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Sequence of opponents and reduced strategies
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Abstract. We consider the framework of repeated two-person zero-sum games
with lack of information on one side. We compare the equilibrium payoffs of
the informed player in two cases: where he is facing either a) a single long-
lived uninformed player, or b) a sequence of short-lived uninformed players.
We show: 1) that situation b) is always (weakly) better than a), 2) that it can
be strictly better in some cases, 3) that the two cases are equivalent if the long
uninformed player has an optimal strategy independent of his own moves.
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1. Presentation

We consider a two person zero-sum repeated game with incomplete informa-
tion on one side ([1]). There is a finite state space K. Foreach ke K, a I x J
real payoff matrix A% is given, as well as two I x J signalling matrices H'¥
and H*>* with values in finite signal sets S and 7.

The game G is played as follows: k is selected according to a publicly
known distribution p. Player 1 (the maximizer) is informed on the outcome
but not Player 2. Inductively at stage m, Player 1 chooses an action i, in
and Player 2 chooses an action j,, in J. The stage payoff is x,, = 4X . but is

im Jom

not announced. Rather the signal s, = Hllmjk (resp. t, = H 2,1;) is told to

tmJm

Player 1 (resp. Player 2). We assume that for each player his signal contains
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his move. A behavioral strategy for Player 1 is described by a sequence g =
{o,,} of mappings from K x S"~! to the set of mixed actions 4(7). Similarly,
but taking into account his lack of information, a behavioral strategy of
Player 2 is a sequence 7 = {t,,} of mappings from past signals 7”"~! to 4(J).
Denote by X and 7 the corresponding sets. Any triple (p, 0,7) in 4(K) x X x
7 induces a probability distribution on the set of plays K x (S x T)” and
E, ; . denotes the induced expectation.

The game I is played the same way as the game G but with a different
Player 2 at every stage. However each of these players knows the history of
signals sent to his predecessors. We call 2.m the Player 2 active at stage m,
hence his strategy’s set is also described by a mapping 0, from 7"~! to 4(J).

For each class of games we consider the finitely repeated and discounted
version:

G,(p) is the n stage two person zero sum game with payoff for Player 1

. 1
given by g,l(p)(a7 ) =E, g <; Z;Zl x,,,). G,(p) has a value v,(p).

G,(p) is the A-discounted two person zero sum game with payoff for Player
1 givenby g} (p)(0,7) = Ep.0:(A> (1= 2) "1 xn). G;(p) has a value v, (p).

Iy(p) is a (n+1) player game with payoff g¢!(p)(a,0) =g (p)
(6,01,...,0,) for Player 1 and y*>"(p)(c,0) = E, 5 0(—xn) for Player 2.m,
m=1,...,n. (Note that this last payoff depends only upon (o,,6,) for
/ < m). &,(p) denotes the set of equilibrium payoffs of Player 1 in I',(p).

I';(p) is a game with an infinite family of Player 2. The payoff is
g} (p)(a,0) for Player 1 and again y>"(p)(0,0) = E, 4 9(—X») for Player 2.m,
m > 1. The existence of equilibria in I";(p) follows from standard approxi-
mation by truncated games with finitely many Player 2. Let &,(p) denote the
corresponding set of equilibrium payoffs for Player 1.

The purpose of this note is to compare v,(p) and &,(p) (respectively v, (p)
and &(p)), namely to examine whether it is profitable or not for the informed
player to face a single long lived opponent or a sequence of short lived oppo-
nents.

2. A first result

Player 1 is always better off facing a sequence of short lived opponents since
we have:

Proposition 1. Vp,Vn > 1,Vy € £,(p) :
¥ = vn(p)
Similarly ¥p,¥YA € (0,1),Vz € &,(p):
zz vi(p)
Proof: The proof is the same in both cases.
Player 1 faces the same set of strategies 7 in G and I'. Thus the use by

Player 1 in I',(p) or I';(p) of an optimal strategy in G,(p) or G,(p) implies
the result. u



Sequence of opponents and reduced strategies 361

3. Reduced strategies

Definition. 7 is a reduced strategy of player 2 if it depends upon his signals
only through the moves of Player 1.

In other words 7,, is measurable with respect to the algebra generated by
(i1,...,im—1). Explicitely: say that (ij,...,i,—1) is compatible with (¢,...,
tm—1) if there exists k with ¢, = Hf‘;];/ for /=1,...,m—1, (recall that #,
determines j,). Now if some (ij,...,i,—1) is compatible both with (7,...,
tme1) and (¢, ..., ¢, ) then 7,,(¢1,. .., tm_1) = T (2], 1), 1)

Theorem 2. If Player 2 has a reduced optimal strategy in G,(p) (resp. G,(p)),
then &,(p) is reduced to {v,(p)} (resp. &,(p) is reduced to {v;(p)}.

Proof: Let (g,0) be an equilibrium in I,(p). Let 7 be a reduced optimal
strategy of Player 2 in G,(p). The equilibrium condition for Player 2.m gives:

y27m(0a 0) = Vz’m(o'a 0, T;)

The idea is to define inductively a fictitious strategy of Player 1, &, as a func-
tion of ¢ and 0 such that, forallm=1,...,n:

PG, Oy T) = 726, 7).

G is a sequence of maps G, from K x I"~! to A(I) (hence a strategy of Player
1 independent of the moves of Player 2) defined inductively as follows:

&{“ = a{“
5§(il) = Z 0y (jl)l{H1~"’(i1,jl):sl}og(sl)

s1eS,jield

In words, Player 1 is playing at stage 2 the expectation of his initial strategy
with respect to the distribution on signals induced by ;. Similarly, at stage m,
&m 1s defined by taking the conditional expectation on the signals of Player 1,
given his moves:

5'"1(1(1'1,...,1',,1_1) = E(U,I:,(Sl,---7sm—l)‘il,---aim—l)

= Z Pk(Sl,...,Sm,1 |[1,...,l.mfl)O',];(Sl,...,Smfl)

S1yeees Sm—1

where P¥(s1,...,Sm_1i1,...,im_1) is the probability (under ¢* and 6) of
Sly...,Sm_1 given iy, ..., i,—1 (recall that s determines 7).
We now have:

yZ,m(p)(o_’ H,m,‘[:n) = Zpk Z Pk(Sl,ll,...,Smfl,l‘m,l)

keK S1y U yeeey S—15 Tn—1

0',1:1(5‘1, . ,Sm,1)(—Ak)l';;(ll7 ey Imfl)



362 J.-P. Beaud, S. Sorin

Taking conditional expectation with respect to (iy,...,i,—1) we have, since
7 is reduced, hence measurable w.r.t. (i1,...,i, 1) (and E¥ stands for the
expectation w.r.t. ¢¥ and 0):
yZ.m(p) O' Q,m, m ZpkEk ) *)
keK
=Y pFEN(ENop (=AY, lin, i)
keK
= Z pkEk(Ek(Gf]; lits -, im—l)(_Ak)T;z)
keK
= p'ENEy(-4b)T)
keK
Since the distribution of (ii,...,#y,—1) is the same under (o,0_,,7},) and

(6,7*), we obtain:

" ()0, 0-m, T5,) = 2" (p)(6,7)

It follows that:

ng,(p)(a,0) == y*"(p)(0,0) < =Y y*"(p)(0,0-m,T},)

Hence

va(p) = ¢,(p)(a,0)

which was to be shown.
The proof is analogous in the discounted case. |

Definition. A non strategic signalling structure for Player 2 satisfies:
H> (i, j) = H* (', j) & H*M(i,j') = H**(I", j') V)]’

In words, the information that Player 2 obtains on Player 1’s move is inde-
pendent of his own move. A typical example is standard signalling where

H>M(i, j) = (i, ).

Theorem 3. Assume non strategic signalling for Player 2. Then &,(p) is reduced
to {va(p)} (resp. &;(p) is reduced to {v,(p)}.

Proof: The proof follows from Theorem 2 and the fact that under non strate-
gic signalling Player 2 has a reduced optimal strategy.
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This property can be obtained using the recursive formula for the (primal)
game with incomplete information on one side ([1], [4]): since Player 1 knows
the posterior distribution of Player 2, he does not have to know the moves.
The recursive formula for the dual game now implies the result (see [2], [5]).

An alternative direct approach is as follows (see [3], [6]). Assume that
Player 1 plays ¢, independent of the moves of Player 2. Then any 7 will induce
at each stage the same total distirbution on moves than its expectation ¢’ with
respect to Player 2’s previous moves. In particular the payoffs given (o, 7) and
(0,7") will coincide. On the other hand, if Player 2 uses a reduced strategy T,
the payoff of Player 1 is the same for a strategy o or for ¢’, its expectation
(given 7) with respect to Player 2’s moves. Denoting by X’ and 7' the corre-
sponding sets of reduced strategies one thus has:

minz;maxss = min, maxy-
min  maxy = min, maxy:
hence:
min, maxy < mingymaxy(= maxyming )
So that Player 2 has an optimal reduced strategy. ]

Remark: The same result holds if Player 2 receives a random signal indepen-
dent of his moves. However in this case Player 1 may be unable to compute
the posterior distribution of Player 2 and there is no recursive formula for the
value on 4(K).

4. An example

The following example, due to Ponssard and Sorin, was initially constructed
to show the impact of the signalling structure on the speed of convergence of
the values v, (p), (see [4] ex. 9, p. 303). The data are:

I:{T7B}7 J:{L7M7R}v K:{k17k2}

02 2 2 0 -3
Ak[ — Akg —
(O 2 —3> (2 0 2 )
HV (i, j) = (i, ) (standard signalling). The signalling matrix for Player 2 is
deterministic, independent of the state and given by:

» [a b ¢
H_(abf>

Then one has (with p = p'):

4 P
Uw(p)={7 . on [777],
2min{p,1 — p} otherwise.

v1(p) =2min{p, 1 — p}.
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Proposition. For p = % and n large enough, there exists an equilibrium (o, 0) of
I',(p) satisfying:

9,(p)(3,0) > va(p)
A similar property holds for I';(p).

Proof: Simply define o' as always T, o* as always B and 0,, = (},1,0). The
one shot game G (3) is

L M R
T 1 -1
TB|1 1 2
BT{1 1 -3
BB\1 1 -1

o is clearly a best reply to 0.

At stage m, given ¢ and 6, the posterior probability on K is still (%,%)
Player 2.m is thus facing the game G (%) where R is a dominated move. Hence
0, is a best reply and g, (p)(a,0) = 1.

Since v,(3) converges to vy, (1) = 4 the result follows.

The proof for I'; is similar. ]

Comments. A single uninformed Player 2 has a long term incentive to buy the
information in playing the move Right. Obviously such a strategy is domi-
nated for a short lived Player.
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