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Abstract. Let X, Y be closed irreducible subvarieties of an absolutely simple abelian variety
of dimension g over a field. If dim(X) + dim(Y) < g, we prove that the addition morphism
X XY — X 4+Y is semismall. As a consequence, we deduce that if dim(X) + dim(Y) > g,
the subvarieties X and Y must meet (Bézout’s theorem). If we drop the assumption that the
abelian variety is absolutely simple, we prove that Bézout’s theorem still holds if X satisfies a
nondegeneracy condition. These results were previously known only in characteristic zero.

Our proof of the semismallness statement is based on the theory of perverse sheaves: using
results of Kramer and Weissauer, we prove that for perverse sheaves K supported on X, and L
supported on Y, the convolution product K * L is again perverse.
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1. Introduction

Any two closed subvarieties of a projective space IP’% over a field k, whose dimensions add up to at
least g, meet. The classical proof of this fundamental fact ultimately rests on Krull’s Hauptidealsatz;
it is thus independent of the characteristic of k. Consider now the analogous question for closed
subvarieties of an abelian variety A of dimension g over a field k: do subvarieties of A whose dimensions
add up to at least g always meet? For this question to have a positive answer, it is clear that one
needs to assume that A is simple. As we shall discuss in Remark 4.12, this assumption is not strong
enough, in general, and in many of our results we shall assume that A is absolutely simple (i.e. the
extension of A to an algebraic closure of k has no nonzero proper abelian subvarieties).

Assuming that A is absolutely simple, the above question does have a positive answer when
char(k) = 0. For k = C, this was first proved by Barth [1]. A simple proof for arbitrary fields & with
char(k) = 0 was given by D. Prasad [16], and independently also by one of us [6] (the arguments are
similar and we review them in Section 2).

When char(k) > 0, the arguments used in [16] and [6] break down and Prasad asked whether
the question still has an affirmative answer. We prove that it does: this is a consequence (see Corol-
lary 4.10) of our first main result, which can be stated as follows (see Corollary 4.9).

1.1 Theorem. Let A be a g-dimensional absolutely simple abelian variety over a field. Let X1, ..., X,
be closed subvarieties of A and define Z .= X1+ ---+ X,.. We have

dim(Z) = min{ g,ZZT; dim(Xi)} .
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We deduce Theorem 1.1 from the following result (see Theorem 4.1).

1.2 Theorem. Let A be an absolutely simple abelian variety of dimension g over a field. Let X and Y
be closed irreducible subvarieties of A and define Z .= X +Y C A. If dim(X) + dim(Y) < g, the
addition morphism X XY — Z is semismall.

Recall that if S and T are varieties over a field, a proper morphism f: .S — T is said to be semismall
if for every integer n > 0, the dimension of the closed subset T,, := {¢t € T | dim(f~'(t)) > n} of T is
at most dim(S) — 2n. If S is irreducible and f is semismall and surjective, then f is generically finite.

1.3. As there is a strong connection between semismallness of a morphism and the theory of perverse
sheaves (see for instance |5, Section 4.2]), it may not come as a surprise that our proof of Theorem 1.2
relies on a result about perverse sheaves. More precisely, suppose we have an absolutely simple abelian
variety A of dimension g and closed irreducible subvarieties X, Y C A with dim(X) + dim(Y") < g.
We prove, under mild technical assumptions, that for perverse sheaves K supported on X, and L
supported on Y, the convolution product K x L is again perverse; see Proposition 3.16. It then still
requires some work to deduce Theorem 1.2, but the main idea for this is quite simple; we explain it
in 4.3.

The proof of Proposition 3.16 is based on the work of Krdmer and Weissauer in [14] and [20].
For our applications, we need to refine and extend several of their results, especially when we work
in characteristic p. One aspect of this is that our result is valid without any assumptions on the
semisimplicity of the perverse sheaves involved. Also, in characteristic p, our result is valid whenever
the perverse sheaves are defined over some finitely generated field extension of I,. To obtain these
results, we make use of ‘spreading out’ techniques as in the work of Drinfeld [8] and Weissauer [20)].
A convenient setting for this is the theory of relative perverse sheaves that was recently developed by
Hansen and Scholze [11].

1.4. The results about perverse sheaves that we need are discussed in Section 3, and the proofs of
Theorems 1.1 and 1.2 are given in Section 4. Finally, in Section 5 we give a partial extension of our
main results to arbitrary abelian varieties. In particular, we show that if we drop the assumption
that A is absolutely simple, Theorem 1.1 is still valid if at least » — 1 of the subvarieties X; are

geometrically nondegenerate in the sense of Ran’s paper [17]; see Corollary 5.6.

1.5. Notation and conventions

(1) By a variety over a field k, we mean a reduced and separated k-scheme of finite type.

(2) Throughout, A denotes an abelian variety over a field k, with addition map o: A x A — A and
origin 0 € A(k).

(3) If X, Y C A are closed subvarieties, we write X + Y for the image of X x Y under o. Similarly
for the sum of more than two subvarieties.

(4) The tangent bundle of A is identified with A x T 0.

(5) If a € A(k), we let t,: A — A be the morphism given by translation by a. If X C A is a
closed subvariety, we denote by Stab(X) C A the stabiliser of X, that is, the subgroup scheme
of A consisting of the points a € A such that t,(X) = X. If k is perfect, the reduced identity
component of Stab(X) is an abelian subvariety of A.



(6) If X is a noetherian scheme, we let dim(X) denote the maximum of the dimensions of the

irreducible components of X.

2. Background and some elementary cases

2.1. We first give a brief sketch, following [16], of the proof of Theorem 1.1 for a simple complex
abelian variety A of dimension g. The essential case to consider is when we have closed irreducible
subvarieties X, Y C A with dim(X) + dim(Y) < g; in that case, we want to show that the addition
map X XY — A is generically finite onto its image Z := X 4+ Y. If this is not true, all fibres of the map
X XY — Z have positive dimension and Z ¢ A. Choose a curve F' C X x Y such that o(F) = {z}
for some regular point z of Z. The projection map pry: X x Y — X induces an isomorphism
F = C = prx(F), with inverse given by « — (z, z—x). By construction, Tx s +Tv .-z C Tz . & Tay

for all (xz,z —x) € F (note convention 1.5(4)). Hence, we have inclusions

TC,Q: - TX,:I) C TZ,z Q TA,O

for all z € C'. Finally, one shows (see [16, Lemma 1]) that in a simple complex abelian variety A, one
cannot have a regular (locally closed) curve C' C A and a subspace V' & T4 ¢ such that Tg, C V for
all x € C.

2.2. It was pointed out by Abramovich that the last step in the proof (that is, [16, Lemma 1|) breaks
down over fields of positive characteristic. (In [6], the property described in (1.9) of that paper is
no longer true in positive characteristic.) More specifically: let k be an algebraically closed field of
characteristic p > 0 and let A be a simple abelian variety over k. Choose a nontrivial infinitesimal
subgroup scheme N C A (for instance, any nontrivial local subgroup scheme of the p-kernel group
scheme A[p]). The quotient morphism ¢q: A — B = A/N is then a purely inseparable isogeny, and
Tno=Ker(Ty0: Tap — Tpyp) is nonzero. If C' C A is a regular curve passing through the origin such
that To o € T, its image ¢(C') C B is a generically regular curve and its regular locus ¢’ C B is a
curve that has the property that Tcr , € Im(Ty0) & Ty for all z € C”.

2.3. Some low dimensional cases of Theorem 1.1 can be handled by elementary arguments (in arbi-
trary characteristic). These arguments will not be used in the rest of the paper and are only included
to illustrate how one may try to argue. We consider the situation where k is algebraically closed, A
is a simple abelian variety of dimension g over k, and X, Y C A are closed irreducible subvarieties,
of respective dimensions d and e. We assume d + e < g and we set Z := X 4+ Y. The goal is to show
that dim(Z) = d + e. We will do that when d = 1, or when d = 2 and either e € {2,3} or g > 2e.
Note that the stabiliser of any closed subvariety W & A is finite, because A is simple.

(1) If dim(Z) = e, then X +Y =a+Y for every a € X(k), hence X —a C Stab(Y'). This is possible
only if X is a point. In particular, if dim(X) = 1 then dim(Z) = e + 1.

(2) Assume d = 2 and dim(Z) = e+ 1. For 2z € Z(k), define F, = 071(2) and let C, := pry(F.),
which is a closed subscheme of X. The projection map induces an isomorphism F, — C, whose

inverse is given on points by w — (w, z — w).



Consider the morphism ¢: X x Y XY — Z x Z given by ¥(x,y1,y2) = (x + y1,2 + y2), and let
W C Z x Z be its image. For z € Z(k), we have dim(C,) > 1, hence C, +Y = Z by case (1), and
{z} x Z C W. This implies that v is surjective; therefore, for every z1, zo € Z(k), there exist points
x € X(k)and y1, y2 € Y (k) with z; = x+y;. It follows that Z—Z CY-Y;but Z—Z = X—-X+Y Y,
so we get X — X C Stab(Y — Y'), which is possible only if Y — Y = A. In particular, if d = 2 and
e < 4, we have dim(Z) = e+ 2.

(3) Assume d = 2 and e € {2,3}. Suppose dim(Z) = e + 1. The argument in case (2) shows that
Y —Y = A, and either (e,g9) = (2,4) or e = 3 and g € {5,6}. The fibre of the difference map
0:Y xY — A above a point a € A(k) is isomorphic to Y N (a+Y). Let L C A be the closed subset
of A where this fibre has dimension at least e — 1. We have

2¢e = dim(Y x Y) > dim(6~'(L)) > dim(L) +e— 1,

so that dim(L) < 1+e<d+e < gand L & A. Therefore, 571(L) € Y x Y and the inequality we
have found can be improved to dim(L) < e.

Let C, C" C X be curves such that C’ is not a translate of C. By case (1), we have C +Y =
C’'+Y = Z and the surjective addition maps C' x Y — Z and C’' x Y — Z are generically finite. Set
Vi=(CxY)xz(C"xY); then dim(V) > e+ 1. Let W C C x Y x C’ be the image of V under
projection onto the first three factors. Then V' =5 W, hence dim(W') > e+ 1. Consider the projection
map 7: W — C x C'. The fibre over a point (¢, ') is e-dimensional if and only if ¢c— ¢ € Stab(Y"). By
our assumption on C' and C’; this happens at only finitely many points (¢, ¢’). Hence 7 is surjective
and all its fibres have dimension at least e — 1. This implies that ((c —d)+ Y) MY has dimension at
least e — 1 for all (¢,c’) € C x C’, that is, C — C" C L. As this holds for arbitrary curves C, C' C X
with C' % C’, we get X — X C L, hence dim(X — X) < dim(L) <e.

Applying (2) to the subvarieties X and —X, we find that dim(X — X) < 3 is possible only if
X — X = A; but then, dim(X — X) < e implies g < e, which in the cases that we are considering
does not hold. This settles the case where d = 2 and e € {2, 3}.

It seems difficult to obtain a proof of Theorem 1.1 in general using such elementary arguments.
Already the cases where (d,e) = (2,4) and g € {6,7,8} pose a challenge.

3. Convolution product and perverse sheaves

The proofs of the results that will be given in the next two sections are based on Proposition 3.16
below, which concerns the convolution product of perverse sheaves on abelian varieties. The key ideas
for this proposition come from the work of Krdmer and Weissauer in [14] and [20]. However, we shall
need that assertions about perverse sheaves are true in greater generality than stated in their work.
Notably, this concerns assumptions on the base field over which we work, and assumptions on the
(semi)simplicity of the perverse sheaves involved.

3.1. Throughout the discussion, ¢ denotes a prime number which is assumed to be invertible on
all schemes that we consider. We shall almost exclusively work with @, as a coefficient ring but, in
Lemma 3.6 and Proposition 3.7, we also need to consider other choices; so for now, let A be any
commutative Hausdorff topological ring (or any condensed commutative ring).



If X is any quasi-compact quasi-separated scheme on which ¢ is invertible, we write Dcons(X, A) for
the triangulated category of constructible complexes of A-modules on the pro-étale site X, 06 of X,
as in [12]. For E an algebraic field extension of Qy and A € {F, O}, this is the same as the category
defined in [3, Definition 6.8.8]. Every object K of Deons(X, Q) is bounded and the cohomology sheaves
A (K) are constructible. By the support of K, we mean the union of the supports of the #*(K).

Let k be a field with algebraic closure k, and let X be a quasi-projective scheme over k. For
K € Deons(X, A), all cohomology groups H'(X}, K), as well as the cohomology groups with compact
support HE(Xp, K) are A-modules of finite type, which are nonzero only for finitely many integers i.
If A is a field, define

X(K) = (=1)'dimp (H (X}, K)),  xe(K) =Y (—1)" dimy (H{(X}, K)) .
€L €L

If K - L — M — is a distinguished triangle, x(K) 4+ x(M) = x(L) and xc(K) + xc(M) = xc(L).

3.2. Let A be an abelian variety of dimension g over a field &k, with addition map o: A x A — A. For
K, L € Deons(A, Qp), we write KL := Ro,(KXL) for their convolution product. (The external tensor
product is defined by KX L := pri(K)®Ypr(L), where pry, pry: Ax A — A are the projection maps.)
The convolution product makes Deons(A, Q) into a Qg-linear rigid symmetric monoidal category. The
identity object is the skyscraper sheaf IC gy at the origin (which is the intersection complex of {0} C A,
as defined in 3.3; whence the notation). The dual of an object K is (—idx)*D(K), where D is the
Verdier duality functor. We have the relation

D(K * L) 2 D(K) « D(L). (3.2.1)

3.3. Let Perv(A) C Deons(A, Q) be the subcategory of perverse sheaves. If X is a closed subvariety
of A, we identify Perv(X) with the category of perverse sheaves on A that have support in X. The
intersection complex of X, which is a selfdual simple perverse sheaf, is defined as ICx = j.Q[d],
where d = dim(X) and where j: U — X is the inclusion of a dense open subset of X such that
(Ug)red is smooth over k. (By [10, Corollaire 17.15.13], there exists such an U, and it is a basic fact
that ICx is independent of which U with this property we choose.)

If0 - P — P — P” — 0 is a short exact sequence in Perv(A), there is a distinguished
triangle P’ — P — P"” — in D¢ons(A, Q). Hence the Euler characteristic x(P) is additive in short
exact sequences. For a perverse sheaf P which is supported on a subset of dimension d, we have
Hi(Aj, P) =0 for all i > d.

A perverse sheaf P on A has a socle filtration

s0Ce(P) : 0 = socy(P) C socy(P) Csoca(P) C -+ Csoc(P)=P

(for some ¢t > 0), which is defined inductively by the rule that soc;;1(P)/soc;(P) C P/soc;(P) is the
maximal semisimple subobject of P/ soc;(P). We refer to the number ¢ as the socle length of P.

3.4. If ¥: m(4,0) — @Z is a continuous character, we denote by L, the corresponding smooth
Qy-sheaf of rank 1 on A. We have an isomorphism

D(Ly) & Ly1[2g] - (3.4.1)
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With the notation Ky = K ® L, we have
Ky Ly = (K % L), (3.4.2)
for all K and L in Deons(4, Qp).

3.5. One of the key points in the theory is that, for every perverse sheaf P on an abelian variety A over
a field k, we have x(P) > 0. For k = C, this was proven in |9, Corollary 1.4|, and the result for arbitrary
base fields of characteristic 0 can be reduced to that case. Over fields of positive characteristic, the
result was proven in [20] under the assumption that P can be defined over a finitely generated field.
Using T. Saito’s results on characteristic cycles of perverse sheaves, essentially the same argument as
in [9] gives the result in full generality; see Proposition 3.7 below. Saito’s results in [18| are stated for
perverse sheaves with coefficients in a finite ring. We can apply these results because of the following
fact, here stated only in the setting in which we need it.

3.6 Lemma. Let X be a quasi-projective variety over an algebraically closed field k. Let E be a
finite field extension of Qp with ring of integers Og and residue field kg. For K € Deons(X, OF),
let K[%} denote its image in Deons(X, Q) and let K denote the image of K in Deons(X, kg). Then

Xc (K[%]) = XC(K)'

Proof. Write S := Spec(k). For A € {Qy, O, kg}, the category Deons(S,A) is equivalent to the
category Perfy of perfect complexes of A-modules; see [12, Lemma 4.1]. In particular, in each of

the three cases, the Grothendieck group of Dcons(S, A) is isomorphic to Z. We have a commutative

diagram
Dcons(Xa @6) A Dcons(X7 ﬁE) — DCOHS(Xa KE)
[ | |
Dcons(57@£) A Dcons(Sa ﬁE) E— Dcons(Sa HE)
and the assertion follows by considering the induced maps on Grothendieck groups. O

3.7 Proposition. Let A be an abelian variety over a field k. Then x(P) > 0 for every perverse
sheaf P on A.

Proof. We may assume that k is algebraically closed. For every perverse sheaf P with Q,-coefficients,
there is a finite field extension Qy C E such that P is of the form @[] (notation as in Lemma 3.6) for
a perverse sheaf Q in Deons(A, @), and such that the image Q of Q in Deons(4, kg) is again perverse

(this is a special case of |11, Proposition 6.11]). By Lemma 3.6, it suffices to show that x (@) > 0.
Let TV A be the cotangent bundle of A. Let CC(Q) be the characteristic cycle of @, as defined

by Saito in [18, Section 5.3]; it is an integral linear combination CC(Q) = >_; m;[C}] of irreducible

closed conical subsets C; C TVA. By [18, Proposition 5.14], CC(Q) is effective, that is, m; > 0

for all j. Furthermore, by [18, Theorem 7.13|, the Euler characteristic x(Q) equals the intersection

number of CC(Q) with the zero section of TV A. Because TVA = A x T ,, we have a projection map
pr: TVA — T), (which is a proper morphism) and the zero section of TV A is the inverse image of
0 € TX,o- If we denote by d; the degree of the morphism pr|c;: Cj — TX,O (the Gauss map of (),

the projection formula gives x(Q) = . m;d;. Because all m; and d; are nonnegative, this gives the

J
assertion. O]



3.8 Remark. We shall frequently work in a setting where we have an abelian variety Ay over a base
field ko with algebraic closure k. In such a setting, the notational convention is that a subscript 0 is
used for objects defined over kg, and for the corresponding objects over k the subscript 0 is omitted.

If kg C k1 C k is an intermediate field, a subscript 1 is used for objects over k.

3.9 Lemma. Let Ay be an abelian variety over a field ko. Set A = Ay ®y, k, where k is an algebraic
closure of ko. Let Py be a perverse sheaf on Ag and let P be its pullback to A.

(1) If Py is semisimple, so is P.

(2) Suppose Py is semisimple and let

p=gpre (3.9.1)

be the isotypical decomposition of P. Then this decomposition is defined over a finite extension kq
of ko inside k; by this, we mean that if Py is the pullback of Py to A1 = Ay @, k1, there is a
decomposition Py = @, Pl(a) that after pullback to A gives back (3.9.1).

Proof. 1t suffices to prove this under the assumption that Py is simple. In this case, there is an
irreducible subvariety j: Vi <+ Ag such that V,eq is smooth over k, and an irreducible lisse f-adic
sheaf & on Vj such that Py & 5, [dim(Vo)]. There is a finite Galois extension kg C ki inside k
such that all irreducible components of V; are geometrically irreducible. Let W1, .. W) be the
irreducible components of V4 and let &™) be the pullback of & to W), which is a semisimple lisse
(-adic sheaf. Replace Vj by any of the W) and replace & by any of the simple factors of &*);
then we are in the same situation as before but with the additional property that Vj is geometrically
irreducible. Choose a base point v € V (k) and let E be the fibre of & at v. Then & corresponds
to an irreducible representation p: 71 (Vp,v) — GL(E). Assertion (1) follows from the fact that the
restriction p° of p to the geometric fundamental group 1 (V,v) is semisimple, because w1 (V,v) is a
closed normal subgroup of 71 (Vp, v). Assertion (2) follows from the fact that there is a finite Galois
extension kg C k; inside k such that m(V3,v) C m(Vo,v) preserves the isotypical decomposition
of p&%° (cf. the proof of |2, Proposition 5.3.9]). O

3.10. Let Ap be an abelian variety over a field kg which is a finitely generated extension of F,. We
discuss some techniques that allow to reduce statements about perverse sheaves on Ay to the case
where kg is a finite field. Our arguments are inspired by the work of Drinfeld [8] and Weissauer [20],
but we shall rephrase these arguments using the theory of relative perverse sheaves developed by
Hansen and Scholze in [11].

Let & be the algebraic closure of F,, inside ko, which is a finite field. There exists a geometrically
integral variety S over xk whose function field is kg and such that Ay extends to an abelian scheme
m: o/ — S. After shrinking S, we may assume S is smooth over x; from now on, we assume this. If 5
is a geometric point of S, let @7 be the fibre of m over . Furthermore, let n be the generic point of .S,
so that o7, = Ag, and let j,: o, — &/ be the inclusion.

For the definition of when an object # € Deons(7,Qy) is called universally locally acyclic (ab-
breviated to ULA) relative to S, we refer to [11, Definition 3.2|. In [11, Theorem 4.4], it is shown that
this agrees with the more traditional definition. We write DV (.7 /S, Q,) for the full subcategory
of Deons(27,Qy) consisting of the objects that are ULA relative to S. On this category, Hansen and



Scholze define a relative perverse t-structure, whose heart PervU™* (.7 /) is artinian and noetherian
(see [11, Theorem 6.8]). The relative perverse sheaves are the objects & of DV (7 /S) with the

property that &|.. is perverse in the usual sense, for all geometric points s of S.
3.11. We list some properties that we need. Notation and assumptions are as above.

3.11.1. By [11, Theorem 6.8], the functor j;: PervULA (o7 /S) — Perv(e7,) is exact and fully faithful,
and its essential image is stable under subquotients. Furthermore, if is: «/; — & is the inclusion
of a closed fibre, the functor i*: DY (7 /S Qy) — Deons(s, Qp) is t-exact (this follows from [11,
Theorem 6.1(ii)]).

3.11.2. If .# is an object of Deons(”,Qy), there is a dense open subset U C S such that the
restriction of # to % = 7w~ (U) is an object of DY (e, /U). This is a result of Deligne, who
proved the analogous statement for torsion sheaves in |7, Théorémes de finitude, Théoréme 2.13|, and
whose proof for the case of Q-coefficients is given in [4, Corollary B.4].

3.11.3. If Ky is a perverse sheaf on Ag = 7,, there is a dense open subset U C S such that K extends
to a relatively perverse sheaf # € PervUMA (a7, /U) on o7 over U. By 3.11.1, J¢ is then unique up
to isomorphism.) To see this, first note that jy.(Ko) € Deons(, Qp) so, by 3.11.2, we may, after
shrinking S, assume that there exists .# € DI (7 /S) that extends Ko. Then the &2¢ = P/SH! ()
are again in DULA(M /S) and only finitely many of them are nonzero. For i # 0, the restriction of
P to o, is zero. Since the (cohomology sheaves of the) & are constructible, it follows that Z?° (for
i # 0) is supported on a constructible subset C; C &7 that does not meet the generic fibre .«7,. Because
the morphism 7: &/ — S is of finite type, a theorem of Chevalley ([10, Corollaire 1.8.5]) gives that
7m(C;) C S is constructible and does not contain the generic point 7. It follows that there is a dense
open subset U C S that is disjoint from J; .o 7(C;). This U does the job, since PISHY (A | o) = 0 for
all i # 0, 50 H |y, = P/SHO(H | o) is perverse relative to U.

3.11.4. If ¢ is an object of DY (o7 /S) then, for every specialisation u:  — S(5) of geomet-
ric points of S (here S(5) denotes the strict henselisation of S at §), the cospecialisation map
cosp(u): RI(e, # | o) — RI'(<ls, # | ) is an isomorphism; see Illusie’s appendix to |7, Théorémes
de finitude]. (This uses that &7 — S is proper.) In particular, the function § — x (| ) is constant.

3.12. In the next results, we consider an abelian variety A over a field k. We shall assume that either

char(k) = 0 or that we work in the following setting:

(3.12.1) k is an algebraic closure of a field ky which is a finitely generated extension of F), for some
prime number p, and A = Ay ®y, k for some abelian variety Ag over ky.

3.13 Proposition. Let A be an abelian variety over a field k and let K and L be perverse sheaves
on A. Assume that either char(k) = 0, or that we are in setting of (3.12.1) and that K and L are the
pullbacks of perverse sheaves Ko and Lo on Ag. If P is a subquotient of PH'(K * L) with i # 0, we
have x(P) = 0.

Proof. By Proposition 3.7, it suffices to prove X(pHi(K * L)) =0ifi#0.



First assume char(k) = 0. By [13, Lemma A.1], it suffices to prove the assertion for £k = C.
In this case, the assertion follows from the results of Krdmer and Weissauer in [14]. (See also [15,
Lemma 2.2.(5)| and the arguments below.)

Assume next we are in the situation of (3.12.1) with k¢ a finite field. Suppose Lg is semisimple.
If Ky is semisimple too, the assertion follows from [14, Corollaries 6.3 and 6.4, Theorem 9.1|. In
general, let K|} = soci(Ko) C Ko and K{| = K(/K},. Because the functor PH is cohomological (see
[2, Théoréme 1.3.6]), this gives an exact sequence of perverse sheaves

—)pHi(K(l)*Lo) LPHi(KO*LO) i> pHi(K(/)/*LO) _>PHi+1(K6>I<LO) —_— .

Arguing by induction on the socle length of Ky, we may assume that X('E’Hi(K(’J * Lo)) = 0 and
x(PH'(K{*Lo)) = 0. It then follows from Proposition 3.7 that also x (Im(a)) = 0 and x (Ker(8)) = 0.
Hence X(pH (Ko * LO)) = 0. This gives the result for semisimple Ly and arbitrary Ky. The general
case (for ko finite) is handled in the same way, writing Ly as an iterated extension of semisimple
objects.

Finally, consider the situation of (3.12.1), where now kg is finitely generated over F,, but no longer
assumed to be finite. As in 3.10, let x be the algebraic closure of F), inside kq. By 3.11.3, we can find a
geometrically integral variety S which is smooth over x, an abelian scheme 7: &/ — S whose generic
fibre is Ao, and relatively perverse sheaves #', & € PervU4 (7 /S) whose restrictions to Ay = o7,
are isomorphic to Ky, respectively Lg. For a closed point s € S, we then have X(PH (Ko * LO)) =
x(PH'(Hs x £)). This reduces the problem to the case of a finite base field, which we have already
dealt with. O

3.14. Let P be a semisimple perverse sheaf on an abelian variety A over an algebraically closed
field k. As shown in [19, Lemma 21], there is a reduced closed subgroup scheme Stab(P) C A with
the property that

Stab(P)(k) = {a € A(k) | ts(P) = P} .

As this result is unpublished (as far as we are aware), let us sketch Weissauer’s proof in the case
where P is isotypical, which is the only case we need. Since Stab(P®") = Stab(P), we may assume
that P is simple. Write S = {a € A(k) | t;(P) = P}. The main point is to show that S is constructible;
because S C A(k) is a subgroup, this implies that S is closed in A(k), which gives the assertion.
To show that S is constructible, we need two basic facts:
(1) For arbitrary K, L € Deons(A, Qy), we have the relation R#om(K,D(L)) = D(K ®" L), and
this implies that Hom (K, D(L)) = H°(A, R#om(K,D(L))) = H(A, K ®" L)V.
(2) For a € A(k), we have #0(K * L), = HO(X, t;(K) ®" (—ida)*L).

Because P is a simple perverse sheaf, this gives
a€S <= Hom(ti(P),P) #0 < H°(At;(P)®"D(P)) #0 <= a € Supp(#°(PxP")),

where PV = (—id)*D(P) € Deons(A, Q) is the dual of P for the convolution product. This shows
that S = Supp(#°(P = PV)), which is constructible.

3.15 Proposition. Let A be an abelian variety over an algebraically closed field k and let P be an
isotypical perverse sheaf on A. Assume that either char(k) = 0, or that we are in the setting of (3.12.1)
and that P is the pullback of a perverse sheaf Py on Ag. If x(P) = 0, then dim(Stab(P)) > 0.



Proof. If char(k) = 0, we can reduce to the case k = C by using [13, Lemma A.1] and, in that case,
the assertion follows from [14, Proposition 10.1]. In the setting of (3.12.1) with ko a finite field, the
assertion follows from the main theorem in [20].

Assume next that we are in the situation of (3.12.1) with kg a finitely generated extension of [,
Assume Stab(P) is finite. Choose an integer n such that Stab(P) C A[n| and choose a prime number ¢
prime to pn. After replacing kg by a finite extension, we may assume that all g-torsion points of A
are rational over kg. As in 3.10, let sk be the algebraic closure of F, inside ko. By 3.11.3, we can
find a geometrically integral variety S which is smooth over k, an abelian scheme 7: o/ — S whose
generic fibre is Ay, and a relatively perverse sheaf & € PervUIA (o7 /S) whose restriction to Ag = oy
is isomorphic to Py. This implies that x(Z) = x(P) = 0 for all 5 € S(F,). By 3.11.2, we may
further assume, after shrinking S, that all R#Zom (t(2),t;(#)) with a, b € Ao[q](ko) = /[q](5)
are universally locally acyclic. By 3.11.4, it follows from this that, for every 5 € S(F,), we have

HomPerv(A) (tZ(P)atZ(P)) = HomPerv(Q%) (tZ(‘@g))tZ(‘@E)) : (3151)

s

In particular, End(P) = End(Z%) and, since P is isotypical, &5 is isotypical as well. Because the
proposition is true for &, its stabiliser Stab(Z5) is a subgroup scheme of A of positive dimension.
If a is a point of order ¢ on Stab(%%), it follows from (3.15.1) that a € Stab(P); but this contradicts
our choice of g. This shows that Stab(P) cannot be finite. O

3.16 Proposition. Let A be an absolutely simple abelian variety of dimension g over a field k and
let K and L be perverse Qg-sheaves on A. Assume that either char(k) = 0, or that we are in the
setting of (3.12.1) and that K and L are the pullbacks of perverse sheaves Ko and Ly on Ag. Assume
further that there exist closed subvarieties X andY of A such that Supp(K) C X and Supp(L) C Y,
and such that dim(X) 4+ dim(Y') < g. Then K x L is again a perverse sheaf.

Proof. In order to treat the cases char(k) = 0 and char(k) = p simultaneously, we change (for the
duration of the proof) the notation as follows: if char(k) = 0, write ky and Ay instead of k£ and A,
and write Koy and Lg instead of K and L; then we define k to be an algebraic closure of kg, and we
follow the notational convention of Remark 3.8. (Note that if Ky * Lo is perverse after base change
to k = ko, it is perverse over ko.)

By Lemma 3.9(2), we may, after replacing ko by a finite extension, assume that every simple
subquotient Py of Ky * Lo (that is, every composition factor of Ky % Lg) has the property that its
pullback P to A is isotypical.

We assume that Ky * Lo is not perverse; our goal is to derive a contradiction. Let ¢ be the largest
integer such that PH' (Ko * Lg) # 0. Without loss of generality, we may assume i > 0; otherwise,
replace Kq and Lg by their Verdier duals and use (3.2.1). Let Py be a simple quotient of PH*(Kq * Lo)
in Perv(Ap). By Propositions 3.13 and 3.15, dim(Stab(P)) > 0. Because A is simple and P is supported
on X + Y, it follows that X +Y = Stab(P) = A, which implies dim(X) + dim(Y) = ¢g. Moreover,
because 71 (A, 0) is abelian and P is isotypical, there exists a continuous character ¢: m1(A,0) — @Z
such that P is a power of L,[g]. Let ) = ¢~'. By how i was chosen and the relation (3.4.2), we have
a distinguished triangle of the form .# — Ky * Ly — Qg — i) — with .# € PD</(4,Q,) and

¢ > 0. This gives a long exact sequence

oo — HIY(A, Ky * Ly) — H*9(A,Qp) — HIVHA, 7) — -+
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Because F € PDS/(A,Qy), we have HI9*H1 (A, F) = 0. Also, H*(A, Ky * Ly) = H*(A, Ky) ®
H*(A, Ly), which vanishes in degrees above dim(X) + dim(Y’) = g. This gives a contradiction with
the fact that H29(A,Q,) # 0. O

4. The addition map on an absolutely simple abelian variety

In this section, we prove the main theorems stated in the introduction.

4.1 Theorem. Let A be an absolutely simple abelian variety of dimension g over a field k. Let X
and Y be irreducible closed subvarieties of A and define Z == X +Y C A. If dim(X) 4+ dim(Y) < g,
the addition morphism o: X XY — Z is semismall.

After some preparations, the proof of the theorem will be finished in Section 4.8. In Corollary 4.11,

we shall extend the result to the case of more than two subvarieties.

4.2 Remark. Theorem 4.1 is of a geometric nature. Suppose k C k' is a field extension and define
A= A®p k. Let X’ C A’ be the reduced underlying subscheme of X ®; k', and define Y’ similarly.
Then X xY — Z is semismall if and only if X/ x Y/ — X’ +Y” is semismall, and this can be checked
on each irreducible component of X’ x Y’ separately. In the proof, we may therefore assume that k
is algebraically closed and that X and Y are irreducible closed subvarieties of A.

4.3. To explain the idea of the proof, suppose that k is algebraically closed and consider the special
case where X and Y are smooth over k, of dimensions d = dim(X) and e = dim(Y"). Their intersection
complexes are then simply (ix).Q[d] and (iy).Qyle], where ix: X < A and iy: Y <> A are the
inclusions. Now we can argue as follows.

e If z€ Z(k) and F, C X xY is the fibre of o over z, the stalk of the sheaf 77" (ICx *ICy) at z
is H™td+e(F,,Q,). (Here things greatly simplify because of our assumption that X and Y are
smooth over k.)

o If dim(F,) = n, then H?*"(F,,Q,) # 0 (see Lemma 4.4 below).

* Proposition 3.16 gives that ICx % ICy is a perverse sheaf on A. This implies that the locus of
points z € Z such that ™ (ICx xICy ), # 0 has dimension at most —m. Taking m = 2n—d—e,
we find that the locus of points z € Z with dim(F,) = n has dimension at most d + e — 2n,
which is exactly the definition of semismallness.

For the proof in the general case, we start with a lemma that is surely well known but for which we

could not find a good reference.

4.4 Lemma. Let V be a nonempty scheme of finite type over an algebraically closed field, with
n = dim(V) > 0. Then H**(V,Q,) # 0.

Proof. Since étale cohomology only depends on the underlying reduced scheme, we may assume V is
reduced. We have an exact sequence

s HPTH VIS, Q) — HY(VE,Qy) — HI'(V, Q) — HM(V"8,Qp) — -+
and H™(V*"8 Q,) = 0 for m > 2n — 1. Moreover, H2"*(V™8,Q,) is dual to H°(V*®8,Q,), which is

nonzero since V' is nonempty. [
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4.5. With notation and assumptions as in Theorem 4.1, let d := dim(X) and e := dim(Y"). Choose a
subfield kg C k which is finitely generated over its prime field, such that A, X, and Y are obtained
from Ag, Xg, and Yy over kg by extension of scalars. Choose an algebraic closure kg C k, redefine
A to be A = Ay ®y, k, and redefine X and Y to be (Xo ®k, k)rea and (Yo @k, k)red, respectively.
If the theorem is valid for the A, X, and Y thus obtained, it is valid for the original A, X and Y.
This reduces the problem to the situation where k is an algebraic closure of a field k¢ which is finitely
generated over its prime field, and where A, X, and Y are obtained from Ay, Xg, and Yy over kg by
extension of scalars. As already remarked in 4.2, we may further assume that X and Y are irreducible.
In the remainder of the proof, we assume that we are in this situation.

4.6. Choose affine regular open subsets jx: Ux — X and jy: Uy — Y that are defined over ky.
Let ix: Ax < X and iy: Ay — Y be the (reduced) closed complements. Let U := Ux x Uy and
A=(XxY)\U=(Ax xY)U (X x Ay), and write j: U — X xY and i: A < X x Y for the
inclusion maps.

We have ICxyy = ICx X ICy. Define
K = ICX|AX[_1]7 L= ICy|AY[—1], J = ICXXy|A[—1].

By [2, Corollaire 4.1.12], these are perverse sheaves. Clearly, ICx, ICy, K, and L are all pullbacks of
perverse sheaves on Ag.

By adjunction, we have morphisms
KR ICy «+* J 5 ICx KL

and we define o :== (ax,ay): J — (KX ICy)® (ICx KL). Similarly, we have morphisms Sx: ICx —
K[1] and By : ICy — LI[1], and we define

B = ([dKBy) — (Bx Kid): (K K ICy) ® (ICx KL) — K K L[1].

4.7 Lemma. We have a distinguished triangle

J 25 (KR ICy) @ (ICx KL) 25 KR L[] — . (4.7.1)
Proof. Let
(Ax xY) <25 A5 (X x Ay),  (Ax xAy) <5 A

be the inclusion maps. If .Z is any Q,-sheaf on Aprost; We have a short exact sequence
0— 7 2 (1x)t% T @ (1y)uldr F N 0.0°F — 0,

where « is the sum of the adjunction maps and f is the difference of the adjunction maps (exactly
as in the construction above). Passing to the derived category gives the lemma. O

4.8. Keeping the notation and assumptions as above, let o: X x Y — Z be the addition map. For
z € Z(k), let F, := 0~%(2) be the fibre of o over z. Let V, :== F, NU and D, := F, N A.

12



By proper base change, the stalk of J#™(ICx xICy) at z is isomorphic to H™(F,,ICxxy |F,).

The short exact sequence of perverse sheaves
0 — 1 Quuld+e] — ICxxy — ixJ[1] — 0

(see [2, (4.1.12.3)]) gives rise to a long exact cohomology sequence

o — H™(Ds, J|p,) — HI"M4(V,, Q) —
Hm(FZ,ICXXy|FZ) — Hm+1(Dz,J‘Dz) —_— - (4.8.1)

(We use the base change theorem for proper pushforwards; see [3, Lemma 6.7.10].) Moreover, the
triangle (4.7.1) gives a long exact sequence

- — H™(D.,KX L|p,) — H™(D.,J|p,) —
H™(D.,K® ICy |p,) ® H™(D,,ICxKL|p,) — H™(D,,K K L|p,) — -+ (4.8.2)

Because H™ (D, KK L|p,) is the stalk at z of #™(K * L), the perversity of K « L (Proposition 3.16)
implies that the locus of points z with H™ (DZ, KX L|DZ) = 0 has dimension at most —m. Exactly
the same holds for the terms H™ (DZ, KX ICy \Dz) and H™ (DZ,ICX &L|D2).

For n > 0, define Z; = {z € Z | dim(F.) = n}, which is a locally closed subset of Z. Taking
m = 2n — d — e in the previous calculations, we find that there is a locus Z/, C Z; of dimension at
most d + e — 2n, such that

H2n_d_e(Dz7J‘DZ) — H2n—d—€+1 (DZ,J’DZ) =0

for all z € Z2 \ Z),.

Let Z) = {z € Z; | dim(V;) = n}. For z € Z)|, we have H?"(V.,Q;) # 0 by Lemma 4.4. By the
exact sequence (4.8.1), it follows that H?"~%~¢(F,,ICxxy |r,) # 0 for all z € Z)] \ Z},. By perversity
of ICx xICy (again using Proposition 3.16), it follows that dim(Z \ Z!)) < d + e — 2n.

Finally, for z € Z2 \ (Z], U Z!!), we have dim(D,) = n. By induction, we may assume that the
addition maps Ax XY — Ax +Y and X x Ay — X 4+ Ay are semismall, so the locus of points z
where dim(D,) = n has dimension at most d + e — 1 — 2n.

In total, this gives dim(Z7) < d 4 e — 2n, hence the addition map X x Y — Z is semismall. This

completes the proof of Theorem 4.1. ]

4.9 Corollary. Let A be a g-dimensional absolutely simple abelian variety over a field. Let X1, ..., X,
be closed subvarieties of A and define Z .= X1+ ---+ X,.. We have

dim(Z) = min{g, z; dim(Xi)} .

Proof. 1t suffices to prove this for r = 2. Let X] C X; and X/ C X5 be irreducible closed subvarieties
such that dim(X7) + dim(X}) = min{g, dim(X;) + dim(X2)}. Theorem 4.1, applied to X1, X C A,
gives that the addition map o: X{ x X} — X/ + X/ is semismall. In particular, o is generically finite
and we find

dim(X; 4+ X3) > dim(X] + X3) = dim(X]) + dim(X}) = min{g, dim(X;) + dim(X>)} .

The reverse inequality is clear. O

13



4.10 Corollary. Let A be a g-dimensional absolutely simple abelian variety over a field. If X1, ..., X,
are closed subvarieties of A such that Y ;_; codima(X;) < g, then (;_; X; # @.

Proof. We argue by induction on r. For » = 1, there is nothing to prove, and the induction step
reduces to the case r = 2. For r = 2, suppose codimy4(X1) + codimy(X2) < g (by definition,
codimy4(X;) == g — dim(X;)). By Corollary 4.9, the difference map X; x Xy — A is then surjective.
Since X1 N X5 is isomorphic to its fibre over 0, we obtain X1 N Xy # @. O]

We now extend Theorem 4.1 to the case of more than two subvarieties.

4.11 Corollary. Let A be an absolutely simple abelian variety of dimension g over a field k, let
Xi,..., X, be irreducible closed subvarieties of A and define Z == X1+---+X,. If Y i, dim(X;) < g,
the addition map o: X1 X -+ X X, — Z is semismall.

Proof. Without loss of generality, we may assume that k is algebraically closed and that Xi,..., X,
are irreducible closed subvarieties of A. We argue by induction on r. The case r = 1 is trivial and
the case r = 2 is Theorem 4.1. Assume then that r > 3 and that the assertion is true whenever we
consider at most r — 1 subvarieties X;. In particular, if we set Y = X7 4+ --- + X,._1, the addition
maps

Xix-xXp Y, vxXx 2z

are semismall.

For n > 0, let Z, C Z be the closed subset of points z € Z such that dimo~!(2) > n, and define
Zy = Zp~\ Zp+1. Our goal is to prove that Z, has dimension at most dim(Z) —2n. (By Corollary 4.9
we have dim(Z) = Y ;_; dim(Xj;).) Let I'° C Z; be an irreducible component and let I' C Z, be
its Zariski closure. Let v € I' be the generic point. Let T, C o~ 1(v) be an irreducible component of
dimension n, let T'C X; x - -- x X, be the Zariski closure of T, and let V := (a xid)(T’) be the image
of T'in Y x X,. By construction, o(T') = (V) = I'. Also, the fibre of V' — T" over 7 is irreducible;
let e be its dimension.

Let W C Y be the image of V C Y x X, under the first projection map. Then VC W x X,., and
hence I' C W + X,.. Because the map W x X,, = W + X, is semismall, we have

dim(T") < dim(W) + dim(X,) — 2e . (4.11.1)

By construction, the fibre of a xid: (X7 x -+ x X,_1) x X, = Y x X, over the generic point of V'
has dimension n — e. It follows that the fibre of a over the generic point of W also has dimension
at least n — e. Because « is semismall, this implies dim(W) < dim(Y) — 2n + 2e and, together
with (4.11.1), we obtain dim(I") < dim(Y") 4+ dim(X,) — 2n = dim(Z) — 2n, which is what we wanted
to prove. ]

4.12 Remark. The following construction shows that in Corollary 4.9, it does not suffice to assume
that A is simple (as opposed to absolutely simple).

Let k£ be a field with separable algebraic closure k C k°P. Let k C L be a finite separable
field extension and write Emb(L) for the set of k-homomorphisms o: L — k*P. Let L C k%P be
the compositum of all subfields o(L) C k*P, for ¢ € Emb(L), which is a finite Galois extension
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of k. In what follows, we view the elements o € Emb(L) as embeddings L < L. The Galois group
I’ = Gal(L/k) naturally acts on Emb(L) and this action is transitive.

If B is an abelian variety over L and o € Emb(L), let B, denote the abelian variety over L that
is obtained by extension of scalars via o. If A = Resy, B is the abelian variety over k obtained by
restriction of scalars, we have A; = HaeEmb(L) Bg. The natural action of I' on Aj permutes the
factors B,.

If I € Emb(L) is a subset, define T; € A; =[], cpmbz) Bo by

T] = {(bo—) c H BO’
)

oc€Emb(L

bU:0foralla§éI}.

Clearly, T7 is an abelian subvariety of A; of dimension equal to #I - dim(B). If v € T', we have
7Tr = T(r)- Fuarthermore, for I, J C Emb(L) we have Tr + Ty = Truy.

Let .# be a I'-orbit of subsets of Emb(L). By Galois descent, there is a closed subscheme X , C A
over k such that

X7 ®p L= U Tr.
les

We now make several choices that will give rise to an example of the desired kind. To begin with,

we choose a field extension k C L as above and two I'-orbits .#, # of subsets of Emb(L) such that:

«if €. andJ e ¢, then #I + #J = [L : k];
e INJ#@forallle.7andJe £,

(Note that [L : k] = # Emb(L), so if the first condition is satisfied, the second condition is equivalent
to IUJ # Emb(L) for all I € .# and J € _#.) Next we choose an absolutely simple abelian variety B
over L with the property that B, and B, are not isogenous whenever o # 7 in Emb(L). This condition
implies that the abelian variety A = Resy, B is simple over k. With notation as above, the closed
subschemes X s, X 7 of A then satisfy dim(X s) + dim(X ;) = dim(A), whereas X s + X 5 # A.

Finally, we note that it is possible to make choices as above. For a concrete example, take k = Q
and L = L = Q({;) with ¢; = exp(2mi/7). Number the complex embeddings of L in such a way that
I' = Gal(L/Q) is generated by the cyclic permutation (1 2 3 4 5 6), and take .# to be the I'-orbit
of I ={1,2,3} and _# the I'-orbit of {1,3,5}. If B is an elliptic curve over L that is not isogenous
to any of its Galois conjugates, then A = Resy, /g B is a 6-dimensional simple abelian variety over Q
and Xz, X 4 C A are 3-dimensional closed subvarieties with dim(X s + X ») = 5.

5. The addition map on arbitrary abelian varieties

It is clear that Corollary 4.9 does not extend as is to nonsimple abelian varieties. However, we shall
show that the result remains valid under an additional hypothesis. We use the following notion that
was introduced by Ran in [17].

5.1 Definition. Let A be an abelian variety over a field k. If k = k, an irreducible closed subvariety X
of A is said to be geometrically nondegenerate if for every quotient morphism q: A — A/B with B C A
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an abelian subvariety, either ¢(X) = A/B or dim(q(X )) = dim(X). Equivalently, X is geometrically
nondegenerate if

dim(X + B) = min{dim(4), dim(X) + dim(B)} (5.1.1)

for every abelian subvariety B C A (compare with Corollary 5.6).
For arbitrary k, we say that a closed subvariety X C A is geometrically nondegenerate if all

irreducible components of X} are geometrically nondegenerate.

Note the connection between (5.1.1) and Corollary 5.6.

o
b

. Examples and elementary properties. Assume k = k.

—~
—_
~—

If A is simple, every irreducible closed subvariety of A is geometrically nondegenerate.

—
\)
~—

If g: A — A’ is a surjective homomorphism of abelian varieties and X C A is a geometrically

nondegenerate closed subvariety, its image ¢(X) C A’ is again geometrically nondegenerate.

—
w
~—

An irreducible curve X C A is geometrically nondegenerate if and only if X generates A.
(4) An irreducible hypersurface X C A is geometrically nondegenerate if and only if X is ample.
(5) A dimensionally transverse intersection X C A of ample hypersurfaces is geometrically nonde-

generate.

The main result of this section is the following.

5.3 Theorem. Let A be an abelian variety of dimension g over a field k. Let X and Y be closed
subvarieties of A with dim(X) + dim(Y) > g and assume X is geometrically nondegenerate. Then
X+Y=A

Proof. By the same argument as in 4.5, we may assume that either £ = C or that k is the algebraic
closure of a field ko which is finitely generated over F,,. To avoid case distinctions, define ky = k = C in
the first case. Moreover, we may assume that X and Y are irreducible with dim(X) + dim(Y") = g (if
necessary, replace Y by an irreducible closed subvariety), and that we have X, Yy C Ay over ko which
after extension of scalars to k give X, Y C A. We follow the notational convention of Remark 3.8.
Let Zy = X0+ Y (and so Z = X +Y). Our goal is to show Z = A. We assume Z # A and we shall
derive a contradiction.

Suppose B C A is an abelian subvariety with quotient ¢: A — A = A/B and write X = ¢(X)
and Y = ¢(Y). The assumption that X is geometrically nondegenerate implies dim(X) + dim(Y) >
dim(A). By induction on g, we may therefore assume ¢(Z) = X +Y = A whenever B # 0.

As we did in 4.6, we choose affine open subsets Ux, — X and Uy, — Yj such that (Ux)req
and (Uy )rea are smooth over k, and we let Ay, — Xy and Ay, — Y{ be the closed complements.
Define

Ko = ICXO |AX0 [_1] ) Ly = ICYO |AYO [_1] ’
which are perverse sheaves. To prove the theorem, it suffices to show that there exists a dense open
subset Z(’) C Zy such that the restriction of each of the objects

ICXO * ICYO s KO * ICYO s ICXO *Lo y Ko * Lo (531)

to Zj is a perverse sheaf. Let (X x Y) € X x Y be the pre-image of Z’' under the addition map
X xY — Z. Note that (X xY)’, being an open subset of the irreducible variety X x Y, is irreducible.
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Exactly the same argument as in 4.8 then shows that the map (X x Y)" — Z’ (which is a proper
surjective morphism) is semismall. In particular, this implies g = dim(X xY") = dim(Z), contradicting
the assumption Z # A.

To find an open subset Z C Zj as desired, we give the argument for Ky * Lo; exactly the same
works with K replaced by ICx, or Lg replaced by ICy,. (For each of the terms in (5.3.1), we find an
open subset Z, as desired, and at the end, we take the intersection of the four open subsets Z; that
were found.) By Lemma 3.9(2), we may, after replacing kg by a finite extension, assume that every
simple subquotient Py of Ky % Lo has the property that P (the pullback of Py to A) is isotypical.
By Propositions 3.13 and 3.15, it follows that for every simple subquotient Py of PH*(Kq * Lo) with
1 # 0, we have dim(Stab(P)) > 0, so that the identity component B = Stab(P)? is a nonzero abelian
subvariety of A. If 3(Fy) C Ap is the closure of the support of Py, then ¥ = 3(F)) ®, k is stable
under the action of B. Writing q: A — A = A/B for the quotient map and ¥ = ¢(X), it follows that
Y = ¢ 1(2). Moreover, ¥ C Z ¢ A, whereas q(Z) = A, so we cannot have ¥ = Z. This shows that P
is supported on a proper closed subset of Zj. Now take Z| C Zj to be the complement of the union
of all ¥(Py) & Zy, where Py runs through the simple subquotients of PH*(Kq * Lg) with i £ 0. [

5.4 Remark. The argument actually proves something slightly stronger: we have X +Y = A when-
ever, with notation as above, dim(X) + dim(Y) > dim(A) for every quotient q: A - A = A/B.
This condition means precisely that (X,Y") ‘fills up A’, in the sense of |6, (1.10)]. Thus we have the
analogue of [6, Corollaire 2.6] over an arbitrary base field.

5.5 Remark. In the situation of the theorem, assuming instead dim(X) + dim(Y) < g, we do not
know whether the addition map X x Y — X + Y is semismall (compare with Theorem 4.1).

As a corollary to Theorem 5.3, we obtain the promised generalisation of Corollary 4.9.

5.6 Corollary. Let X1,..., X, be closed subvarieties of an abelian variety A of dimension g over a
field. Assume that at least r —1 of the X; are geometrically nondegenerate. Then dim(X;1+---+X,) =

min{g, >, dim(X;)}.

Proof. 1t suffices to prove this for » = 2, working over an algebraically closed base field. Let X and Y
be closed subvarieties of A such that X is geometrically nondegenerate. When dim(X) 4 dim(Y’) > g,
the theorem gives X+Y = A, whence the corollary in that case. Assume now dim(X)+dim(Y) = g—n
for somen > 0. Let C' C A be an irreducible closed curve that generates A. For every closed subvariety
V ¢ A, we have dim(V+C) = dim(V)+1. Let Y/ = Y +nC, where nC = C+---+C (n terms). Then
dim(X)+dim(Y”) = g, so the theorem gives dim(X +Y +nC) = g and hence dim(X+Y) =g—n. O
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