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Abstract: We prove a positive mass theorem on ALF manifolds, i.e. complete
noncompact manifolds that are asymptotic to a circle fibration over a Euclidean
base, with fibers of asymptotically constant length.

Introduction

In general relativity [ADM], one can define the mass of an asymptotically Eu-
clidean spatial slice (M™, g) in a spacetime by the formula
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where S"7!(R) is the standard sphere with radius R in R and w,, is the volume
of S*71(1). The terminology “asymptotically Euclidean” means M minus a com-
pact subset is diffeomorphic to R™ minus a ball and the metric g is asymptotic
to the standard metric on R™. The positive mass conjecture asserts this mass, if
defined, is nonnegative when the scalar curvature Scal, is nonnegative, vanishing
only when (M",g) is isometric to R™. It is a theorem in dimension 3 < n < 8
([SY1,SY2]) and on spin manifolds of any dimension ([Wit]). J. Lohkamp [Loh]
recently announced a proof of the positive mass theorem in all dimensions, with-
out spin assumption. Moreover, R. Bartnik [Bart] proved the mass is a genuine
Riemannian invariant (under sharp assumptions). The interested reader should
certainly have a look at [L.P,Hel]. The mathematical interest of such a theorem
is the rigidity result it involves: under a nonnegative curvature assumption, it
asserts a model metric at infinity (the Euclidean metric, here) cannot be ap-
proached at any rate, the obstruction being precisely the mass.

Positive mass theorems were proved in other settings. Asymptotically (real)
hyperbolic manifolds were studied from this point of view in [MO, AD,CH], while
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asymptotically complex hyperbolic manifolds are treated in [He2, BH]. Motivated
by theoretical physics considerations, Xianzhe Dai [Dai] pointed out a positive
mass theorem for spin manifolds that are asymptotic to the product of a Eu-
clidean space with a compact simply connected Calabi-Yau manifold.

In this paper, we are interested in manifolds that are asymptotic to a circle
fibration over a Euclidean base, with fibers of asymptotically constant length. For
instance, there are complete Ricci flat metrics on R? x S*~2 that are asymptotic
to the standard metric on R?~! x S! ; in dimension four, an example is provided
by the Euclidean Schwarzschild metric

dr?

1—2¢
T

+r2dw?® 4 (1 — 22) at?

g:

where (r,w,t) € R% x "~ x S'. Another kind of example, adapted to the Hopf
fibration at infinity, is the hyperkihler Taub-NUT metric on R*:

1

2
1+

g= (1 + 27“) (dr2 + rzde) + 0,

where 7 is the standard contact form on the three-spheres (lots of details will be
given about these formulas in the text). In these expressions, the parameter p is
bound to be nonnegative (so as to get a complete metric) and it is interpreted as
a mass by physicists. It is tempting to ask for a positive mass theorem involving
this p in these examples.

Some motivation comes from the study of gravitational instantons, i.e. hy-
perkéahler four-manifolds with decaying curvature at infinity (an example is pro-
vided by the Taub-NUT metric). These manifolds arise in Euclidean quantum
gravity and string theory, but also in gauge theory, so that it is of interest to
try and understand their geometry. The main result of [Mi2] asserts that grav-
itational instantons with cubic volume growth are always asymptotic to circle
fibrations over a Euclidean base (up to a finite group action) with an approxima-
tion rate of order r~!, where r is the distance to some point. More generally, the
result applies to a class of Ricci flat metrics, including Schwarzschild examples
for instance. With this in mind, it seems interesting to wonder if there are non
trivial examples of Ricci flat metrics g that are closer to their model at infinity,
namely for instance: g = ggsygt + O(r~17¢), with € > 0? The corresponding
question with a nontrivial circle fibration at infinity can also be addressed. This
paper will prove in particular that the answer is no, because of a positive mass
theorem.

To introduce the class of metrics we will work with, we first consider the total
space X™*1 of a principal S'-bundle 7 over R™\B™ (the exterior of the unit ball
in R™ m ZL3) Given a positive number L, we introduce the vector field T that

is equal to 5= times the infinitesimal generator of the S! action and consider a

“model” metric h on X', given by
h=7"gam + 17,

where 7 is a connection one-form, namely a S! invariant one-form on X such
that n(T) = 1. Observe the fibers have length L. For such a one-form 7, one
may write dn = 7*w for some two-form w on the base B and we will assume this



A mass for ALF manifolds. 3

“curvature” two-form w decays at infinity, in that there is a positive number 7
such that ' 4
Diw =01 0<i<2 (2)

We will consider Riemannian manifolds (M™*1, g) such that M minus a compact
set is diffeomorphic to such an X and such that g is asymptotic to h in the
following sense :

V(g —h)=0@""T"", 0<i<3. (3)

Such metrics g are known as “ALF metrics”.

Our main result is a positive mass theorem, valid for any circle fibration at
infinity under a nonnegativity assumption on the Ricci curvature. We will denote
by Bpr the preimage by 7 of the ball of radius R on the base.

Theorem 1. Let (M™*L, g), m > 3, be a complete oriented manifold with non-
negative Ricci curvature. We assume that, for some compact subset K, M\K
is the total space of a circle fibration over R™\B™, which can be endowed with
a model metric h such that (2) and (3) hold with T > ™>2. Then the quantity
defined by

1
Mg:B = — limsup/ kp (divhg +dTry, g — 3d g(T, T))
’ aBR

me R—

is a nonnegative Riemannian invariant and vanishes exactly when (M, g) is the
standard R™ x S'.

We stress the fact that the assumption Ric > 0 is too strong for the asymp-
totically Euclidean setting (for Bishop-Gromov theorem immediately implies the
manifold is isometric to R™), while it allows many interesting examples when the
volume growth is slower. The assumption T > 22 is classical (cf. [Bart] for in-
stance). Considering products of asymptotically Euclidean manifolds with S!,
one can rely on [DS] to see that this hypothesis is optimal (see also the remark
before theorem 4.3 in [Bart]). The assumption on the third derivative of g is only
used to ensure the mass is a Riemannian invariant, namely does not depend on
h.

A cheap adaptation of our argument yields another positive mass theorem,
valid for asymptotic trivial fibrations, with a spin assumption and a nonnega-
tivity assumption on the scalar curvature.

Theorem 2. Let (M™%, g), m > 3, be a complete spin manifold with nonnega-
tive scalar curvature. We assume there is a compact set K and a spin preserving
diffeomorphism between M\K and R™\B™ x S' such that for some 7 > ™32 :

D' (g = grmxs) = O, 0<i<3.
Then the quantity defined by

1
D : .
= — llllSI * ((IV + d [ )
Hyg L 1 p/(9 : ho Who 9 Tho 9

is a nonnegative Riemannian invariant and vanishes exactly when (M, g) is the
standard R™ x S!.
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There is a definite link with Dai’s work [Dai]. In his paper, he points out
he cannot include Schwarzschild-like metrics in the discussion because the spin
structure on the circles at infinity is not trivial. Indeed, physicists even built
examples of complete spin manifolds asymptotic to R? x S!, with nonnegative
scalar curvature and with a negative mass ([BrH, CJ])! Here, we can “justify”
the positivity of the mass of genuine Schwarzschild metrics, relying on the fact
that their Ricci tensor vanishes (see section 4).

Moreover, we can cope with nontrivial fibrations at infinity, which is inter-
esting in view of the Taub-NUT example. In this case, the “model” at infinity
cannot be realized by a complete metric, so that the mass cannot vanish. It
seems that it is the first positive theorem with such a feature.

In these positive mass theorems, the base of the circle fibration at infinity is
a FKuclidean space. One might ask for a generalization to the case of Riemannian
manifolds asymptotic to a circle fibration over a finite quotient of R™ (this
occurs for the so-called Dy, gravitational instantons). It fails. For instance, M.
Atiyah and N. Hitchin [AH, Hit] introduced a famous hyperkéhler (hence Ricci-
flat) metric on the moduli space of two monopoles. Its asymptotic shape is that
of (R® x S')/Zy endowed with a metric of Taub-NUT form, except that the mass
parameter p is bound to be negative ! This problem with finite quotients was
already noticed for Asymptotically Locally Euclidean manifolds [Dah,Lel,Nak].

The paper is organized as follows. In a first section, we introduce the class of
metrics we are interested in. In a second section, we describe the analytical tools
required for our arguments. We could have relied on Mazzeo-Melrose machinery;
yet, we have chosen to include elementary proofs for everything we need. An
advantage is we never use complete Taylor expansions at infinity; the theory
is thus simpler, closer to what is usually done in the asymptotically Euclidean
case and it does not require any familiarity with pseudo-differential calculus.
We emphasize nonetheless that the paper [HHM] greatly inspired us, as well as
the text of some lectures given by Frank Pacard [Pac]. In a third section, we
prove the positive mass theorems. In the last section, we discuss examples and
counter-examples.

We will often use an Einstein summation convention without mentionning it:
when an index is repeated, the expression should be summed over this index
(with a range depending on the context).

1. Metrics adapted to a circle fibration at infinity

Let us work on the total space X™*! of a principal circle fibration 7 over B™ :=
R™\B™, m > 3. From a topological point of view, there are two families of
such fibrations. In any dimension, we can consider the trivial circle fibration 7
over B = R™\B™. The total space is X = R™\B™ x S'. In dimension four (i.e.
m = 3), the Hopf fibration S* — S? induces non trivial fibrations 7, k € N*,
where the total space X is the quotient of R*\B* by Zj; the action of Zj, is the
complex scalar action of the kth unit root group on C2 = R*.

We wish to define a class of “model” metrics h on X. Their first feature is
that the fibers of 7 will have constant length L (0 < L < +00). It is therefore
natural to introduce the vertical vector field T that is equal to % times the
infinitesimal generator of the S!'-action; the flow of T goes around the fibers

in time L. As a second feature, h should pullback the Euclidean metric on R™
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as much as possible, i.e. on the orthogonal of the fibers. The way to do this is
to pick a “connection” one-form 7, namely a S'-invariant one-form 7 such that
n(T) = 1. We define the corresponding model metric on X by

h = 7" grm + 172 =dz® + 7}2,

where z; := 7*%;, 1 <1i < m, denote the lifts of the canonical coordinates &; on
the base B C R™. In addition, we will require some decay for the curvature dn
of this connection. To express it, let us define r := /2% + - - - + x2, and observe
dn = 7w for some two-form w on the base B (dn is S'-invariant and Cartan’s
magic formula Lyn = tpdn + d(vrn) implies tpdn = 0). We will assume

w=0@r"1 and Dw=0(r"""2)

for some positive number 7 (D is the flat connection on R™).

Ezample 1 (Trivial fibration). In the trivial fibration case, we can choose a triv-
ialization (x1,...,Zm,e") and put n = 1 := dt. Since dny = 0, any T is con-
venient. Observe 79 defines foliations over r~(R) for any R, corresponding
to the product foliation of R™ x S' by circles. The model metric is the flat
ho = dx? + dt?.

Ezample 2 (Hopf fibration). In the Hopf fibration case, we define a connection
form 7 on R*\ {0} = C2\ {0} by the formula n(z) := ||~ ggs(T,.), where T
is the infinitesimal generator of the scalar action of S C C*. Then 7 = 1 is
convenient. Note 7 is nothing but the standard contact form on S and h :=
dz? + n? is the model at infinity for the Riemannian Taub-NUT metric (see
example 4.3 at the end of the paper).

Let us describe a few features of such metrics. The coframe (dz1, ..., dzm,,n)
is obviously orthonormal. We let (Xi,...,X,,,T) be the dual frame. Unique-
ness of the Levi-Civita connection ensures that, for horizontal vector fields X,
Y (namely n(X) = n(Y) = 0), mVLY = D, xm.Y. The computation of
brackets of horizontal vector fields, together with T', contains the geometric in-
formation about the fibration. First, since n([X;,T]) = —dn(X;,T) = 0 and
[ Xi, T] = [mX;,mT] = 0, T commutes with any vector field X;. Besides,
with n([X;, X;]) = —dn(X;, X;) and 7. [X;, X;] = [m.X;, m.X;] = 0, we obtain
(X, X;] = —dn(X;, X;)T. Koszul formula then yields:

d d !
:777 and Vhde; = LX; 77®77‘;77®LX1 n (4)

In other words, the only non trivial Christoffel coefficients are

WV T,X,) = h(VEX,, X)) = ~h(V X, 1) = P8
It is important to keep in mind that V" X; and VT are O(r—771).

Moreover, a short computation yields Apu = —X; - X;-u—T-T - u. Given a
local section of the circle bundle, one may consider a local vertical coordinate ¢
and work in the coordinates (z1,...,Zm,,t). Observe §; = T and n = dt + A;dz;
for some functions A; independent of ¢t. Then X = 9y — Ax0; and

Ap = =0k — Opp + 2410kt — A204y + Op ArO;. (5)

th




6 V. Minerbe

2. Analysis on asymptotic circle fibrations

In this section, we work on a complete Riemannian manifold (M™%, g), m > 3,
such that for some compact subset K, M\ K is diffeomorphic to the total space
X of a principal circle fibration 7 over B := R™\B™, with a model metric h as
in section 1, such that:

g=h+0O(r"") and Vig=0@r"""1).

Recall 7 is assumed to be positive. We intend to study the equation Aju = f in
weighted L? spaces. The presentation is deeply influenced by [HHM] and [Pac].
Given a real number § and a subset {2 of M, we first define the weighted Lebesgue

space
Li(2):=<Sue L}, / / u?r= 2 dvol), < oo
A\K
1

and endow it with the norm Hu||L§(Q) = (meK u?dvol; + fQ\K uzr*%dvolh) ’.

Changing K only produces equivalent norms. We will often write L2 for LZ(M).
The following should be kept in mind: r* € L3(M\K) < 6 > 2 + a. Note the
Riemannian measures dvol, and dvol, on M\K can always be interchanged,
thanks to our asymptotic assumption. For the same reason, the Riemannian
connections V¢ and V" will be completely equivalent outside K.

Any function v € L2 (M\K) can be written u = IIgu + II, u where Iyu
is obtained by computing the mean value of u along the fibers: (ITyu)(z) =
% o1 () U It corresponds to a Fourier series decomposition along the fibers:
ITyu is the part in the kernel of —T? = —0,; while IT| u lies in the positive
eigenspaces of —0;;. The point is A, commutes with the projectors Iy and 11 :

for any function w, one can use (5) to write locally (ITpApu)(z) as
1 / (=Okk — Ot + 2A5(2) Ot — An(2)? 0t + O Ar(2)0;) ulz, t)dt.

This simplifies into

(o Apu)(x) = —%/8mu(x,t)dt = —am%/u(:v,t)dt =4y (i /u(x,t)dt) ,
which ensures IIgA, = ApIly and also 1T, A, = A1 .

Since this decomposition will prove useful, we introduce the following Hilbert
spaces, depending on two real parameters § and e:

L3(2) = {u € L3() [ Houl 3 sy < 00 and [ Lull () < o0} -

They are endowed with the following Hilbert norm:

N

2 2 2
lullzz () = (||U||L2(sz) + [Houll 2 o\ k) + ”HLU”LE(.Q\K)>
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We also introduce the Sobolev space
13 = {ue B, ) IV9dTToull s ey + IdMToull s gaeey + ITTou] ey < 0

and HngHLUHLg_Q(Kc) + ||dHLUHL§_2(Kc) + ||HLU||L3_2(Kc) < OO}
endowed with the obvious Hilbert norm.

In what follows, we will always write Ar for the “annulus” defined by R < r <
2R and A%, for 27°R < r < 28F1R (x > 0). Similarly, the “balls” K U {r < R}
will be denoted by Br. The letter ¢ will always denote a positive constant whose
value changes from line to line. Its precise dependence on parameters will often
be clear in the context; otherwise, we will write ¢(...) to clarify it.

2.1. A priori estimates.

2.1.1. A priori estimates on the kernel of II,. We aim at some a priori esti-
mates for Ay on X. Let us begin with the kernel of IT, : basically, we work with
functions defined on exterior domains in R™ and the Laplace operator is the
standard one! What follows is therefore standard (it is in [Pac] and can be com-
pared with [LP,Bart, HHM]). We will nonetheless provide details of the proofs,
in order to use them later.

Lemma 1. Given § in R, there is a positive number ¢ = c¢(m, ) such that for
any Ro > 1 and any u in Lg NKerll,,

h
19" dul s e, ) + s gmg, ) < o (I1nulles g+ Iellzagg, ) -

Proof. Scaling the usual Garding inequality for the Laplacian on R™ yields
2 2 2 2
[1Ddullzs | (apy +1dullzz (an <c (||AhU||L§72(A}%) + HUHLg(A}%)) :

The formulas for the connection of A imply ’Vhdu| < ¢|Ddu| + er=7"1 |dul so

we can replace D by V" in the estimate above. Using it for R = 2/71 Ry, i € N,
and summing over i, we get the desired inequality. O

To carry on, we need to use a L? spectral decomposition for the Laplace
operator Ag on the unit sphere S™~! in R™. Its eigenvalues are Aj = j(m—2+j7),
with j € N, and we denote by E; the corresponding eigenspaces. We also set

2—m

TJrj and V;tiiiﬂ:(éjfl)

0.
J 2 2

for 5 € N. This simply means 1/;r = j and vi =2-—m-—j. These numbers V]:»t

are usually called “indicial roots”. Their basic property is the following: given
an element ¢; of E;, we have A (r"i¢;(w)) = 0 outside 0. It can easily be seen
from the formula

A=—0p — 210, + 5 A5 — Oy (6)

Definition 1. We will say 6 is critical if = 6; or § =2 —9; for some j in N.
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Fig. 1. The critical exponents.

Lemma 2. If 6 is not critical, there is a positive number ¢ = ¢(m, ) such that
for any Ry > 1 and any w in L3 NKer IT,

<c (||AhU||L§_2(B,gO) + ||u|\L§(ARO)> :

||UHL§(B§RO) =

Proof. If we first perform a spectral decomposition with respect to Ag, our

problem reduces to find an estimate on solutions u; € L2(R,r™~1=2%dr) to the
radial equation

_ A
—8Muj — Lr 187«71]' + T%Uj = fj.
Setting 7 := e®, v;(s) := u(r) and g;(s) = r*f;(r), we turn the equation into

d

s (U;(s)e(m—Q)s) = ()\j’l}j(s) — gj(s))e(m—Q)S (7)

And we work in L?(R,dus), with dus := e(™=29)%ds. Given a radial truncature
function x vanishing on Bpr, and equal to 1 outside Bypg,, integration by parts
provides

[y s
_ 2,2 2.\ 1 (m—2)s (2—20)s
—/X vjdu5+/(x vj) (vje )e ds
= /X’Qv?d,ug — /(X2vj>()\j1}j — gj)dus — (1 —0) /X2(U?)/€(m_26)sd8
= [+ (-0 ks

(1= 8)m =28 =\ [ (s + [ Cuigs

One might then use the Hardy inequality (mfé)z J(xvj)?dus < [((xv;))dus
to deduce the estimate

(05 —0)(0; +0-2) /(xvj)Qdua < / X2+ (1= 0)(xX*)] vidps + /vajgjdua-

For all indices j such that (§; — )(d; +J — 2) > 0, Young inequality yields

S 2Ro
/ (xv;)*dps < C/ vidus + C/XZQ?dua,
2R0 RO
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which is what we need. For the finitely many indices j such 2 — 6 < d; < 6, we
consider the function wj = 5ty (wj4 — wj,-), with

S + e
wj +(s) = /R evi )gj(o)da. (8)
0

Since w) ;. = l/jiwj,i + g;, integration by parts leads to

Reo
(m —29) / wii(s)e(m*%)s

Ro

Roo Roo
= —2uf/ w?’id,ug — 2/ wj +g;dps + wjz":t(Roo)e(m—26)Roo )
Ro R(J

>0
Since m — 26 + 21/?E > 0, it implies (Cauchy-Schwarz inequality):
/ wiidug < c/ gjzd,ug.
RO RO

Now, w; is a solution of (7) as well as v;, so from ODE theory, w; —v; is a linear

combination of €% *. Its L?(dus)-norm over [Rg, +oo[ can therefore be estimated
by its L?(dus)-norm over [Ry,2Ro[. It follows that v; can be estimated by

o] o] 2Ry
/ vidps < C/ g7 dus + C/ vidps.
Ry Ry Ry

The remaining case, § < §; < 2 — § can be dealt with in a similar way. One
defines an explicit solution w; as above, replacing only Ry by +oco in formula
(8). The integration by parts argument still works (because w; + = o (6(57%)5))
and the fact that v; and w; belong to L*(R4, dus) forces them to coincide. O

2.1.2. A priori estimates on the kernel of IIy. The following lemma shows that
estimates are basically better on the kernel of I1j.

Lemma 3. Given § € R and a large number Ry, there is a constant ¢ such that
for any function u in L% NKer I,

h
||v du}|Lg(BgRO)"‘||du||Lg(B§R0)+||U||L§(BgRO) <c (”Ahu”Lg(B%D) + HUHLg(ARO)) :

Proof. Given parameters R >> 1 and 0 < k < ' < 1, we can always choose a
smooth nonnegative function x that is equal to 1 on A%, vanishes outside Ag , 18
Sl-invariant and has gradient bounded by c(k, x")R~!. The integration by part
formula

/|d(xu)|2dvolh = / |dx|” u*dvoly, + /XQuAhu dvoly,.
can be used together with Young inequality to obtain

2 2 2
]2y < () [ Antull 2 gy + € lulZaa - (9)
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where € can be chosen arbitrarily small provided R is sufficiently large. Since
Ilyu = 0, we have

/ (=T?u)un = / du(T)? n > c/ u? 7.
fiber fiber fiber

This implies ||uHL2(A;) <c ||du||L2(A%) and therefore, with (9):
2 2 2 2
ullzegag) + 1dullaan) < cl€) [Anullpeayy + €llullzzcayy - (10)
To get an order two estimate, we first write
/x2 \Vhduy2 = /(Vh(XQdu),Vhdu) - 2/X(d><® du, V" du).

The Bochner Laplacian V»*V” and the Hodge Laplacian A;, = dd;, + dy d only
differ by the Ricci endomorphism, so an integration by parts provides:

/X2 |Vhdu‘2 = /X2(Ahdu, du) — /X2 Ricy (du, du) — 2/)<(dx ® du, V"du).
Since the Hodge Laplacian commutes with d, another integration by part yields
/X2(Ahdu,du) = /(dAhu,X2du) = /X2 | Apul? — 2/X(dx7du)Ahu.

Putting these formulas alltogether and using Young inequality, we obtain:
/X2 |Vhdu|2 < 4/)(2 | Apul® + 6/ |dx|? |dul® — 2/)(2 Ricy (du, du).
The upshot of this formula is the following estimate (observe Ricy, is bounded):
thduHiz(Ag) <c HAh“”L?(Ag) +c ||du||iz(Ag) .

With (10), we deduce:
||UH2L2(A§) + ||du|\iz(,4g) + thduHi?(A;) < c(e) ||Ah“|‘2L?(AE’) te HuHi?(A?l{) ‘

We then set € = 0.5, k = 0, ' = 1, we multiply these inequalities by R=2% and
sum them for R = 2*Ry, k € N* (Ry is chosen large) to find:

2 2 h 2 2 2
||U||L§(BgRO) + ||dUHL§(BgRO) + HV duHLﬁ(BSRO) <c ||f||L§(B§0) + CHU||L§(ARO) :

O
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Remark 1. When the fibration is trivial, one can also study the integral kernel
of the resolvent, as in [Dav]. Using a Fourier decomposition, we are left to prove
that for positive k, the integral kernel

1+d(o,y)

8
2\—1
e R

Pl = (
defines a bounded operator on L2(R™). Indeed, it is true for instance on a
complete manifold with Ric > 0 and V¢ > 1, AtY < vol B(xz,t) < Bt” for some
v > 2. Noticing

1+d(o,y)

—==<1+d

1 1 00 ,—tA k%t
(Agm + k2)~ :—/ £ ° @t and
v Jo Vi
we can use Li-Yau Gaussian estimate on the heat kernel [LY] to get

d(z,y)? 2
e~ ekt

P(z,y) Sc(l—l—d(m,y))/ooo ol BV v dt.
d(z,y)

It implies P(z,y) < ce” ¢ and therefore [ P(z,y)dz < cand [ P(z,y)dy <c,
which is enough to ensure the boundedness of P on LP, 1 < p < o0.

2.1.8. The main estimate.

Proposition 1. If § is not critical, there is a constant ¢ and a compact set B
such that for any w in L ;_,, ||u||H§ <c <||Agu||L§_2 + Hu||Lz(B)) )

Proof. Since Aj, commutes with I1y and 1| , we can write the equation Agu = f
outside a large ball Bg, as follows:

Apug = fo + Ho(Ap — Ag)u
Apuy = fL + HL(A}L — Ag)u

We have denoted ITyu by ug, I, u by u, , etc, to make the equations easier to
read. We apply lemmata 1 and 2 to the first equation and lemma 3 to the second
equation, which results in

h
V" duolls g, 5+ duollzz_ (ng,, ) + ol aas, )

h
+ ||V duLHLﬁ,z(BsRO) + |‘dulHL§72(B§RO) + ||ul||L§72(B§RU)

<c Hf||L§72(BI§O) + cllull Lz (pyp,) +cll(An = Ag)UHLg_Q(Blc?O) :

Since
(An = Ag)ul < clg = bl [V*dul + ¢ |V = V"||du], (11)

there is a function € going to zero at infinity such that

1(An — Ag)u||L§_2(Bj‘?0) = H'f(r)vhduHL;Q(Bgo) + HTAE(T)duHLgfz(B;‘O) :
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Therefore, ||(4), — Ag)UHLg (Bg, ) CAn be bounded by
_,(Bg,

€(Fo) <||vhd“°”L§_2<BgRo) * thd“L”LE_ﬂBg%) * ”duOHL%_l(B;RO))

h
+ €(Ro) (HduJ-”L§_2(B§RO) +|V du||L§72(ARO) +lldull 2 (ag,) )
Using this and choosing R large enough, we find

h
v dUOHLg,,Z(BgRO) +llduollzz | (sg, )+ luollLa(sg, )

h
T IViduilliy img,,) + 190 lie g, + letllezms,,)
'
<c ||fHL§72(B;20) + C||“||L2(BQRO) e HV LduHH(BzRU) T c||du||L2(B2R0) ’

Owing to the asymptotic of the metric, V" can be changed into V9 in this
estimate. Since the standard Garding inequality provides

IV9dull 2, ) + AUl 2By, ) < NIl L2 (Bang) T ¢ 1l L2 (Bypy ) »

we can conclude: ||u||H§ <c ||fHL§_2’6_2 +c ||uHL2(B4RO) .

2.2. Mapping properties. We are interested in the unbounded operator

Ps: D(Ps) — L§72,572
u — Agu

whose domain D(Pj) is the dense subset of L§7 s—o Whose elements u have their
Laplacian in L§_27§_2.

2.2.1. Fredholmness. Proposition 1 has a direct consequence. In view of Rel-
lich’s theorem and Peetre’s lemma (cf. [LiM], p. 171), it implies Ker Pj is finite
dimensional (for any §) and Ran Py is closed (for any noncritical ¢). The usual
L? pairing identifies the topological dual space of L3 s , (resp. L3 _, 5 ) with
L2_5,2_5 (resp. L%—M—é)' For this identification, the adjoint P of Pj is

P;: DP5)— Laa,zﬂs
u — Agu
where the domain ’D(Pg‘) is the dense subset of Lg_ 5.2-5 whose elements u have
their Laplacian in L? s5.2—s5- Observing Ker Py C Ker P, for some large non crit-

ical n, we see that Ker P5" is always finite dimensional. We have proved the

Proposition 2. If § is not critical, then Ps is Fredholm.
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2.2.2. Solving an exterior problem. We first solve the equation Apu = f on an
exterior domain.

Lemma 4. Given a noncritical § and a large number Ry, there is a bounded
operator Gy, : L?_Q(BIC%O) — H(?(Blc%) such that Aj o G, = id.

Proof. We will define GG, in three steps, relying on an orthogonal decomposition
of L3_»(B,)-

For the first step, we pick a function f in L?_,NKer II| and we assume it has
no component along the eigenspaces E; of Ag such that (6; —6)(d; +6—2) > 0.
Given R >> Ry, we can use standard elliptic theory to solve the equation
Apug = f in L?(Bg\Bg,), with Dirichlet boundary condition. Adapting the
proof of lemma 2 (on Br\Bg,, with x = 1), we obtain

||UR||L§(BR\BRO) < C”f”Lﬁ,Q(BR\BRO) ) (12)

with ¢ independent of R. Elliptic regularity then bounds the H? norm of ug
over compact subsets in terms of || f]| L2, » 0 that we can use Rellich theorem

and a diagonal argument to extract a sequence ug converging to a function u
in H} , with Ayu = f and u = 0 on dBg,. Taking a limit in (12), one gets
Hu||L§72(B%O) <c ||f||L§72(B%O). From (1) (plus standard elliptic arguments near

0BR,), we deduce an estimate on the derivatives:
||UHH§(B;0) <c ||fHL§_2(B§%) : (13)

We need to show that such a u is uniquely defined, i.e. independent of the choice
of extracted sequence. The difference v between two such functions u obeys
Agmv = 0 so, from ODE theory, its modes read v;(r,w) = i d)j' (W) +1" ¢; (W)
with ¢;E in E;. Since v; is in L2 and vanishes on the boundary, we have qui =0,
so v = 0. We can therefore set Gy f := u.

As a second step, we observe the same approach can be used for a function
fin L§_2 N Ker II,. We can still obtain the functions ur by solving the same
problem and the proof of lemma 3 can be adapted to provide the estimate (12),
provided Ry is large enough. This makes it possible to extract a converging
subsequence as above, yielding a function u such that Apu = f, u =0 on 0Bp,
and satisfying (13). As for unicity, we consider the difference v between two such
functions u: v is in L§75_2 NKer I1y, vanishes on 0Bg, and obeys Apv = 0. Given
a large number R, we can choose a cutoff function y that is equal to 1 on Ag,
vanishes on A} and has gradient bounded by 10/R. Then

/ d(xw) 2 = / ldx[2o? + / V2o Ao

implies ||dv||L%(AR) <c ||v||L%71(A}?') for any exponent 7. Since IIpv = 0, we get
||vHL727(AR) <c ||dv||L%(AR) < c||v||L%71(A}?) for any exponent 7.

This improves L% estimates into L72771 estimates. So v € Lg implies v € L% for

any 7. In particular, v is in L? and thus vanishes. So u is well defined and we
can set G f := u.
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As a third step, we consider those f in L2 _, NKer I7| whose only component
in the spectral decomposition of Ag is in Ej}, with (6; — 0)(6; +6 —2) < 0. In
case 2 — 6 < §; < 6, we set G, f := u, with

u(r,w) := 2(115]) (r”j+ /R0 tl_”;rf(t,w)dt — /R0 tl_”if(t,w)dt) , (14)

The proof of lemma 2 yields

||U||L§(B;%O) <c ||f||L§72(B%O) : (15)
With lemma 1, we obtain:

||UHH§(B§R0) <c ||fHL§72(B§0) : (16)
Since u vanishes on dBp,, standard elliptic estimates improve (16) into

||U\\Hg(3;?0) <c ||fHL§_2(B;~?O) :

The case § < §; < 2 — ¢ is dealt with similarly, replacing Ry by +oco in (14).
Note u does not vanish on dBp, in this setting. But it can be bounded by
C||f||L§_2(BE.O) on 0Bg,; since Agu; = Ajuy, Hu||H2(aBRD) is then bounded by

¢ ||f||L§ L(Bs, )» S0 the argument above still works. O
- 0

A perturbation argument extends this result to a more general setting.

Proposition 3. Given a noncritical 6 and a large number Ry, we can define a
bounded operator Gy : Li_,(Bg ) — H3(B§,) such that Ay o Gy =id.

Proof. Thanks to lemma 4, we can write Ay, = Ay, [id +Gp, (44 — Ap)]. With
(11), we can estimate [|(A}, — Ag)u||L§,5,2(B§0) by €(Rp) Hu||H§(B%O). Since G,
is bounded from L§,572(B§0) to H3 (B, ), we deduce that Gj, (A, — Ay) defines
a bounded operator on Hg(B%O), with norm strictly inferior to 1 for Ry large
enough. So id+ (A, — Ay) A, is an automorphism of Hj(B%,) and Gy =
id+Gp (4, — Ap)]”" Gy, is a bounded operator from L%,a_g(Bzczo) to HF(B%,),
with AgGg =AGp=id. O

This lemma can be used to build functions which are harmonic outside a
compact set and have some prescribed asymptotics.

Corollary 1. Given j € N and ¢ € Ej, there are functions Nfd, that are har-

+
monic outside a compact set and can be written Nji¢ =7r" ¢p+vy with vy in Hg
for anyn > 6; — 1 and v_ me] foranyn>2—6; —T.

Proof. For noncritical § > d;, since r”;d) is in L2 and Ah('r”a+ ¢) =0, lemma 1
implies 17 ¢ is in H2. With (11), we deduce A, (r*s ¢) € r—TL2_, = L2___,.
Now we can use lemma 3 to solve Aju = ng(r”;gb) outside a compact set

"
and put N;“)Qs := x(r"s ¢ + u) for some smooth nonnegative function y which
vanishes on a large compact set and is equal to 1 outside a larger compact set.
The construction of Nj_ P follows the same lines. 0O
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2.2.3. Decay jumps. The following lemma is the key to understand the growth
of solutions to our equations.

Lemma 5. Suppose Apu = f with w in L(Bg ) and f in L}, _,(Bg, ) for non-
critical exponents § > 0’ and a large number Ry. Then there is an element v of
L3 5_o(B%,) such that u—v is a linear combination of the following functions:

— r”f(,bj with ¢; in E; and §' < 6; < §;

— Y ¢j with ¢; in Ej and §' <2 —§; < 4.
Proof. We will build v step by step, starting from the solution o of Ao = f
provided by lemma 4: © is in Lg,_l(;,(Bf%O). Consider w := IIp(u — v) and look
at its modes w;. The equation Apw; = 0 implies w; = e (;5]-+ + ¢; with ¢§E
in E;. Observing r*J € L2 & n>d;and 75 € L2 & n>2—§;, one can see
that each term is either in Lﬁ'—z,aw so that we can add it to v and forget it, or

satisfies the conditions in the statement. What about z := IT, (u — ©) ? This z
satisfies Apz = 0, IIpz = 0 and z € L2. As in the proof of lemma 4, for any 7,
L estimates on z improve into L7 _; estimates, so z € L} implies z € L for any
7 and the proof is complete. O

Let us generalize this to A,.

Proposition 4. Suppose Agu = f with uw in LZ(K®) and f in L}, _,(K€) for
noncritical exponents 0 > 0'. Then, up to enlarging K, there is an element v of
L§,,5,72(KC) such that u — v s a linear combination of the following functions:

= NP, with ¢ in By, if &' <85 <6
_N;@j with ¢j in Ejf Zf(sl <2-— (5]‘ < 4.

Proof. Thanks to lemma 1, the equation Aju = f, with v in L§7572 and f in
L3 _,, ensures u € HZ. With (11), we obtain

Apu € LF_o+ Li_, .

So if we pick any noncritical 7 > max(é’,§ — 7), we have Ayu € L7 . Lemma
5 then says u admits a decomposition

vt + v, _

= I+ . J— .

u=u + g riter + E T g;
J+ J-

where u; belongs to L%ﬂr?’ n<d;, <dand 2—-0 <2-9;_ <2-—mn With

lemma 1, we can therefore write
= NG N
u=uzt Z jrot, T Z o6y
J+ j-

with us inI/727,7772,17<(5j+ <dand2-0<2-90;_ <2-n.
If § — 7 < ¢', we are done.
If not, observe Ajus = f outside a compact set and us belongs to Lfmfg. So
we can repeat the argument with us in the role of v and 7 in the role of §. In a

finite number of steps, we are in the first case. 0O
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m

Corollary 2. Ps is surjective for any noncritical value 6 > 2 — 3

Proof. For any noncritical § > 1, Ker P; consists of harmonic functions u € L3
For every large number R, there is a smooth function 0 < yr < 1 such that
Xr =1 on Bg, xg = 0 outside Bag and |dxg| < %. Then

/\d(xRu)|2:/ |dXR|2u2—|—/ XRuAg u  implies / \du\Qgc/ ur—?
M M M Br AR

and, letting R go to infinity, one finds du = 0, hence u = 0 : Ker P = {0}. So P;s
is surjective as soon as & > 1 is noncritical (recall it is Fredholm). Now, choose
some ¢ in ]2 — 2, 1[ and pick some function f in L, _,. In particular, f is in
L3 _,, so there is a solution u € L7 | 5 of Aju = f. Proposition 4, with § = 1
and 0’ = ¢', implies u € L, 5 _,, for there is no critical exponent in ]§’, 1[ ! Py
is therefore surjective. 0O

2.8. An extension to the Dirac operator. If we endow R™ xS! with its trivial spin
structure, we can define a Dirac operator 7, whose square Dio acts diagonally
as the Laplace operator A, in a constant trivialization. As a consequence, the
a priori estimates that we have proved for A, are also available for D,ZLO. We
wish to work on a complete spin Riemannian manifold (M™%, g), m > 3, such
that for some compact subset K, M\K is spin-diffeomorphic to R™\B™ x S!,
with: g = ho + O(r™7), V"g=0@"""1 and V'"2g=0(r""2),7>0.
A perturbation argument easily yields the

Proposition 5. If § is not critical, there is a constant ¢ and a compact set B
such that for any ¢ in L§76_2,

1l g2 < e (!!w?,w!ug_2 + Ilwllmm) :

The functional spaces are defined in the obvious way, using a constant trivi-
alization. The proof is basically the same as that of proposition 1. Note however
the estimate on the second derivative of g: we need this to control the differ-
ence between the model Dirac Laplacian Dio and the operator D?], and more
precisely the Oth order term (which of course vanishes for the Laplace operator
on functions). Indded, we bound ‘D; P — Dig 1/J| by a constant times

lg = hol [V"0245] + [V g| [Vhous| + (|99 = Who[* + [Who2g )y

The Fredholmness of the corresponding operator Ps,  noncritical, follows
immediately. The decay jump phenomenons carry over to this setting in exactly
the same way. The proof of corollary 2 can be adapted to get the

Corollary 3. If Scaly > 0, Ps is surjective for any noncritical value § > 2 — 3.

Proof. Lichnerowicz formula and the assumption Scal, > 0 ensure the L? kernel
of 1) is trivial: just use the integration by part formula

2 _ 212 2 2.y 1 2 2
/M|v<wa>\ - /N laal 0+ /Mwa,w ¥ -1 /MXRScauw |

The end of the proof is the same as for the Laplace operator. 0O
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3. Towards a mass

In this section, we introduce a notion of mass for ALF metrics. The first para-
graph contains a few (classic) algebraic computations which are useful in the
sequel. The second and third paragraph develop two points of view correspond-
ing to the two standard examples of Dirac type operators.

3.1. Algebraic preliminaries. Let M™ be a Riemannian manifold and let E be a
bundle of left modules over the Clifford algebra bundle CI(T'M). For definitions
and basic facts about spin geometry, we refer to [LM]. We assume F is endowed
with a compatible Euclidean metric (.,.) and metric connection V, whose cur-
vature tensor is R. This data determines a Dirac type operator D on F and a
section R of End E. In a local orthonormal basis (e, ), these are

n

€q Ve, and R = Z [€a, €b ] Re, ey -
1 a,b=1

D =

a

RNy

n
Remark 2. Commutators are easier to handle than Clifford products, for the
latter are not antisymmetric. The identity

[earsep] = 2(0ap + € - €5°) (17)

makes the translation. Moreover, brackets are skew-symmetric with respect to
the Euclidean metric:

([ea'?eb']w?w) = 0. (18)

Given sections o and 3 of E, we define a one-form ¢, 3 on M by the following
formula (as in [AD,He2,Dai)):

Cap(X) == (Vxa + X - Da, ).

The point is: d*(y 3 = (Da, DB) — (Va, V3) — (Ra, 3). We can integrate this
Lichnerowicz-type formula over a domain {2 to get

/ [(Va,VB) + (Ra, 8) — (Do, DB)] dvol = —/ d* o, pdvol = / d*Cap
Q 0 Q
Stokes formula then provides
/ {(Va, V3) + (Ra, §) — / (Da,Dﬁ)} dvol — / oy (19)
Q Q a0

If wy, g is the two-form defined by wq g(X,Y) = ([X-,Y"]e, 3), one can com-
pute d*wq,g = 4Ca,3 — 4(3,o. Stokes theorem thus implies:

/an *Co, 3 = /89 *(8 - (20)
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3.2. The Gauss-Bonnet case. Let us consider a complete oriented Riemannian
manifold (M™% g), m > 3, such that for some compact subset K, M\K is
diffeomorphic to the total space of a circle fibration = over R™\B™, which we
endow with a model metric h = dz? 4+ n? as in section 1. Recall dn = m*w, with

w=0@r"""1 and Dw=O0(@r"""2). (21)
We assume g is asymptotic to A in the following sense:
g=h+0@"T), Vig=0r"T"1) and V"?g=0r""72). (22)
m—2

For what follows, it is important to require : 7 > #5=. To simplify the statement
of lemma 6, we will also suppose 7 < m — 2 (if not, take 7 := m — 2).

In this paragraph, we work on the exterior bundle AM (=: F), endowed with
the Levi-Civita connection VY and we use the Gauss-Bonnet operator d + d*
as Dirac-type operator D. The Clifford product v- := €, — ¢, is obtained from
the exterior product €, := (v,.)A and the interior product ¢,. In this setting, R
preserves the form degree. In degree 1, it reduces to the natural action of the
Ricci tensor.

Let us introduce the vector space Z spanned by Xi,...,X,,. As a first step
toward the definition of a mass, we wish to build g-harmonic one-forms that are
asymptotic to any element of the dual vector space Z*. We fix a small positive

number € (say 0 < e < 1/2 and € < 7 — Z2).

Lemma 6. For any element a in Z*, there is a one-form « on M such that

(d+d)a=0and a =a+ 3, with =0(r ") and VIG € LE_T_H_%,

Remark 3. 1t is important to stick to asymptotically horizontal forms: this lemma
cannot be generalized by choosing & = 1. A counter-example is provided by the
Taub-NUT metric : g = Vdz? + %772 with V =1+ 277” (cf. the end of the paper
for more details). In this Riemannian manifold, if there were a one-form a with
(d+ d*)a = 0 and o asymptotic to n (in the sense above), it would have to be
n/V (for it is harmonic and asymptotic to this one-form ; a similar argument
can be found in the proof of corollary 3). But this one-form is not closed, hence
is not suitable. This fact explains the difference between the formulas for p5”?

and ,u?. In the Gauss-Bonnet case, we will define the mass by taking a trace

over the horizontal directions (because of this lemma), whereas we would have
needed a full trace to recover the same mass as in the Dirac setting.

We will need a Sobolev inequality. Indeed, the assumptions on h and g imply
Ricy, > ¢r™2, so we can use [SC] (or [Mil]) to ensure the following family of
scaled Sobolev inequalities: with n = m—+1, any smooth function u with compact
support in Ag satisfies

il

2n_ <c—— dU .
Ln-2 — (VO]BR)% H ||L2

This allows Moser iterations, turning integral estimates into pointwise estimates
([GT]; more precisely, lemma 3.9 in [TV] and lemma A.3 in [Mi2]):

lell oo = oy lellee + cR? | Agul o - (23)
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Since Ric, > cr™2, this estimate also holds for one-forms (4, is then replaced
by the Hodge Laplacian (d + d*)?) and for spinors (with the Dirac Laplacian

p?).

Proof. Tt is enough to prove the claim for & := dxj. Let us choose a truncature
function x that vanishes on a large compact set and is equal to 1 outside a
larger compact set. Since Agxy, is in L}, , for any & > 1+ 5 — 7, we can apply
weighted analysis (corollary 2 ; observe 6’ > 2 — % because of our assumption
7 < m — 2) to construct a function uy in HZ such that Aju, = —A, (xxk),
for any noncritical 6" > 1+ % — 7. Setting B := duy, we therefore obtain
(d+d*)Br = —(d+d*)d (xxk), with B € L3 and VB, € L3_,, forany § > 2 —7
such that §" = § 4 1 is not critical. We may choose § = % — 7 + e. Then the
one-form oy, := d (xzr) + Br obeys (d + d*)ay = 0. The pointwise estimate on
B follows from (23), using B € L% and Ay3, = O(r~7—2) (this coincides with
dAgzy, outside a compact set). O

Now, the basic formula we need is given by (19) and (20): for any one-form
a as in lemma 6 and any large number R, we have

/ [|V9a|2+Ricg(a,a)}dvol:/ * a,a+2/ *C&,,G"‘/ *(g,. (24)

Our next aim consists in understanding the asymptotic behaviour of the right
hand-side as much as possible. The mass is to be the limit of this quantity when
the domains Bg are larger and larger. Let us tackle the second and third terms
on the right-hand side. The assumption 7 > mT_Q kills them at infinity.

Lemma 7. There is a sequence (R;); going to infinity such that

lim *C&,ﬁ =0 and lim *Cﬂ,ﬁ =0

i—00 8B, i ——00 OBk,

Proof. Since 3 is in L2ﬂ+677 and V}3 is in L2m+677717 one can find a sequence
2 2

R; going to infinity such that / <|ﬁ|2 + 72 \ngg) dvol = o( R" 27271,
802n,
The lemma then follows from Cauchy-Schwarz inequality and V9a = O(r

with 7 > mT_2 O

),

We need to compute the first term in the right-hand side of (24). Observe h
identifies Z and Z*, so any Z in Z corresponds to a well defined a = az in Z*.

Lemma 8. (.5 = —(diva 9)(2)a — 1 [d(Tra 9)(2) @ + d (9(Z, Z))] + O(27).

Proof. Let us g-orthonormalize the frame field (Xi,...,X,,,T) into (e,), and
set weq = g(V9ec, eq) — g(V'e., eq). Since the connection on the tangent bundle
TM reads V9 = V" 4+ w.y e ® eq, the connection on the cotangent bundle
satisfies: V9a = V"a —wq. a(e.)ed. Therefore, we can write (5,5 = &1 + &2, with

1 - 1 - ~
&= §g([ea-,eb-]vgba,a)e“ and & = —iwdc(eb) aled)g([ear, epled, @)e.
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We are lead to estimate terms like

g(lear eb-]ed, @) = g([ec, = tegs€e, — Leb]ed7 a) = _g([l'ea7eeb}ed + [€cq Leb]ed7a)

(recall & is a one-form). A little algebra provides [e., , te,Je? = 20pqe® — Sape? and
therefore:

%g([ea~,eb']ed7&) = daac(ep) — Opac(eq). (25)

Formula (25) implies &; reads g (V2 &, e?) [6aaci(ep) — dpadi(eq)] €%, namely & =
Via—g(Vha,e?)a. With (4), we deduce & = Via + (dja)a + O(r= 2771 =
O(r=27=1) is a negligible term. As for &, we use (25) again to obtain & =
wdc(ep) alee) [Opai(eq) — daaci(ep)] €. Since Koszul formula provides
2wxy(6w) = —g(w, [em, ey]) g(ee, [ew, ey]) + g(ey, [ew, €x]) — QQ(Vew €z, ey)
= —g(ew,V ey) g(eq, ewey) + g(ey, V’Z ez) + g(ew, Veyex)

+g(e, Vh ew) — g(ey, VI ew) —29(VE es,ey)
) —

= (Ve,9)(ey ew) = (V2 9)(ex, ew) + (VE,9)(ex, €y),

we eventually find:
285 = (V2 9)(Z,ev) & — (Vig)(ev, ) @ + (VI g) (e, Z) &
—(VZQ NZ, Z)e" + (Viyg)(ea, Z) €* — (Viyg)(ea, Z) €.

We then use the asymptotic of g and (4) simplify this expression into the
promised —2(divy, g)(Z)a — d(Tr, 9)(Z)a — d(g(Z,Z)), up to O(r=27"1). O

The computations are done, it is time to draw a theorem, which requires a
definition.

Definition 2. On M\ K, we define a one-form g4 5 with values in the quadratic
forms on Z by the formula

1.1 (Z) = —(divi 9)(Z)az — 5 [d(Trn g)(Z) Gz + d(9(Z, Z))] .

The “mass” quadratic form Qg 1, is the quadratic form defined on Z by:

Qyn(Z) = — limsup / i ayn(Z),
OBRr

L R— o0
where wy, s the volume of S™ 1 and L is the asymptotic length of fibers.

Why this normalization constant? The factor 1/L is there to make the mass
independent of the length of the asymptotic circles. The normalization by the
volume of a sphere is more anecdotic. This corresponding positive mass theorem
is the following.

Theorem 3. Let (M™*L, g), m > 3, be a complete oriented manifold with non-
negative Ricci curvature. We assume that, for some compact subset K, M\K
is the total space of a circle fibration over R™\B™, which can be endowed with
a model metric h such that (21) and (22) hold with 7 > ™>2. Then Qg is
a nonnegative quadratic form. It vanishes exactly when (M, g) is the standard
R™ x S'.
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Proof. Formula (24), together with Ric > 0, lemma 7 and lemma 8, provides
/ [|Vgozz|2 + Ricy(az, az)|dvol < wnL Q41 (Z). (26)
M

Since Ric > 0, we deduce Qg 1(Z) > 0.

Now we assume Q5 = 0. In view of (26), the g-harmonic one-forms o, are
then g-parallel. We have therefore built m g-parallel one-forms aq, ..., a,, that
are asymptotic to dz1, ..., dx,,. We also put a;11 := *¢(c1 A -+ A ayp), S0 as
to obtain m + 1 g-parallel one-forms that are linearly independent outside a
compact set, hence linearly independent on the whole M. This yields a global
parallel coframe field on M. In particular, (M,g) is flat, so it is a flat vector
bundle over a compact flat manifold and ¢ is naturally induced by the flat
connection ([CG] p. 281). Since the volume growth of (M, g) is comparable to
that of R™, the fibers of this bundle are m-dimensional. This means (M, g) is
a flat R™-bundle over S', namely it is obtained as a quotient of R™*! by the
group generated by a rigid motion p: p(x) = Az 4+ v, with A € O(m+1), v #0
and Av = v. For such a manifold, the holonomy group is generated by A. But we
have built a global parallel coframe on (M, g), so the holonomy group is trivial:
A is the identity. It follows that (M, g) is obtained as a quotient of R™*! by a
translation : it is isometric to the standard R™ x S'. O

Note Q, j, vanishes if and only if its trace vanishes. So &'} := Tr Qg 5, plays
the role of a numerical mass. We have:

1
lim sup/ *p, <divh g+dTr,g— 2d(g(T, T))) (27)
L 9B

m R—

Hoh ===
In this formula, the integrand can be replaced by the Hodge star of
(= V5, 9)(X3, X5) + Xi - 9(X;, X;) = (Vo) (X, T) + TP g
This can be simplified for we can use (4) and the closeness of g to h to get
(V) (X, T) #p dai =T - g(X;, T) xp, d; + O(r=27~1), which can be rephrased
as d(g(Xi, T) *p, (dxi/\n)) +X;-9(Xs, T)*p,m+O(r=27=1). So this part integrates
to zero at infinity! In the same spirit, (V&jg)(Xi,Xj) equals X; - g(X;, X;) up

GB
h

g reduces to
,

to O(r=2771), so the mass

M?f = L limsup/ o ([Xj -9(X5, X;5) — Xi - g(X;, X)) da; — w)
wnl R0 OBr

The term between brackets is similar to the usual expression of the mass
in the asymptotically Euclidean setting (see (1) in the introduction). It is the
contribution from the base. More precisely, one can average the metric along the
fibers and compute the mass of the asymptotically Euclidean metric induced on
the base: it is this term. The other term is related to the variation of the length
of fibers.

We now turn to the geometric invariance of the mass: does the mass really
depends on & or is it a Riemannian invariant of g 7 To ensure the answer is yes,
we replace the assumptions (21) and (22) by

Diw=0""T1"% 0<i<2 (28)
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and ] .
Vhilg —h) = OF"""1), 0<i<3. (29)

If there is a model metric h such that these estimates hold, the corresponding
mass uif does not depend on A but only on g : it is a Riemannian invariant.
Before embarking into the proof, let us explain what the assumptions (28) and
(29) are for. If we go back to the crucial lemma 6, we observe the derivative
of 3 is only controlled in an L? norm, which explains why we have to choose a
convenient sequence of radii R; in lemma 7 and why we define the mass with a
limsup instead of a simple limit. Qur new assumptions provide a C'! estimate on
G, which allows us to get rid of the limsup.

Lemma 9. If (28) and (29) hold, then the mass can be written as

1

GB .

" = —— lim X
g,h [Rl 5 R*h‘]g»h( k)

1 m
T ol Z/ ['vak"Q + (Ric(ag), )| dvol.
m =1/ M

Proof. As explained above, it amounts to obtain a C' bound on the one-form
Ok obtained in lemma 6 if @ = dxy. Let A denote the rough Laplacian V*V.
A slight computation yields AV, = VAB, + Rm ®V 3 + VRm @3, where ®
denotes any bilinear pairing obtained by contracting with respect to the metric.
The Bochner formula ABy, = (dd* + d*d)S), — Ric(8) implies that, outside a

compact set, we have A3, = —dA,zy, — Ric(By), hence
(A—Rm®@)Vp = —VdAgz, + VRm @G = O(r~"7?) (30)

thanks to (28) and (29). Since Rm = O(r~7~2), the term Rm ® can be treated
as a perturbation and we can use a Moser iteration (cf. lemma A.3 in [Mi2]) in
order to find
c 201 A

||Vﬂk||L<x>(AR) < m HVIGICHLQ(A’R) +cR H(A —Rm®)Vfy
with Agp = Bar\Br and A, = Basr\Bosr. With (30) and lemma 6 (to get an
L? bound on V3;), we end up with : V3, = O(r¢~"~1). With this and lemma
6, we can deduce from formula (24) and lemma 8 that

||L°C(AR) ’

/B {|Vak|2 + (Ric(ak)7ak)} dvol = / s Cdap der, T 0(1)

OBRr

— [ g + o),
OBRr

with oy = dxy + Bk. Since Ric > 0, the left-hand side admits a limit in [0, +o00],
SO f@BR *nqg,n(X1) goes to an element of [0, 4+00] as R goes to infinity. Summing

over k, we see that the limsup in the definition of ugf can be turned into a
genuine limit, in [0, +00], hence the lemma.

Proposition 6. If h and b’ are two model metrics satisfying (28) and (29), then
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Proof. The metrics h = dz? + n? and A’ = d2'?> + 9’2 come with two circle
fibrations 7 and 7', with connections as above. We can assume (28) and (29)
hold for h and A’ with the same 7. The proof of the unicity of the mass is in three
steps (compare [Bart,CH,Chr]). We first prove that, given an adapted (i.e. as
above) h-orthonormal frame field (Xi,...,X,,,T), we can find an adapted h'-
orthonormal frame field (X7,..., X/ T') that is r~"-close to (X1,...,Xm,T).
Secondly, we show that the computation of the mass term does not depend on
the choice of “spheres at infinity” (0Br = r~'(R) or 9By, = r'~!(R)). And
finally, we prove that the difference between the integrands corresponding to h
and A’ is the sum of an exact form and of a negligible term.

For the first step, we need to prove that the infinitesimal generators T and
T’ of both circle actions are r~"-close. Note that, since h and A’ are asymptotic
to ¢ (and because the fibers of © and 7’ have bounded length), the quotient r/r’
is bounded from above and below outside a compact set and, indeed, both r
and r’ are comparable to the g-distance to a fixed point. Observe also that by
assumption :

T, =1+ 00" T)=|T], + O™ 7). (31)

For every point x with r(z) sufficiently large, we introduce the smooth loop
3 defined by 4(0) = z and ((t) = Ty ; we can push it into a smooth loop
v := mo 3 on R™. Observe L = L’ is well defined since it is the injectivity
radius at infinity. The idea of the proof is the following. Suppose T, were not
close to T, (nor to —T). Then its h-horizontal component would be substantial,
so that the curve v would have a substantial initial speed vector (m,T"),. We
will prove that v has a very small acceleration, so that it remains close to a
straight line, which is not compatible with the fact that v has to come back
to its origin in a time L. So T, has to be close to T,. To make this argument
effective, we decompose T” as the sum of its h-horizontal part H and h-vertical
part W ; observe (31) bounds the norm of H and W by a constant. Since 7 is a
Riemannian submersion between h and the flat metric on R™, we have

Dy T = (VU H) = m (VT — mo (Vi W). (32)

The first term, m.(V%T’), is bounded by a constant times |VhT’|h, which is

O(r=7=1) in view of (28), (29) and (4). To bound the second term, we use (4)
to compute

1
W(VEW, X3) = =h(W, Vi X;) = on(W)dn(H, X;).

This is O(r~771), by (28). With (32), this ensures D, m. T’ = O(r~71). Given
a point x , the acceleration 4 of the corresponding loop « is D+y = Dr /T’
(by definition of ¥), so it obeys : Vt,|¥| < cr(z)~7~L. Since (L) = ~(0), Taylor
formula provides L¥(0) = fOL t5(t)dt. With the bound on %, we deduce |§(0)] <
cr(x)~7L. Since, by definition of 7, 4(0) = (7,1"),, we can conclude that the h-
horizontal part H, of T\ is bounded by a constant times r(x)~7~!. Therefore, up
to an error term of order 771, the vector fields T and T are colinear. Since they
have the same h-norm up to O(r~7) by (31), we may assume T =T+ O(r™")
(changing T” into —T" if necessary). Now, given an adapted h-orthonormal frame
field (X1,..., X, T), we average the vectors 7, X; along the fibers of 7/, so as
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to get a frame field (X1,...,X,,) on the base R™ of 7’. Now we can proceed
on the base as in the asymptotically Euclidean setting (cf. [Chr]). Since each X;
has derivative bounded by r~'~7, X; = v; + O(r~7) for some (constant) vector
v; on R™ (Cauchy criterion) ; moreover, (v1,...,v,,) is an orthonormal frame
in R™. We define X/ as the h'-horizontal lift of v;. Then (X7i,...,X,,,T’) is an
h'-adapted frame field that is »~"-close to (X1,..., Xm,T).

To complete the second step of the proof, we rely on lemma 9 :

1 .
M?E/ = — hm *h’QQ,h’(X]Ig)
’ me R— o8B!,

1 & 5 .
= oo 2 [, [eks” + (it o
=1

Since the ratio of the distance functions r/r’ is bounded from above and below
(as detailed in [Chr]), the end of the proof of lemma 9 can be adapted to obtain

/ [|Vo¢§€|2 + (Ric(a%),afc)} dvol = / *h' ot de, + 0(1)
Br 0Bg

— [ et () + o),
OBRr

Letting R go to infinity, we find

/ [|VO&;€|2 + (Ric(a,), ak)} dvol = Rlim #n Qg n (X3,
M ——JaBg

lim Qg n (X}), which can be computed by

GB _
hence g = I
WL R—— 00 OBR

1 ) d(g(T', T’
L jim /QB e ([ 9(X0 X)) — X[ -g(X], X)) do — “WTTO),
R

me R—

where OBr = r~1(R) is defined with respect to h.
Let us turn to the third step, which consists in proving the equality

: e a( XX — X o( X XY dat — A1)
Rh_I>noo BBR*h/ ([XJ g(X“XJ) XZ g(XJ’X])] dml 2 )

= lim *h ([Xj ~9(Xi, X;j) — Xi - 9(X;, Xj)] da; — 7d(9(£’T)))-
R— 9BR
First observe the difference d(g(T',7")) — d(g(T,T)) reads
(VW o) (T, 1) = (V"' g)(T,T) +29(V"' T, T") = 29(V¥'T,T)

O(r—27-1) O(r—27-1) 277’(V""T)+O(r—2"'—1)




A mass for ALF manifolds. 25

which implies #, d(g(T", T")) — #,d(g(T, T)) = 25,17/ (V"' T) + O(r~271). Now,
a slight computation (using [X;,T] = 0) leads to
s (VI T) = 1 (V1. T) 5, ey + 1 (VI T) 54,
=0/ (VI X,) %, das + 0/ (VIET) %,
=T (X3) wn i+ (VET) s+ O(r =27
= d (s (' A) + Xi 0 (Xo) s+ 0 (VET) s+ O,

Since the terms involving %7 integrate to zero on dBg, Stokes formula yields

i [ d(g(T", T")) = #nd(g(T, T))] = 0.
— J9BR

To tackle the remaining term, we expand it as follows:

(X} - 9(X], X5) — X[ - 9(X}, X))] = [X; - 9(Xi, Xj) — Xi - 9(X;, X;)]

— (V5,9 (X1 X)) + 9(V5, X1, X)) + (X[, VR, X)) = (Vi) (X), X))
+9(Xi, Vi, X;) — (Vi,9) (X5, X;) — 29(V, X5, X;) |
Using the closeness of the frames and V"' g = O(r~71), one can see that the
contribution of the terms involving v g is of order r~27~1_ hence negligible. Be-
sides, using the closeness of g to h’ and (4), we have g(VS’;{Xg, X)) =021,

which ensures many terms above are lower order terms. Another simplification
comes from the fact that the commutator [X;, X;| is m-vertical and of order

r~7~1: it implies V’}(/in and V’};j X, only differ by a lower order term. All in
all, we find
(X5 9(X], X5) = X7 - g(X}, X)] = [X; - 9(Xi, Xj) = Xi - 9(X5, X))
= g(Vi. X;, X;) — g(X;, Vi X;) + O(r=271).

We now introduce the (m—1)-form h'(X;, X])*,(dz;Adz ;). Its exterior derivative
d (W (X;,X]) *p, (dz; A dxy)) is g(V}}(lej,Xi) sp, d; — g(V'}(/in,Xi) sp, dxj plus
lower order terms. After changing VSL(, X into VS‘(,J_ X, (which costs only a lower
order term) and switching summation indices ¢ and j in the second term, we
turn this into g(V’}(/ij,Xi) xp, dx; — g(Vé”(/in,Xj) 5, do; + O(r=27=1). This
computation can be combined with Stokes formula to ensure

: ! ! ! !/ / !/ !/
PLLNY [ - 9(X, X5) = X - (X, X7)] da

R—00 JoBp

We have proved: uff, = ugf. O
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3.3. The spin case, with a trivial fibration. In this paragraph, we would like to
explain a spin analogue to the construction above. The setting is a complete
spin manifold (M™% g), m > 3 with nonnegative scalar curvature, such that
for some compact subset K, M\K is diffeomorphic to R™\B™ x S!, which we
endow with the standard flat metric hg = dx? + dt?>. We assume the metric g is
asymptotic to hg in the following sense: for some 7 > ’”T_Q,

g=ho+0O(r"7), Dg=0@r"""" and D*9=0(r"""2).

As previously, we can choose 7 < m — 2. We furthermore assume the spin
structure of M coincides outside K with the ¢rivial spin structure on R™\B™ x
St.

We work on the spinor bundle ¥M := X9M(=: E) corresponding to the
metric g and we enow it with the pullback of the Levi-Civita connection. Then
D is the standard Dirac operator 13 and R is the multiplication by § Scal ([LM]).
Outside K, X’M is not the bundle corresponding to hg, but we can identify them
in a natural way. To make it precise, we denote by P the unique g-symmetric
section of EndTM such that hg = g(P., P.). One can also see P as a natural
bijection between the principal bundles of orthonormal frames so that it lifts
as an identification of the spin bundles and therefore identify X" (M\K) with
YI(M\K) = ¥(M\K). The Levi-Civita connection D of hg induces a flat metric
connection V¢ on (T'M, g), given by the formula V§¢Y = PDx (P~'Y). Since
it is a metric connection, it induces a metric connection V¢*“¢ on the spinor bundle
XI9M = XM. To sum up, we have three connections on T'M: VY is metric for g
and torsionless; V%€ is metric for g, is flat but has torsion; D is metric for hy,
flat and torsionless. Only two of them lift to X M: V9 and Ve¥c.

Now, the spinor bundle X'(M\K) is trivial and V¢*¢-flat, so we can find a
unit Vé"“-parallel spinor field «og. If € is a small positive number, we can adapt
lemma 6.

Lemma 10. There is a spinor field o := a + [ such that D o = 0, with @ = «q
outside a compact set, = O(r¢"7) and V3 € L%+€_T_1,

Proof. If x is a convenient truncature function x, we can see ap := xag as
a section of YM. Set v := —I(xap). Since v = O(r~""1), it belongs to
LS_T_l e From analysis in weighted spaces (corollary 3), we obtain a solu-
tion o € HE_H_H_% of the equation ? 0 = . Put 3 = P o. The estimates on /3
follow as in lemma 6. O

As in the Gauss-Bonnet case, we can use formula 19 to find

/ [|V9a‘2 + Scal, |a|§ } dvol < lim sup/ *Cag.aro - (33)
M OBRr

R— 0
1 : —27—1
Lemma 11. (yy,0, = ~2 (dTrp, g+ dive, g) + O(r ).

Proof. The proof is by now standard. We consider the frame field (9,), :=
(01,...,0m, 0¢). It is orthonormal for the model metric hy. Putting e, := P0,,
we obtain an orthonormal frame field for g. We need to understand (o0 =
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L9(lea, ey’ |V, ao, ap)e®. Since ag is V“-parallel, with weq := g(V9e,, eq) and
V9 — Ve = Lweglec, eqr] ([LM]), we obtain

1

Cansao = 7aWed(es)g(lears ev'][ec; ealao, ao)e®. (34)

In order to compute the connection one-form, we resort to Koszul formula:

2wed(ey) = —glew, [ec, eq]) — glee, [es, ea]) + g(ea, [eb, ec])-

Expanding the brackets thanks to the torsionless connection D, one finds:

2wcd(€b) = _(Dedg)(eln ec) + (Decg)(eln ed) + g(Debew ed) - g(Debed; ec)~ (35)

Let us denote by H the g-symmetric endormorphism such that g —ho = g(H.,.).
From P? = [-H and e, = PO, we get D, e, = — D“‘Qf’Hac—i—(’)(r_gT_l). And since
H is g-symmetric, we have g((D., H)0e,d4) = g((De, H)4,0:) + O(r—2771). So
we deduce g(De,ec,eq) — g(De, eq, e.) = O(r=27~1). Plugging this into (35) and

then (34), we see that (u,,q, can be approximated by

1

3 (Ocgba — Oagve) 9([ea", ev][ec, ea-ao, ap)e® + O(r2771)

1
= 1—63c9bd g(lear, ev][ecs ea-]ag, ap)e® + O(T72771)

1 _or_
= Zacgbd g((éabécd + 5ab6ced + 5cdeaeb + eaebeced) - (o, Oéo)ea + O(T’ 2 1)~

In view of (17) and (18), every term like g(e, - €5 - g, ) can be replaced by
—6ab |ao]?. Moreover, using (17), we can write

Ocgvd g(€atveceq g, ) = _%g(ea[elﬂed]ec'ama0)+acgbd9(6bdeaec'a07aO)'

Since 0,94 is symmetric with respect to b and d whereas [ey, e4] is antisymmetric,
the first term vanishes. These observations lead to :

Caoao = 10eGbd (0abded — OabOed — Ocdab — Sbadac) lao? e + 0271,
which reduces t0 (ag,a9 = 3 (—0cgac — Oagrp) € + O(r~2771). O

The corresponding positive mass theorem involves

1
pl, = — lim Sllp/ *J, (divh0 g+ dTrp, g). (36)
g, I 0B

Wml R—

Theorem 4. Let (M™%, g), m > 3, be a complete spin manifold with nonnega-
tive scalar curvature. We assume there is a compact set K and a spin preserving
diffeomorphism between M\K and R™\B™ x S! such that

g=grmxs +O(r™7), Dg=0("""") and D’9=0(r"7"?)

with 7 > mT_Q Then uﬁh is nonnegative and vanishes exactly when (M,g) is

isometric to the standard R™ x St.
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Proof. Since Scaly, > O formula 33 leads to [, |V9al|? dvol < et ,ugh, hence

the nonnegativity of 42, . When u ', vanishes, every constant splnor g in the
model gives rise to a ﬁarmomc and parallel spinor field « that is asymptotic
to ag. This makes it possible to produce a parallel trivialization of the spinor
bundle. It follows that (M, g) has trivial holonomy ([MS]) and we can conclude
as in theorem 3. 0O

Finally, the proof of proposition 6 can be adapted to prove that ,ugf 5, does not
depend on h but only on g, under the assumptions of theorem 2.

4. Examples

4.1. Schwarzschild metrics. These are complete Ricci flat metrics on R? x S7~2,
n > 4, given by the formula:

v = dp? + FW(P)2d92 + G'V(P)zdwz~

p, 0 are polar coordinates on the R? factor, dw? is the standard metric on S”~2,
F., and G, are smooth functions defined by

A =1- (&) o=y ma m=2- (@)

for some positive parameter . G increases from 7 to co and G, ~ p at infinity ;
FE, increases from 0 to % and F,, ~ p near 0. Setting r := G(p) and ¢t = %0,
we can write

dr?
3 + r2dw? + [ (T)n 3} dt?
1-(3)

In this way, it is apparent that g., is asymptotic to the flat metric on R" ™! x St
with circle length equal to L := 271 at infinity. Observe M = R? x S"~2 is spin
(with a unique spin structure, smce it is simply connected). To compute the

9y =

masses, we introduce “isotropic” coordinates: putting r = u [1 + ( )n 3} ,
we get

3 43 1_1(1)71—3 2
Gy [1+ (2 )n ]nf (du? 4+ u?dw?) + 4] dt?

141 ()"

for u > 0. We can then choose Cartesian coordinates x1,...,z,_1 corresponding
to the polar coordinates (u,w) and keep in mind the first order terms:

Gy R [1 + %u?’_"} da® + [1- 'y"_Sug_"] dt?.
With hg = dx? + dt2, this readily provides uﬁ = "3 and ugc’;B = "217” 3,
For instance, in dimension n = 4, the masses reduce to the parameter v (up to
a universal constant), which is basically what we hoped (cf. introduction).
The mass is therefore positive, but we cannot deduce it from the “spin”
version of the positive mass theorem: the spin structure at infinity is not the
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trivial spin structure! Indeed, the spin structure on the asymptotic S' comes
from the spin structure of the unit circle in the R? factor of R? x S*~2. This spin
structure is therefore induced by the (unique and trivial) spin structure on the
unit disk: it is the non trivial spin structure on the circle (see [Bar]). In the next
paragraph, we will give examples showing that this non trivial spin structure at
infinity really allows negative mass in nonnegative scalar curvature. But here,
since the Ricci curvature of Schwarzschild metrics is nonnegative, we can use
the Gauss-Bonnet point of view and explain the positivity of the mass: it is a
consequence of Ric > 0 and not of Scal > 0.

4.2. Reissner-Nordstrém metrics. In four dimensions, the Schwarzschild metric
g~ belongs to a broader family of complete scalar flat metrics on R? x S? that
are asymptotic to R? x S!, with the non trivial spin structure at infinity. These
Reissner-Nordstrom metrics [Dai, BrH, CJ,PK] are given by the same ansatz g =
dp? + F(p)2db? + G(p)?dw?, with

r_ _2m _ 4> _ _Gj 1 2m &
G'=14/1 e &= and F_Go—m 1 el &z

and G(0) := Gy = m + \/m? + ¢2. The behaviour of G and F is similar to the
Schwarzschild analogue. The new feature is m can be chosen negative: the metric

2
is then still complete, provided ¢ is nonzero. Setting r := G(p) and t = fomﬁ,
we can obtain a more familiar formula:

dr?

g:m—k[l—%—m—%ﬁ]dtz—t—ﬁdwz.
)

T

The formulas for doubly-warped products [Pet] (or geometric arguments as in
[Bes], 3.F) make it possible to compute the curvature. The eigenvalues of the
2

Ricci tensor are g—i, along 9, and 0, and — &z, along the S? factor. It therefore

has no sign but the scalar curvature vanishes. To compute the mass pgD , we
can again use isotropic coordinates. The new radial coordinate u is given by

r=u [1 + 7+ m2+q2} and we find

4u?

2
m?4q%]? 2 27 2 1 - mjtf 2
g:[l—&—%—i— 4u2‘1} (du® 4+ u“dw*) + Y dt*.

m m2+q?
L+ u + 4u?

Comparing to the Schwarzshild formula, one can see that the asymptotic is the
same up to O(u~2), so the mass ugD is 2m. Since we can choose m negative, this
yields a whole family of metrics with negative mass!

4.3. Multi-Taub-NUT metrics. The Taub-NUT metric is the basic non triv-
ial example of ALF gravitational instanton. In particular, it is hyperkahler
hence Ricci flat. For details, the reader is referred to [Le2, HHM]. Basically,
it is a complete metric on R* which is adapted at infinity to the Hopf fibration
R*\ {0} — R3\ {0}. It can be written outside one point as g = Vda? + $n?
where V =1+ 277” for some positive parameter m and 7 is a connection form
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with curvature *gsdV. Up to a constant, n is the standard contact form on the
three-spheres (cf. section 1). With h = dx? 4+ n?, we can compute /J?B =3m: as
expected, the mass is essentially the parameter m.

The same computations apply to the multi-Taub-NUT metrics (cf. [Le2,
HHM]). These metrics are again hyperkéahler and their asymptotic is adapted to

a principal circle bundle over S? with Chern number —k. They can be written
oustide k points as g = Vdz? + %772 with V =1+ Zle |x2_7";l‘ and 7 is a connec-
tion form on a S! bundle over R\ {zy, ..., 71} whose curvature is *gsdV. The
mass &8 of these metrics is 3km.
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