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There are few objects canonically attached to a smooth projective alge-
braic variety X of dimension n. One of them is the invertible sheaf of differ-
ential n-forms, or equivalently the corresponding divisor class, for which one
chooses a representant Ky, called a canonical divisor. 1t is therefore not sur-
prising that a lot of the geometry of X is reflected in intersection properties
of curves on X with this canonical class Kx.

More generally, Mori’s theory aims at relating the birational geometry of
a variety X to the structure of the cone of numerical equivalences classes of
curves on X with respect to the class Kx.

1 Rational curves

Birational geometry has to do with the study of birational maps between
varieties. A typical example of a birational morphism is the blow-upe : Y —
X of a smooth subvariety Z of a smooth variety X (and a typical example
of a birational rational map is the inverse e™' : X --»Y). The variety Y is

again smooth and
KY = 6*KX + (C— 1)E

where F is the exceptional divisor of € and ¢ the codimension of Z in X.
Note that E is a P !-bundle over Z. In particular, it is ruled, and any line
¢ contracted by ¢ satisfies

Ky~€:—(c—1)<0



The principle we want to illustrate here is that the more rational curves
a variety contains, the more complicated its birational geometry is. More
precisely, on a smooth variety Y, rational curves C satisfying Ky - C' < 0 will
be of special interest (see Proposition 3).

Proposition 1 Let X and Y be projective varieties, with X smooth, and
let m:' Y — X be a birational morphism. Through a general point of each
component of Exc(r),! there exists a rational curve contracted by 7.

The proof shows more precisely that every irreducible component of the
hypersurface Exc(7) is ruled: it is birational to a product P! x Z.

Proor. Upon replacing Y with its normalization, we may assume that Y is
nonsingular in codimension 1. Each component of £ = Exc(7) has codimen-
sion 1 hence, by shrinking Y, we may assume that Y and E are smooth and
irreducible. Set Uy = X -Sing(7(E)), so that the closure in U of the image
of ENa~1(Up) is smooth, of codimension at least 2. Let €, : X1 — Uy be its
blow-up; by the universal property of blow-ups ([H1], II, Proposition 7.14),

there exists a factorization
|y, Vi X Uy C X

where the complement of V; = 77(Up) in Y has codimension at least 2 and
m1(E N Vy) is contained in the support of the exceptional divisor of €. If the
codimension of 71 (£ N V) in X is at least 2, the divisor EN V) is contained
in the exceptional locus of m; and, upon replacing V; by the complement V5,
of a closed subset of codimension at least 2 and X; by an open subset Uy,
we may repeat the construction. After i steps, we get a factorization

W‘/;LXZLU171CX%1E>lUlelgUoCX

as long as the codimension of m; _1(ENV;_1) in X; 4 is at least 2, where V]
is the complement in Y of a closed subset of codimension at least 2. Let
E; C X; be the exceptional divisor of £;. We have

KX«L = €?KUi,1 + CiEi
= (10 0g) Kx +eEi+ciabii 1+ -+l

IThis is the complement in Y of the largest open set over which 7 is an isomorphism.
Since X is normal, by Zariski’s Main Theorem, this is also the complement of the union
of positive-dimensional fibers of 7; furthermore, 7(Exc(7)) has codimension > 2 in X and
Exc(m) = 7~} (w(Exc(n))). Since X is smooth, every irreducible component of Exc(r) has
codimension 1 in Y.



where Fj ; is the inverse image of F; in X; and

C; = COdiHlXiil(’/Tifl(E N ‘/1;1)) —1>0

Since ; is birational, 77 O, (Kx,) is a subsheaf of Oy, (Ky,). Moreover, since
mi(E NV;) is contained in the support of Ej, the divisor m;E; — Ely, is
effective, hence so is E; ; — Ely;.

It follows that Oy (7*Kx + (¢; + - -+ ¢1)E)|y, is a subsheaf of Oy, (Ky,) =
Oy (Ky)|v,. Since Y is normal and the complement of V; in Y has codimension
at least 2, Oy (7" Kx + (¢; + -+ -+ ¢1)E) is also a subsheaf of 0y (Ky). Since
there are no infinite ascending sequences of subsheaves of a coherent sheaf on
a Noetherian scheme, the process must terminate at some point: m;(E N V)
is a divisor in X; for some 7, hence £ NV is not contained in the exceptional
locus of m;. The morphism 7; then induces a birational isomorphism between
ENV; and FE;, and the latter is ruled: more precisely, through every point of
E; there is a rational curve contracted by ;. This proves the proposition. []

Corollary 2 Let Y and X be projective varieties. Assume that X is smooth
and that Y contains no rational curves. Any rational map f : X --+ Y s
defined everywhere.

PRrROOF. Let X' C X x Y be the graph of f. The first projection induces
a birational morphism p : X’ — X. Assume its exceptional locus Exc(p) is
nonempty. By Proposition 1, there exists a rational curve on Exc(p) which
is contracted by p. Since Y contains no rational curves, it must also be
contracted by the second projection, which is absurd since it is contained in
X x Y. Hence Exc(p) is empty and 7 is defined everywhere. O

Under the hypotheses of Proposition 1, one can say more if Y also is
smooth.

Proposition 3 Let X and Y be smooth projective varieties and let w1 Y —
X be a birational morphism which is not an isomorphism. There exists a
rational curve C on'Y contracted by w such that Ky - C' < 0.



PROOF. The image 7(E) of the exceptional locus E of 7 has codimension at
least 2 in X (footnote 1). Let = be a point of 7(F). By Bertini’s theorem,
a generic hyperplane section of X is smooth and connected, and a generic
hyperplane section of X passing through x has the same property. It follows
that by taking dim(X) — 2 suitable hyperplane sections, we get a smooth
surface S in X that meets 7(F) in a finite set containing x. Moreover,
taking one more hyperplane section, we get on S a smooth curve Cj that
meets w(E) only at x and a smooth curve C' that does not meet 7(E).

U

Figure 1: Construction of a rational curve g(F;) in the exceptional locus F
of

By construction,

Kx-C=Kx-Cy

We have Ky = 7" Kx + Ram(7), where the support of the divisor Ram(7) is
exactly F. Since the curve C' = 771(C) does not meet E, we have

Ky -C'=Kx-C

by the projection formula. On the other hand, since the strict transform

Co =m 1 (Co-7(E))
of Cy does meet F, we have
Ky . C(l) = (W*KX +Ram(7r)) . C(l) > (’N*KX) . 06 = KX : C[)

hence

Ky -C\> Ky -C' (1)
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The indeterminacies of the rational map 7! : S --» Y can be resolved by

blowing-up a finite number of points of S N7 (E) to get a morphism
~ c a1
g:S—S--»Y

whose image is the strict transform of S in Y. The curve C" = &*C' is
irreducible and ¢,C" = C”; for Cy, we write

5*00 = C(/]/ + Z TTLZEI

where the m; are nonnegative integers, the E; are exceptional divisors for
(hence in particular rational curves), and ¢.C{ = Cj. Since C and Cj are
linearly equivalent on S, we have

C"=Cf + Z m; E;

on S hence, by applying g.,
C'=Cy+ Zmi(g*Ei)

Taking intersections with Ky, we get

Ky-C'= Ky -Cy+ Y mi(Ky - g.E))

It follows from (1) that (Ky - g.E;) is negative for some ¢. In particular, g(F;)
is not a point hence is a rational curve on Y. Moreover, m(g(E;)) = ¢(E;)
hence g(E;) is contracted by . O

Let us interpret these results from the point of view of the classification
of algebraic varieties. Let % be a birational equivalence class of smooth
projective varieties. One aims at finding a “simplest” member in 4. The
picture we now have is the following.

Proposition 2 says that if ¢ contains a (smooth) variety X, without
rational curves, it is automatically “minimal” in the sense that for each
member X of €, there is a birational morphism X — X,. Moreover, by



Proposition 3, Xj is uniquely determined up to isomorphism (this is the best
possible situation!).

If € contains a variety X; such that Ky, has nonnegative degree on
rational curves? (so this is weaker than containing no rational curves), one
may only say by Proposition 3 that any birational morphism from X; to
another member of ¢ is an isomorphism.

2 The Cone Theorem

We are now convinced that on a (smooth projective) variety X, rational
curves C' such that Kx - C' < 0 play an important role.
Let X be a projective variety. Recall that the real vector space

Ni(X)r = {l-cycles on X with real coefficients} /numerical equivalence

is finite dimensional. It contains the convex cone® NE(X) spanned by classes
of curves and its closure NE(X).
If S is a subset of N1(X)r and h is a Cartier divisor class on X, we write

Shso ={z€ S| h-z>0}

and similarly for Sj,>o. If h is nef, the cone NE(X) is contained in the half-
space (N1 (X)Rr)nso. If h is ample, we have NE(X)-{0} C (N1(X)R)nso (this
is Kleiman’s criterion for ampleness).

An extremal ray Rz of NE(X) is Kx-negative if Ky -z < 0.

Theorem 4 (Cone Theorem) Let X be a projective manifold. The set %
of all K x-negative extremal rays of NE(X) is countable and

NE(X) =NE(X)x,s0+ » R

These rays are locally discrete in the half-space (N1(X)R) ks <o0-
For each R € Z, there exists a rational curve I' in X such that

R=R'[[] , 0<—-Kyx I <dim(X)+1.

2We will show in Theorem 4 that this is equivalent to K, nef.

3A cone is a subset V of R™ stable by multiplication by R*. A subcone W of a closed
cone V is extremal if it is closed and convex and if any two elements of V' whose sum is
in W are both in W. An extremal subcone of dimension 1 is called an extremal ray. See
§9.1 for more on cones.



About the singularities of X. We assume here that X is smooth, but it is
very important for Mori’s program to be able to relax this hypothesis. Note
that we still need the intersection number of Ky with a curve to be defined,
so Kx needs at least to be Q-Cartier. The theorem still holds when X has
canonical singularities. It also still holds when X is replaced by a projective
klt pair (X, A) (here A is a “small” effective divisor on the projective variety
X). The methods of proof are very different (see §10.2).

If it is three-dimensional, the cone NE(X) looks like Figure 2. How-
ever, in general, this cone can be not locally polyhedral in the half-space

(NI(X)R)KX<O-

Figure 2: A three-dimensional closed cone of curves

Example 5 If Kx is nef, the effective cone lies entirely in the closed half-
space (N1(X)r)ky>0 and the cone theorem does not give any information.
This is the case for example when X is an abelian surface. If we fix an ample
class h on X, we have in this case

NE(X)={z€ N(X)r|2*°>0, h-z>0}

By Hodge theory, the intersection form on N;(X)g has exactly one positive
eigenvalue, so that when this vector space has dimension 3,* the closed cone
of curves of X looks like Figure 3. In particular, it is not finitely generated.
Every boundary point generates an extremal ray, hence there are extremal
rays whose only rational point is 0: they cannot be generated by the class of
a curve on X.

4This is the case fo example when X = F x E, where E is a very geenral elliptic curve
([Ko], Exercise 11.4.16).



Figure 3: The effective cone of an abelian surface X

Example 6 Let X be a Fano variety, i.e., a projective manifold with —Kx
ample; NE(X)-{0} is contained in the half-space (N;(X)Rr)x <o, hence the
set of extremal rays, being locally discrete and compact, is finite. The Cone
Theorem yields

NE(X) = i R[] = NE(X)

i=1

Example 7 Let X — P? be the blow-up at the 9 base-points of a general
pencil of cubics, let 7 : X — P! be the morphism given by the pencil of cubics
and let B be the finite subset of X where 7 is not smooth. The exceptional
divisors Ey, ..., Fg are sections of m. Smooth fibers of 7 are elliptic curves,
hence become abelian groups by choosing Ej as the origin; translations by
elements of E; then generate a subgroup of Aut(X - B) which can be shown
to be isomorphic to Z®&.

Since X is smooth, any automorphism o of X - B extends to X.®> For any

SIndeed, if 5: X 5 X -Z5 X is a resolution of its indeterminacies and if F is the last
(—1)-curve of the composition of blow-ups ¢, its image ¢(E) in X is a curve, and any point
z of (E) =B has at least two preimages in X (one on F, and e~*(¢~!(x))). By Zariski’s
heorem, the fibers of & are connected hence positive dimensional above 6(F), which is
absurd. It follows that there are no such curves E in X, hence ¢ is an isomorphism.

9



such o, the curve E, = o(Ep) is rational with self-intersection —1 and Kx -
E, = —1. Each of these curves generates an extremal ray (more generally,
on a smooth projective surface, any irreducible curve with negative self-
intersection generates an extremal ray).

It follows that NE(X) has infinitely many extremal rays contained in the
open half-space (N1(X)r) k<0, which are not locally finite in a neighborhood
of K+, because Kx - E, = —1 but (E,),ezs is unbounded since the set of
classes of irreducible curves is discrete in Ny (X )g.

3 Contractions

3.1 Relative cone of curves.

Let X and Y be projective varieties. We define the relative cone of a mor-
phism 7 : X — Y as the convex subcone NE(7) of NE(X) generated by the
classes of curves contracted by m. Since Y is projective, an irreducible curve
C on X is contracted by m if and only if 7, [C] = 0: being contracted is a
numerical property. It follows that NE(7) is the intersection of NE(X') with
the vector space Ker(m,). It is therefore closed in NE(X) and the class of an
irreducible curve C' lies in NE(7) if and only if this curve is contracted by .

For any proper morphism 7 : X — Y with Stein factorization 7 : X -,
Y’ — Y, the curves contracted by = and the curves contracted by n’ are the
same, hence the relative cones of m and 7’ are the same. So will assume that
the following condition is satisfied

.0x ~ Oy (2)

We show that morphisms 7 defined on a projective variety X which sat-
isfy (2) are characterized by their relative cone NE(7). Moreover, this closed
convex subcone of NE(X) is extremal (see footnote 3 and §9.1; geometri-
cally, this means that NE(X) lies on one side of some hyperplane containing
NE(7)).

One of our aims will be to give sufficient conditions on an extremal sub-
cone (often an extremal ray) of NE(X) for it to be associated with an actual
morphism, thereby converting geometric data on the (relatively) simple ob-
ject NE(X) into geometric information about the variety X.

10



Proposition 8 Let X, Y and Y’ be projective varieties and let 7 : X — Y
be a morphism.

a) The subcone NE(7) of NE(X) is extremal.
b) Assume m,Ox ~ Oy and let 7' : X — Y’ be another morphism.

o [f NE(7) is contained in NE(7'), there is a unique morphism f :
Y — Y’ such that 7’ = fom.

e The morphism 7 is uniquely determined by NE(m) up to isomor-
phism.

PROOF. Let a = ) a,[Ci] and ' = }_ a[C]] be elements of NE(X), where
a; and a; are positive real numbers. If a + a’ is in NE(7), there exists a

decomposition
> alCil+ ) ajfCl =) aj[Cy]
where the C are irreducible curves contracted by 7 and the aj are positive.
Applying ., we get > a;m.[Cj] + > a/m.[Ci] = 0 in Ni(Y)r. Since Y is
projective, the C; and C7 must be contracted by 7 hence a and a’ are in
NE(7). This proves a).
To prove b), we need the following rigidity result.

Lemma 9 (Rigidity Lemma) Let X, Y and Y’ be varieties and let m :
X =Y and 7' : X — Y’ be proper morphisms. Assume w,0x ~ Oy .

a) If ™ contracts one fiber t=(yo) of 7, there is an open neighborhood Y°
of yo in'Y and a factorization

ey 7 (Yo) = Yo — Y
b) If " contracts each fiber of 7, it factors through .

PrRoOOF. Note that 7 is surjective. Let Z be the image of

(m,7")

g: X —>Y xY'

and let p : Z — Y and p' : Z — Y’ be the two projections. Then
7 y) = g1 (p~(yo)) is contracted by 7', hence by g. It follows that

11



p Yyo) = 9(¢g7 (p~ (yo))) is a point hence the proper surjective morphism
p is finite over an open neighborhood Y of yy in Y. Set X° = f~1(Y?),
Z% = p~ 1 (YY), and pg = p|zo : Z° — Y?; we have Oz C g.Oxo and

Oyo C P, Oz C P,guOxo = T Ox0 = Oyo

hence po, 0z = Oyo. It follows that pg is an isomorphism and 7/ = p’opy ' o
7|xo. This proves a).

If 7" contracts each fiber of 7, the morphism p above is finite, one can
take Yy = Y and 7’ factors through 7. This proves b). O

Going back to the proof of item b) in the proposition, we assume now
m.Ox ~ Oy and NE(r) C NE(7'). This means that every irreducible curve
contracted by m is contracted by n’, hence every (connected) fiber of 7 is
contracted by 7’. The existence of f follows from item b) of the lemma. If

'Y — Y satisfies © = f’ o7, the composition Z = Y Ly must be the
second projection, hence f'op = p’' and f’ = p’ op~! is uniquely determined.
The second item in b) follows from the first. O

3.2 Contraction of an extremal subcone

Part of Mori’s Minimal Model Program aims at giving conditions under which
a given extremal subcone V' of NE(X) can be contracted. Once a contraction
exists, its Stein factorization yields a contraction which is unique by the
lemma and will be called the contraction map of V.

4 Parametrizing morphisms

4.1 The scheme Mor(Y, X)

If X and Y are varieties defined over a field k, with X quasi-projective and Y
projective, Grothendieck showed ([G1], 4.c) that morphisms from Y to X are
parametrized by a locally Noetherian scheme Mor (Y, X), which will in general
have countably many components. One way to remedy that is to fix an ample
divisor H on X and a polynomial P with rational coefficients: the subscheme

12



Morp(Y, X) of Mor(Y, X) which parametrizes morphisms f : ¥ — X with
fixed Hilbert polynomial

P(m) = x(Y,mf"H)

is now quasi-projective over k, and Mor(Y, X) is the disjoint union of the
Morp (Y, X), for all polynomials P.° Note that when Y is an irreducible
curve, fixing the Hilbert polynomial amounts to fixing the degree of the 1-
cycle f,Y for the embedding of X defined by some multiple of H.

Let us make more precise this notion of parameter space. First, there is
a universal morphism

VY x Mor(Y, X) — X

such that, for each point ¢ of Mor(Y, X), the morphism f™" :Y — X is the
morphism corresponding to ¢ (conversely, for any morphism f:Y — X, we
will write [f] for the corresponding point of Mor(Y, X)).

The second property, called the universal property, says that for any
family of morphisms f; : ¥ — X parametrized by a scheme T, the map
T — Mor(Y, X) obtained by sending t to [f;] is algebraic. The correct way
to express that is to say that there is a one-to-one correspondence between

e morphisms ¢ : T"— Mor(Y, X) and
e morphisms f:Y xT — X
obtained by sending ¢ to
fly.t) = " (y, o(t))
Given ¢, we will call the morphism f the evaluation map and often denote

it by ev.

4.2 The tangent space to Mor(Y, X)

We will use the universal property to determine the Zariski tangent space
to Mor(Y, X) at a point [f]. This vector space parametrizes by definition

6The fact that Y is projective is essential in this construction: the space Mor(A!, AN)
is not a disjoint union of quasi-projective varieties.

13



morphisms from Speck[e]/(g?) to Mor(Y, X) with image [f], hence extensions
of f to morphisms
f- 1Y x Speckl[e]/(e®) — X

which should be thought of as first-order infinitesimal deformations of f.

Proposition 10 Let X and Y be varieties, with X quasi-projective and Y
projective, and let f 1Y — X be a morphism. One has

Tijp Mor (Y, X) ~ HO(Y, #om(f*Qx, Oy))

PROOF. Assume first that Y and X are affine and write Y = Spec(B) and
X = Spec(A) (where A and B are finitely generated k-algebras). Let f* :
A — B be the morphism corresponding to f; we are looking for (k[e]/(?))-
algebra homomorphisms ff : Ale] — Ble] of the type

fia) = f(a) +eg(a)

where a is in A. The equality f*(aa’) = f#(a)f*(a’) is equivalent to
g(aa’) = fi(a)g(a’) + f*(a')g(a)

In other words, g : A — B must be a k-derivation of the A-module B, hence
must factor as g : A — Q4 — B ([H], I, § 8). Such extensions are therefore
parametrized by Homy4 (24, B) = Homp (24 ®4 B, B).

In general, cover X by affine open subsets U; = Spec(A4;) and Y by
affine open subsets V; = Spec(B;) such that f(V}) is contained in U;. First-
order extensions of f|y, are parametrized by h; € Homp, (Q4, ®4, B;, B;) =
HO(V;, #om(f*Qx, Oy)). To glue these, we need the compatibility condition

h;

viny; = Rjlviny,

which is exactly saying that the h; define a global section on Y. O

In particular, when X is smooth along the image of f,

Tip Mor(Y, X) ~ H(Y, f*Tx)

14



4.3 The local structure of Mor(Y, X)

We prove a result on the local structure of the scheme Mor(Y, X') whose main
use will be to provide a lower bound for its dimension at a point [f], thereby
allowing us in certain situations to produce many deformations of f. This
lower bound is very accessible, via the Riemann-Roch theorem, when Y is
an irreducible curve.

Theorem 11 Let X be a quasi-projective variety, let Y be a projective va-
riety, and let f 1Y — X be a morphism such that X is smooth along f(Y).
Locally around [f], the scheme Mor(Y, X) can be defined by h*(Y, f*Tx) equa-
tions in a nonsingular scheme of dimension h°(Y, f*Tx). In particular, any
irreducible component of Mor(Y, X) through [f] has dimension at least

WY, f*Tx) — (Y, f*Tx)

PROOF. Locally around the k-point [f], the k-scheme Mor(Y, X) can be
defined by certain polynomial equations P,..., P, in an affine space A}.
The rank r of the corresponding Jacobian matrix ((0F;/0x;)([f])) is the
codimension of the Zariski tangent space Tjz) Mor(Y, X) in k™. The subvariety
V of A} defined by r equations among the P; for which the corresponding
rows have rank r is smooth at [f] with the same Zariski tangent space as
Mor (Y, X).

Letting h' = h'(Y, f*Tx), we are going to show that Mor(Y, X) can be
locally around [f] defined by h! equations inside the smooth h°-dimensional
variety V. For that, it is enough to show that in the regular local ring
R = Oy,y, the ideal I of functions vanishing on Mor(Y, X)) can be generated
by h! elements. Note that since the Zariski tangent spaces are the same, I is
contained in the square of the maximal ideal m of R. Finally, by Nakayama’s
Lemma ([M], Theorem 2.3), it is enough to show that the k-vector space
I/mI has dimension at most h'.

The canonical morphism Spec(R/I) — Mor(Y, X) corresponds to an ex-
tension fr/; : Y x Spec(R/I) — X of f. Since I? C m/, the obstruction to
extending it to a morphism fr/mr : Y x Spec(R/ml) — X lies by Lemma 12
below in

HYY, f*Tx) @ (I/ml)

15



Write this obstruction as )
h
Z a; & Bz
i=1

where (a1, ..., ay ) is a basis for H'(Y, f*Tx) and by, ..., by are in I. The ob-
struction vanishes modulo the ideal (by, ..., by1), which means that the mor-
phism Spec(R/I) — Mor(Y, X) lifts to a morphism Spec(R/(mI+(by, ..., by))) —
Mor(Y, X). In other words, the identity R/l — R/I factors as

R/I — R/(mI+ (bi,...,bp)) — R/I
where 7 is the canonical projection. By Lemma 13 below,
I:m]+(b1,...,bhl)

which means that I/ml is generated by the classes of by, ..., bp1. O

We now prove the two lemmas used in the proof above.

Lemma 12 Let R be a Noetherian local k-algebra with maximal ideal m and
residue field k and let I be an ideal contained in m such that mI = 0. Let
[ Y — X be a morphism and let fr/r : Y xSpec(R/I) — X be an extension
of f. Assume X is smooth along the image of f. The obstruction to extending
fryr to a morphism fr Y x Spec(R) — X lies in

Hl(Ya f*TX) ®kI

PROOF. In the case where Y and X are affine, and with the notation of the
proof of Proposition 10, we are looking for R-algebra liftings f]ﬁ% fitting into

the diagram
!
A®x R BEL I B &g R

Loy,

Aew R/T 2% Bey R/I

Because X is smooth along the image of f and I? = 0, such a lifting exists
([H], II, Ex. 8.6), and two liftings differ by an R-derivation of A ® R into

16



B®y I, that is by an element of HomA®kR(QA®kR/R, B®yI). Since Qagyr/R
Q4 @k R ([B], X, § 7, n° 10, déf. 2), we have

Hom g, r(Qag, /R, B @k I) ~ Homag, r(24 Qk R, B Q1)
Since m/ = 0, we further have”

HOHIA®kR(QA (= R, B Rk I) ~ HomA®k(R/m)(QA Rk (R/m), B Rk I)
HOH1A<QA,B®1( I)

12

because R/m = k. In the end, we get

Hom g, r(Qagr/r, B®x 1) ~ Homu(Qa, B ®x 1)
~ Hompg(B ®x Qa, B®x I)
~ HYY,#om(f*Qx, Oy)) @x I
~ HY, [*Tx) @i I

To pass to the global case, one needs to patch up various local extensions to
get a global one. There is an obstruction to doing that: on each intersection
V; NV}, two extensions differ by an element of H*(V; NV}, f*Tx) ®x I; these
elements define a 1-cocycle, hence an element in H'(Y, f*Tx) ®y I whose
vanishing is necessary and sufficient for a global extension to exist (on a sep-
arated Noetherian scheme, the cohomology of a coherent sheaf is isomorphic
to its Cech cohomology relative to any open affine covering; [H1], ITI, Theo-
rem 4.5). In case such an extension exists, two extensions differ as above by
an element of H(Y, f*Tx) ®y 1. O

Lemma 13 Let A be a Noetherian local ring with maximal ideal m and let
J be an ideal in A contained in m?. If the canonical projection ™ : A — A/J
has a section, J = 0.

"If Ais a ring, J is an ideal in A, and M and N are A-modules such that JN = 0, the
canonical map
Homy,;(M/JM,N) — Homu (M, N)

is bijective.
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PROOF. Let o be a section of 7: if a and b are in R, we can write o om(a) =
a+a and o om(b) = b+, where o’ and b are in I. If a and b are in m, we
have

(com)(ab) = (com)(a) (com)(b) = (a+d)(b+b)cab+m]+ J?
Since J is contained in m?, we get, for any z in J,
O=con(z) €ex+mJ

hence J C mJ. Nakayama’s Lemma ([M], Theorem 2.2) implies J =0. O

4.4 Morphisms with fixed points, flat families

Assume as usual that X is quasi-projective and Y projective. We will need
a slightly more general situation: fix a subscheme B of Y and a morphism
g : B — X. Morphisms f : Y — X which restrict to ¢ on B can be
parametrized by a subscheme of Mor(Y, X) that we denote by Mor(Y, X g).

The same techniques as above yield the following extension of Theorem 11
([Mo], Proposition 2): let .#5 be the ideal sheaf of B in Y'; around a point
[f] such that X is smooth along f(Y'), the scheme Mor(Y, X; f|g) can be
locally defined by h(Y, f*Tx @ #B) equations in a nonsingular scheme of
dimension h°(Y, f*Tx ® #g). In particular, its irreducible components are
all of dimension at least

hO(Y, [Tx @ Ip) — hl(Y, [Tx @ Ip)

All this can be done over a Noetherian base scheme S asin [Mo]: if Y — S
is a flat projective S-scheme, X — S a flat quasi-projective S-scheme and
B a subscheme of Y flat over S with an S-morphism ¢g : B — X, the S-
morphisms from Y to X that restrict to g on B can be parametrized by a
locally Noetherian S-scheme Morg (Y, X; g). The universal property implies
in particular that for any point s of S, one has

Morg(Y, X; 9)s ~ Mor(Ys, X5; gs)

In other words, the schemes Mor(Y;, X; gs) fit together to form a scheme
over S ([Mo], Proposition 1, and [Ko], Proposition II.1.5).

18



4.5 Morphisms from a curve

Everything takes a particularly simple form when Y is a curve C' (and B is
finite): for any f: C'— X, one has by Riemann-Roch

dimpy Mor(C, X) > x(C, f*Tx)
= —Kx-f.C+(1—-g(C))dim(X)

where ¢g(C) =1 — x(C, O¢), and

dimmMor(C,X;ﬂB) > X(C,f*TX)—lg(B)dim(X) (3)
— —Kx- £.C+ (1 - g(C) - lg(B)) dim(X)

5 Producing rational curves

The following is the original bend-and-break lemma ([Mo], Theorems 5 and
6). It says that a curve deforming nontrivially while keeping a point fixed
must break into an effective 1-cycle with a rational component passing through
the fixed point.

Proposition 14 Let X be a projective variety, let f : C' — X be a smooth
curve, and let ¢ be a point on C. If dimyy Mor(C, X; flia) > 1, there exists
a rational curve on X through f(c).

According to (3), when X is smooth along f(C'), the hypothesis is fulfilled
whenever

—Kx - f,C—g(C)dim(X) > 1

The proof actually shows that there exists a morphism f': C — X and
a nonzero effective rational 1-cycle Z on X passing through f(c) such that

PrROOF. Let T be the normalization of a 1-dimensional subvariety of

Mor(C, X; f|¢s) passing through [f] and let 7' be a smooth compactifica-
tion of T'. The indeterminacies of the rational map

ev:OXT--+ X
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coming from the morphism 7" — Mor(C, X; f|{c;) can be resolved by blowing
up points to get a morphism

eSS O0xT -2 X

where S'is a smooth surface. The following picture sums up our constructions

Ct[)
E
— X
{c} xT JE
c e
{c} xT to

Figure 4: The 1-cycle f.C degenerates to a 1-cycle with a rational component
e(F).

If ev is defined at every point of of {c} x T, the Rigidity Lemma 9(a)
implies that there exist a neighborhood V' of ¢ in C' and a factorization

vy VT2 v -2 X

The morphism g must be equal to f|y. It follows that ev and fop; coincide on
V' xT, hence on C'xT'. But this means that the image of 7"in Mor(C, X; f|¢})
is just the point [f], and this is absurd.

Hence there exists a point ¢, in T such that ev is not defined at (c, ).
The fiber of ¢y under the projection S — T is the union of the strict transform
of C' x {tp} and a (connected) exceptional rational 1-cycle E which is not
entirely contracted by e and meets the strict transform of {c} x T. Since the
latter is contracted by e to the point f(c), the rational 1-cycle e,F passes
through f(c). O
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The same proof shows that this result still holds when X is a complex
compact Kdhler manifold. However, it fails for curves on general compact
complex manifolds.

Once we know there is a rational curve, it may under certain conditions be
broken up into several components. More precisely, if it deforms nontrivially
while keeping two points fixed, it must break up (into an effective 1-cycle
with rational components).

Proposition 15 Let X be a projective variety and let f : P1 — X be a ra-
tional curve. If dimpg(Mor(P!, X; flo.001)) = 2, the 1-cycle f.P' is numer-
weally equivalent to a connected nonintegral effective rational 1-cycle passing

through f(0) and f(o0).

According to (3), when X is smooth along f(P!), the hypothesis is fulfilled
whenever
—Kyx - f,P' —dim(X) > 2

PROOF. The group of automorphisms of P! fixing two points is the multi-
plicative group G,,. Let T be the normalization of a 1-dimensional subvariety
of Mor(P!, X; f|0..0}) passing through [f] but not contained in its G,-orbit.
The corresponding map

F:P'xT—>XxT

is finite. Let T be a smooth compactification of T'. The indeterminacies of
the rational map P! x T --» X x T induced by F can be resolved by blowing
up points to get a morphism

F: 9 SP'xT--sXxT
whose Stein factorization is
—) ’ F J—
F:55—-58—XxT

In other words, the surface S is obtained from S’ by contracting the compo-
J— -/
nents of fibers of S’ — T that are contracted by F.
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Since F is finite, I (X x T) = P! x T, so that there is a commutative
diagram

P! xTc S ¢ X
/|
// F p1
P2 T XxT
\_ s
N
r« T

This construction is similar to the one we performed in the proof of Propo-
sition 14; however, S might not be smooth but on the other hand, we know
that no component of a fiber of 7 is contracted by e (because it would then
be contracted by F).

Since T is a smooth curve and S is integral, 7 is flat ([H], III, Proposi-
tion 9.7), hence each fiber C' is a 1-dimensional projective scheme without
embedded component, whose genus is constant hence equal to 0 ([H], III,
Corollary 9.10). In particular, any component C; of Cieq is smooth rational,
because O, is a quotient of O hence H'(Cy, O¢, ) is a quotient of H'(C, O¢),
hence vanishes. In particular, if C' is integral, it is a smooth rational curve.

Assume all fibers of 7 are integral; then S is a (minimal) ruled surface
in the sense of [H], V, § 2 (Hartshorne assumes that S is smooth, but this
hypothesis is not used in the proofs hence follows from the others). Let T
be the closure of {0} x T"in S and let T, be the closure of {co} x T". These
sections of 7 are contracted by e (to f(0) and f(oco) respectively).

If H is an ample divisor on e(.S), which is a surface by construction, we
have (e*H)? > 0 and e*H - Ty = ¢*H - T\, = 0, hence T¢ and T2 are negative
by the Hodge Index Theorem.

However, since Ty and T4, are both sections of 7, their difference is linearly
equivalent to the pull-back by 7 of a divisor on T ([H], V, Proposition 2.3).
In particular,

0=(To—T) =Ty +T2 - 2Ty - Too < 0

which is absurd.
It follows that at least one fiber of 7 is not integral. Since none of its

components is contracted by e, its direct image on X is the required 1-cycle.
OJ
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Figure 5: The rational 1-cycle f,C' bends and breaks

6 Rational curves on Fano varieties

A Fano variety is a smooth projective variety with ample anticanonical bun-
dle.

Example 16 The projective space is a Fano variety. Any smooth complete
intersection in P" defined by equations of degrees dy,...,ds with dy +--- +
ds < n is a Fano variety. A finite product of Fano varieties is a Fano variety.

We will apply the bend-and-break lemmas to show that any Fano variety
X is covered by rational curves. We start from any curve f : C' — X and want
to show, using the estimate (3), that it deforms nontrivially while keeping a
point x fixed. We only know how to do that in positive characteristic, where
the Frobenius morphism allows to increase the degree of f without changing
the genus of C. This gives in that case the required rational curve through
x. Using the second bend-and-break lemma, we can bound the degree of this
curve by a constant depending only on the dimension of X, and this will be
essential for the remaining step: reduction of the characteristic zero case to
positive characteristic.

Assume for a moment that X and z are defined over Z; for almost all
prime numbers p, the reduction of X modulo p is a Fano variety of the same
dimension hence there is a rational curve (defined over the algebraic closure
of Z/pZ) through z. This means that the scheme Mor(P!, X; 0 — z), which
is defined over Z, has a geometric point modulo almost all primes p. Since
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we can moreover bound the degree of the curve by a constant independent of
p, we are in fact dealing with a quasi-projective scheme, and this implies that
it has a point over Q, hence over k (this is essentially because a system of
polynomials equations with integral coefficients that has a solution modulo
almost all primes has a solution). In general, X and x are defined over
some finitely generated ring and a similar reasoning yields the existence of a
k-point of Mor(P!, X;0 — z), i.e., of a rational curve on X through z.

Theorem 17 Let X be a Fano variety of positive dimension n. Through
any point of X there is a rational curve of (—Kx)-degree at most n + 1.

There is no known proof of this result that uses only transcendental meth-
ods.

PRrROOF. Let x be a point of X. To construct a rational curve through =z, it
is enough by Proposition 14 to produce a curve f : C' — X and a point c on
C with dimy Mor(C, X; f|(;) > 1 and f(c) = x. By the dimension estimate
of (3), it is enough to have

—Kx - f*C_ng(C> > 1

Unfortunately, there is no known way to achieve that, except in positive
characteristic. Here is how it works.

Assume that the field k has characteristic p > 0; choose a smooth curve
f: C — X through x and a point ¢ of C such that f(c) = z. Consider the (k-
linear, degree p) Frobenius morphism C; — C.® Tterating the construction,
we get a morphism F,, : C,, — C of degree p™ between curves of the same
genus. But

_KX ' (f o Fm)*Cm - ng(Cm) = _meX : f*C - ng(o)

is positive for m large enough. By Proposition 14, there exists a rational
curve f: P! — X, with say f'(0) = x. If

8The abstract scheme Cj is the same as C (so it is a curve with the same genus), but
its k-structure is defined as the composition

C — Speck — Speck

T — P
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the scheme Mor (P!, X; f'|{0,13)) has dimension at least 2 at [f']. By Proposi-
tion 15, one can break up the rational curve f’(P!) into at least two (rational)
pieces. The component passing through z has smaller (—Ky)-degree, and
we can repeat the process as long as —Kx - P! —n > 2, until we get to a
rational curve of degree no more than n + 1.

This proves the theorem in positive characteristic. Assume now that k
has characteristic 0. Embed X in some projective space, where it is defined
by a finite set of equations, and let R be the (finitely generated) subring of
k generated by the coefficients of these equations and the coordinates of x.
There is a projective scheme 2~ — Spec(R) with an R-point zg, such that
X is obtained from its generic fiber by base change from the quotient field of
R to k. The geometric generic fiber is a Fano variety of dimension n. There
is a dense open subset U of Spec(R) over which 2 is smooth of dimension n
([G3], th. 12.2.4.(iii)). Since ampleness is an open property ([G3], cor. 9.6.4),
we may even, upon shrinking U, assume that the relative dualizing sheaf
Wz, v is ample on all fibers. It follows that over each maximal ideal m of R
in U, the (geometric) fiber is a Fano variety of dimension n.

The finitely generated ring R has the following properties:”

e for each maximal ideal m of R, the field R/m is finite;
e maximal ideals are dense in Spec(R).

As explained in §4.4, there is a quasi-projective scheme

p: Morc,1(Pk, 270 — xr) — Spec(R)

9The first item is proved as follows. The field R/m is a finitely generated (Z/Z Nm)-
algebra, hence is finite over the quotient field of Z/Z Nm by a theorem of Zariski (which
says that if k is a field and K a finitely generated k-algebra which is a field, K is an
algebraic hence finite extension of k; see [M], Theorem 5.2). If Z N m = 0, the field R/m
is a finite dimensional Q-vector space with basis ey,...,ey,. If z1,...,z,. generate the
Z-algebra R/m, there exists an integer g such that gz; belongs to Zei & - - - & Ze,,, for each
7. This implies

Qe1®---®Qep, =R/mCZ[1l/qler & - B Z[1/qlen

which is absurd; therefore, Z/Z Nm is finite and so is R/m.

For the second item, we need to show that the intersection of all maximal ideals of R is
{0}. Let a be a nonzero element of R and let n be a maximal ideal of the localization R,.
The field R, /n is finite by the first item hence its subring R/RNn is a finite domain hence
a field. Therefore R Nn is a maximal ideal of R which is in the open subset Spec(R,) of
Spec(R).
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which parametrizes morphisms of degree at most n + 1.

Let m be a maximal ideal of R. Since the field R/m is finite, hence of
positive characteristic, what we just saw implies that the (geometric) fiber
over a closed point of the dense open subset U of Spec(R) is nonempty; it
follows that the image of p, which is a constructible'® subset of Spec(R) by
Chevalley’s Theorem, contains all closed points of U, therefore is dense by the
second item, hence contains the generic point. This implies that the generic
fiber is nonempty; it has therefore a geometric point, which corresponds to
a rational curve on X through z, of degree at most n + 1, defined over an
algebraic closure of the quotient field of R, hence over k.!! ([l

7 A stronger bend-and-break lemma

We will need the following generalization of Proposition 14 which gives some
control over the degree of the rational curve that is produced. We start from
a curve that deforms nontrivially with any (nonzero) number of fixed points.
The more points are fixed, the better the bound on the degree.

Proposition 18 Let X be a projective variety and let H be an ample divi-
sort2 on X. Let f : C — X be a smooth curve and let B be a finite nonempty
subset of C'. Assume

dimy Mor(C, X; f[p) > 1
There exists a rational curve I' on X which meets f(B) and such that

2H - f.C
HI<———
— Card(B)

According to (3), when X is smooth along f(C'), the hypothesis is fulfilled
whenever

—Kx- f,C+(1—-g(C)—Card(B))dim(X) > 1

10A constructible subset is a finite union of locally closed subsets.

Tt is important to remark that the “universal” bound on the degree of the rational
curve is essential for the proof. Also, there is no known proof of this result based solely
on characteristic 0 methods.

12The conclusion still holds if H is only a nef R-divisor.
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The proof actually shows that there exist a morphism f': C' — X and a
nonzero effective rational 1-cycle Z on X such that

one component of which meets f(B) and satisfies the degree condition above.

PROOF. Set B = {c1,...,¢}. Let C' be the normalization of the image of
f. If C" is rational and f has degree > b/2 onto its image, just take I' = C".
From now on, we will assume that if C” is rational, f has degree < b/2 onto
its image.

By §4.4, the dimension of the space of maps from C to f(C') that send
B to f(B) is at most h°(C, f*Tcr @ ). When C” is irrational, f*Ter @ S5
has negative degree, and, under our assumption, this remains true when
C" is rational. In both cases, the space is therefore 0-dimensional, hence
any l-dimensional subvariety of Mor(C, X; f|g) through [f] corresponds to
morphisms with varying images. Let T be a smooth compactification of
the normalization of such a subvariety. Resolve the indeterminacies of the
rational map ev : C'x T --» X by blowing up points to get a morphism

e: S OxT-25 X

whose image is a surface.

Figure 6: The 1-cycle f.C' bends and breaks, keeping cy, ..., ¢, fixed

For i = 1,...,b, we denote by E;,,..., E;,, the inverse images on S of
the (—1)-exceptional curves that appear every time some point lying over
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{¢;} x T is blown up. We have
Eij- Eyj = =0ii0;5
Write the strict transform T; of {¢;} x T as

n;
T T =) ik
j=1

where ¢;; = T; - E;; is 1 if the point blown-up is on the (smooth) strict
transform of {¢;} x T, and 0 if it is not. Write also
b

e'H ~ ac™C + d€*T — Z f: ai7jEi,j + G

i=1 j=1

where G is orthogonal to the R-vector subspace of N 1(S)r generated by e*C,
e*T" and the F; ;. Note that e*H is nef, hence

a=¢e"H-T >0

Since T; is contracted by e to f(c;), we have for each i

g
*
O=e HT‘ZZG— E Ei,j 5 5

i=1

Summing up over i, we get
ba = e ai (4)
2'7j

Moreover, since e*C - G = 0 = (¢*C)? and ¢*C is nonzero, the Hodge Index
Theorem implies G* < 0, hence (using (4))

(e H? = 2ad— Za +G
< 2ad— Z a;;
_ Zewau Z
? zj: Eiiti — XJ) £1503;
= Y ey )
7
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Since e(S) is a surface, this number is positive, hence there exist indices iy
and jo such that €, ;, > 0 and 0 < a;, 5, < 2.

Butd=e¢"H -¢*C = H-C,and e*H - E; j, = a,, j, is the H-degree of the
rational 1-cycle e,(Ej, j,). The latter is nonzero since a;, ;, > 0, and it passes
through f(c;,) since E;, ;, meets T;, (their intersection number is ¢;, j, = 1)
and the latter is contracted by e to f(c;). This proves the proposition:
take for I' a component of e,FE;, ;, which passes through f(c;,) but is not
contracted by e. 0]

8 Rational curves on varieties whose canoni-
cal bundle is not nef

We proved in §6 that when X is a Fano variety, there is a rational curve
through any point of X. The following result considerably weakens the hy-
pothesis: assuming only that Kx has negative degree on one curve C', we
still prove that there is a rational curve through any point of C.

Note that the proof of Theorem 17 goes through in positive characteristic
under this weaker hypothesis and does prove the existence of a rational curve
through any point of C'. However, to pass to the characteristic 0 case, one
needs to bound the degree of this rational curve by some “universal” constant
so that we deal only with a quasi-projective part of a morphism space. Apart
from that, the ideas are essentially the same as in Theorem 17.

The following theorem will be used to prove the Cone Theorem in the
smooth case and Kawamata’s theorem on lengths of rational curves (Theo-
rem 26).

Theorem 19 Let X be a projective variety, let H be an ample divisor on
X, and let f: C — X be a smooth curve such that X is smooth along f(C)
and Kx - C < 0. Given any point x on f(C), there exists a rational curve I’
on X through x with

H-f.C

H-FSQdim(X) K—fC
—Kx - f.
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When X is smooth, the rational curve can be broken up, using Propo-
sition 15 and (3), into several pieces (of lower H-degree) keeping any two
points fixed (one of which being on f(C')), until one gets a rational curve I'
which satisfies —Kx -I" < dim(X)+1 in addition to the bound on the degree.

It is nevertheless useful to have a more general statement allowing X to
be singular. It shows that a normal projective variety X with ample (Q-
Cartier) anticanonical bundle is covered by rational curves of (— K x)-degree
at most 2dim(X), and will be used in this form in §10.4.

Proor. The idea is to take b as big as possible in Proposition 18, in order
to get the lowest possible degree for the rational curve. As in the proof of
Theorem 17, we first assume that the characteristic of the ground field k
is positive, and use the Frobenius morphism to construct sufficiently many
morphisms from C' to X.

Assume then that the characteristic is p > 0. We compose f with m
Frobenius morphisms to get f,, : C, — X of degree p™ deg(f) onto its
image. We have by §4.5, for any finite subset B,, of C,, with b,, elements,

dimy, ) Mor(Cry, X; fmlB,) = =" Kx - f.C + (1 — g(C) — by,) dim(X)
The right-hand-side is positive if we take

—p"Kx - f.C

b = | ™ ()

9(C)
which is positive for m sufficiently large. This is what we need to apply

Proposition 18. It follows that there exists a rational curve I';,, on X through
some point of f(B,,), such that

H-T,, <
- b, b,

H-f.C

As m goes to infinity, p™ /b, goes to dim(X)/(—Kx - C). Since the left-hand
side is an integer, we get

H.T, < 2dim(X)

.o
- —Kx-C

for m sufficiently large. By Lemma 20 below, the set of points of f(C')

through which passes a rational curve of degree at most _2;1;;1(;(();[{ - fiC s
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closed (it is the intersection of f(C') and the image of the evaluation map); it
cannot be finite since we could then take B,, such that f,,(B,,) lies outside
of that locus, hence it is equal to f(C). This finishes the proof when the
characteristic is positive.

As in the proof of Theorem 17, the characteristic 0 case is done by con-
sidering a finitely generated domain R over which X, C, f, H and a point
x of f(C) are defined. The family of rational curves mapping 0 to x and of
H-degree at most 2 dim(X) _g'){fo (constructed in §4.4) is nonempty mod-
ulo any maximal ideal, hence is nonempty over an algebraic closure in k of
the quotient field of R. ([l

Lemma 20 Let X be a projective variety and let d be a positive integer. Let
My be the quasi-projective scheme that parametrizes morphisms P! — X of
degree at most d. The image of the evaluation map

evg P x My, — X
18 closed in X.

The image of evy is the set of points of X through which passes a rational
curve of degree at most d.

PROOF. The idea is that a rational curve can only degenerate into a union
of rational curves of lower degrees.

Let  be a point in evy(M,)-evy(My) and let T' be the normalization of
a 1-dimensional subvariety of P! x M which dominates a curve in evy(My)
which passes through = and meets evy(M;). Note that since x is not in the
image of evy, the variety T is not contracted by the projection P! x My — M.
Let T be a smooth compactification of 7.

The image of the rational map

ev: P! xT --5» X
coming from the nonconstant morphism 7" — M, is a surface and its inde-
terminacies can be resolved by blowing up a finite number of points to get a
morphism
e:S——P'xT-55 X

The surface e(S) contains z; it is covered by the images of the fibers of the
projection S — T, which are unions of rational curves of degree at most d.
This proves the lemma. O
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9 Proof of the Cone Theorem

9.1 Elementary properties of cones

Let V be a cone in R™, i.e., a subset stable by multiplication by R™; we
define its dual cone by

Vi ={te (R™ |[£>00nV}

A subcone W of V is extremal if it is closed and convex and if any two
elements of V' whose sum is in W are both in W. An extremal subcone of
dimension 1 is called an extremal ray. A nonzero linear form ¢ in V* is a
supporting function of the extremal subcone W if it vanishes on W.

Lemma 21 Let V be a closed convex cone in R™.

a) We have V.=V** and
V' contains no lines <= V* spans (R™)*
The interior of V* is

{te (R™)[£>0o0nV-{0}}

b) If V' contains no lines, it is the convexr hull of its extremal rays.
c) Any proper extremal subcone of V' has a supporting function.

d) If V' contains no lines and W is a proper closed subcone of V', there
exists a linear form in V* which is positive on W -={0} and vanishes on
some extremal ray of V.

ProoOF. Obviously, V is contained in V**. Choose a scalar product on R™.
If 2z ¢V, let py(2) be the projection of z on the closed convex set V; since
V' is a cone, z — py(z) is orthogonal to py(z). The linear form (py(z) — z, -)
is nonnegative on V' and negative at z, hence z ¢ V**.

If V' contains a line L, any element of VV* must be nonnegative, hence
must vanish, on L: the cone V* is contained in L*. Conversely, if V* is
contained in a hyperplane H, its dual V contains the line by H+ in R™.

32



Let ¢ be an interior point of V*; for any nonzero z in V', there exists a
linear form ¢ with ¢(z) > 0 and small enough so that ¢ — ¢ is still in V*.
This implies (¢ — ¢')(z) > 0, hence ¢(z) > 0. Since the set {¢ € (R™)* | { >
0 on V-{0}} is open, this proves a).

Assume that V' contains no lines; we will prove by induction on m that
any point of V is in the linear span of m extremal rays.

Note that for any point v of V, there exists by a) a nonzero element ¢
in V* that vanishes at v. An extremal ray Rr in Ker(¢) NV (which exists
thanks to the induction hypothesis) is still extremal in V: if r = 21 + x5 with
xy and x5 in V, since £(z;) > 0 and ¢(r) = 0, we get z; € Ker(¢) NV hence
they are both proportional to r.

Given v € V' the set {\ € RT | v—Ar € V'} is a closed nonempty interval
which is bounded above (otherwise —r = limy_ ;o +(v— Ar) would be in V).
If Ao is its maximum, v — Agr is in OV, hence there exists by a) an element
¢ of V* that vanishes at v — A\gr. Since

v = )\oT + (U - >\07’)

item b) follows from the induction hypothesis applied to the closed convex
cone Ker(¢') NV and the fact that any extremal ray in Ker(¢) NV is still
extremal for V.

Let us prove ¢). We may assume that V' spans R™. Note that an extremal
subcone W of V' distinct from V' is contained in 0V': if W contains an interior
point v, then for any small xz, we have v £z € V and 2v = (v + z) + (v — x)
implies v = € W. Hence W is open in the interior of V; since it is closed,
it contains it. In particular, the interior of W is empty, hence its span (W)
is not R™ . Let w be a point of its interior in (W); by a), there exists a
nonzero element ¢ of V* that vanishes at w. By a) again (applied to W* in
its span), ¢ must vanish on (W) hence is a supporting function of W.

Let us prove d). Since W contains no lines, there exists by a) a point in
the interior of W* which is not in V*. The segment connecting it to a point
in the interior of V* crosses the boundary of V* at a point in the interior of
W*. This point corresponds to a linear form ¢ that is positive on W -{0}
and vanishes at a nonzero point of V. By b), the closed cone Ker(¢) NV has
an extremal ray, which is still extremal in V. This proves d). 0
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9.2 Proof of the Cone Theorem

We now prove the Cone Theorem (Theorem 4): if X is a smooth projective
variety,

NE(X) = NE(X) k20 + y _ RF[TY]
iel

where I'; are rational curves on X such that 0 < —Ky - T'; < dim(X) + 1.

The idea is quite simple: if NE(X) is not equal to the closure of the right-
hand side, there exists a divisor M on X which is nonnegative on NE(X)
(hence nef), positive on the closure of the right-hand side, and vanishes at
some nonzero point z of NE(X), which must therefore satisfy Kx -z < 0.
We approximate M by an ample divisor, z by an effective 1-cycle and use
the bend-and-break Theorem 19 to get a contradiction. In the third and last
step, we prove that the right-hand side is closed by a formal argument with
no geometric content.

PROOF. There are only countably many families of, hence classes of, rational
curves on X. Pick a representative I'; for each such class z; that satisfies
0<—Kx-z <dim(X)+ 1

First step: the rays R" z; are locally discrete in the half-space (N1(X)R )k y<o-

Let H be an ample divisor on X. It is enough to show that for each € > 0,
there are only finitely many classes z; in the half-space (N1(X)R)ky+em<o,
since the union of these half-spaces is (N1(X)r)ky<o- If (Kx+eH) -T; <0,
we have

—_

1

€
and there are finitely many such classes of curves on X.!3

Second step: NE(X) is equal to the closure of

V = W(X)KXZO + Z R+Zi

13For any ample divisor H and any integer k, the set {z € NE(X) | H - 2 < k} contains
only finitely many classes of irreducible curves. Indeed, let D1, ..., D, be Cartier divisors
on X such that ([D1],...,[D,]) is a basis for N1(X)q. There exists an integer m such
that mH 4 D; is ample for each i in {1,...,r}. For any z in NE(X), we then have
(mH + D;)-z>0hence |D;-z| <mH - z. If H-z <k, this bounds the coordinates of z
and defines a compact set. It contains at most finitely many classes of irreducible curves,
because the set of this classes is by construction discrete in N1(X)g.
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If this is not the case, there exists by Lemma 21.d) (since NE(X) contains
no lines) an R-divisor M on X which is nonnegative on NE(X) (it is in
particular nef), positive on V' = {0} and which vanishes at some nonzero point
z of NE(X). This point cannot be in V, hence Kx - z < 0.

Choose a norm on Ny (X )g such that ||[C]|| > 1 for each irreducible curve
C' (this is possible since the set of classes of irreducible curves is discrete).
We may assume, upon replacing M with a multiple, that M -v > 2||v]| for all
vin V. Since the class [M] is a limit of classes of ample Q-divisors, and z is
a limit of classes of effective rational 1-cycles, there exist an ample Q-divisor
H and an effective 1-cycle Z such that

2dim(X)(H-Z)< —Kx - Z and H-v > (5)

for all v in V. We may further assume, by throwing away the other compo-
nents, that each component C' of Z satisfies —Kx - C' > 0.

Since X is smooth, the bend-and-break Theorem 19 implies that, for
every component C' of Z, there exists a rational curve I' on X such that

H-C
2dim(X) ——>H-T
im(X) “Ke O

and —Ky - T' < dim(X) + 1. But [[ is then in V, hence H - [[] > ||[T]|| > 1
by (5). This contradicts the first inequality in (5) and finishes the proof of
the second step.

Third step: for any set J of indices, the cone
VJ = W(X)KXZO + Z R+Zj

jed
15 closed.

By Lemma 21.b), it is enough to show that any extremal ray R*r in V;
satisfying Ky -r < 0isin V. Let H be an ample divisor on X and let € be a
positive number such that (Kx +eH)-r < 0. By the first step, there are only
finitely many classes zj, ..., 2;,, with j, € J, such that (Kx +¢H) -z, <0.

Write 7 as the limit of a sequence (7, + 8,,), where r,,, € NE(X) g, 1m0
and s,, = 3:1 Aa,mZj, - Since H -1, and H - z;, are positive, the sequences
(H - ry,) and (Aa,,) are bounded, hence we may assume, after taking subse-
quences, that all sequences (r,,) and (A, ) have limits."* Because r spans

14Gee footnote 13.
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an extremal ray in V), the limits must be nonnegative multiples of r, and
since (Kx +¢eH) -r < 0, the limit of (r,,) must vanish. Moreover, r is a
multiple of one the z;,_, hence is in V.

If we choose a set I of indices such that (R" z;) e is the set of all (distinct)
extremal rays among all R"z;, the proof shows that any extremal ray of
NE(X) g, <o is spanned by a z;, with @ € I. This finishes the proof of the
Cone Theorem. O

Corollary 22 Let X be a smooth projective variety and let R be a Kx-
negative extremal ray. There exists a nef divisor Mg on X such that

a) R={z € NE(X) | Mg -z = 0};
b) the divisor mMp — Kx is ample for all integers m > 0.

The divisor Mg will be called a supporting divisor for R. Property b)
is useful in conjunction with Theorem 24: it implies that in characteristic
zero, the linear system |mMpg| is base-point-free for all integers m sufficiently
large, and defines the contraction of R.

Proor. With the notation of the proof of the Cone Theorem, there exists
ip in I such that R = R*z;,. By the third step of the proof, the subcone

V =V} =NE(X)r20+ ) RYz

i€l iig

of NE(X) is closed and proper since it does not contain R. By Lemma 21.d),
there exists a linear form which is nonnegative on NE(X), positive on V - {0}
and which vanishes at some nonzero point of NE(X), hence on R since
NE(X) = V + R. The intersection of the interior of V* and the ratio-
nal hyperplane R* is therefore nonempty, hence contains an integral point:
there exists a divisor Mp on X which is positive on V' -{0} and vanishes on
R. Tt is in particular nef and a) holds.

Choose a norm on N;(X)g and let a be the (positive) minimum of Mg on
the set of elements of V' with norm 1. If b is the maximum of K x on the same
compact, the divisor mMp — Kx is positive on V -{0} for m rational greater
than b/a, and positive on R-{0} for m > 0, hence ample for m > max(b/a, 0)
by Kleiman’s criterion. This proves b). O
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10 The Cone Theorem for projective klt pairs

Let (X, A) be a complex projective klt pair.!®> The Cone Theorem takes the
following form: the set Z of all (Kx + A)-negative extremal rays of NE(X)
1s countable and
NE(X) = NE(X)gyras0+ Y R
ReZx
These rays are locally discrete in the half-space (N1(X)R)ky+a<0- For each
R € Z, there exists a rational curve I' in X such that

R=TR"[] 0<—(Kx+A) - T<2dim(X)

As the following exercise shows, even when X is smooth, this theorem
has applications that do not follow from Theorem 4. However, the method
of proof is totally different, since most bend-and-break results break down
on singular varieties.

Exercise 1 Let X be a smooth projective variety of general type.'6

1) Prove that there exist an effective divisor D such that Kx — D is ample
and € € [0,1) such that the pair (X,eD) is klt.

2) Prove that there are only finitely many K x-negative extremal rays in
NE(X).

3) If X contains no rational curves, prove that K is ample. (Hint: show
that Kx is nef and that, if it is not ample, X contains a curve C' and an
effective divisor D such that Kx - C = 0 (use Theorem 24).)

15For us, this means the following: X is a projective normal variety, A is a Q-divisor
on X with coefficients in [0,1) such that some integral mutliple of Kx + A is a Cartier
divisor, and for some (hence all) log resolution 7 : Y — X (i.e., a projective birational
morphism where Y is smooth and Exc(m)+7*A is a divisor with simple normal crossings),
if one writes

Ky + A"~ (Kx +A)+ E

where A’ is the strict tranform of A and F is m-exceptional, then the coefficients of E are
all > —1.
16This means that Kx is big.
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10.1 The Rationality Theorem

This is the main result that is needed for the proof of the Cone Theorem in the
singular case. We will not prove it here. It can be “deduced” from the Base-
Point-Free Theorem 24 and the Kawamata—Viehweg Vanishing Theorem (but
this is not easy; see [D], §7.8).

Theorem 23 (Rationality Theorem) Let (X, A) be a complex projective
klt pair such that the Q-Cartier Q-divisor Kx + A is not nef. Let H be an
ample Cartier divisor on X.

The number r = sup{t € Rt | H+t(Kx + A) nef} is rational and can be
written asr = %“, where j is the smallest positive integer such that j(Kx+A)
is a Cartier divisor, and w and v are positive integers with v < j(dim(X)+1).

Exercise 2 Deduce the Rationality Theorem from the Cone Theorem for
klt pairs, assuming only that H is nef.

10.2 Proof of the Cone Theorem in the singular case

We may assume that Kx + A is not nef. Let j be a positive integer such
that j(Kx + A) is a divisor. For any nef divisor M on X, the set Vi = {z €
NE(X) | M - z = 0} is a extremal subcone of NE(X) which is nonzero if M
is not ample by Kleiman’s criterion. We say that Vs is (Kx 4+ A)-negative
if Vg {0} © (N (X)r) ey -0

First step: if M is a nef and nonample divisor such that Vs is (Kx +A)-
negative, there exists a nef divisor L such that Vi, is an extremal ray contained

Let v = (j(dim(X) 4+ 1))! and let H be an ample divisor on X. Let m be
a positive integer; since mM + H is ample, the positive number u,, defined
by .

IUm — sup{t € R |mM + H + t(Kyx + A) nef}
v

is an integer by the Rationality Theorem 23. Since M is nef, we have u,, <
U1 Moreover, if zj is some nonzero element of V), the inequalities (mM +
H+ T (Kx +A)) -2 >0and (Kx + A) - 20 < 0 imply

< (mM + H) - 2 . H -z
T —J(Kx +A) -2 —Jj(Kx +A) -z

38



It follows that the sequence (u,,) becomes stationary, equal to some integer
ug for m > mg. The divisor

Loy = v(mM + H + 2 (K + A))

v

is by construction nef and not ample for m > mg. It z € V., ,,, we have

O0=Lpmgt1,g-2=Lmgu-z2+vM-2>0M-22>0

hence VLmOJrLH C Vu.

For each ample divisor H, we get a nef and nonample divisor Ly =
Lyyy+1.1 such that 0 # V,, C Vi, Ample classes span N;(X)g, hence their
restrictions span (Vy)*. If (Vas) has dimension at least 2, there exists an
ample divisor H on X such that

JunH
(LH)lvj\/I = (H + T(KX + A))|VM
does not vanish, and for this divisor, Vp,,, is strictly contained in Vj,. This
proves the first step by induction on the dimension of (Vjy).

Second step: NE(X) is the closure of
V=NE(X)xyras0+ > Vi
ViLeZL

where £ is the set of (Kx + A)-negative extremal rays of the type Vi, with
L nef nonample divisor.

If this is not the case, there exists by Lemma 21.d) (since NE(X) contains
no lines) an R-divisor M on X which is nonnegative on NE(X) but vanishes
on some extremal ray Rtz (it is in particular nef and nonample), and is
positive on V={0} (i.e., it is in the interior of V). We want to show that
we can find such a divisor with integral coefficients. The class of M is the
limit of a sequence ([H,,]) of classes of ample Q-divisors. By the Rationality
Theorem, there exists a sequence (r,,,) of positive rational numbers such that
M., = Hp, + 1 (Kx + A) is nef but not ample.

The point zy cannot be in V', hence (Kx + A) - zp < 0. This implies

< Hm'ZO
= —(Kx+A)'ZO
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hence the sequence (r,,) converges to 0. It follows that the sequence ([M,,])
of classes of Q-divisors converges to [M], hence its terms are eventually in
the interior of V.

So we may assume that M has integral coefficients; since M is not ample,
Vi is nonzero. Since M is positive on V -{0}, the cone Vi is (Kx + A)-
negative. By the first step, the cone V), contains an extremal ray V;, and
we get a contradiction since M is positive on Vi -{0}.

Third step: £ is countable and locally discrete in the half-space
(N (X)R) K x+a<o-

As in the proof of the Cone Theorem in the smooth case (Theorem 4), it
is enough to show that given an ample divisor Hy and € > 0, there are finitely
many such rays in the half-space (N1(X)Rr)ky+atem,<o- For any Vi, € £,
let zz, be the unique point on V7, such that —(Kx + A) -z, = 1.

Let H be any ample divisor on X. The first step yields a nef divisor
Ly =v((mo+ 1)L+ H+ 2 (Kx + A)) with Vi = Vi, and vH - 2z, = uy is
a positive integer.

If V,, is in the half-space (N1(X)R)ky+A+eH,<0, One has Hy -z, < 1/n,
hence the z; are in a compact. If there are infinitely many rays V; in that
half-space, the z;, must accumulate. This is impossible since H - z;, can only
take discrete values for all ample H (the integer v is independent of H).

Fourth step: for any subset £ of £, the cone

NE(X)ky+az0+ > Vi

Ve’

1s closed.

This is proved exactly as the third step of the proof of the Cone Theorem
in the smooth case (Theorem 4).

10.3 Existence of contractions

We use the following result (for the proof, see [D], §7.7).

Theorem 24 (Base-point-free theorem) Let (X,A) be a complex pro-
jective kit pair and let D be a nef Cartier divisor on X such that aD — (Kx +
A) is nef and big for some positive rational a. The linear system |mD)| is
base-point-free for all integers m sufficiently large.
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The fact that extremal rays can be contracted is essential to the real-
ization of Mori’s minimal model program, but proved unattainable by the
bend-and-break methods. It comes now for free as an immediate consequence
of Theorem 24.

Theorem 25 Let (X,A) be a projective complex kit pair and let R be a
(Kx + A)-negative extremal ray.

a) There exists an irreducible curve C on X whose class generates R.
b) The contraction cgr : X - Y of R exists.

c) There is an eract sequence

0 — Pic(Y) & Pie(X) — Z
L] +~— L-C

PRroOF. By the fourth step of the proof of Theorem 4, the subcone

V=NE(X)ksas0+ > R
R'c€%-{R}

of NE(X) is closed and distinct from NE(X), hence there exists a nef R-
divisor M which is positive on V' -{0} but vanishes at some nonzero point of
NE(X), which must be in R. By the same procedure as in the second step
of the proof of Theorem 4, we may assume that M has integral coefficients.
As in the proof of Corollary 22.b), mM — (Kx + A) is ample for all m
sufficiently large. By Theorem 24, any sufficiently large multiple of M defines
a morphism whose Stein factorization ¢ : X — Y is the contraction of R.
This proves b).

Since the contraction is unique (it is determined by the classes of the
curves that it contracts), any two successive multiples of M yield isomorphic
¢ hence M is linearly equivalent to the pull-back of an (ample) divisor class
onY.

The morphism ¢* is injective: since ¢,0x ~ Oy, we have ¢,(¢*.¥) ~ L
for any line bundle . on Y by the projection formula. Let now D be a
Cartier divisor on X which vanishes on R; since M is positive on V -{0},
the divisor mM + D has the same property for all m sufficiently large, hence
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is a supporting divisor for R. By what we have just seen, Ox(mM + D) and
Ox(mM) are therefore in ¢* Pic(Y'), hence so is Ox (D). It follows that we
have an exact sequence

0 — Pic(Y) - Pic(X) — R
[L] +— L-z

where z is any nonzero element of R.

This shows in particular that ¢ is not an isomorphism; Y being normal,
Zariski’s Main Theorem implies that ¢ contracts at least one irreducible curve
C', which must satisfy M - C' = 0. It follows that [C] generates R and proves
a) and c). O

For any fiber F' of cgr, we saw in the proof above that for m > 0, the
restrictions

(mM — (Kx +A))|lr = —(Kx + A)lr
are ample. We say that —(Kx + A) is cg-ample.

10.4 Kawamata’s theorem

We now prove that Ky + A-negative extremal rays are generated by classes
of rtional curves on X. Note the difference with the smooth case, where
rational curves entered the picture right from the beginning. Here, we know
that the contraction cg of a Kx + A-negative extremal ray R exists (Theorem
25). If cg is birational and cg(X) is smooth, it follows from Proposition 1
that there is a rational curve on X contracted by cg; however, this is rarely
the case. We need a different argument taking into account the important
fact that —(Kx + A) is cg-ample.

Theorem 26 Let X and Y be complex normal varieties and let ¢ : X — Y
be a projective morphism. Assume that A is an effective divisor on X such
that (X, A) is a klt pair and that —(Kx + A) is c-ample. Every irreducible
component E of Exc(c) is covered by rational curves T' contracted by ¢ and
such that

0<—(Kx+A) T <2(dim(E) — dim(c(F)))
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ProoOF. The idea of the proof is to apply the bend-and-break theorem 19
to E/, but we have to be careful with the singularities. Replacing ¢ with its
Stein factorization, we may assume that it has connected fibers. Let e be the
dimension of E.

Since Y is normal, E = ¢ '(c¢(F)). We may replace Y with the intersec-
tion of codim(c(FE)) general hyperplane sections and assume that ¢(F) is a
point: the normality of YV is preserved, so is the c-ampleness of —(Kx + A),
and one checks that the pair (X, A) remains klt.

Let now H be a very ample divisor on X, let e be the dimension of F,
and let v : E — E be its normalization. The intersection C' in E of e — 1
general elements of [v*H| is a smooth curve contained in the smooth locus

of E.
Lemma 27 In the above situation, we have

(Kx +A)-H" ' E>Kg- (vH)! (6)

In terms of the curve C, the lemma reads
The proof shows that the inequality is strict if £ # X.

ProoF. If £ = X there is equality in (6). We may therefore assume that ¢
is birational.

Assume e > 2. If we take a general (normal) member Xy of |H| and let
Yy be the normalization of ¢(Xg), the hypersurface Ey = EN Xy of Xy isa
component of dimension e — 1 of the exceptional locus of ¢y : Xy — Yy and
Ey = v~ (H) is normal hence is the normalization of Ey. Set Ay = Alg;
since

= (Kx+A)-H"'.“E+H*-E

and

Kg, - (WH) = (Kg+vH)lg, - (VH)

= Kz - (vH)*'+H*-E

H
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it is the same to prove the lemma for ¢ or for cg. We may therefore assume
=1 (but we lose the c-ampleness of —(Kx + A), of course) and prove

(Kx +A)-E > deg(Kpz)
Assume to the contrary
(Kx +A) - E < deg(Kp)

(note that the left-hand side is a rational number, whereas the right-hand
side is an integer). Let Dg be a divisor on E,, such that v*Dg = K. There
is an injective trace map v.wz — wg. The projection formula implies

hW(E,wp(—Dg)) > h°(E,vawp(—Dp)) = h°(E,wz(—v*Dg)) = 1
hence
H'(E,Dg) #0 (8)
by duality. Note for future reference that
Dp — (Kx + A)|g has nonnegative degree. 9)

After shrinking Y, we may assume that it is contractible and Stein'” and
that ¢ induces an isomorphism over the complement of the point 0 = ¢(E).
The curve E is a component of the fiber Xy = ¢71(0). The sheaves Ric,Ox
and R'c,Z, for i > 0, are supported at 0 and the corresponding Leray exact
sequences yield isomorphisms

H'(X,Z)~ H°(Y,R'c,Z) ~ H'(X,,Z)
and
HY(X,Z)~ HY,R'c,.F) (10)

for any coherent sheaf .# on X and integer 7.
We will make the simplifying assumption'® that Xy has dimension 1. Us-
ing (10), this implies H*(X,.%) = 0 for any coherent sheaf .# on X. The

17So that the higher cohomology of Z and of any coherent sheaf vanishes.

18This holds for example when E is a top-dimensional component of the exceptional
locus of ¢, and this is enough for us. In general, one may use a neat trick of Kawamata’s
to reduce to the case where X is actually irreducible. This goes roughly as follows (see [K],
(2.3.3)): take a very ample divisor on X that meets Xy transversely and shrink X to an
analytic neighborhood of E so that this divisor has a component which meets only the
other components of Xy, not E. The holomorphic map to a projective space associated
with the sections of (a multiple of) this divisor contracts only E. Its image might not
be algebraic, but the vanishing theorem that we use below is still valid in this context
(see [N], 3.6) and the proof therefore proceeds in the same way.
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exponential exact sequences for X and Xj induce a commutative diagram

HY(X,0x) — Pic(X) — HXX,Z) — HXX, 0x)=0
I
HY(Xy, Ox,)  — Pic(Xy) — H2*(X0,Z) — H*Xo, Ox,) =0

HQ(X7 on/X> =0

hence a surjection Pic(X) — Pic(Xp). Since E meets the rest of the compo-
nents of X in a finite set, there is a Cartier divisor D on X which restricts to
Dpg on E and is as ample as we wish on Xy-F. In particular, the Q-Cartier
divisor D — (Kx + A) is c-nef by (9), and ¢-big because ¢ is birational. Since
X has canonical singularities, by the relative logarithmic Kawamata-Viehweg
Vanishing Theorem,' the sheaves R'c,(€Ox (D)) vanish for ¢ > 0, hence also
H(X, D) by (10).

Part of the long exact sequence in cohomology associated with the exact
sequence

0 — Ig/x(D) — Ox(D) = Og(Dg) — 0

reads
0= Hl(X,D) — Hl(E,DE) — HZ(X, JE/X(D)) =0

It contradicts (8) and proves the lemma. O

We now go back to the proof of the theorem. Since the left-hand side of
(7) is negative, Theorem 19 implies that E contains a rational curve through
any given point of C; in particular, F is covered by rational curves. More
precisely, since —*(Kx + A) is ample on E, there exists through any point
z of E a rational curve I on E with

—v*(Kx +A)-C
1V (Kx +A)-T <2 V<—I)((';_'C') < 2e
by (7). This finishes the proof of the theorem. O

19This is the following statement: let X and Y be complex projective varieties, with X
smooth, and let 7 : X — Y be a morphism. Let D be a m-nef and 7-big Q-divisor on X
whose fractional part has simple normal crossings. Then

Rim.(Ox(Kx +[D])) =0

for all 7 > 0.
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