CYCLES AND VECTOR BUNDLES ON ABELIAN VARIETIES

OLIVIER DEBARRE

ABSTRACT. This is a complement to the article [D].

1. NON-PRINCIPALLY POLARIZED ABELIAN VARIETIES

Let (X, ¢) be a polarized abelian variety of dimension g and type (1 | - - - | d,) ([BL], §3.1).
For each m € {1,..., g}, we denote by
Hdg™(X) = H*"(X,Z) N H™™(X)
the group of codimension m Hodge classes on X and we set
gm
mo=——0o— ¢ Hdg"(X).
min 51."6mm!€ g ( )

This is a nondivisible class. We will make the assumption
(1) vme{l,...,9} Hdg™(X) = 27

By Mattuck’s theorem ([BL], Theorem 17.4.1), this holds when (X, ¢) is very general. Given

a vector bundle & on X, we write its Chern classes in cohomology as ¢;(&) = a;’ ., where
agp, . .. ,aq are integers.

The following computation is [D, Proposition 1.1], but we provide more details in the
proof.

Lemma 1.1. Assume (1) holds. For every m € {1,...,g}, the Chern character ch,,(&) can
be written, in H*™(X,Q), as

) chn(&) = ((—1)" ™ e T ) £
for some integer b,,.

Proof. By [Md, p. 28], we have

‘g_l ¢ 1 0 e e 0
1
az 2 aj :
2 01022! l 01 l 1
as 3 as 2 ay
Ch (g) — i 3 0102033! g 61022! 01 g
" m! 4 a4 53 as 63 .. . . 0
010203044 0102033! : : :
: : . 1
am m aAm—1 m—1 as 3 as 2 a1
m 01-+-0mm! l 01-0m—1(m—1)! ¢ 6102033! ¢ 61022! ¢ o1 ¢
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The expansion of this determinant shows that ch,,(&) is a sum of terms of the form

1 i a; . a; . a; .
j:_l 1 : Ezl 2 : 612_._ m : Ezm’
ml Gy 800! Oy Oyyin) Op - Oi im)
where iy,...,14, are nonnegative integers such that ¢; + --- + i, = m and {1,...,m} =
{i1,i0+1,...ipm+m—1}. Since €™ = &y - - - 6, m! €77, this term can be rewritten, up to sign,
as
Siv-ed
(07 R 7, : ! m. Eﬂn?m
Op v 0p (i1 — D)8y - yinl -0y - - 0y iy
or as

(m—1)! 01O m
(11 — D)ligl e dpy! 0y v 0300+ 0s -0y 0; (m — 1) ™
The product 6y ---0;,01--0;,---01---0;, in the denominator clearly divides the numerator
01+ 0m. More exactly,

a’il .. .a’Lm

e cither ¢; only occurs once in the product, which only happens when i; = m and
i =+ =iy =0, and the term is (—1)"~" ot £
e or §; occurs at least twice, 6, does not occur, the product divides 6205 - - - 6,,_1, and
the term is an integral multiple of = 5 ey 57 O
Therefore, one can write ch,,(&) as in l} O
Proposition 1.2. Let (X, () be a polarized abelian variety of dimension g and type (61 | - - | &)

that satisfies (1)). Let & be a vector bundle on X, with Chern classes ¢;(&) = a;(%,. For every
m € {1,...,g}, the integer an, is divisible by gcd(%—?, (m—1)!).

Proof. This follows from Lemma and the fact that, as explained in [BD| Lemma 4.1], the
class ch,,(&) is integral. O

Following [KV, Section 1], we let CH(X')cn be the subring of the Chow ring of X generated
by Chern classes of vector bundles (or, equivalently, coherent sheaves) on X. In cohomology,
we have inclusions

H*™(X,Z)cn C H*™(X,Z)a, C Hdg™(X) C H*™(X,Z)

of subgroups, where H?*"(X,Z),, is the image of CH™(X) by the cycle class map, and
H?*™(X,Z)cy is the image of CH™ (X )¢y, by the same map.

For each m € {1,..., g}, one has inclusions
(3) (m—1)!CH™(X) C CH"(X)cn , (m— )H*"(X,Z)ae C H*(X,Z)cn

(they follow from the equality (m — 1)![Z] = (=1)™"'¢,,(07) in CH™(X), valid for all subva-
rieties Z C X of codimension m).

Corollary 1.3. Let (X, () be a polarized abelian variety of dimension g and type (61 | --- | d,)
that satisfies . For every m € {1,...,g}, one has

min*

Om
H?™(X, Z)on C gcd( (m — ))zem
or
In particular, if 6(m — 1)! | 0,,, one has

(m — )W H*™(X,Z)a, C H*™(X,Z)cn C (m — 1)IZ,

min*
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Proof. Let &1,...,&, be vector bundles on X and consider the product II := ¢;, (&) - - - ¢;.(&)
of Chern classes, where i1 + - - - + i, = m, with ¢; > --- > i,. We write

i 0
€iu(6) = Axlimin = 8y -+ 04, !
with aq,...,a, € Z, so that
01+ O m! .
T T R T A A

As in the proof of Proposition, either 1, = m and II = ¢,,(&}), or r > 2 and II is a multiple

of %—’1” ¢ . Using Proposition |1.2] we obtain the corollary. 0

min*

M=a---a,

Corollary 1.4. Let (X, ) be a polarized abelian variety of dimension g and type (61 | --- | d,)
that satisfies (1). Assume 61(g — 1)!| 6,. One has

CH?(X)ep = (g — 1)! CHI(X).

Proof. The inclusion D is (3)). Conversely, let n € CHY(X)cp. Since 61(g—1)! | &, Corollary[L.3]
implies that deg(n) is divisible by (¢ — 1)!. Therefore, there exists 7 € CHY(X) such that
n—(g—1)!n" has degree 0. Since the subgroup of CH?(.X) of 0-cycles of degree 0 is divisible, there
exists ” € CHY(X) such that n— (g — 1)l = (¢ —1)!". This implies n € (¢—1)! CH/(X). O

2. PRINCIPALLY POLARIZED ABELIAN VARIETIES

Remark 2.1 (Jacobians of curves). Let C' be a smooth connected projective curve of genus
g > 2 and let JC be its Jacobian, endowed with its canonical principal polarization 6.

We fix a point ¢ of C' and embed the curve C' in JC' by sending a point x of C to the
isomorphism class of Oc(z — ¢). For i € {0,...,g}, we define W; C JC as the i-fold sum
C + .-+ C, with the convention Wy = {o}. Its cohomology class is the minimal class 69 .

Let & be the Poincaré line bundle on C' x JC, uniquely defined by the properties

Pliyxic = Ojc and  Ploxie ~ FPele forall § € JC,

where P is the numerically trivial line bundle on JC defined by &. Following [S|, §2, Definition]|
(see also [MK], and [Mul, Definition 4.1]), we define the Picard bundle on JC by

F = R'q.(# @ p*Oc(—c))

where p : C' x JC — C and q : C' x JC — JC are the projections. By [S], the sheaf F is
locally free of rank g on JC.

The Chern classes of .% were computed by Mattuck in [MKkl §6, Corollary] (see also [Sl §4]
and [Gl Corollary 3 to Theorem 4]); he obtains:

(4) Yme{l,...,g9} cn(F) = [Wyem] € CH™(JC).
Considering translates of .%, we get
CHY(JC)cn = CHY(JCO).
Moreover, when C'is very general, so that (JC,0) satisfies (1]}, one has
vme{l,....g}  H*™(JC,Z)cn = H"(JC,Z) e = Hdg"(JC) = Z6}!

min*
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Question 2.2. What are the subgroups H*"(X,Z)cy, C Z02;, for a very general principally

polarized abelian variety (X, #) of dimension g > 47 The example of Jacobians of curves shows
that there are no numerical obstructions. This question is already intriguing for m = g (a case
where all classes are trivially algebraic).

Question 2.3. The intermediate Jacobian (JX,6) of a smooth cubic threefold X C P* is a
principally polarized abelian variety of dimension 5 which contains a surface with minimal
class 62 . Is there a vector bundle & on JX with c3(&) = 63,7

min* min *

Question 2.4. On a Prym variety (P, ), are there vector bundles with “small” Chern classes?
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