ON THE SUM MAP FOR SUBVARIETIES OF SIMPLE ABELIAN
VARIETIES

OLIVIER DEBARRE

ABSTRACT. Let X and Y be subvarieties of a simple abelian variety A defined over an
algebraically closed field and let Z .= X +Y C A. If dim(X) + dim(Y") < dim(A), we prove,
using perverse sheaves, that the addition map X XY — Z is semismall. In particular, Z has
the expected dimension dim(X) 4 dim(Y"). Over the field of complex numbers, the latter
statement was proved in 1982 by Barth, and Prasad gave in 1993 a very simple proof over
an algebraically closed field of characteristic zero. Surprisingly enough, it does not seem to
have been known before in positive characteristics. This is joint work with Ben Moonen.

Dedicated to Lucia Caporaso, on the occasion of her sixtieth birthday

1. BEZOUT’S THEOREM IN CHARACTERISTIC ZERO

We work over an algebraically closed field k of any characteristic. It is not very hard
to prove (one only needs Krull’s Hauptidealsatz; see Section 1.7 of Hartshorne’s book) that
subvarieties of the projective space P whose dimensions add up to at least n must meet.

We can ask the same question about subvarieties of an abelian variety, but it is clear
that it needs to be simple. The corresponding statement was then first proved (in the analytic
setting) by Barth in 1982. I present Prasad’s simple algebraic proof (of what he calls Bézout’s
theorem) over an algebraically closed field of characteristic zero.

Theorem 1 (Prasad '93, Debarre '95). Let X and Y be subvarieties of a simple abelian
variety A defined over an algebraically closed field of characteristic zero. We have

(1) dim(X +Y) = min{dim(X) + dim(Y"), dim(A)}.

This immediately implies Bézout’s theorem: if dim(X) + dim(Y") > dim(A), then X —
Y =Ahence0 € X —Y and X NY # 2.

Proof. 1t is easy to reduce (by taking hyperplane sections of X or Y') to the case dim(X) +
dim(Y) < dim(A). If we set Z := X +Y, we must prove that the addition map o: X xY — 7
is generically finite.

Let z € Zyg and, for all (z,y) € 07'(z), consider the tangent map
Towy): Txa X Ty — Tz,
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One can view, by translation, all these tangent spaces as sitting inside T4 o, and the tangent
map to o as the addition map.

Assume by contradiction that o is not generically finite. Then Z # A, and o~ '(z) and
its projection C', in X have everywhere positive dimension. For all z € C,, we have
TCz,:L" C TX,ac C TZ,z Q TA,O-
We claim that, in characteristic zero, this is not possible in a simple abelian variety. Indeed,
let C' C C, be an irreducible curve and consider the map
¢: C*™ — A, (T1,...,Tom) > T1+ -+ Ty — Tpg1 — - — Tom.

For m > 0, its image is an abelian subvariety B of A. But, by generic smoothness, we have,
for (z1,...,%9,) € C*™ general,

TB,O = TB,¢($1,...,$2m) = Td),(a?l,...,:va)(TCZ"L,(xl,...,me)) = TC,:El + -+ TC,zgm - TZ,Z g TA,O;

hence B ¢ A. Since A is simple, we must have B = 0, which is absurd since B contains
translates of C. O

The characteristic zero hypothesis is used only once (for the generic smoothness of ¢),
but crucially. Indeed, in positive characteristic, the last argument definitely fails: there exist
curves C' C A, with A simple, such that all tangent spaces T¢ , for © € C,eq, are contained
in a fixed proper subspace of T4 (one can find in Prasad’s paper an example constructed
by D. Abramovich).

2. BEZOUT’S THEOREM IN POSITIVE CHARACTERISTIC

We were unable to prove Theorem [1| in positive characteristic in general by elementary
methods. Here are a couple of results when dim(X) € {1, 2}.

When dim(X) = 1, this is very easy: if dim(X + Y) < dim(X) + dim(Y’), we have
X+Y =x+4Y forall z € X, hence

X —xCStab(Y) ={a€A|la+Y =Y}

Since Stab(Y') is a closed subgroup of A and A is simple, this implies Stab(Y) = A, hence
Y = A

Here is a sample of our results (we can do a little more, for instance the cases dim(X) =
2 and dim(Y) € {2,3}).

Theorem 2 (Debarre-Moonen). Let X and Y be subvarieties of a simple abelian variety A
defined over an algebraically closed field. Assume dim(X) = 2 and dim(A) > 2dim(Y"). Then

dim(X +Y) = dim(X) + dim(Y).
Proof. We may assume e = dim(Y) > 2. Assume dim(Z) < e 4+ 1. We keep the same

notation as above. For z € Z, the subvariety C, C X is everywhere of dimension > 1, hence
the inclusion C, +Y C Z is an equality.

Consider the morphism

Vi X XY XY —ZxZ, (z,y,1) — (& +y,2+ 1)
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and let W C Z x Z be its image. For any z € Z, we have C, + Y = Z (as explained above),
hence {z} x Z C W. It follows that ¢ is surjective hence, for every 21,25 € Z, there exist
points x € X and y;,y» € Y with z; = x + y; and 2z, = x + yo. Therefore, Z — Z CY - Y,
but Z—-Z=X-X+Y —Y,soweget X —X C Stab(Y —Y). As explained above, this is
possible only if Y —Y = A, which contradicts our hypothesis dim(A4) > 2dim(Y). O

3. SEMISMALLNESS OF THE ADDITION MAP

3.1. The main result. We keep the same setup: A is a simple abelian variety defined over
an algebraically closed field and X,Y C A are subvarieties.

Recall that a morphism f: S — T between varieties, where S is irreducible, is semismall
if, for all integers n > 0, one haﬂ
dim({t € T | dim(f~'(¢)) > n}) < dim(S) — 2n.
If f is semismall and surjective, it is generically finite (apply the definition with n = dim(S)—
dim(7)).
Our main result is the following. It is new even in characteristic zero.

Theorem 3 (Debarre-Moonen). Let X, ..., X, be subvarieties of a simple abelian variety A
defined over an algebraically closed field. If dim(X;)+---+dim(X,) < dim(A), the addition
map

Xix-x X, — X1+ + X,
15 semismall.

Corollary 4. Let Xy,..., X, be subvarieties of a simple abelian variety A defined over an
algebraically closed field. Then

dim(X; + -+ + X)) = min{dim(X;) + - - - + dim(X,.), dim(A)}.

Proof. The inequality < is obvious. To prove the reverse inequality, we choose subvarieties
X/ C X; such that

dim(X]) + - -+ + dim(X]) = min{dim(X;) + - - - + dim(X,.), dim(A)}.
The theorem then applies to X7, ..., X|: the addition map is semismall and surjective, hence

generically finite and
dim(X; + -+ + X,.) > dim(X]| + - + X/

r

) = dim(X7]) + - - - + dim(X}).
This is exactly the inequality >. U

Remark 5. An old theorem of Martens (1967) says that if C' is a smooth projective curve of
genus g and d < g, we have

dim(W3(C)) <d—2n
for any n > 0. This is equivalent to saying that the addition map C? — Wy(C) C Jac(C)
is semismall. Note that Martens does not assume that Jac(C') is simple; however, C' al-
ways generates Jac(C') and our theorem should generalize to “geometrically nondegenerate”
subvarieties of any abelian variety (the corollary does).

LAn equivalent definition is dim(S x7 §) < dim(S) (there is then equality).
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3.2. Perverse sheaves. The proof of our theorem uses perverse sheaves, which are a way
of generalizing intersection cohomology. I will go through the basics of the theory.

Let X be a variety over a field k. The derived category D%(X, Q) of bounded con-
structibl complexes of sheaves of Q,-modules on X (where £ is a prime number invertible
in k) is only triangulated, not abelian. We would like to define a subcategory P(X) of so-
called perverse sheaves which is abelian and stable by the so-called Verdier duality (an analog
for complexes of Poincaré duality).

A perverse sheaf on a variety X is a complex of sheaves, or more correctly, an object
of the derived category D%(X, Q). Perversity of a complex of sheaves K means that there
are restrictions on the supports of the cohomology sheaves 2 (K'), namely:

(P1) the support of the constructible sheaf .7 (K) has dimension at most —m, for all m;
(P2) the Verdier dual of K has the same property.

Perverse sheaves live in nonpositive degrees: 7" (K) = 0 when m ¢ [— dim(X), 0].

The simplest example is that if 15: Z < X is a closed subvariety which is smooth over
k of dimension n, and if E is a local system on Z [ then ICp := iz.(E)[n] is a perverse sheaf
on X. Here [n] means that you shift a complex n places to the left. When E = Q, the
perverse sheaf ICy = i,.(Qy)[n] is called the intersection complex of Z.

One of the important facts about perverse sheaves is that there is a natural way to
define a perverse sheaf IC,, with support Z, for any closed subvariety Z C X.

3.3. Convolution product. Our argument uses that on an abelian variety A, there is
a purely sheaf-theoretic analogue of what on the level of cycles would be the Pontryagin
product. Namely, if 04: A x A — A is the addition map, and if K; and K, are complexes of
sheaves of Q,-modules on A, we define

Ky x Ky == Roa,(pri(K;) @k priy(Ks)).

3.4. Idea of proof of Theorem [3 T will explain the idea of the proof of this theorem when
r =2 and X; and Xy are smooth, of respective dimensions d; and ds satisfying d; + ds < g
(so that X7 + X # A). The steps are as follows:

Step 1. The convolution ICx, *ICx, is a perverse sheaf on A.

It follows from general results of Kramer and Weissauer (and some additions) that
ICx, xICy, is the direct sum of a perverse sheaf in P(A) and complexes of sheaves of the
form L ® ¢*Q[g], where L is a rank-1 local system on A and @ € P(B), where q: A — B is
an abelian quotient of A with 0 < dim(B) < dim(A).

In our case, since A is simple, there are no extra factors and ICx, *ICyx, is in P(A).
Note that smoothness of X; and X5 was not used for this step.
2A sheaf on X is constructible if X can be written as a finite union of locally closed subschemes on which

the sheaf is locally constant. A complex of sheaves is constructible if it has constructible cohomology sheaves.
3For us, a local system is a locally constant sheaf of Qg-modules.
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Step 2. If z € X1+ Xy and F, = 0_1(z) C Xi x Xy is the fiber, the stalk of the sheaf
A (ICx, xICx,) at z is H™ T+ (F, Q).
Indeed, by proper base change, this stalk is isomorphic to
H™(F;, (pr;(ICx,) @" pr3(ICx,)) |r.)

= H™(F,, (Pf{(’ixl A(Qu)[d1]) ® pri(ix, «(Qe) [dZ]) )

= H™(F.,ix,xx,+(Qe)[d1 + da)]

= gmrditd (g Q).

Smoothness of X; and X» is used for the first equality (when they are singular, their inter-
section complexes are more complicated).

Step 3. If dim(F.) = n, then H*(F,,Qy) # 0.

This is standard: for any scheme F of dimension n, one has H2"(F, Q) # 0 (when F
is smooth, this is Poincaré dual to H°(F,Q,), which is nonzero, and one easily reduces to
this case).

F.)

Step 4. Conclusion.
Using Steps 3 and 2, we have, for n > 0,
{z€ X1+ Xy | dim(c7(2)) =n} C{z € X; + Xy | H"(F.,Qy) # 0}
={z€ X, + Xy | 1 %(ICy, 1Cyx,). # 0}.

By perversity of ICx, xICx, (Step 1), this locus has dimension at most —2n + d; + dy. This
proves that o is semismall.

4. FURTHER RESULTS

One would like to extend these results to subvarieties of any (possibly nonsimple)
abelian variety. In characteristic zero, I was able in my 1995 article to find a necessary and
sufficient condition for the sum map X x Y — A to be surjective: this condition is that for
any abelian quotient 7: A — B, one has dim(7(X))+dim(x(Y")) > dim(B). This we can also
extend to all characteristics. However, we do not know how to characterize the semismallness
of the sum map.
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