VARIETIES WITH VANISHING HOLOMORPHIC EULER
CHARACTERISTIC

JUNGKAI ALFRED CHEN, OLIVIER DEBARRE, AND ZHI JIANG

ABSTRACT. We study smooth complex projective varieties X of maximal Albanese dimen-
sion and of general type satisfying x(X, Ox) = 0. We prove that the Albanese variety of
X has at least three simple factors. Examples were constructed by Ein and Lazarsfeld, and
we prove that in dimension 3, these examples are (up to abelian étale covers) the only ones.
By results of Ueno, another source of examples is provided by varieties X of maximal Al-
banese dimension and of general type satisfying h°(X,wx) = 1. Examples were constructed
by Chen and Hacon, and again, we prove that in dimension 3, these examples are (up to
abelian étale covers) the only ones. We also formulate a conjecture on the general structure
of these varieties in all dimensions.

1. INTRODUCTION

A smooth complex projective variety X is said to have maximal Albanese dimension if
its Albanese mapping X — Alb(X) is generically finite (onto its image).

Green and Lazarsfeld showed in [GL] that such a variety satisfies x(X,wx) > 0. Ein
and Lazarsfeld later constructed in [EL] a smooth projective threefold X of maximal Albanese
dimension and of general type with x(X,wx) = 0 (see Examples 4.1 and 4.2).

We are interested here in describing the structure of varieties X of maximal Albanese
dimension (and of general type) with x(X,wx) = 0. This class of varieties is stable by
modifications, étale covers, and products with any other variety of maximal Albanese di-
mension (and of general type). More generally, if X is a smooth projective variety of maxi-
mal Albanese dimension with a fibration whose general fiber F' satisfies x(F,wp) = 0, then
X(X,wx) = 0 ([HP], Proposition 2.5).

So we study smooth projective varieties X of general type with y(X,wyx) = 0 and
a generically finite morphism X — A to an abelian variety. In §3, we prove a general
structure theorem (Theorem 3.1) which implies among other things that A has at least three
simple factors. Examples where A is the product of any three given non-zero factors can be
constructed following Ein and Lazarsfeld, and we speculate that their construction should
(more or less) describe all cases where A has three simple factors but, although we prove
several results in §4 in this direction (Propositions 4.3, 4.5, and 4.7) and arrive at the rather
rigid picture (6), we are only able to get a complete description when X has dimension
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3: we prove that a smooth projective threefold X of maximal Albanese dimension and of
general type satisfies x(X,wx) = 0 if and only if it has an abelian étale cover which is an
Fin-Lazarsfeld threefold (Theorem 5.1).

Another source of examples is provided by varieties X of maximal Albanese dimension
and h°(X,wx) = 1: it follows from work of Ueno ([U]) that they satisfy y(X,wx) = 0.
Chen and Hacon constructed examples of general type (see Example 4.2). We gather some
properties of these varieties in §6. However, this class of examples is not stable under étale
covers and does not lend itself well to our methods of study, except in dimension 3, where
the precise Theorem 5.1 allows us to give a complete description of all smooth projective
threefolds X of mazimal Albanese dimension and of general type, such that h°(X,wx) = 1:
they all have abelian étale covers that are Chen-Hacon threefolds (Theorem 6.3).

In §7, we propose a conjecture on the possible general structure of smooth projective
varieties X of maximal Albanese dimension and of general type satisfying x(X,wyx) = 0. It
seems difficult to give a complete classification, but based on the examples that we know, we
conjecture that, after taking modifications and étale covers, there should exists a non-trivial
fibration X — Y which is either isotrivial, or whose general fiber F satisfies x(F,wp) = 0.
For the converse, one does have y(X,wx) = 0 in the second case by [HP], Proposition 2.5,
but not necessarily in the first case, of course. Both cases do happen (Example 7.2).

We work over the field of complex numbers.
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2. NOTATION AND PRELIMINARIES

For any smooth projective variety X, we set X = Pic’(X). For ¢ € X , we will denote
by P an algebraically trivial line bundle on X that represents .

Following standard terminology, we will say that a morphism f: X — A to an abelian
variety A is minimal if the induced group morphism f : A— X is injective. Equivalently,
f(X) generates A as an algebraic group and f factors through no non-trivial abelian étale
covers of A. The Albanese mapping ay has this property. Any f : X — A factors as

f:X Ioa A, where A’ is an abelian variety and f’ is minimal.

An algebraic fibration (or simply a fibration) is a surjective morphism between normal
projective varieties, with connected fibers.

In the rest of this section, X will be a smooth projective variety, of dimension n, with
a generically finite morphism f : X — A to an abelian variety A. In particular, X has
maximal Albanese dimension.
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2.1. Cohomological loci. For each integer i, we define the cohomological loci
Viwx,f) = {€€ A|H'(X,wx® [P) #0}
= {€e A|H"(X, f"P¢) #0}.

If Y is a smooth projective variety and € : Y — X is birational, we have R/e,wy = 0 for
j > 0 and e,wy ~ wx ([K2], Theorem 2.1 and Proposition 7.6), hence x(X,wx) = x(Y,wy)
and V;(wx, f) = Vi(wy, f oe) for all 4. In particular, these loci do not change when X is
replaced with Y.

2.1.1. Since R fuwx = 0 for j > 0 ([K2], Theorem 2.1), we have for all i
Vi(wx, ) = Vi(fawx) i= {€ € A| H'(A, fawx @ P) # 0}

2.1.2. Each irreducible component of V;(wx, f) is an abelian subvariety of A of codimension
> i ([EL], Remark 1.6 and Theorem 1.2) translated by a torsion point ([Si]).

2.1.3. There is a chain of inclusions ([EL], Lemma 1.8)
(1) Ker(f) = Va(wx, f) € Vaoa(wx, f) € -+ C Vo(wx, f) € A
and codim(Vn(wX, f)) > n.

2.1.4. If Vo(wx, f) has a component V' of codimension i, this component is contained in
(hence is an irreducible component of) Vi(wx, f) ([EL], (1.10)), so that we have ¢ < n and

f(X) is stable by translation by the i-dimensional abelian variety Ker(A — \7)0 ([EL],
Theorem 3).

2.1.5. For ¢ € A general, X(X,wx) = h%(X,wx @ f*P:) > 0 (use §2.1.2) and
X(X,wx) =0 < Vp(wx, [) # A

< Vy(wx, f) has a component of codimension 4
for some i € {1,...,n}
— Vi(wyx, f) has a component of codimension i

for some i € {1,...,n},

where the last implication is not always an equivalence.

2.1.6. The variety X is of general type if and only if Vo(wx, f) generates A ([CH1], Theorem
2.3).

2.1.7. If Vo(wx, f) is finite, Ein and Lazarsfeld proved that X is birational to an abelian
variety ([CH1], Theorem 1.3.2). In particular, if f is moreover minimal, it is a birational
isomorphism.



4 J. CHEN, O. DEBARRE, AND Z. JIANG

2.2. Composing f with a generically finite morphism. If Y is smooth projective and
h:Y — X is surjective and generically finite, the trace map h.wy — wx splits the natural
inclusion wy — h,wy, hence H' (X, wx ® f*P) injects into H (X, h.wy ® f*P) for all £ € A.
Thus, using also §2.1.1, we obtain

‘/i(mef) g ‘/;(h'*wYaf) = V;'(wYaf o h)

Moreover,
(2) xX(Y,wy) > x(X, wx).
When £ is étale, we have
X(Y7 WY) = deg(h’)X(Xa wX)‘
Finally, when h is obtained from an isogeny 7 : B — A as in the cartesian diagram

Y:XXABLB

I ln

X ﬁ A
we have V;(wy, g) = n(Vi(wx, f)). Combining this with §2.1.2, we see that after making a
suitable étale base change, we can always make all the components of V;(wx, f) pass through

0.

3. COMPONENTS OF V; OF CODIMENSION 1

Let X be a smooth projective variety with a generically finite morphism f : X — A to
an abelian variety. If x(X,wx) = 0, it follows from §2.1.5 that V;(wx, f) has a component
of codimension i for some ¢ € {1,...,n}. We prove a structure theorem under this weaker
assumption.

Theorem 3.1. Let X be a smooth projective variety of dimension n, let A be an abelian
variety, and let f : X — A be a minimal generically finite morphism. Assume that for some
i €40,...,n}, the locus Vi(wx, f) has a component V' of codimension i in A. Let B be the
abelian variety V. For a suitable modification X' of an abelian étale cover of X, the Stein
factorization of the morphism X' — A — B induces a surjective morphism X' — Y where
Y is smooth of dimension n —1i, of general type, with x(Y,wy) > 0.

Proof of Theorem 3.1. We follow the proof of [EL], Theorem 3. Let K be the i-dimensional
abelian variety Ker(A — B)Y. By §2.1.2 and §2.2, we may assume, after isogeny, A = Bx K
and V = B. Let p : A — B be the projection. Considering the Stein factorization of
m=po f: X — B, and replacing X by a suitable modification, we may assume that 7
factors as

X5y LB,
where Y is smooth, h is generically finite, and ¢ is surjective with connected fibers. It is

shown in [EL] that Y has dimension n — i (so that general fibers of g have dimension 1)
and that f(X) is stable by translation by K (§2.1.4). This implies R'g,wx ~ wy ([K2],
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Proposition 7.6). Moreover, the sheaves RFg,wx on Y satisfy the generic vanishing theorem
([HP], Theorem 2.2), hence

Vi(RFg.wx, h) # B forall j >0 and all k.

For all
¢eB- | Vi(Rrgwx,h),
>0, k
we have
H)(Y,RFg.wx @ h*P:) =0 for all j > 0 and all k.

Hence, by the Leray spectral sequence, we obtain
R (X, wx ® f*P:) = h'(X,wx @ T P:) = h(Y, R'g.wx ® h*Ps) = h*(Y,wy ® h* %)

and these numbers are non-zero because B = V C Vi(wx, f). In particular, Vo(wy, h) = B.
By §2.1.6 and §2.1.5, Y is of general type and x(Y,wy) > 0. This completes the proof. [

We prove a partial converse to Theorem 3.1: assume that there is a generically finite
morphism f : X — A and a quotient abelian variety A — B such that f(X)+ K = f(X),
where K := Ker(A — B)° and denote by X --» Y — B a modification of the Stein
factorization of X — A — B, where Y is smooth of dimension n — i (we set i := dim(K)).

Proposition 3.2. In this situation, if Y is not birational to an abelian variety, Vj(wx, f)
has a component of codimension j for some j € {i,...,n—1}.

Proof. Replacing X with a modification of an étale cover (which is allowed by §2.1 and §2.2),
we may assume that we have a factorization

Fox Wy g YR By K

where (g, k) is surjective and h : Y — B is generically finite. We obtain, as in the proof of
Theorem 3.1, for £ general in B,

(3) W(X,wx ® f*Pe) = B(Y, R'guwx @ W' Fe) = h°(Y.wy @ I F).

If x(Y,wy) > 0, we have Vy(wy,h) = B, the number on the right-hand-side of (3) is
non-zero for all £, hence V;(wx, f) contains the i-codimensional abelian subvariety B of A.

If x(Y,wy) = 0, since Y is not birational to an abelian variety, Vy(wy, k) has (by §2.1.7
and §2.1.5) a component of codimension [ € {1,...,n —i— 1} in B. Thus we can apply
Theorem 3.1 to h : Y — B: after taking an étale cover and a modification, h factors through
a morphism Y — Z x C, where C' is an abelian variety of dimension I, x(Z,wz) > 0, and
dim(Z) = n — i — . We are therefore reduced to the first case and we conclude again that
Viti(wx, f) contains an (i + [)-codimensional component. O

Remark 3.3. Under the hypotheses of Theorem 3.1 and the assumption A = B x K made

in its proof, we obtain a surjective morphism £ : X LBxK B K and, from its Stein
factorization, morphisms

X 575K



6 J. CHEN, O. DEBARRE, AND Z. JIANG

where Z is smooth of dimension i, m is generically finite, and [ has connected (generically
(n — i)-dimensional) fibers. We have again R" ‘l,wx ~ wy and, for ¢ general in K,

A (X, wx @ f*P) = h(Z,wy @ m*P).
Then,

a) either Vo(wyz,m) C K and x(Z,wy) = 0;

b) or Vo(wz,m) = K and y(Z,wz) > 0. There is a surjective generically finite map
X — Y x Z, hence x(X,wx) > x(Y,wy)x(Z,wz) > 0 by (2) (this also follows from
Corollary 3.4.a) below).

Finally, if F' is a general fiber of [ : X — Z, there is a surjective generically finite map
F — Y, hence x(F,wr) > 0 (see (2)).

We now deduce some consequences of Theorem 3.1 on the possible components of
Vo(wx, f) and the number of simple factors of the abelian variety A.

Corollary 3.4. Let X be a smooth projective variety with x(X,wx) = 0 and a generically
finite morphism f : X — A to an abelian variety.

a) The locus Vo(wx, f) does not have complementary components.’
b) If X is in addition of general type, A has at least three simple factors.

Proof. 1f Vo(wx, f) has complementary components Vi,...,V,, with duals By,..., B,, the
image f(X) is stable by translation by [];; B; for each i (§2.1.4), hence f is surjective if
r > 2. We obtain from Theorem 3.1, after passing to an étale cover and a modification of
X, a generically finite surjective map X — Y] x --- x Y,., with x(Y;,wy;) > 0 for all 4. Since
X(X,wx) > T x(Yi,wy,) (by (2)), this is absurd. This proves a). Item b) then follows from
§2.1.6. 0

Proposition 3.5. Let X be a smooth projective variety of general type with x(X,wx) =0
and a generically finite morphism f : X — A to an abelian variety. Then Vy(wx, f) has no
1-dimensional components.

Proof. Assume Vy(wy, f) has a 1-dimensional component and write it as 73 + §1 for some
torsion point 7 € A and some quotient elliptic curve A — By. By [J], Proposition 1.7, and
since Vp(wy, f) generates A (§2.1.6), B; cannot be maximal for inclusion: more precisely,
there must exist two maximal components (in the sense of [J], Definition 1.6) 7 + B, and
73 + By of Vy(wy, f) with By C Ej C A for each j € {2,3} and B, # Bs. There are
corresponding factorizations A — B; — B;.

As in the proof of Theorem 3.1, after passing to an étale cover and a modification of
X, we may assume 7 = 7, = 73 = 0 and that we have

1By that, we mean components such that the sum morphism induces an isogeny from their product onto

A.
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e for each ¢ € {1, 2,3}, Stein factorizations
i h;
X 2> Y = By,

where h; is generically finite, Y; is smooth, Y; is a curve of genus > 2, and x (Y2, wy,)
and (Y3, wy;) are both positive (Theorem 3.1),
e a commutative diagram

Y, — s B

> N

X———»v

N

Ys ———— Ds.
We may further assume that the induced morphism X — Y, xy, Y3 factors as:

Yy~ By

. Yj

vy m
M

g1 \St h31

T
s —— By

where ¢ is a resolution of singularities.
Now take & € B, and & € Bs. By [M], Lemma 4.10.(ii),? there is an inclusion
q*(wy/yl ® " (h;PEQ ® h§P§3)> - h21*<wY2/Y1 ® h;P&) ® D31y (WYS/Yl ® h§P§3)

of locally free sheaves of the same rank on the curve Y;. Moreover, we saw during the proof
of Theorem 3.1 that for j € {2,3}, we have

0 # R (Y, wy, ® hPe,) = (Y3, hji(wy, ® B P%,)).

It follows that the sheaf hj1. (wy, @1 P, ) is non-zero, hence so is the sheaf hji. (wy; v, @ P, ).
Allin all, we have obtained that the locally free sheaf g, (wy,y, ®<*(h3 P, @3 Pe,)) is non-zero.

Assume now that & and & are torsion. By [V], Corollary 3.6,% this vector bundle is
nef, hence has non-negative degree. Since Y; is a curve of genus > 2, the Riemann-Roch
theorem then implies

0 7£ hO<Y17 q*(wY ® 5*(h;P€2 & h;;PE?,))) = hO(Y7 wy & 5*(h§P§2 ® h§P§3))
Finally, note that X and Y both have maximal Albanese dimensions. This implies that
wy/y is effective, hence h’(X,wx @ f*(Pe, ® P,)) is also non-zero. It follows that & + &

2This is stated in [M] for & = &3 = 0, but the same proof works in general.
3This is stated there for & = & = 0, but the general case follows by the étale covering trick.
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is in Vo(wx, f), which therefore contains Eg + §3. This contradicts the fact that §2 is
maximal. O

4. CASE WHEN A HAS THREE SIMPLE FACTORS

Ein and Lazarsfeld constructed an example of a smooth projective threefold X of
maximal Albanese dimension and of general type with x(X,wx) = 0, whose Albanese variety
is the product of three elliptic curves. After presenting their construction (and a variant due
to Chen and Hacon), we prove some general results when Alb(X) has three simple factors.
In the next section, we will show that the Ein-Lazarsfeld example is essentially the only one
in dimension 3 (Theorem 5.1).

Example 4.1 ([EL], Example 1.13). Let Ey, Es, and Ej be elliptic curves and let p; : C; —
E; be double coverings, where C; is a smooth curve of genus > 2 and pj.we;, ~ Og, @ ;.
Denote by ¢; the corresponding involution of Cj. Let A = E; x Ey x E3 and consider the
quotient Z of C7 x Cy x C3 by the involution ¢; X 15 X t3 and the tower of Galois covers:

01XCQX03—Q>>Z—f>>A

of degrees 2 and 4 respectively. Observe that Z has rational singularities and is minimal of
general type. Let € : X — Z be any desingularization. The Albanese map of X isay = foe
and

axswx ~ 04 @ (L1 ® Ly) © (Ls ® L1) ® (Ly ® L),

where L; is the inverse image of §; by the projection A —» Ej, hence
(4)  Volwy,ay) = Vi(wy,ay) = (B x Fy x {0}) U (E; x {0} x E3) U ({0} x Ej x Ej),
whereas Va(wy, ax) = V3(wx, ax) = {0}.

This provides 3-dimensional examples which we call Ein-Lazarsfeld threefolds. Obvi-
ously, the same construction works starting from double coverings p; : X; - A; of abelian
varieties with smooth ample branch loci and provides examples in all dimensions > 3. One
can also extend it to any odd number 2r + 1 of factors and get examples where the Albanese
mapping is birationally a (Z/2Z)* -covering.

Example 4.2 ([CH2], §4, Example). A variant of the construction above was given by Chen
and Hacon. Keeping the same notation, choose points §; € Ej of order 2 and consider the
induced double étale covers € — Cj, with associated involution o, and E; — Ej;. The
involution ¢; on Cj pulls back to an involution ¢ on C} (with quotient E%). Let Z’ be
the quotient of C] x C x C4 by the group of automorphisms generated by id; xog X ¢f,
y X idg X053, 01 X 14, x id3, and o1 X 09 X 03, and let ¢’ : X! — Z’ be any desingularization.
There is a morphism f’: X’ — A of degree 4, the Albanese map of X’ is ax: = f' o¢&’, and

(5) axwz = Ox® (L1 © L3 ® Pe,) & (L§ @ Pe, ® Ly) & (P, ® Ly ® L§),
where L§ = L; ® P,. In particular, h°(X',wx/) = 1 and

Vo(wxr, axr) = Vi(wxr, axr) = {0} U (Er x By x {€}) U (Er x {&} x Es) U ({6} x Ea x By).
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We will call the varieties X’ obtained in this fashion Chen-Hacon threefolds. Of course, the
étale cover B x By x Ef — Ey x Ey x E5 pulls back to an étale cover X” — X', where X"
is an Ein-Lazarsfeld threefold.

Again, this construction still works starting from double coverings of abelian varieties
with smooth ample branch loci, providing examples in all dimensions > 3, and for any odd
number 27 + 1 of factors, providing examples where the Albanese mapping is birationally a
(Z/2Z)* -covering.

Proposition 4.3. Let X be a smooth projective variety of general type with x(X,wx) =0
and a generically finite morphism f : X — A to an abelian variety A with exactly three
simple factors Ay, As, As.

a) The map f is surjective.
b) After passing to an abelian étale cover, we may assume A = Ay X Ay X Az and that

A x Ay x {0}, A, x {0} x 121\3, and {0} x Ay x A\g are irreducible components of

Proof. We begin with the proof of item b). As in the proof of Theorem 3.1, we may assume,
after passing to an abelian étale cover, that A is A} x Ay x Az and, by Corollary 3.4.a) and

§2.1.6, that A; x Ay x {0} and A; x {0} x A; are irreducible components of Vo(wy, f).

Assume that the projection Vy(wy, f) — 22 X ;13 is not surjective. For & and &3
general torsion points in Ay and As respectively, we then have

(& + &+ A) N Vo(wy, f) = @.

Consider the morphism f; = p; o f : X — Ay and the sheaf & = fi.(wx ® f3Pe, @ f5Pe,)
on A;. By [HP], Theorem 2.2, the cohomological loci of & satisfy (1). On the other hand,

for all £ € Ay, we have HY(Ay, & ® P¢) =0, hence V(&) = @. It follows that for all £ € A
and all i > 0, we have H(A;,8 ® P:) = 0. This implies & = 0 by Fourier-Mukai duality
([Mu]). But the rank of & is at least x(Fi,wp, ), where F} is a component of a general fiber
of fi ([HP], Corollary 2.3) and this is impossible: F} is of general type and generically finite
over Ay X As, hence x(Fi,wg ) > 0 (Corollary 3.4.b)).

The projection Vy(wx, f) — 121\2 X A\g is therefore surjective. Since A; is simple, this
implies that, after passing to a (split) étale cover of A, there are morphisms uy : Ay — Ay
and us : A3 — A; such that

{ua(6o) +us(8s) + &+ & | & € Ay, & € Ag}
is a component of Vy(wy, f). Composing this cover with the automorphism (aq, as, az) —
(Cbl, Qa9 — ﬂg(al), as — a3(a1>> of A, we obtain b)

Item a) then follows from the fact that f(X) is stable by translation by each A; (§2.1.4)

hence is equal to A. O

Remark 4.4. As shown by considering the product with a curve of genus > 2 of any variety
X of general type and maximal Albanese dimension with x(X,wy) = 0, the conclusion of
Proposition 4.3.a) does not hold in general as soon as A has at least four simple factors.
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Proposition 4.5. Let X be a smooth projective variety of general type of dimension n with
X(X,wx) =0 and a generically finite morphism X — A to an abelian variety A with exactly
three simple factors. We have:

) (X) =n;

) the general fiber F' of any non-constant fibration X — Y satisfies x(F,wr) > 0;
) any morphism from X to a curve of genus > 2 is constant;
)

anl(wX,ax) = {0}

Proof. Let us prove b) first. The fiber I is of general type and is generically finite but not
surjective over A, hence x(F,wr) > 0 by Proposition 4.3.a). The other items then follow
from the lemma below. U

Lemma 4.6. Let X be a smooth projective variety of dimension n, of maximal Albanese
dimension, of general type, with x(X,wx) = 0. Assume that the general fiber F of any
non-constant fibration X — Y satisfies x(F,wr) > 0. Then,

a) the Albanese mapping ax is surjective (q(X) =n);
b) any morphism from X to a curve of genus > 2 is constant;
¢) Voo1(wx,ax) = {0}.

Proof. Ttem a) follows from [CH2|, Theorem 4.2, and item b) from [HP], Theorem 2.4. Let
us prove c).

If V,,_1(wx,ax)=-{0} is non-empty, by §2.1.2, it contains a torsion point which defines
a connected étale cover m : X — X such that ¢(X) > ¢(X) = n. By [CH2], Theorem

4.2, again, there exists a non-constant fibration X — Y with general fiber F' of maximal
Albanese dimension, of general type, with x(F,wr) = 0, such that ag(F) is a translate of

a fixed abelian subvariety K of AIb(X) and dim(K) = dim(F") < dim(X). We consider
the image K of K by the induced map Alb(x) : Alb(X) — Alb(X) and the commutative

diagram:
(F)
|

T —T» X = Alb(X)

1S

Y Alb(X)/K.

wlr ax|r(r)

e

~

K—i—ﬂi’p

The map ax | is generically finite, hence dim(K) = dim7(F') = dim(#'), and
dim(Alb(X)/K) =n — dim(K) = n — dim(F).

It follows that 7(F') is a general fiber of the Stein factorization of h. Since x(7(F), wx(ry) = 0,
this contradicts our hypothesis on X. 0
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Assume now that we are in the situation of Proposition 4.3.b) and consider, as in
Remark 3.3, the maps f; :=p;o f : X — A;. Since x(X,wx) = 0, we are in case a) of that
remark, hence, with the notation therefrom, V5(wz, m) must be finite, because A; is simple.
If f is minimal, so is f; and it follows from 2.1.7 that Z is birational to A;, hence f; is a
fibration. A general fiber F; satisfies x(F},wr,) > 0 by Proposition 4.5.b).

Proposition 4.7. Let X be a smooth projective variety of general type with x(X,wx) =0
and a minimal generically finite morphism f : X — A to an abelian variety A product of
three simple factors Ay, As, and Asz.

Let {i,j, k} = {1,2,3}. For&; and & general torsion points in gj and Ay respectively,
the sheaf fi.(wx®f; Pe; @ fii Pe,,) on A; is locally free, homogeneous, of positive rank x (F;, wr,).

Proof. We follow the proof of [CH2|, Corollary 2.3. As in the proof of Proposition 4.3, since
§; and ¢, are torsion, the cohomological loci of & := fi.(wx ® f; P, ® fi Pe,) satisfy (1). On
the other hand, since {; and ¢ are general and A; is simple, the intersection

(& + &+ A\z) N Vo(wx, f)

is finite (§2.1.2), hence so is V5(&). It follows that all Vj(&") are finite, hence & is locally free
and homogeneous ([Mu], Example 3.2). Its rank is h°(F, wp, @ f; Pe, ® fiPe,) = x(Fi,wr,).
U

Remark 4.8. Recall that a homogeneous vector bundle is a direct sum of twists of unipotent
vector bundles (successive extensions of trivial line bundles) by algebraically trivial line
bundles which, in our case, are torsion by Simpson’s theorem (or rather its extension [HP],
Theorem 2.2.b)).

When A; is an elliptic curve, the sheaf of Proposition 4.7 is actually a direct sum of
torsion line bundles (this is explained at the bottom of page 362 of [K3] when & = &, =0
and holds in general by the étale covering trick).

Finally, from the proof of Theorem 3.1, we have (after replacing X with a suitable
modification), for each {i,j, k} = {1,2,3}, Stein factorizations

(hig,hik)

pjrof: X L5 A x Ay,

where S; is smooth of general type with x(S;,ws,) > 0 (this follows also from Corollary
3.4.b)). Since f; has connected fibers, so does h;; : S; — Aj;.

All in all, we have for each {i, j, k} = {1,2,3} a commutative diagram:
(6) X

fi / \ fi
9i

9y
Si T S]
j Ay,

where all the morphisms are fibrations.

A



12 J. CHEN, O. DEBARRE, AND Z. JIANG

Question 4.9. Are the h;; isotrivial? Are the f; isotrivial? Is X rationally dominated by a
product X7 x X5 x X3, where X; dominates and is generically finite over A;7 We are inclined
to think that the answers to all these questions should be affirmative, but we were only able
to go further in the case where the A; are all elliptic curves.

5. THE 3-DIMENSIONAL CASE

We now come to our main result, which completely describes all smooth projective
threefolds X of maximal Albanese dimension and of general type, with y(X,wx) = 0.

Theorem 5.1. Let X be a smooth projective threefold of mazximal Albanese dimension and
of general type with x(X,wx) = 0.

There exist elliptic curves Fy, Fy, and Es, double coverings C; — E; with associated
involutions vj, and a commutative diagram

(Cl X OQ X Cg)/bl X Lo X lg

~ ax

X El X E2 X E3
| : |
X - Alb(X),

where 1 1s an isogeny and € a desingularization.

In other words, up to abelian étale covers, the Ein-Lazarsfeld examples (Example 4.1)
are the only ones (in dimension 3)! Note also that ax is not finite, but that it is finite on
the canonical model of X.

Corollary 5.2. Under the hypotheses of the theorem, the Albanese mapping of X 1is bira-
tionally a (Z/2Z)*-covering.

Proof. With the notation of Example 4.1, we set A := F; x E3 X E5 and X, = Spec(O4® L)),
so that f factors through the double coverings f; := X; — A. Since the action of Ker(n) on
A by translations lifts to X, it leaves

043,05~ 0,4® (L] @ Ly) & (Ls ® L) & (Ly ® Ly)

invariant, hence also each L). It follows that this action lifts to each )Z'i, hence ﬁ descends
to a double covering X; — Alb(X) through which ax factors. O

Proof of the theorem. By Proposition 4.5.a), ax is surjective and ¢(X) = 3 (see also [CH2],
Corollary 4.3).

Moreover, by Corollary 3.4.b), Alb(X) is isogeneous to the product of three elliptic
curves and, after passing to étale covers, we may assume that ay can be written as

(f1,f2,f3)
AL

ax : X Ey X Ey x B3,
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where each f; : X — E; is a fibration, and that E; x E,x {0}, F; x {0} x E5, and {0} x F x F4
are irreducible components of Vy(wx, ax) (Proposition 4.3.b)).

Let {i,5,k} = {1,2,3}. As in §4, we have a commutative diagram (6), where each S;
is a smooth minimal surface of general type and A; = E;. The proof of the theorem is very
long, so we will divide it in several steps. The general scheme of proof goes as follows:

e In the diagram (6), the fibrations h;; : S; — Ej; are all isotrivial (Step 1); we let Cj;
be a (constant) general fiber.

e For every ¢ € {1,2,3}, there exist a finite group G;, and for every j # i, a curve Cj;
acted on by Gy, such that Cj;/G; ~ Ej;, the surface S; is birational to (Cj; x Cy,) /G,
and h;; and h;, are the two projections (Step 2).

e At this point, it is quite easy to show that X dominates a threefold Y which is
dominated by a product of three curves (Step 3).

e Taking an étale cover of X, we may assume that all the irreducible components of
Vo(wx, ax) pass through 0. We then show (Step 4) that Vj(wx,ax) has the same
form as the corresponding locus of an Ein-Lazarsfeld threefold (see (4)), from which
we deduce that X is birationally isomorphic to Y (Step 5) hence is also dominated
by a product of 3 curves.

e Using the fact that Vo(wx,ax) has no “extra” components, we finish the proof by
showing that the groups G; all have order 2 (Step 6).

Step 1. The fibrations h;; : S; — Ej; are all isotrivial.
We will denote by C;; a general (constant) fiber of h;;.

Proof. Fix j € {1,2,3} and let as above {3, j,k} = {1,2,3}. By the semi-stable reduction
theorem ([KKMS], Chapter II), there exist a finite cover h : C' — E;, where C' is a smooth
curve, and commutative diagrams (for each o € {i,k})

S&i»CXEj Sa4>->Sa

R

c—"Ej,

where ¢, is a modification and the fibers of h, are all reduced connected curves, with non-
singular components crossing transversally.

We also make a modification 7 : X' — C x B X such that there exists a commutative
diagram of morphisms between smooth varieties:

X/
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Let & € E,. By [V], Lemma 3.1,* we have an inclusion
(7) filwxryo ® 7 Pe, ® fi" Pe,) © 1" fiu(wx ® f7 Pe, ® fiPe,)
!

of locally free sheaves on C. Since h, is flat with irreducible general fibers, S; x¢ S, is
irreducible, and we have a surjective morphism

(95,95

g+ X' ) S xc Sy

Moreover, h; and h; are semistable, hence by [AK], Proposition 6.4, S x¢ S}, has only
rational Gorenstein singularities. After further modification of X', we may assume that ¢,
factors through a desingularization of S, x¢ S

' /ES/ g
Jik * — Yy = 0 XC O

By definition of rational Gorenstein singularities, we have e,wy; = wg/x 5. Since wxryy 1s
effective, we obtain an inclusion
i (Wsrye @ hiy " Pe,) @ pp(wsy jc © by Pe,) € Giu(wxryo @ fi P, @ fr Pe,)
of sheaves on 5] X S}.. Pushing forward these sheaves to C, we obtain
hir(wsyjc @ by Pe,) @ hiw(wsy o @ iy Pe,) C fulwxryo ® fi7Pe, @ fi Pe,)
(8) - h*fj*(wX®fi*P&®fI:P5k)7
where the second inclusion comes from (7). Let {o, 8} = {i,k}. The sheaf hq.(wg /o0 ®

/aB*Pfﬁ) is nef ([V], Corollary 3.6). On the other hand, for & and & general and torsion,
the sheaf in (8) has degree 0 by Proposition 4.7, hence

deg(ha*(wg{l/c & h;ﬁ*Pgﬁ)) = 0.

By [K1], Corollary 10.15, the sheaf R'ha.(ws: /o ® i3 Pe,) is torsion-free and gener-
ically 0, hence 0.° On the other hand, we have R'ha.ws o = Oc ([K2], Proposition 7.6)
hence, by the Grothendieck-Riemann-Roch theorem,

[ch(hax(wsy /c)) = ch(O0)] TA(C) = ch(hax(wsy /o @ hyg Pe,)) TA(C)

in the ring of cycles modulo numerical equivalence on C'. Comparing the terms in H?(C, C)
in this equality, we get deg(has(ws,/c)) = deg(has(wsjc ® hi5 Pe,)) = 0. This implies
that h, is locally trivial (see e.g., [BPV], Theorem II1.17.3). Hence h,; is isotrivial (for each
a € {i,k}). O

Step 2. For everyi € {1,2,3}, there exists a finite group G;, and for every j € {1,2,3}-{i},
there ezists a curve Cj; acted on by G; such that C;;/G; ~ Ej, the surface S; is birational
to the quotient (Cy; x Ci)/G; (where {i,j,k} = {1,2,3}) for the diagonal action of G;, and
hij and hy, are identified with the two projections.

This is a consequence of the following (probably classical) result.
4This is proved there for &; = & = 0, but the same proof works in general.

®Note that up to this point, the proof works in the more general situation where ax is surjective and
Alb(X) has a 1-dimensional simple factor Ej.
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Lemma 5.3. Let S be a smooth projective surface with an isotrivial fibration hy : S — T’y
onto an irrational curve with (constant) irrational general fiber Fy.

a) There exist a smooth curve Fy and a finite group H acting faithfully on F, and Fy
such that T'y is isomorphic to Fy/H, the surface S is birationally isomorphic to the diagonal
quotient (Fy x Fy)/H, and hy is the composition S -=»(Fy x Fy)/H — Fy/H ~T. Let hy
be the composition S -~+(F, x Fy)/H — Fy/H.

b) Assume S is of general type. Any isotrivial fibration h : S — T' onto an irrational
curve I" is either hy or hy followed by an isomorphism between Fy/H or Fy/H with T".

Proof. Ttem a) is well-known and can be found in [S]. Let us prove b). Since I' is irrational and
(F1 x Fy)/H has rational singularities, h induces an isotrivial fibration b’ : (Fy x Fy)/H — T.
Let Dy be a general (constant irrational) fiber of A’. The quotient map 7 : F} X Fy —
(Fy x Fy)/H is étale outside a finite set. Hence the Stein factorization g of A’ o 7 in the
diagram

F1 XFQL»(Fl XFQ)/HL’;P

N

D17

is also isotrivial, with general fiber D) a (fixed) étale cover of D,. By a), there is a base
change D} — D; and a surjective morphism ¢ = (¢1,t3) : D] x D) — Fy x Fy. Since S is of
general type, F} and Fy are each of genus > 2. A classical theorem of de Franchis says that
there are no continuous non-constant systems of surjective morphisms D’ — F;. It follows
that each ¢; must factor through one of the projections p; : Dy x Dy — D,

If h factors through neither hy nor hy, the curve D) dominates both F; and F», hence
t; and ty cannot factor through p;. Thus they must factor through po, which contradicts the
fact that t is surjective. O

Let now Yj be a resolution of singularities of the irreducible threefold S; X g, Sy and
let Y be a resolution of singularities of a component of Y} X g, g, S; that dominates both Y;
and Y3. After modification of X, we obtain a diagram

(9) Xx—
/
/\

Es
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where the squares are birationally cartesian and the isotrivial morphisms h;; : S; — E; fit
into diagrams

Cir, X Cyj 2 Cij
|
I /Gy pijl/Gi
3

fiber

Cik

Step 3. The threefold Y is dominated by a product of three curves.
The dominant maps C3; X C33 --+ S5 and Cy; X Cy3 --+ .S, induce a factorization
((/?317/)21)7/)327/)23) : (031 X Ey 021) X Uy X Cag ==+ S3 X, Sy — Ey x Ey x B,

The (Stein factorization of the) morphism Y; — Ey x Ej is therefore isotrivial (its fibers are
dominated by the curve C3; X g, C9). Thus, Y is dominated by the product

(1()) (031 X By 021) X (012 X By 032) X (023 X By 013)

of three (possibly reducible) curves.

Going back to the proof of Theorem 5.1, after passing to an étale cover, we may and
will assume, from now on, that the following holds (§2.2):

(11) All the irreducible components of Vo(wx,ax) pass through 0.

One checks, using §2.1, §2.2, and Proposition 4.5.d), that if we want X to be birationally
covered by a product I'y x I's x I's;, with morphisms I'; — E;, as in the conclusion of the
theorem, we must have the following.

Step 4. We have
Volwx,ax) = (Ey x By x {0}) U (E; x {0} x E3) U ({0} x By x E3).

We already know that Vy(wx, ax) contains the right-hand-side (Proposition 4.3.b)) and we
must prove that it has no other components.

Proof. Assume Vj(wx, ax) has another component T. It has dimension 2 (Corollary 3.4.a))
and, after possibly permuting the indices, we may assume the neutral component E\{ of
T N (Ey x Ey x {0}) is neither £y x {0} x {0} nor {0} x By x {0}. This yields an elliptic
curve E] which is a quotient of £ x Fy which does not factor through either projection. As
we saw right before Proposition 4.7, the induced map f; : X — Ej is a fibration. It factors
as

f41X—>'>532»E1

where, by Step 1, hsy is isotrivial. By Lemma 5.3.b), h3y must factor through one of the
projections hs; : S3 — Ep or hss : S3 — E5 so we reach a contradiction. O

Step 5. The morphism g : X — Y 1is birational.



VARIETIES WITH VANISHING EULER CHARACTERISTIC 17

Proof. Consider, in the diagram (9), the generically finite morphism v; : X — Y] and the
three fibrations f! : Y7 — E,, for « € {1,2,3}. Since X, Y}, and S5 are all of maximal
Albanese dimensions, wx/y, and wy, s, are effective, hence

h(X,wx ® ax Pe) > h°(Yi,wy, @ (f{, f5)"Pe) = h%(S3,ws, @ (har, hiaz)" Pe)
for all ¢ € El X EQ. Moreover, for £ non-zero, we have by Proposition 4.5.d)
(X, wx @ asPe) = h*(X,wx ® as P:) =0
hence, since x(X, Ox) =0,
(X, wx @ a’P:) = hY (X, wx @ a’ ).

Finally, for ¢ general in El X Eg, we have, as in the proof of Theorem 3.1, since g3 : X — S3
has connected fibers,

h1<X, wx & G}Pg) = hO(S3,w53 & (hgl, ]’L32)*P§)‘
Therefore, for £ € El X Ez general, we obtain
(X, wx @ ayxPe) = B (Y1, wy, ® (f1, )" Pe).

The induced morphism Y — F; X Ey x F3 is the Albanese mapping of Y. Since in any event,
we always have

h(X,wx ® axPe) = h'(Y,wy @ a5 Pe) > h(Yi,wy, @ (f1, f3)" Pe)
for all £ € El X EQ, we obtain
(12) (X, wx @ as Pe) = (Y, wy ® a} P%)
for ¢ general in ), x E», hence also, by Step 3, for ¢ general in Vo(wx,ax). But for £ ¢

Vo(wx, ax), both sides of (12) vanish. By Lemma 5.4 below, we conclude that ¢ is a birational
morphism. 0

The following lemma (used in the proof above) is in the spirit of [HP], Theorem 3.1.

f
Lemma 5.4. Let X > Y = A be generically finite morphisms between smooth projective
threefolds, where A is an abelian threefold, such that f and f o g are both minimal. Assume

that X is of general type with x(X,wx) = 0 and that there exists an open subset U C A with
codim z(A- U) > 2 such that

hO(X, wx X g*f*Pg) = hO(Y, wy X f*P§>
for all £ € U. Then g is birational.

Proof. By §2.2, we can write g,wx ~ wy @ &, and we need to show that the sheaf & is zero.
Since & is torsion-free and f is generically finite, it is sufficient to prove f.& = 0.

As we saw at the beginning of §5, we have ¢(X) = 3, hence f o g is the Albanese
mapping of X. By Proposition 4.5.d), for each ¢ € {2, 3}, we then have {0} = Vi(wx, fog) =
Vi(gwwx, f), hence Vi(f.&) € {0}.

Since ¢(X) = 3, we also have ¢(Y') = 3, hence h'(Y, g.wx) = h'(Y,wy) for i € {2,3}.
It follows that V;(f.&) is empty.
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The assumption x(X,wx) = 0 implies x(Y,wy) = 0 by (2). Thus,
Vo(f.6) = Vi(f.6) C A-U.

Since codim g(ﬁ - U) > 1, the sheaf f.& is therefore M-regular in the sense of [PP], Definition
2.1 (see also Remark 2.3), hence continuously globally generated ([PP], Definition 2.10 and
Proposition 2.13). Since H(A4, f.& ® P:) =0 for all £ € U, we obtain f.& = 0. O

Let us summarize what we know. Let {i,j,k} = {1,2,3}. The curve Cj; is the
(constant) general fiber of the isotrivial fibration S; — Ej; it is acted on by a group G; and
Ci;/Gi ~ E; (Step 2). The fibration g; : X — S; is also isotrivial; as we saw in Step 3, its
general fiber C; is dominated by the curve Cj; x g, Cy; but also maps onto Cj; and Cy,;. The
situation is summarized in the following diagram:

Cz] C fiber S

fiber C’/W /7‘ Y;k
X fx

fiber
JOAS

Ey
fiber CJ\M g;\;‘ /hjk

Note that a general fiber F}, of the isotrivial fibration f; : X — E} is an isotrivial fibration
over Cj; with (constant) general fiber ;. By Lemma 5.3, there exists a finite group Hj
acting faithfully on C; and C; such that C;; ~ C;/Hy, Cj; ~ C;/Hy, and F}, is isomorphic
to the diagonal quotient (C; x C;)/H. Moreover, the maps to C;; and Cj; are the natural
projections. So we have diagrams

(13) JH,
/ \
i ‘. e

Let Dy be the Galois closure of Cy over Ey and set G = Gal(D,/E;). Let {j, k} = {2, 3}.
There is a normal subgroup N; < G such that G; = G/N; and G acts on Cj;, via this
quotient. By Step 2, the surface S; is birationally isomorphic to (Cj; x Cjx)/G;, hence to
(D1 x Cji,)/G. Therefore, the modification Y of Sy X g, S5 (see (9)) is birationally isomorphic
to (Dl X 023 X ng)/G

Step 6. The group G is isomorphic to Z/2Z.

We begin with a lemma which is probably well-known. We denote by Irr(G) the set of
isomorphism classes of irreducible representations of G.

Lemma 5.5. Let E be an elliptic curve and let m: D — E be a Galois cover with group G.

We can write
Ty ﬁD = @ @ %{,ia

XE€Irr(G) @
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where each vector bundle ¥, ; is semistable and G-invariant, and the representation of G' on
the general fiber of each ¥, ; is a direct sum of x. Moreover, for each x # 1, the dual vector
bundle ”//le 1s either ample or a direct sum of non-zero torsion line bundles.

Proof. The groups G acts on m,0p. Identifying each representation y with its character, we
consider the endomorphism > x(g9)g of m.Op and we denote by 7, its image. We then
have

(14) mT.0p = @7/)0
X

where the general fiber of 7, is, as a G-module, a (non-zero) direct sum of copies of x.

The Harder-Narasimhan filtration
oyl -1 0_
0= CHTIC TR =,

is preserved by the G-action. The G-invariant semistable bundles Vi ; = #/7'/¥{, for
1 <@ </, have increasing slopes hence, since F is an elliptic curve, 7, is isomorphic to the
direct sum @le Vi (see for instance [T], Appendix A).

As a direct summand of 7,wp = (7.0p)", each vector bundle 7", is nef ([V], Corollary
3.6). Moreover, it is ample if it has positive degree. Consider the maximal degree-0 subsheaf
F of m,.0p, i.e., the direct sum of all 7, ; that have degree 0. By [KP], Lemma 3.2 and

3.4, .# is a G-invariant subalgebra and induces an étale cover of E, hence is a direct sum of
torsion line bundles. 0

Let us continue with the Galois cover 7 : D — E with group G as in the lemma and
assume moreover that for each j € {2,3}, we have a Galois cover 7; : D; — E; with Galois
group G; = G/N;, where g(D;) > 2 and Ej is an elliptic curve.

Then G acts on Dy x Dy x D3 diagonally. Let Z be the quotient, let ¢ : Y — Z be a
resolution, and consider

t:Y > Z — By x By x By,
Lemma 5.6. Assume
Volwy,t) C (Ey x Ey x {0}) U (Ey x {0} x E3) U ({0} x Ej x Ej)
and Va(wy,t) U Vs(wy,t) € {0}. Then Ny = N3 and Gy ~ G5 ~ Z/2Z.

Proof. We decompose m,0p as in (14) and write similarly
non = @ DK
pelr(Gy) @
Since quotient singularities are rational, we have as in Example 4.1
t*wy ~ (q*ﬁz)v ~ ((W*ﬁp)v X (WQ*ﬁDZ)V X (Wg*ﬁDS)v)

Let p be a non-trivial element of Irr(Gs). Since G is a quotient of G, the representation
and its complex conjugate i are also in Irr(G). Then, the vector bundle

G = (¥, K ”//lflv X Og,)°

G
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on Ey x E; x Es3 is a non-zero direct summand of both %Y, X 72/ K Op, and t.wy.

Assume that ”//fl has degree 0, hence is a direct sum of non-trivial torsion line bundles.

o If deg(7}’) = 0, the sheaf & is a direct sum of non-trivial torsion line bundles, which
is impossible since V3(¥4) C Vi(wy,t) = {0}.
o If ”//Evl is ample, we can write

9 =P @R P, KOg,),
k

where ¥, is a direct summand of 77,

points in E,. This is again impossible, because V(%) C Va(wy, t) = {0}.

hence ample, and the &, are non-zero torsion

Therefore, 7/;;7\1/ is ample for all g non-trivial in Irr(G;).

If Card(Gs) > 2, or if Ny # N3, we may take non-trivial y € Irr(G), p € Irr(G2), and
v € Irr(Gs) such that y is a subrepresentation of y ® v. The vector bundle

H = (I B RS
is then non-zero and a direct summand of t.wy (and 7,2} and %) are ample).

If ¥4, is ample, since S is a direct summand of ¥/, ¥ 2/ K ¥/, we have V,,,(#) =

@ for all m € {1,2,3}. Hence h°(E; x Ey X E3,# ® P) is a non-zero constant for all
£ € F1 X By X E3 and Vy() = Ey x Ey X E3, which contradicts our assumptions.

If 7/, is a direct sum of non-trivial torsion line bundles, we may write

H =P (Pe, W),
k

where the &, are non-zero torsion points in E; and 5% is a direct summand of ”//#2}/ X

7% . Then Vy(€), hence also Vy(wy, ), contains {—& } x E5 x Es, which contradicts our
assumptions. O

We now apply this second lemma to the Galois covers m : Dy — Fy, my : Cy3 — Ej,
and 73 : (35 — FE3. The variety Y of the lemma is the variety Y; of the proof, and since
Vo(wyy, t) € Vo(wx, ax) (see §2.2), the hypotheses of the lemma are satisfied (Step 4).

We obtain Ny = N3, hence the coverings Cj; — E; and Cy; — E; are the same (see
(13)), and also G/N; ~ Z/2Z, so that they are double covers. Denote them by C; — E;. By
the proof of Step 3 (see (10)), X is birational to (C] x C% x C%)/(Z/2Z). Since the latter
variety contains no rational curves, there is a birational morphism from X to it. This finishes
the proof of Theorem 5.1. ([l

6. VARIETIES WITH P; =1

It follows from [U] and §2.1.5 that varieties X of maximal Albanese dimension and
Pi(X) :=h%(X,wyx) = 1 satisfy x(X,wx) = 0. We presented in Example 4.2 a construction
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of Chen and Hacon of such a variety which is in addition of general type. We gather here
some properties of these varieties (most of them taken from [U]).

Proposition 6.1. Let X be a smooth projective variety of maximal Albanese dimension n,

a) We have an isomorphism

ax : \ H(A, Q) ~ H(X, Q%).

In particular, (X, Ox) = (T;) for all j, hence x(X,wx) = 0, and the Albanese
mapping ax : X — Alb(X) is surjective.
b) The point 0 is isolated in Vo(wx, ax).

Proof. Replacing X with a modification, we may assume that there is a factorization ax :
X — Z — Alb(X), where Z is a desingularization of ax(X), so that P,(Z) < P(X) =1. It
follows from [U] (or [M], Corollary (3.5)) that ax(X) is a translate of an abelian subvariety
of Alb(X), hence ay is surjective. Item a) then follows from another result of Ueno ([U], or

[M], Corollary (3.4)).

By §2.2, we can write ax,wx >~ wa ® & ~ O, @& &. The sheaf & then satisfies
Vi(&)-{0} = Vi(wx, ax)-{0} for all 5. Since 1 = P;(X) =1+ h%(4, &), the point 0 is not
in the closed set V4 (&), hence is isolated in Vp(wx,ax). This proves b). O

Remark 6.2. Regarding item b), to be more precise, a smooth projective variety X of
maximal Albanese dimension satisfies P;(X) = 1 if and only if 0 is isolated in Vy(wx, ax).

Theorem 6.3. Let X be a smooth projective threefold of maximal Albanese dimension and of
general type. If Pi(X) = 1, the variety X has an abelian étale cover which is a Chen-Hacon
threefold.

Proof. Replacing ay with its Stein factorization, we will assume that X is normal and ay is
finite. By Theorem 5.1, applied to a desingularization of X, there exist elliptic curves F,
Es, and FEj3, and a Cartesian diagram

j{'i»Elengg

l O ln
X —0 Alb(X),

where 7 is an isogeny (the variety X is the variety Z of Example 4.1) and both ax and ay
are (Z/27)*-Galois coverings. In particular, X has rational singularities. Moreover,

A5,W5 ~ Op xpxps ® (p101 @ p302) @ (303 @ pio1) @ (p302 ® p3ds),
where the line bundle §; on F; defines the double covering p; : C; — F;.

Let m; : Alb(X) — A; be the quotient by the image F; of E; — Alb(X). The natural
morphism h; : X — A; is an isotrivial fibration and we denote by D; its general (constant)
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fiber. We have a commutative diagram

)’ZL»_EHXEQXEE

l O lk(kw\z,)\g)

YL»F&XFQXF;;

| |

X T Alb(X) ﬂ-%? Az

and, by §2.2, ay,wy is the direct sum of OF, « p,« , and translates of pjp @ p5pia, pius @i,
and phus ® pius by torsion points, for some line bundles p; on Fj.

Assume P;(Y) > 1. Then, say, {0} x Fy x Fj is a component of Vo(wy, ay). Consider

the Stein factorization Y —» S1 —ﬁ» Iy x F3. We are in the situation of the proof of Theorem
3.1, and it shows that the surface S, is of general type, so that § has degree > 1. Let (' be
a general fiber of @. On the one hand, the natural map C; — F| has degree 4/ deg(3) < 4;
on the other hand, it factors through D; — F}, which has degree 4. This is a contradiction,
hence P (Y) = 1.

We now claim that Y is a Chen-Hacon threefold. We write as above (see [P])

(15) Ay Wy = @ Ly = Opixpxm ® Ly, ® Ly, @ Ly,
XE(Z/2Z)%*
where L,,, L,,, and L,, are line bundles on F} x F; x F3. By [P], Theorem 2.1, we have

the following “building data”: there are effective divisors Dy, Ds, and D3 on F} X Fy x F3
satisfying

Ly, + Ly, ~in Ly, + Dy, and Lii ~iin Dj 4+ Dy,

for any {i, 5, k} = {1,2,3}. These data pull back to the analogous building data on X, hence
A*D; is the pull-back on E; x Fy x FE3 of the branch divisor A; ~y, 26; of p;. It follows that
there exists an ample line bundle ¢, on F; which pulls back to ¢; on E; and such that D; is
also the pull-back on F} x Fy x F3 of a divisor Al ~y, 26; on F;. Let L} be the pull-back on
Fy x F, x Fj of 9]. Because of the relations Lii ~iin Dj 4+ Dy, we can write

LXi ~ P&. X (L; ® P&-’j) X (L;c ® Pfi,k)v

where &; € E, §ij € Ej, and &\, € Ek are 2-torsion points. From (15) and the equality
P(Y) =1, we deduce H(Fy x Fy x F3,L,,) = 0, hence each & has order 2 and is in the
kernel of ;. From the relations L, + Ly, ~in Ly, + D, we deduce

Siw+&r=58 and & ;+& =&y

Since A\j&; = 0, we may always change L} to L} ® P, so we may assume {3; = 0 and
similarly, {12 = 0 and &3 = 0. The O, «p,xp, algebra ay .0y is then the algebra associated
with a Chen-Hacon threefold (see (5)). We conclude that Y is a Chen-Hacon threefold. [
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7. A CONJECTURE

As mentioned in the introduction, we end this article with a conjecture on the possible
general structure of smooth projective varieties X of maximal Albanese dimension, of general
type, with y(X,wx) = 0.

Conjecture. Let X be a smooth projective variety of maximal Albanese dimension, of general
type, with x(X,wx) = 0. Then there exist a smooth projective variety X', a morphism
X' — X which is a composition of modifications and abelian étale covers, and a fibration
g: X' =Y with general fiber F', such that 0 < dim(Y") < dim(X) and

a) either g is isotrivial;
b) or x(F,wr) = 0.

Remarks 7.1. 1) Conversely, in the situation b) above, x(X,wx) = 0 ([HP], Proposition
2.5). Moreover, Alb(X) has at least 4 simple factors by Corollary 3.4.b) and Proposition
4.5.b). Of course, in case a), without further constraints, one might have y(X,wx) > 0,
but we were unable to find necessary and sufficient conditions on the isotrivial fibration ¢
(assuming X does not fall into case b)) to ensure x(X,wx) = 0.

3) If we are not in case b), it follows from Lemma 4.6 that if X’ — X is any composition
of modifications and abelian étale covers, we have ¢(X’) = dim(X) and any morphism from
X' to a curve of genus > 2 is constant.

The Ein-Lazarsfeld example (Example 4.1) falls into case a) of the conjecture, and not
into case b) by Remark 7.1.1) above. We present an example that falls into case b), but not
into case a). It is basically a non-isotrivial fibration whose general fibers are Ein-Lazarsfeld

threefolds.

Example 7.2. Consider a smooth projective curve C' of genus > 2 and elliptic curves F,, Ej,
and Es. For each j € {1,2,3}, let L; be an ample line bundle on C' x E; and let D, € |2L;]|
be a smooth divisor. For {7, j, k} = {1,2,3}, let .Z; be the line bundle pjL; ® p; Ly, on the
variety C' X F; X Ey X E3, where p; is the natural projection onto C' x E;. We may assume
that py Dy + p5 Dy + p5Ds3 is a simple normal crossing divisor. Considering the building data

L+ L ~tin L + pr D,

we get an (Z/27)?-Galois covering Z — C X E; x Fy X E3. A local computation shows that
Z has rational singularities. Let X — Z be a desingularization. The variety X is of general
type and has maximal Albanese dimension because C' X £} X Fy X E3 does. A general fiber of
the fibration X — C'is one of the examples constructed in Example 4.1, hence x(X,wx) =0
by [HP], Proposition 2.5, and X falls into case b) of the conjecture. One can prove that it
does not fall into case a).
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