we obtain a set ¢(#x) of negative classes in A. Given a component M as in the theorem,
define (following [AV3], Definition 3.15]) the set

M= | e(#x)cCA

(X,p)eM
of wall classes. For any (X,¢) € M, one then has ([Moll, Theorem 1.3], [AV1, Corollary 5.13],
[AV3], Theorem 3.14])
(27) #x = Pic(X) N Y (™).
We will show that the image of the period map is the complement of the union
(28) lJ D

aeW Mnht

of Heegner divisors.

Let (X,H) € ’/l/]\\f[h,n’ with a (A, h)-marking such that (X,¢) € M. If the period is in D,
for some v € #M N ht, the class ¢~ !(a) is of type (1,1) on X hence is in #™ by (27). Since H
is orthogonal to this class, this contradicts Theorem for X H It follows that the image of the
period map is contained in the complement of . There are a priori countably many Heegner
divisors involved, but since the image of the period map is Zariski open, there are in fact only
finitely many.

We will now show that the image is exactly equal to this complement. Let [z] be any point
in Qppn. By the surjectivity of the period map (Theorem [3.4), there exists (X, ) in M whose
period is [x]. Since gx(z,h) = 0, the class o~ 1(h) is the class of a line bundle H on X with
gx(c1(H)) = qa(h) > 0. By Theorem X is projective (but H is not necessarily ample). After
possibly changing H into its opposite, we may assume c1(H) € Pos(X).

1314 is not necessary here to use the full force of Theorem by the very definition of wall divisors given in [Mol],
Definition 1.2], the ample class H cannot be orthogonal to a wall divisor.
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Assume now that x is not in the union and consider the decomposition . Ifc1(H) €
W for some W € #x, we get h € o(W)*+. But a := (W) is then in #™ N At and is orthogonal
to x, which contradicts our assumption.

Therefore, by Theorem there exist ¢ € Monpqg(X) and u: X’ -=» X such that u*(g(c1(H)))
is ample on X’. The pair (X, 0 g~! o (u*)~1) still has period [z] and, by footnote belongs
to M. We have therefore expressed [z] as the period point of an element of .Z /{Wh .+ This proves the
theorem. o O

3.4. The period map for polarized deformations of Hilbert schemes of K3 surfaces. As
explained in the proof of Theorem [3.19] in order to describe explicitly the Heegner divisors in the
complement of the image of the period map, one needs to know the wall classes. These wall classes
were described in [BM) Mol] for mth Hilbert schemes of K3 surfaces and in [Y] for mth Kummer
varieties of abelian surfaces (see also [BNS|, Theorem 2.9] for a summary). For deformations of mth
Hilbert schemes of K3 surfaces, the explicit description of the image of the period map was worked
out in [DM] when m = 2 (see below) and in [Dl Appendix B]| in general.

As explained in Remark [3.16} given an element h € A4 with g(h) > 0, the moduli space
h.om Of hyperkahler manifolds that are deformations of mth Hilbert schemes of K3 surfaces

!

M
Apgim]

with a polarization “of type h” may have several components. It is not clear whether the image of
each component under the period map is the same.

Assume now m = 2, take A = A ,p (see Example , and fix integers e > 0 and v € {1, 2}.
All primitive h € A with ga(h) = 2e and divisibility v (see Remark for the definition) are in
the same O(A)-orbit, so that the moduli space .#x j 4 only depends on e and 'ym It then follows
from Remark that a unique component of .#y j, 4 parametrizes pairs (X, H) such that X is a
deformation of the second Hilbert scheme of a K3 surface (when v = 2, one needs the extra condition
e = —1 (mod 4) to insure that such a component exists). We denote it by .# . Theorem says
that the image of the period map

Mery — Monyp ey \QA ey

is the complement of a finite union of Heegner divisors. As mentioned above, these divisors were
worked out explicitly in [DM]. Let us mention one case of [DM| Theorem 6.1].

Proposition 3.20. Let e be a positive integer such that e = —1 (mod 4). The image of the period
map

%6,2 — MODA,e,Q \QA,e,2
is the complement of a single (irreducible) Heegner divisor.

Example 3.21. Let e = 3. A general element of .3 2 is the variety of lines contained in a smooth
cubic hypersurface in P°. More precisely, let .#..pi. be the (projective) GIT moduli space of cubic
hypersurfaces in P® and let //lcsffo?gth C Meupic be the (affine) open subset corresponding to smooth
cubic hypersurfaces. The map that associates with such a cubic the variety of lines that it contains

defines ([BD]) an open embedding
F: %smooth — .///372.

cubic
Proposition [3.20] says that the image of the period map
M35 — Monp 32 \Q4 32

M1t follows from [GHS| Proposition 3.6] that this is more generally the case if and only if ged(
¥ =2.

2e 2m-—2
v

>, ,7) =1or
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is the complement of a single (irreducible) Heegner divisor denoted by Dg in the literature. The
image of the open subset F' (///Cs]ff)‘l’fth) is the complement of Dy U Dg, where Dy is another Heegner
divisor ([L]). The general element of the complement .#5 o \ F(.Z559°%) (which maps to Ds) is a
pair (S, 2L — §), where (S, L) is a general polarized K3 surface of degree 2 (see Example for
the notation).

The rational map F': Acupic —-* #32 is not defined at the (semistable) point correspond-
ing to the (singular) chordal cubic: it blows up that point and maps it onto the divisor .#32 ~

F(%smooth) .

cubic

Example 3.22. Let e = 11. A general element of .#112 is a so-called Debarre-Voisin variety
(see [DV]). More precisely, let .#py be the (projective) GIT moduli space of Debarre—Voisin vari-
eties. There is a rational map

F: oy --»> Mo
Proposition |3.20| says that the image of the period map

M2 — Mony 112 \Qa, 11,2

is the complement of a single (irreducible) Heegner divisor denoted by Dag in the literature. The
domain of definition of the map F' is not known precisely, but in a work in progress with Frédéric
Han, Kieran O’Grady, and Claire Voisin, we identify several points of .#py at which it is not defined,
and which are blown up to the following irreducible divisors in .41, 2 (again, see Example for
the notation):

e the divisor of pairs (X,6L — 59), where (S, L) is a general polarized K3 surface of degree 2
and X is the only nontrivial birational model of S, which is mapped by the period map
to the Heegner divisor Do;

o the divisor of pairs (S?,2L — ), where (S, L) is a general polarized K3 surface of degree 6,
which is mapped by the period map to the Heegner divisor Dg;

e the divisor of pairs (S, 2L —36), where (S, L) is a general polarized K3 surface of degree 10,
which is mapped by the period map to the Heegner divisor Dyg;

e the divisor of pairs (S12, 2L —58), where (S, L) is a general polarized K3 surface of degree 18,
which is mapped by the period map to the Heegner divisor Dig;

e the divisor of pairs (S 2], 2L—76), where (S, L) is a general polarized K3 surface of degree 30,
which is mapped by the period map to the Heegner divisor Ds3p.
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