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ABSTRACT. Let F (resp. F) be a nonarchimedean locally compact field with residue characteristic p
(resp. a finite field with characteristic p). For k = F or k = F, let G be a connected reductive
group over k and R be a commutative ring. We denote by Rep(G(k)) the category of smooth R-
representations of G(k). To a parabolic k-subgroup P = MN of G corresponds the parabolic induction
functor Indg((:)) : Rep(M(k)) — Rep(G(k)). This functor has a left and a right adjoint.

Let U (resp. U) be a pro-p Iwahori (resp. a p-Sylow) subgroup of G(k) compatible with P(k) when
k =T (resp. F). Let Hgx) denote the pro-p Iwahori (resp. unipotent) Hecke algebra of G(k) over R and

G(k) .
M) MOd(HM(k)) —

Mod(Hg 1)) called parabolic induction for Hecke modules; it has a left and a right adjoint.

H
Mod(Hgx)) the category of right modules over Hg ). There is a functor Indy,

We prove that the pro-p Iwahori (resp. unipotent) invariant functors commute with the parabolic
induction functors, namely that Indg'<(::)> and Indgsl((i)) form a commutative diagram with the U and
UNM(F) (resp. U and UNM(F)) invariant functors. We prove that the pro-p Iwahori (resp. unipotent)
invariant functors also commute with the right adjoints of the parabolic induction functors. However,
they do not commute with the left adjoints of the parabolic induction functors in general; they do if p
is invertible in R.

When R is an algebraically closed field of characteristic p, we show that an irreducible admissible R-
representation of G(F) is supercuspidal (or equivalently supersingular) if and only if the Hgr)-module

m of its U-invariants admits a supersingular subquotient, if and only if m is supersingular.
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1. INTRODUCTION

1.1. Let F be a nonarchimedean locally compact field with residue characteristic p, let G be a connected
reductive group over F. We set G := G(F) and call it a p-adic reductive group. Let R be a commutative
ring. We denote by Rep(G) the category of smooth R-representations of G. When R is a field, we denote
by Irr(G) the set of irreducible admissible R-representations of G modulo isomorphism. For A a ring we
denote by Mod(A) the category of right A-modules.

When R is the complex field C, the category Rep(G) has been studied because of its connection to the
theory of automorphic forms. The classification of Irr(G) (known as the conjectures of Langlands and
Arthur) is now understood for many groups but not yet for a general p-adic reductive group G.

For an algebraically closed field R of characteristic p, the description of Irr(G) is reduced to the clas-
sification of the irreducible admissible supercuspidal representations ([4]), using the parabolic induction
and a process of reduction which is similar to the one established for complex representations of GL(n, F)
by Bernstein and Zelevinski ([9], [67]).

The study of the smooth R-representations of G (called mod ¢ representations if the characteristic of
R is a prime number ¢) for a general R, is motivated by the congruences between automorphic forms and
by number theory. The theory of Harish-Chandra to study complex representations cannot be extended
to the case when R is a field of characteristic p because G does not admit a Haar measure with values in
such a field. However, certain tools such as the parabolic induction or the Hecke algebras of types remain
available for any R. Note that when R is a field of characteristic p, there is only one natural type, namely
the trivial R-representation of a pro-p Iwahori subgroup U of G. This is because any non zero smooth

R-representation of G admits a non zero invariant vector by any pro-p subgroup of G.

In this article, we compare parabolic induction functors (and their adjoints) for representations of
G and for modules of the pro-p Iwahori Hecke algebra of G. We work over an arbitrary ring R, and
emphasize how things depend on whether p is invertible in R. See Theorem 1 in this introduction.

We also provide the analogous statements in the case of a finite reductive group G and the corre-
sponding unipotent Hecke algebra (Theorem 2). In that case and in characteristic zero, induction and
restriction operators are biadjoint to each other — a structure which leads to an action of a Heisenberg
algebra ([35]). On the other hand, in characteristic £ # p, these operators can be used in the proof
of Broué’s abelian defect conjecture ([23]). In characteristic p, induction and restriction are no longer
biadjoint to each other and things are more complicated. For this reason we work out in some detail the
relationship between these functors for G. We also hope that the clarification of the finite case will shed
some light on the induction-restriction functors for the p-adic reductive group G. A summary table is
provided in Section 6.

In the case of the p-adic reductive group G and when R is an algebraically closed field of characteristic

p, recall that the irreducible admissible supercuspidal representations of G are still mysterious in general.
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However, we describe their U-invariant subspace as pro-p Iwahori Hecke modules: this result, the proof

of which uses Theorem 1, is given in Theorem 3 in this introduction.
We now describe our results in more detail.

1.2. We fix a minimal parabolic subgroup B of G with a Levi decomposition B = ZU of Levi subgroup
Z and unipotent radical U and a compatible Iwahori subgroup of G of pro-p Sylow U. Let R[U\G] the
natural smooth representation of G on the space of left U-invariant functions G — R with compact
support. Let H be the algebra of R[G]-intertwiners of R[U\G]. It is the pro-p Iwahori Hecke R-algebra
of G. We denote by Mod(#) the category of right 7-modules and when R is a field, by Irr(#) the set of
simple right H-modules modulo isomorphism. The subspace V¥ of U-invariant vectors in V € Rep(G)
is a right H-module and we consider the functor (—)% : V +— VU = Homg(R[U\G], V) from Rep(G) to
Mod(#H). We call it the U-invariant functor. It has a left adjoint given by the tensor product functor
— @y R[U\G].

When R is a field, the U-invariant functor induces a bijection from the set of V € Irr(G) with V1 # 0
onto Irr(#) if the characteristic of R is £ # p ([54, 1.6.3] applied to the global Hecke R-algebra of G
which is the algebra of compact and locally constant functions G — R with the convolution product
given by a left Haar measure on G with values in R) or if G = GL(2,Q,) ([13], [56]). When R is a field
of characteristic p, the U-invariant functor does not always send a simple object in Rep(G) onto a simple
object in Mod(#H) (counter examples are built in [14] in the case of G = GL(2,F) when F is a strict
unramified extension of Q).

We refer to this setup as the p-adic case.

1.3. Replace F by a finite field F of characteristic p, the p-adic reductive group G by the finite reductive
group G = G(F), the pro-p Iwahori group U by the unipotent radical U of B = B(F), and the pro-p
Iwahori Hecke R-algebra by the algebra H of all G-intertwiners of R[U\G] (called the unipotent Hecke
R-algebra). We consider the U-invariant functor (—)V : V = VU = Homg(R[U\G], V) from Rep(G) to
Mod(H). Its left adjoint is the tensor product functor — ®y R[U\G].

Suppose that R is a field and denote by Irr(G) the set of irreducible R-representations of G modulo
isomorphism. If R has characteristic different from p, the U-invariant functor (—)Y induces a bijection
between the set of V € Irr(G) with VU # 0 and the set Irr(H) ([54, 1.6.3] applied to the group algebra
R[G]). When R is a field of characteristic p, under certain mild hypotheses on R (see for example[20,
Thms. 6.10 and 6.12]), it yields a bijection between Irr(G) and Irr(H).

We refer to this setup as the finite case.

1.4. We recall the definition of the functor of parabolic induction in the p-adic case. Consider a
parabolic subgroup P of G containing B with Levi decomposition P = MN where Z C M. We set
P := P(F),M := M(F) and N := N(F). The parabolic induction functor Ind§ : Rep(M) — Rep(G) sends
W € Rep(M) to the representation of G by right translation on the R-module {f : G — W |f(mnazk) =
mf(x)V(m,n,z,k) € (M,N,G, Kf)} where Ky is some open subgroup of G depending on f. When R is

a field, the parabolic induction respects admissibility because P\G is compact; an admissible irreducible
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R-representation of G is called supercuspidal when, for any P # G and any admissible W € Irr(M), it is
not a subquotient of IndSW.

The functor Ind$ is faithful. It has a left adjoint given by the N-coinvariant functor Ly = (—)x. It
also has a right adjoint denoted by Rg [61]. The functor Rg has been computed by Casselman and
Bernstein when R = C and by Dat when p is invertible in R for many groups G but not yet for a general
p-adic reductive group G ([25]). When R is a field of characteristic p, the parabolic induction Ind$ is
fully faithful and the right adjoint RS is equal to Emerton’s functor on admissible representations ([61])
because RS respects admissibility ([5]).

Before stating our first result, we recall that Uy := UNM is a pro-p Iwahori subgroup of M compatible
with By = BN M. There exists a functor IndﬁM : Mody,, — Mody defined in [66] (in the current
article, we refer to §4.2 for precise statements and references). We call it parabolic induction for Hecke
modules. It has a left adjoint L%M and a right adjoint RﬁM.

Theorem 1. The functor Ind%M : Mody,, — Mody, and its adjoints satisfy:
(- o Tnaf 2 Indf, o (), ()" o RE 2 R, o ()Y,
When p is invertible in R, we also have (—)'™ o L§ = L¥ o (=). But in general there is no functor

F : Mody,, — Mody such that (=)' o LE = F o (—)U.

The theorem is proved in this article by answering Questions 4 and 5 and 6 in §4.3.4.

In the finite case, we let P := P(FF), M := M(F), N := N(F) and recall the definition of the parabolic
induction functor Ind§ : Rep(IM) — Rep(G). It sends W € Rep(IM) to the representation of G by right
translation on the R-module {f : G — W |f(mnx) = mf(z) V(m,n,z) € (IM,IN, G)}. When R is a field,
a representation V' € Irr(G) is finite dimensional and supercuspidality is defined as in the p-adic case.
The functor Ind$ is faithful with left adjoint the IN-coinvariant functor LS := (—)y and right adjoint
the N-invariant functor Rf : (=)™ (see §3.1). The parabolic induction for Hecke modules is defined to
be the functor IndglM = — Quy H : Mody,, — Mody. Its right adjoint RE}M is the natural restriction
functor Mod(H) — Mod(Hyy). Its left adjoint is computed in Prop. 3.4 (see also Remark 3.6). We prove
an analog of Theorem 1:

Theorem 2. The functor Indﬂ}M : Mody,, — Mody and its adjoints satisfy:
(—)¥ oIndp 2 Indgy,, o (—)™, (=)™ o R = Ryj, o (-)V.

When p is invertible in R, we also have (—)" oL{ = Li{ o(—)Y. But in general the functors (—)"™ o L§

and LEM o (—)Y are not isomorphic.
The theorem is proved by answering Questions 1, 2 and 3 in §3.3.4.
1.5. A table comparing the parabolic induction functors
Ind%  : Mod(Hn) — Mod(#) and Indjj,, : Mod(Hp) — Mod(H)

and their respective left and right adjoints LﬁM, R%M, LEM and REM (when R is an arbitrary ring and

when p is invertible in R) is provided in Section 6.
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1.6. In the p-adic case, let T be the maximal split central subtorus of Z. Let T := T(F) and
denote by X (T) the monoid of dominant cocharacters of T with respect to B. The algebra H is a
finitely generated module over its center Z and Z is a finitely generated module over a subalgebra Zr
isomorphic to R[X}(T)] ([42] when G is F-split; generalized by [63]).

We suppose that R is an algebraically closed field of characteristic p. The supercuspidality of V' &€
Irr(G) can be seen on the action of Z on V¥. A Z-module M is called supersingular if for all v € M
and all non invertible z € X (T), corresponding to 2z, € Zr, there exists a positive integer n such
that zlv = 0. A right H-module is called supersingular when it is supersingular as a Z-module. Abe
described Irr(H) via parabolic induction from supersingular simple modules ([1]). When G = Z, all
finite dimensional H-modules are supersingular and all irreducible admissible R-representation of G are
supercuspidal. We establish the following:

Theorem 3. Suppose that R is an algebraically closed field of characteristic p. Let V' be an irreducible

admissible R-representation of G. Then the following are equivalent:

(1) V is supercuspidal.
(2) the finite dimensional H-module VY is supersingular.

(3) the finite dimensional H-module VY admits a supersingular subquotient.

‘We choose a special parahoric subgroup X of pro-p Sylow U. For an irreducible smooth representation
W of X, the center Z (W) of the algebra of intertwiners of the compactly induced representation indgi(W)
and the center of A have a similar structure, and there is a similar notion of a supersingular Z(W)-
module. A representation V' € Irr(G) is supersingular when the Z(W)-module Homg (W, V) is non
zero and supersingular for some W. A corollary of the description of Irr(G) via parabolic induction
from supersingular irreducible admissible representations [4], is that for V' € Irr(G), supercuspidality is
equivalent to supersingularity. If V¥ is supersingular, then V is supersingular (see Remark 5.4). The
converse (1) =(2) follows from the commutativity of Diagram (4.12) (which is contained in Theorem 1 by
passing to left adjoints in the identity involving RS and (—)U4) and from the computation of M®+ R[U\G]
for a simple H-module M done in [6, Cor. 5.13]. Lastly, the argument to prove (3) = (1) follows from the
computation of V¥ done in [6, Thm. 4.17]. Our first proof did not use [6] and started with a reduction to
the case where G is almost simple, simply connected and isotropic. But this allowed us to prove (3) = (1)
only when the index [G : G4e"(C] is finite, where G and C are the derived group and the center of G,
Gder = G4 (F) and C = G(F).

Acknowledgements We thank Noriyuki Abe for suggesting the counter example of Prop. 4.12 and
for generously sharing his recent results with us. We are also thankful to Guy Henniart for his continuous
interest and helpful remarks. Our work was carried out at the Institut de Mathematiques de Jussieu —
Paris 7, the University of British Columbia and the Mathematical Sciences Research Institute. We would
like to acknowledge the support of these institutions. The first author is partially funded by NSERC

Discovery Grant.
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2. NOTATION AND PRELIMINARIES

Let F be a nonarchimedean locally compact field with residue characteristic p. The ring of integers
of F is denoted by Or. The residue field of F is a finite field F,; with ¢ elements, where ¢ is a power of
the prime number p. We choose a uniformizer w and denote by valg the valuation on F normalized by
valp(w) = 1.

We introduce the following objects and notation, keeping in mind that throughout the article, the

group of F-points of an algebraic F-group Y will be denoted by Y.

- G a connected reductive group over F;

- T a maximal F-split torus of G, of G-centralizer Z and G-normalizer Ng;

- ® the relative root system of T in G. To o € ® is associated the root subgroup U,. We have
Uy, C Uy, if a,2a € O.

- B is a minimal parabolic F-subgroup of G with Levi decomposition B = ZU; we have B = ZU;

- ¢ = (Ya)ace a valuation of the root datum (Z, (Uy)aeca) of G of type ® generating G [15, Def.
(6.2.1)] which is compatible with the valuation valp [16, (5.1.22) formula (2)], discrete [15, Def.
(6.2.21)] and special [15, (6.2.13) Def.].

To (T, B, ¢) is associated a reduced root system ¥ with a basis A, an apartment & in the semisimple
building of G, a special vertex zg € & [53, 1.9], and an alcove ¥ C <7 of vertex xg. The fixer of zq, resp.
%, in the kernel of the Kottwitz homomorphism k¢ [36, 7.1 to 7.4], is a special maximal parahoric group

X of G of pro-unipotent radical X!, resp. an Iwahori subgroup B of unique pro-p Sylow subgroup U.
2.1. Root system and Weyl groups attached to G.

2.1.1. Relative root system. The relative root system ® of T in G is related to X by a map e : & — IN+
such that ¥ = {e(B8)B |8 € ®}. For a root 8 € ® such that /2 does not belong to ®, the image of the
homomorphism Ug — {1} 2, Q given by the valuation ¢ is e(3)1Z [62, §3.5 (39)]. When G is F-split,
® = ¥ is a reduced root system and e(8) = 1 for all 5 € ®. The map 8 — e(8)8 induces a bijection from
the set ®,..4 of reduced roots of ® onto X, and from A onto a basis IT of .

To a € ¥ we associate the group U, := Ug where § is the unique reduced root of ® such that
a = e(fB)B. To an affine root (o, ) € Eopf := X x Z corresponds a compact open subgroup

Ua,ry = Uge(p)-1= {1} U{z € Ug — {1} | pp(x) > e(B)'r}.

We identify ¥ with the subset X x {0} of ¥,f¢. In particular, we write U, instead of Uq 0.

2.1.2. Iwahori decompositions. We have the inclusions X' ¢ U € B C K. These groups are generated

by their intersections with, respectively, Z, U, and U° := U°P(F) where B°? = ZU®? is the opposite
parabolic subgroup of B. We describe these intersections:

-ZNX' =ZNU = Z' is the unique pro-p Sylow subgroup of the unique parahoric sugroup

70 := Kerky of Z. We have ZNXK = ZNB = Z° The intersection T := T N Z%, resp.

T! := TN Z', is the maximal compact subgroup, resp. the pro-p Sylow subgroup of T°. The

group Z° is an open subgroup of the maximal compact subgroup of Z.
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- UNK! (resp. Up:=UNU=UNB =UNXK) is the image of [T v+ Ura,1) (resp. [T ess+ Ua)
by the multiplication map.
-UPNK = UPNU=UPNB (resp. U’ := UP NK) is the image of [T cx- Uia,1) (resp.
[Toes- Ua) by the multiplication map.
The products above are ordered in some arbitrary chosen way, ¥ C ¥ is the subset of positive roots and
¥~ = —-X*. The groups X! C U C B (but not X) have an Iwahori decomposition: they are the product
(in any order) of their intersections with U°,Z, U. For the pro-p Iwahori subgroup U C G this means
that the product map
(2.1) I W x2' x J] Ua =>u
aex- aext
is a bijection.

The subgroups Z° and Z! of Z are normalized by 4G = Ng(F). The quotients Wy := AG/Z,
W = A5/Z° and W(1) := AG/Z' of NG by Z, Z° and Z' respectively, are the finite, Iwahori, pro-p
Iwahori Weyl groups.

The finite Weyl group Wq, the Weyl group of the root system ® and the Weyl group of the reduced
root system ¥ are canonically isomorphic. The subgroup A := Z/Z° of W is commutative and finitely
generated, the subgroup A(1) = Z/Z! of W(1) is finitely generated but not always commutative. The
subgroup At := T/T? of A has finite index and identifies with the group X, (T) of algebraic cocharacters
of T.

Notation 2.1. Let G’ (resp. G!, for a € ®) denote the subgroup of G generated by U, U (resp.
Ua,U_y). It is mormal in G and G = ZG'. The group Gupy = Z°G’ is generated by all the parahoric
subgroups of G. For any subset X C G we put X' :=X NG,

The quotient W’ := AG"/(Z°)'= (MG N Gagy)/Z° C W is called the affine Iwahori Weyl group (Nota-
tion 2.1). The quotient { W’ := Ag'/(Z')" € W(1) is the pro-p-affine Iwahori Weyl group. It is contained
in the inverse image W’'(1)= (AG N Garyr)/Zt of W in W(1), and is usually different.

Notation 2.2. For a subset X C W we denote by X (1) its preimage in W(1).

2.1.3. Lifts of the elements in the (pro-p) Iwahori Weyl group. For w € W, we will sometimes introduce
a lift @ € W(1) for w. For w in W or W(1), we will sometimes introduce a lift @ € A¢ for w. Given
w € W, the notation @ will correspond to the choice of an element in A¢ with projection @ in W(1) and
w in W. We represent this choice by the following diagram

S — W(A) - W

(2.2) .
w — w — w

2.1.4. Bruhat decompositions of G and G’. Throughout the article, we will sometimes omit the notation
W, w or W and we will just use w in the formulas that do not depend on the choice of the lift. This is
the case in the following statements. As a set, G is the disjoint union of the double cosets (see [15, 1.2.7,
4.2.2 (iiii)], [62, Prop. 3.34, Prop. 3.35]):

(23) G =UpewBuwB = I_Iwew(l)Uwu,
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and the group G’ is the disjoint union of double cosets
(2.4) G = UweW/'B/wB/ = uwelwlu/wu,

where again we do not specify the choice of the lifts in A of w in W’ (resp. w € {W’) since the double
cosets above do not depend on this choice. The equalities (2.4) follow easily from the analogous equalities
for Gory = Z°G’ proved in [62, Prop. 3.34].

2.1.5. Affine roots and decompositions of the Iwahori-Weyl group W. Choosing xg as its origin, the
apartment &/ identifies with the real vector space V := R ®z (X.(T)/X.(C)) where X, (C) is the group
of algebraic cocharacters of the connected center C of G. We fix a Wy-invariant scalar product (.,.) of
V. Let $) denote the set of the affine hyperplanes {x € V | a(z) = —r} associated to the affine roots
(o, 1) € Bgzf. The alcove € identifies with the alcove of (V,$) of vertex 0 contained in the dominant
Weyl chamber & determined by A.

For any affine root A = (a,r) € ¥,sr, we have the orthogonal reflection s4 at the associated affine
hyperplane and the subgroup G, C G’ generated by U4 and U_ 4. The Weyl group Wy of X is generated
by the set S := {so | @ € A}.

There is a partial order on X given by o < 3 if and only if 8 — « is a linear combination with integral
nonnegative coefficients of simple roots. Let 3, be the set of roots in ¥ that are minimal elements for <.
The walls of the alcove ¥ are the affine hyperplanes associated to the set Agpr:= AU {(,1), @ € ¥, }
of simple affine roots. The affine Weyl group W, s of X is generated by the set Sorp := {sa, A € Agyss}.
The set of W rs-conjugates of Sqyy is the set & := {sa, A € X,z¢} of reflections of W .

Let s = 54 € Sq5¢ be a simple affine reflection, with A = (o, 1) € Aypr. We associate to s a positive
root 8 € ®1 such that a = e(8)3 . When the root system ® is reduced, S is determined by this
relation. When the root system & is not reduced, we choose 3 to be the unique root such that, either 3 is
reduced and not multipliable, or 8 is multipliable and U4 # Uag c(28)-17Ua,r+1, OF B is not reduced and
Ua =Ug e(p)-1rUa,r+1 [62, §4.2]. We then set 5 := B, we denote by G| := G the subgroup generated
by Ug, UU_g,, we let % 1= Ug, o(p,)-1r, %7 = U_p, _e(s,)-1» and consider the compact open subgroup
of G

¢! generated by % U%SP.

Later, we will also consider the groups % y = Ug_ c(,)-1(r41)> %t = U_p, —e(g)-1(r—1), Us =
Us|Us+ and UP = 47 [U. The set I of simple roots of ® is contained in the set I,zp :=
{(Bs, €51, | s € Sasy} only if Ug g # UapoUpg.e(s)-1 when § € IT is multipliable.

To an element u € % —{1} is associated a lift of s in Agq. It is the single element ns(u) in the intersection
A NU_g,uU_g,. As this intersection is equal to AG N ZLPu P [15, 6.2.1 (V5)] [62, §3.3 (19)], we

have ng(u) € 4..
(2.5) The elements n,(u) € A& NY, for u € % — {1}, are called the admissible lifts of s.
Lemma 2.3. When s € S, we have 4. C G, N K.

Proof. When s € S we have r = 0; the groups Ug, o and U_g, o, hence also ¢!, are contained in G,NK. O



10 RACHEL OLLIVIER AND MARIE-FRANCE VIGNERAS

Notation 2.4. To s € S,5y we associate

- the facet of the alcove € fized by s, and the parahoric subgroup K of G fixing that facet that is to
say the fizer of the facet in the kernel ker kg of the Kottwitz homomorphism; we have ZNK, = Z°
[62, Prop. 3.15] and ¥, C K, [62, formulas (4.4), (4.9)].

- the pro-unipotent radical X! of X, and the finite reductive group K, := K, /K;

- the order qs of the unipotent radical of a proper parabolic subgroup of Ks; it is a positive power
of q;

- the subgroup G, of K generated by Us U U and the group Z., := G, NZ where Z := Z°/7";

- some admissible lift ns € NG NY! of s.

- the image s(z) in Z of the conjugate nsiny ' by n, of a lift & in Z° of x € Z

Remark 2.5. The group Z, = ZN ¥/ is equal to Z° N¥! (Notation 2.4); the images in K, = Ks/X! of
Us, ULP are respectively Ug, U% [62, Prop. 3.23]; hence the image in K, of ¢4/ is G, and the image in
K of Z is contained in Z; the group 7/ is normalized by the image of ny in K.

An element z € Z acts by translation on V via the unique homomorphism Z 2 V defined by
(2.6) (v(t), x) = —valp(x(t)) forany x € ® and t € T.

The action of Wy, seen as the Weyl group of X, and of Z on V combine to define an action, also denoted by
v, of 4G on V by affine automorphisms. The action of 4G on V respects the set § of affine hyperplanes.
Being trivial on Zg, it identifies with an action of the Iwahori Weyl group W, also denoted by v. The
action of W' on V gives an isomorphism W’ o~ W,¢r. This allows to identify Wy C W, with the
subgroup W{, C W' of elements fixing 0. The subgroup 2 C W normalizing % is isomorphic to the image

of the Kottwitz morphism kq; it is a commutative finitely generated group.

These considerations imply that W admits two decompositions W = W’ x Q = A x W{, as a semidirect
product. Therefore,

(27) szaff NQEAXIWQ.

We inflate the length function of the Coxeter system (Wg s, Sqars) to a map £ : W — N, called the length
of W, such that 2 C W is the subset of elements of length 0.

The positive roots X+ and ®* take nonnegative values on the dominant Weyl chamber 2. The image
of x € V by an affine root (a,7) € Eq¢5 is a(x) +r. The affine roots E:ff ={(a,7), €, r>0}UXT
take nonnegative value on ¢'. We set ¥, = _E:ff' The action of w = woA € W = Wi x Aon V

induces an action
(2.8) (a,7) = (wo(a),r — (V(N), a))

on Xgypp. For w € W, the group wu(a,r)w—l does not depend on the lift @ € Aq and is equal to Uy (a,r)-
The length ¢(w) of w € W is the number of A € E;ff such that w(A) € X, is negative. The length
function £ : W — N inflates to a length function £ : W(1) — N.
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2.2. The finite reductive group G. Let G,, and G denote the connected Bruhat-Tits group schemes
over Or whose Op-valued points are X and B respectively. Their reductions over the residue field I,
are denoted by G, and G¢. Note that G = G,,(F) = G¢(F). By [53, 3.4.2, 3.7 and 3.8], G,, is a
connected reductive Fg-group. Let T and Z be the reduction over F, of the connected group schemes
over Op whose Op-valued points are T? and Z° respectively. The group T is a maximal F,-split subtorus
of G, of centralizer Z which is a F,-torus.

The quotient G := K/K! of X by X! is a finite reductive group isomorphic to Gy, (F,). The Iwahori
subgroup BC X is the preimage in X of the minimal parabolic subgroup B of G of unipotent radical
U := (XNU)/(X'NU) and Levi decomposition B = ZU where Z = Z°/Z! = Z(F,) contains the maximal
split torus T := T°/T! 2 T(F,); the group Z is a maximal torus of G. The pro-p Iwahori subgroup
UC X is the preimage in X of U; the G-normalizer of T is denoted by .A4g. The relative root system of G
attached to T identifies with the set ®¢ := {8, | s € S} (notation in §2.1.5) of roots 5 € ® which are not
multipliable, i.e. such that 23 ¢ ® or such that Ug # UzsUgte(py if 28 € ®. The unipotent subgroup
Up, = U, C G attached to 8, € O is Ug, /Ug, +e(5,)- The set Ilg = {8 € ®¢ | 5/2 € g, e(B)B € A}
is a basis of ®g. The map sending 8 € Ilg to the unique positive reduced root a@ € ® in Q5 induces a
bijection between Ilg and the basis II of ®, giving a bijection between the set Sg := {sg |5 € Ilg} of
reflections in the Weyl group of ®¢ and S. The root systems ®g and ® have isomorphic Weyl groups
53, 3.5.1].

The definition of a strongly split BN-pair of characteristic p is given in [20, Def. 2.20]. By [62, §3.5
Prop. 3.25], we have:

(2.9) (G, B, A5, S) and the decomposition B = ZU form a strongly split BN -pair of characteristic p.

where S is seen as a subset of W = ¢ /7Z (isomorphic to the Weyl group of ¥). We have Ag =
(NS NXK) /(Ao NKL) = (g NK)/Z! and the reduction map A N K — Ag induces an isomorphism
(AN NK)/Z° = W. The group (g NK)/Z° is contained in W’ and its action on V fixes 0. We
recall that the fixer W{ of 0 in W defined after (2.6) has the same order as Wy, hence as W and as
(M NK)/Z°. We deduce W) = (A5 N K)/Z°. The natural surjective map W — Wy induces an
isomorphism (g NK)/Z° = W) = Wy. The group W(1) is the preimage of W} in W(1) (Notation

2.2). In summary, we have
(2.10) W = NG /Z = Wy = NG )7 = (NNK)/Z° = Wy € W; S = (SaNK)/ZE = Wh(1) € W(1).

The action of W on X via the identification W = W{ coincides with the natural action of W on X, and
the length function on W coincides with the restriction to W{, of £ : W — N. The length function on W
is still denoted by ¢. It inflates to a map Ag — N which we also denote by ¢.

Because of (2.9), we have the Bruhat decompositions G = Uy,ewBwB = U,e 4, UnU [20, Prop. 6.6],
corresponding to the disjoint unions X = Uy, ew; BwB = Uwews 1) Uwll. We do not specify the choice of a
lift for w € W in Ag since the double coset BwB does not depend on it (compare with the decompositions
in 2.1.4).

2.3. Lifts of the elements in the finite Weyl group.



12 RACHEL OLLIVIER AND MARIE-FRANCE VIGNERAS

Remark 2.6. We will keep in mind the following diagram:

(2.11) NeNK — (SNK)/Z°P =W) C W
modﬂ(llg
Ne/Z =W.

Given an element w in W, we may pick a lift for w in Ag. We may also identify w with an element
of W and pick a lift in 4G NK. In §2.4.3 in particular, we will go back and forth between lifts in .4
and in 4G NXK for elements in W.

For s € S choose ng, € AG NG, an admissible lift of s. This yields a map s — ng : S = A5 NK
(Lemma 2.3).

Proposition 2.7. There is a unique extension of the map s — ng : S = A5 NXK to a map w — ny, :
W — A6 NK such that nyyw = Ny for w,w’ € W such that L(ww’) = £(w) + £(w").

This will be useful in §2.6.2.

Proof. This result is proved in [4, IV.6 Prop.] for the group G. The arguments in loc. cit. are valid for
G. The unicity follows from the reduced decomposition of w € W as a product of elements of S. The
existence follows from [12, IV.1.5,Prop. 5] once we know that for s, s’ distinct in S, and m the order of
ss', then (ngng )" = (ngns)” if m = 2r and (nsng ) ng = (ngng) ng m = 2r + 1. That follows from [15,
Prop. (6.1.8) (9)], because we may assume that G is semisimple simply connected of relative rank 2, by
replacing G by the simply connected covering M3€ of the derived group of M = Kera N Kera’ where
a,a’ € I correspond to s, s’. O

Notation 2.8. For w € W, we denote by n,, the image of ny, in G via the map X — K/K' = G. We
have
Ny = NNy for w,w’ € W such that £(ww') = £(w) + L(w').

1

Remark 2.9. If w is the longest element of W and s € S, then s’ := wsw™! is an element of S and we

have
(2.12) Nws = Ng' Ny and NNy = Ny Ny .

We have indeed w = s'ws with £(ws) = (W) — 1. SO Ny = NgNws and NwNg = NgNwsNs = Mg Ty
Note that (2.12) implies nwny = Nyww-1Nw and NNy = NwNywew-t for all w € W, by induction on

the length of w and using w? = 1.

Example. For example, when G is F-split, we fix an épinglage for G as in SGA3 Exp. XXIII, 1.1. In

particular, to o € ® is attached a central isogeny ¢q : SLo(F) — G, where G, is the subgroup of G

generated by U, and U_,. With the notation of 2.1.5, II = A and II,, = Ayps \ A. For a € II, set
0 1 0 —w

Ng, = Pa (1 0). For o € T, set ng, ) = ¢a (w 0

s € Sqr¢ (Notation 2.4).

-1
>. We have T = Z and ¢s = ¢ for any
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2.4. Parabolic subgroups.

2.4.1. Standard parabolic subgroups. Let J C II and ®; C @ the subset of all linear combinations of
elements in J. To J we attach the following subgroups of G: the subtorus T; of T with dimension
dim(T) — |J| equal to the connected component of [, .;kera C T and the Levi subgroup M of G
defined to be the centralizer of T ;. The group M is a reductive connected algebraic F-group of maximal
F-split torus T and minimal parabolic By := BNM,; = Z(UNM,); we have Ny, (T) = Ng(T) N M.
The restriction ¢ of ¢ to the root datum (Z, (Uy)aes,) of My associated to T is a special discrete
valuation compatible with valp (with the definition of Bruhat-Tits of a root datum [15, 6.1.8]).

The same objects as the ones we attached to G in §2.1 and §2.2 can be attached to M ;. We introduce
an index J for the objects attached to M;. When the set J = {a} contains a single element o we denote
M, by M,.

In particular, we associate to (T,B;,¢;) a reduced root subsystem X; with basis Ay, a special
maximal parahoric subgroup X; of M of pro-unipotent radical X1, an Iwahori subgroup B of unique
pro-p Sylow subgroup U, a finite, Iwahori, pro-p Iwahori Weyl group of M; denoted respectively by
W0, Wy, and Wy(1), and a real vector space V;. We note that M; and G have the same Z and
M, = s N M. We have:

-Yy={eaa|aed;}CE, Aj={eqa]acJ}CA,

-K;=XnNnMy, 9(1, =XK'NnMy, B;y=BnNMy, Us=UNM; (these equalities are justified
in [65, Proposition 4.2]),

- the pro-p Iwahori Weyl group W (1) of M coincides with the preimage of W in W(1) by the
quotient map W(1) — W. Therefore the notation W ;(1) is consistent with the one introduced
in 2.2.

Note that Uy = Z! and Vg = {0}. When J # II, the real vector space V is only a strict quotient
of V (see §2.1.5). This difficulty arises for the semisimple Bruhat-Tits building but not for the extended
Bruhat-Tits buildings of G and of M ;. We put on V; the W jg-scalar product image of the Wy-scalar
product on V by the surjective linear map

V2LV, a() =alpsv)) (veV,aeDy).

For (a,n) € Y45y, the inverse image of the affine hyperplane Kery, (a + n) € £ is Kery(a +n) € 9
(defined after (2.4)). The image p;(%) of the alcove % is contained in the alcove € of (V;,$). Recall
that ¥ j,,fs is contained in X,rs. For A € X j,¢y, we attach to the orthogonal reflection s4 ; of V; with
respect to Kery, (A) the element s4. This defines a map &; — & (definition in §2.1.5) which induces an
injective homomorphism W qrs < Wqrs (see the notations in 2.1.5, those relative to M; have an index
J).

The image of S; = {sq,7, @ € A} is contained in S, but the image of S, s is not contained in Sy .
The map p; is W j-equivariant [65, Lemma 4.1]. We have

WJEAXW‘LOZWJ’aff NQJ.
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Remark 2.10. For s € S (but not in S;j.¢y), the positive root 55 € ®;, the groups %, and ¥, associated
to s, and the admissible lifts of s (as in §2.1.5) for the group M, are the same as those for G.

Let N be the subgroup of G generated by all U, for o € @\ ®; and NP be the subgroup of G
generated by all U, for « € ®~ \ ;. Then P; := M ;N is a parabolic subgroup of G. If J = {J, then
Py =B, My = Z and Ny = U. A parabolic subgroup of the form P; for J C II is called standard and
PP =M, ;NP is its opposite parabolic subgroup.

As before in §2.2, TI identifies canonically with the set IIg of simple roots of G with respect to B in
the root system ®¢ of G with respect to T. The subset J C II identifies with a subset Jg C Ilg and
the root system ®; generated by J in ®¢ with the the root system ®n, generated by Jg in ®¢. The
image Py of P; N X in G coincides with the valued points of the standard parabolic subgroup of G,
corresponding to Jg [62, Proposition 3.26]. It has Levi decomposition P; = M ;IN; which coincides with
the image of P; NK = (M, N K)(N; N X).

If J =0, then Py = B. The M j-normalizer of T is A, = My N Ag.

The set S, corresponding to Jg in Sg identifies canonically with S; and the group Ay, /Z with the
subgroup W; of W generated by S;. As in (2.10), the finite Weyl group W identifies with a subgroup
of Wy, and My, as a subgroup of W(1). As in (2.9),

(2.13)
(My,By, Mu,,Ss) and the decomposition By = ZUy form a strongly split BN -pair of characteristic p

where By = BN My and U; = UN M;. We have the decompositions M; = Uyew, BywB; =
Une/VNJIUJnlUJ and P; = Uyew, BwB.

2.4.2. Iwahori decomposition and positive (resp. negative) monoids. Let J C II. We will write from now
on P instead of P;, M instead of M ; and N instead of N; and will otherwise replace the index J for the
objects introduced in §2.4.1 by the index M. In particular, the finite, Iwahori, and pro-p-Iwahori Weyl
groups of M are now respectively denoted by Wo a, W and Wy (1).

The group By = BNN =UNN = Uy (resp. Byor = B NN =UNNP = Uyop) is the image by the

multiplication map of Hanﬁ—Zﬁ U(q,0) (resp. H(YGE’*ZEI U(a,1)), as in §2.1.
Similarly, the group By, resp. Uy (which was denoted by By, resp. Uy in §2.4.1) is the image of

[aesg Wan) X T x [aest Yoy (resp- Taesg Uian) x T X Tlaesy; Uia.0)-
The groups B and U have an Iwahori decomposition with respect to P:

(2.14) B = Bn Bm Brer and U = Un Upnp Unor

with any order of the products.

An element m € M contracts Uy and dilates Unos if it satisfies the condition: mUxm™! C Uy and
m ™ Uynorm C Unor (compare with [55] I1.4 or [17, (6.5)]). This property of an element m € M depends
only on the double coset UpymUy. Such an element will be called M-positive. Note that if m € Ky then
mUnm ™! = Uy and m ™ Unorm = Unos.
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The monoid of M-positive elements in M will be denoted by M*. The monoid (MT)~! C M will be
denoted by M™. Its elements contract Uner and dilate Uy and are called M-negative.

The elements w in Wy satisfying w(E+ — o) C Ea*f 7 are called M-positive and form a monoid
denoted by Wy;+. Denote by Wy;— the monoid (Wy+ ) 1.

Remark 2.11. We have

(1) The monoid W+ is isomorphic to the semi-direct product Wy X Ay+ where
Ay ={A€A| —a(v(N) >0 forallae X7 -3}

(2) The set Wy+ is a system of representatives of the double cosets By \M™'/By. The preimage
Wi+ (1) of Wyt in W(1) is a system of representatives of the double cosets Un\M™/Up.
(3) The set Wy - is a system of representatives of the double cosets By \M~/By. The preimage
W= (1) of Wy— in W(1) is a system of representatives of the double cosets Uy \M ™ /Uy;.
To justify the above, we refer to [42, Lemma 5.21] when G is split, but this is general: in particular for
(1) see [66, §2.1].

2.4.3. Distinguished cosets representatives in W and W{,. Let J C II and P := P, P := P the cor-
responding standard parabolic subgroups of G and G respectively. The following lemma is proved for
example in [21, 2.3.3]. The reduced root system Yy attached to M was previously denoted by X; in
§2.4.1, and the Weyl group Wy of M by W .

Lemma 2.12. The set MW of elements d € W satisfying dilZl"v'I C X7 is a system of representatives of
the right cosets Wi \W . Tt satisfies £(wd) = £(w) + £(d) for any w € Wy and d € MW . In particular,

d is the unique element with minimal length in Wyd.

Remark 2.13. (1) Recall that W is naturally isomorphic to the subgroup Wj of W. The set MW
may therefore be seen as the subset of the elements in W} satisfying d~'%, ¢ BF.

(2) For d € W seen in W}, the condition d~'¥; € ¥ is equivalent to d=*(U N M)d C U (the
latter condition does not depend on the choice of a lift for d in .4¢). This follows immediately
from the decomposition of Uy = U N M given in §2.4.2. By reduction modulo X!, we also have
d~Y(UNM)d C U for any d € MW (this does not depend on the choice of a lift for d in Ag).

(3) By (2.14), point (2) implies that

(2.15) U UU = UbdUfor w € Wi, d € MW seen in W and with respective lifts b, din A& NK and
(2.16) UdUdU = UidU for w € Wy, d € MW with respective lifts @, d in Ag.

Lemma 2.14. For w € Wy+ and d € MW, we have {(w) + £(d) = £(wd). In particular, for i,d € N
lifting w and d respectively, we have UdUAU = UbdU.

Proof. This is proved for G = GL(n,F) in [41, Lemma 2.3]. The proof is general as noted in [66, Lemma
2.29]. O
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2.4.4. Double and simple cosets decompositions in G and G. Let J C II and P := Py, P := P, the
corresponding standard parabolic subgroups of G and G respectively, with Levi decompositions P = MN
and P = MIN. In part (1) of the lemma below, the lifts d of d € MW are taken in G. In part (2) they

are taken in XK.

Lemma 2.15. (1) We have G = UgenwPdU and for any d € MW:

2

Proof.

(a) (dUd'INyNIM C UNM,

(b) (PNdUd")N = (UNM)N = U.

We have G = udGMWPUciu = Udenledu and for any d € MW :
(a) d~*(UNM)d C U.

(b) dUd~'NPU =dUd~' N,

(¢) (PNdUd—")N = (UNM)N.

(1) That G is the union of all PdB = PdU for d € MW follows from the Bruhat decomposition
for G and the decomposition of P as the disjoint union of all BwB for w € W (see (2.9) and
(2.13)). Let d € MW. By Remark 2.13(2), we have UNIM C dUd ! and U°? N IM C dU°Pd L.
Since dUd~' N U NP c dUd~' N U N M, it implies that dUd~! N U? NP = {1}. Since an
element in U can be written uniquely as the product of an element in U N d-'ud by an element
in UndtUerd (21, 2.5.12]), we deduce that dUd' NP < U. Points (1)(a) and (1)(b) then
follow easily (for (1)(b) also use UNM c dUd1).

Recall that here the lifts for d € MW are in K. The first identity is proved for G = GL(n,F) in
[41, 6A1] and for G split in [42, Lemma 5.18].
We review the arguments to check that they generalize to the case of an arbitrary reductive
group. Recall that W = W}, indexes the doubles cosets of X mod B, that MW is a system
of representatives of the right cosets Wy \W, and that for w € W with lift @ € X, we have
PUDU = PU since @ Uyopt C U. From the Iwasawa decomposition G = PX, we get that G
is the union of all PdU for d € MW. Tt is a disjoint union because, given d, d’ € MW, if d' € Pdu
then d’ € (X NP)dU. Reducing mod X' and using (1) gives d’ = d (we recall that the image of
KNP in Gis P). For d € MW, we have d"Uyerd € K' C U since d lies in X, so it is easy to
see that PUJU = PUyerdU = PALL.
(a) This is Remark 2.13(2).
(b) Note that dUd~! is contained in K. An element in PU is of the form pu for p € P and
u € Unop. Suppose that it lies in dUd!. Then p € XNP and the projection of pu in X/K' = G
is equal to p € dUd ! where p € P is the projection of p. But PNdUd~! c U by (1)(b) so p € U
and p € U. We have checked PUN dUd~! c U which gives (2)(b).
(c) By (b), we have PN dUd~! € P N U which is contained in (M NU)N. It gives one inclusion.
The other inclusion comes from (a).

O

Lemma 2.16. Let w € Wy+ (1) with lift w € Mt and d € MW with lift d € K.
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(1) Consider a decomposition into simple cosets UpwlUy = U Uz for x € @~ Uppad N Ung\Ung -
Then

UU = U U Uyeor.

Furthermore, we have PUDU = PU. For u € Unor and x € Uy, we have u € PUwz if and only
if Uwx = Udzu.

(2) Consider a decomposition into simple cosets UdU = UyU(iy fory e UNd~"Ud\U. Then
PdU = PUdU = LI, PUdy.
(3) We have UbdU = UdUdU = U, ., ,Widzu,dy for
z € W MUy N Unp\Unt, Uy € (D) Udz N Unor \Unor, y € UNd™ UI\U.

Proof. (1) The first fact is proved in [55, IL.4], but we give a proof for the convenience of the reader. We
have UU = U UpnUnor because UDU = U UnUnUnor and WU~ C Uy since w is M-positive. The
decomposition of UwU is disjoint because for z € Uy we have UwzUner = UnUpmwzUner (since w is
M-positive and @ normalizes Uyeor) and the decomposition in NMN°P is unique. We have PUwU = PU
because PUDU = PUnorWU = P~ "Uynor U and ~ "Uyory C Uyer since w is M-positive. The last
fact is drawn from [48, Proposition 7 p.77] and we recall the argument. Let € Uy. Note first that
1 € PUwz = P~ Uyerx since x € P. So, given u € Uyop, if Wbz = Uz then v € PUwz. Now let
u € Unor and suppose that u € PUdx = P~ "Uyorwz. Then there is p € P and k € ™ " Unorw € Unor
such that u = pkx = pr(r~1kz). Since z € Uy normalizes Uyop, it implies that pr € Uner NP = {1}.
Therefore zuz~! € W~ Uyop and Uhzu = Uibz.

(2) The first equality PdU = PUAU is given by Lemma 2.15(2). We have to prove that for y € U,
if PUdy N PUd # 0 then Udy = Ud. So let y € U and suppose that PUdy N PUd # (. This means
that there is p € P, u,v € Unor such that pv = mfycz_l and therefore p € X N P. Reducing mod
X1, recalling Uner C_le, and denoting respectively by p, d and 7 the images of p, d and y in G, we
get dyd~' € P N dUd~" which implies djd~' € U by Lemma (2.15)(1)(b). Therefore, dyd~' € U and
Udy = Ud.

(3) The first equality Widll = UbUdU comes from Lemma 2.14. From (1) we deduce UdUdU =
uw,yuu‘)xudy = Uw,yUuA):L‘UNop(zy = uw,uw,yumuwdy for x,u,,y ranging over the sets described in the
lemma. It remains to prove that this is a disjoint union: it is a disjoint union on y by (2) because
Uzu, € UdU C PU by (1). Fixing y, it is a disjoint union on x by (1). Fixing y,x, the equality
Ubzudy = Udbzu'dy for u,u’ € Uyor, is equivalent to u’ € (W)~ Ubzu. O

2.5. Pro-p Hecke algebras and universal representations.

2.5.1. Presentation of the pro-p Iwahori Hecke algebra of G. Let R be a commutative ring. The universal
R-representation X := ind$ (1) of G is the compact induction of the trivial character of U with values in
R. We see it as the space of R-valued functions with compact support in U\G, endowed with the action
of G by right translation. The pro-p Iwahori Hecke R-algebra of G is the R-algebra of the G-equivariant
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endomorphisms of X. It will be denoted by H. It is naturally isomorphic to the convolution algebra
R[U\G/U] of the U-biinvariant functions with compact support in G, with product defined by
frf G Rg— Y flou)f (u)
u€U\G

for f, f € RIU\G/U]. We will identify H and R[U\G/U] without further notice. For g € G, we denote
by 7, € H the characteristic function of UgU. For w € W(1), the double coset UbU does not depend on
the chosen lift @w € 4G and we simply write 7, for the corresponding element of H. The set of all 7, for
w € W(1) is a basis for H.

For s € Sqyy, let ng € A be an admissible lift of s (see (2.5)) and Z/, the subgroup of Z defined in
Notation 2.4.

The product in H is given by the following braid and, respectively, quadratic relations [62, thm.2.2]:

(2.17) Tww = TwTuw for w,w’ € W(1) satisfying f(ww’) = £(w) + £(w"),
(2.18) T,fs = sTn2 + Cn, Tn, for s € Sups, where ¢, = Z en, (2)Ts,
z€Z,

for positive integers c,, (2) satisfying: ¢, (2) = cn, (271) = cp, (z2s(x)7!) if € Z and 2 € Z, (for s(x)
see Notation 2.4), the precise definition of the integers ¢, (z) is given in [62, step 2 of Prop. 4.4]. If we
set ¢, (2) = 0 for z € Z\ Z, the latter relations remain valid for all z € Z. Furthermore, ¢, 7, = Ty, Cn,
and the sum over z € Z of all ¢, (z) is equal to g; — 1. We identify the positive integers ¢, and ¢, (2)
with their natural image in R.
If R has characteristic p, then in X we have ¢,, = ¢5 where
(2.19) coi=(gs = DIZT Y 7 €M,

2€7Z/,
Example. Following up the example at the end of §2.3, suppose G is F-split. Then we have, g5 = ¢ and
Cn, = Cs for any s € Sqyy.

Indeed, in Notation 2.4, the group Gy is SL(2,F,) or PGL(2,F,), and |Z}| = ¢—1 or (¢ —1)/2. When
|Z.| = (¢ — 1)/2, we have Z. = {zs(z)~!, = € Z}. The positive integers c,, (z) for z € Z, of sum ¢ — 1
are equal to 1 when |Z.| = ¢ — 1, and to 2 when |Z.| = (¢ — 1)/2 because they are constant.

Remark 2.17. In H, the quadratic relation (2.18) satisfied by 7, extends to 7; for an arbitrary lift
5 € Mg of s € Sqrp. The quadratic relation satisfied by 7; is Ts? = @sTs2 + c37s where ¢z = ¢, 7 and
t :=n;13 € Z, because

T2 = T TiTn, Tt = Tﬁngs—ltnsTt = (¢sTn2 + Cn, Tn, )T, -1y = QsTa2 + Cn TeTs.

When s1,s2 € Syzp admit lifts 5,5, in W(1) which are conjugate 5 = wiw by w € W 1), then

(
) =
Y sez €(2) Ty for ¢(z) € Z). This follows from the equivalence of the properties (A) and (B) in
[62, Thm 4.7] applied to R = Z.

for arbitrary lifts 81,8, € AG of 51,5 we have ¢z, = wes,w™! (we note w(}, oy c(2)m)w™" -

1This should replace [62, Prop. 4.4 Proof (6)]. In [62, Prop. 4.4] when G is split “For example” should be “or”. It is
wrongly claimed that F} ~ T’ in [58, page 6 and in §2.2], as noticed by P. Schneider.
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Remark 2.18. Suppose that p is invertible in R. The elements 7, for w € W(1) are invertible in H. For
s € Sqypy the element g7,z is indeed invertible with inverse q;lrn:2 because ¢ is a power of p (Notation

2.4) and n3 € Z. The inverse of 7,, in H is ¢; "7, -2 (7, — ¢p.).

Notation 2.19. For w € W,¢y, denote by vs(w) the multiplicity of s € S,¢f in a reduced decomposition

Quw = H qgs(w)_

s€Sayy

of w and let

Set qu = Guy,, for any w € QuqyprQ and wepy € Woayps. The element g, for w € W is well defined
and does not depend on a reduced expression of w € W ([60, Chap. 1]). The function w + ¢, on W
inflates to W (1). By [62, Lemma 4.12, Prop. 4.13], there is a unique family (7;)wew(1) in H satisfying

the relations

o T Te = Ty, if L(w1) +£(w2) = L(wiws),
o 7, =7, if £(u) =0,
¢ T;:S =Ty, —Cn, if 5 € Saff.

The set of all 7% for w € W(1) form another basis of H. We have (775)7! = guTp-1.

2.5.2. Pro-p Iwahori Hecke algebra attached to a Levi subgroup. Let J C A. We consider the associated
standard parabolic subgroup P with Levi decomposition P = MN. Recall that By = BN M is an Iwahori
subgroup in M with pro-p Sylow subgroup is Uy = UNM (notation introduced in §2.4.2, see also §2.4.1).
The R-algebra of the M-endomorphisms of the universal R-representation X = ind%M(l) is the pro-p
Iwahori Hecke R-algebra My of M. For g € M (resp. w € Wy(1)), we denote by 7' (resp. 7,0) the
characteristic function of UngUn (resp. UpwlUpn). A basis for Hyp is given by the set of all 7'11‘\,/[ for
w € Wy(1). Another basis is given by the set of all 7X* for w € Wyr(1), where (751%) pew,, (1) is defined
for Hy as it was for H in Notation 2.19.

Denote by Hy+ (resp. Hyi—) the subspace of Hyy with basis the set of all 7M for w € Wy (1) (resp.
w € Wy-(1)) as defined in Remark 2.11. The algebra Hy; does not inject in A in general, but Hy+

(resp. Hyr-) does: the linear maps
(2.20) Hu M, TN 7 (meM), Hy oM, 70— 15 (meM),

restricted to Hy+ or to Hy— respect the products, and identify Hy+ and Hy— with four subalgebras of
H. The algebra Hy is a localization of Hy+ (resp. Hy-) at a central element (see [55, I1.4], [17, (6.12)],
[66, Thm. 1.4]).

Remark 2.20. When p is invertible in R, the homomorphisms 0|z, , , 0]#,,_, 0*[#,, and 0%|# _ extend
uniquely to four embeddings from Hy; into H, denoted by 07,0~,6*" and by 0*~, determined by the

formula

0F (o) = 7o "Tarm, 07 (7)) = 7.\ Tamngm, 0 (700) = (12) " Tongm, 0 (T ™) = (1520) " Ty

for m € M, where a € Cy is a strictly M-positive element (recall that Cyg is the connected center of
M): Npena"Una™" = {1} and Nypena "Unera™ = {1}), n € N such that a"m € M and a™"m € M~
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(in particular a is M-positive). This follows from Remark 2.18 and from [55, I1.6)]. For the convenience
of the reader, we give the proof for 9*|H1\/ The arguments are the same for the other homomorphisms.

1. 0*H (M) is well defined: (77)~"7%.,, does not depend on the choice of the pair (a,n). We show
(T5) " n, = (77) 7714, for any other pair (b,r). Using that for z,y € M* such that 720* and 7';\4’*
commute, the elements 7; and 7, commute as 0* |HM . respects the product, the equality is equivalent to

. : M, M M, C

(T7) Thnm = (T2)"7,,- It is also equivalent to (7, )" Tan = (705*)"7,7" because 0" |n,,, is injective
M, M . .

and respects the product. Then it is equivalent to 7./, = T,npr,, Pecause the image of a,b in Wy have

length 0. This equality is true because a and b commute.
2. 6" respects the product: @ (rM*)g* (7)) = g*F (rM*M*) for m,m’ € M. We choose the
same pair (a,n) for m and m’. Using the arguments given in 1. we show that (7;)~" and 7.5, commute:

(T;)inT;”m = T* (T;)in < (T;)nT;"m = T;"m( a) ( a ) Ta"m = TziV’IL’r):L(TcllVI’*)n ~ 7-l\/zlf:‘;n =
Tow n, which is true because a and m commute. So (7). (T5) ", = (TF) T2 TR =
(T(j)72n7—a"7nu"m’ = (Ta )72"7-:2" mm/*

The modulus dp of the parabolic group P = MN is the generalized index ép(z) = [xUpz~"! : Up] for
z € P and Up = UNP [54, 1.2.6]. The reductive p-adic group M is unimodular [54, 1.2.7 a)], hence

op(z) = [2Unz™' : Un] (z € P)

where Uxy = UNN. When p is invertible in R, the modulus of P over R is the character x — dp(z)1g of
P with values in R.

Lemma 2.21. When p is invertible in R, we have "+ (M) = 6= (tM)p(m) for all m € M.

m

Proof. As 0*% respects the product, it respects the inverse: 8* T ((rM*)=1) = ()" 770,) 7L = (Ta,) ™

for all m € M and a € Cy a strictly M-positive element such that a™m € M*. Let p = m™!. As

(7)™ = Ty-1qw and g, = q,-1, We obtain 9*Jr(7'})/[)q1\4’H = Tya-nQua—n (Ta-1¢q-1)~"™. This is valid for

all 4 € M. We replace u by m to get 0+ (M) = Tma—n(Ta—l)_nqma—n(qa—l)_nql\}lm for all m € M

and ma™™ € M~ as the inverse map sends M™ onto M~. We have TM = Tf)fa nT}L\ﬁ = T}fa ,l(T}lvf )"

and 6~ respects the product: 67 (7)) = 67 (7™M )07 (7M.)™" = 7,,4-n(74-1)"". We deduce that

O (M) = 0= (tM)6(m) where §(m) = ¢na-—n(qa—1)” ql\’/[‘lm for m € M, a € C\y strictly M-positive,
a~"eM™. ’

It remains to show § = dp on M. It is well known that dp respects the product on M [54, 1.2.6]. The
restriction of § to the monoid M~ is §(w) = qwq;j’w. It respects the product by applying [66, Lemma 2.7].
Furthermore, we have 6(m) = §(ma~")d(a"™) for m € M, a € Cy strictly M-positive and ma™" € M~
(this is because 6(a™) = (go-1)"" and gnrma-» = qM,m). Therefore § respects the product on M. The
two homomorphisms § and dp from M to R are trivial on XNM; as M = (KNM)Z(KXNM) by the Bruhat
decomposition and Z = Upen(Z N M7 )a™ for a € Cy strictly M-positive, § and dp are equal on M if
they are equal on ZNM~. Let 2 € ZNM~. We have ¢, = [UzU : U] = [UzUp : U] = [UpzUp : Up] =
[UnizUns = Unp][Un2Uy 2 Un] = gu 2 [Un : (Un N 27 Un2)] = gu20p(2). Hence §(2) = qzq{/[}z = 6p(z) for
z € ZNM~. Therefore § = dp on M. O
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2.5.3. Iwahori Hecke algebra. Considering the Iwahori subgroup B instead of its pro-p radical U in §2.5.1,
one defines the Iwahori Hecke algebra Hs of the G-endomorphisms of the universal R-representation
Xgp := ind$(1). It is naturally isomorphic to the convolution algebra R[B\G/B] of the B-biinvariant
functions with compact support in G. For g € G, denote by T, the characteristic function of BgB. For
w € W, denote by T,, the characteristic function of Bw3B which does not depend on the choice of a lift
w € NG for w. The set of all T, for w € W is a basis for Hg. The product in Hgp is given by the

following braid and, respectively, quadratic relations:

(2.21) Tww = T Ty for w,w’ € W satisfying £(ww’) = £(w) + £(w').
(2.22) T2 = qsT1 + (gs — 1)75 for any s € S,y
These relations are well known by [32], [10], [38] under certain hypotheses on G. It has been checked by

Vignéras [62, Thm 2.1 and Rmk 2.6] that they hold for a general connected F-group G. The key result
for the quadratic relation is the following ([32, Prop. 2.8], [16, 5.2.12], [62, Theorem 33]): for s € Sy,

we have
(2.23) BsBsB = BsB LI B.

Note that conversely, once we admit the quadratic relations, this identity can be deduced from them
using the definition of the convolution product on R[B\G/B] (choose for example R = C).

Lemma 2.22. For s € Sor¢, we have BsBsB = BsBs L Bs.

Proof. The double coset BsB decomposes into g5 simple right cosets [62, Prop. 3.38]. The set BsBs is
the disjoint union of ¢, right cosets contained in BsBsB. It does not contain Bs since BsB and B are
disjoint. Therefore, and since BsBsB is the disjoint union of ¢, + 1 simple cosets (by (2.23)), we have
BsBs = BsBsB — Bs.

O

Remark 2.23. The formulas, for w € W,
Triva, (Tw) = Gu-1r, Signy, (Tw) = (—1)[(1”).13
define respectively the trivial character Trivy, and the sign character Sign,,, of Hp with values in R.
Remark 2.24. (1) The Iwahori Hecke R-algebra Hs is a quotient of the pro-p Iwahori Hecke R-
algebra H by the augmentation map sending to 1 the elements of the form 7; for t € Z°/Z; = Z.
In particular, Trivy,, and Sign,,, extend to characters of H that we denote respectively by Trivy
and Sign,, and call the trivial and sign characters of H (compare with [64, Def. 2.7]).
(2) Suppose that |Z°/Z!| = |Z] is invertible in the commutative ring R, then one can define the
following central idempotent of H (see [58, §1.3] in the split case):
1
=Ly
2l

We have £1X = Xg and the algebra e1H with unit €1 is isomorphic to He (see [42, §2.3.3] in
the split case, but the proof is general).
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2.5.4. Trivial representation of G and trivial character of the pro-p Iwahori Hecke algebra. Let R be
a commutative ring. Consider the trivial character Trivy of H (Remark 2.24(1)). It is defined by
To > Qu-1g, for all @ € W(1) with projection w € W. Let Trivg : G — R* denotes the trivial character
of G. As a right H-module, we have (Trivg)" = Trivy. This is because, for all @& € W(1) as above, we
have g, = [BwB, B] = [UaU, U] ([62, Cor. 3.30]) (recall that for X = B or U, we denote by [XwX, X]
the number of left cosets mod X in XwX. It is equal to the number of right cosets mod X in XwX).

Lemma 2.25. Let R be a commutative ring with q, + 1 invertible in R for all s € Sqry. We have an

isomorphism of representations of G
(2.24) Trivy @y X = Trivg.

Proof. By Remark 2.24(1) we have Hp = R Qg[z H and Xp = R ®pjz X, for the augmentation map
R[Z] — R sending the elements ¢t € Z to 1 and for the linear map R[Z] — H sending the elements ¢ € Z
to 7¢. Therefore, we have a natural isomorphism of G-representations Trivy @y X = Trivy,, @, Xa
(without any hypothesis on the ¢5). We show here that Trivy, ®, X5 = Trivg when is ¢, + 1 invertible
in R for all s € Sgfy. From the remark before the lemma, one gets immediately that the right Hg-
module (Tﬁv(;)15 is isomorphic to Trivy, so by adjunction, Trivg is a quotient of the representation
Trivyy, ®u, Xs: the map is given by A ® 13 — A where 13 is the characteristic function of B. We
want to check that this map is injective and it will follow from the fact that we have a decomposition of

R-modules
(2.25) Xg = Rlg + ker(Trivy, ) Xs.

The R-module X4 is free and decomposes as the direct sum of all Xg(w) for w € W where we denote
by X3 (w) the R-module of all functions with support in BwB.

We show by induction on ¢(w) that Xg(w) is contained in R1s + ker(Trivy, )Xs. If £(w) = 0 then
Trivy, (tw) = 1 and Xg(w) = Rlg,, is contained in R1ls + ker(Trivy.,, )Xs since the characteristic
function 1g,, satisfies 15, = Tyls = 18 + (T — 1)1 € R1lg + ker(Trivy, )X5. Now suppose ¢(w) > 0
and let s € S,z such that ¢(sw) = ¢(w) + 1. Note that X5 (sw) is generated as a representation of B by
the characteristic function f := 13, 4 = W~ '1s,,, where @ is a chosen lift for w in 4G and ng is defined
as in Notation 2.4. Therefore, to prove that Xg(sw) is contained in R1g + ker(Trivy,, )X, it is enough
to consider the case of f. Since T,_ corresponds to the double coset Bn,B and commutes to the action
of n;1 € G, we have T,,18,, = 1s,,3n, 50, by Lemma 2.22, we have T,,,15,, = lgn 80,8 — 1a,,. On
the other hand, T, 15 = 15,.8 = 1s,,8,.8 — 13 by (2.23). We deduce

(2.26) 1, —1p =T, (13 — 1n,,).
By translation by 1~! which commutes with the action of H, we get:
f=18s =T, (Lo — f) = (Tn, = ¢s)(Ama — f) = ¢s(f — 13a).

If 1+ ¢ is invertible in R, this means that f lies in 14 + ker(Trivy, )Xs. Conclude by induction. This

proves the decomposition (2.25) which is enough to prove that the natural surjective map Trivy, ®u.,
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Xgp — Trivg is injective. Note in passing that from the surjectivity of this map we also get that the

decomposition (2.25) is a direct decomposition. O
2.6. Finite Hecke algebras and universal representations.

2.6.1. Definitions. Let J C II. Let P be the associated standard parabolic subgroup of G, and P with
Levi decomposition P = IMIN the corresponding parabolic subgroup of G. Let P (resp. N) be the
preimage in X of P (resp. IN). The group P is a parahoric subgroup of G containing U. We have J = II
if and only if P = K. Extending by zero functions on P to X, and respectively on X to G, induces

embeddings which are respectively P and X equivariant:
(2.27) indj (1) < indi¥ (1) < X .
Passing to U-invariants induces naturally embeddings of the convolutions algebras
(2.28) (ind§; (1)% — (indiF (1)% — XU .
Let Up := M N U (it was previously denoted by U (see (2.13))). The universal R-representation
X = indgy, (1),

of M is the induction of the trivial character of Up; with values in R. The associated finite unipotent
Hecke R-algebra is
Hy = Endk[]M] (XIM) = [ind%lml(l)]UM.

It has basis the set of all characteristic functions of the double cosets UpynUp for n € Ay (see the
decomposition after (2.13)). When J = II and therefore IM = G, we omit the subscript and simply write
X and H instead of X¢ and Hg respectively.

Since P/U ~ P/U = M/Up, U\P/U ~ Up\IM/Up, and P/N ~ MM, the representation Xy can also
be seen as a representation of P trivial on N and as such it is isomorphic to indj;(1). Likewise X is
isomorphic to indjf (1) when seen as a representation of X trivial on X*. Via these isomorphisms, (2.27)

gives embedddings
(229) X]M — X — )(7

where the first one is the IM-equivariant morphism sending 1y, onto 1y. The embeddings of algebras

(2.28) can be reformulated as embeddings
(2.30) Hy < H e H.

The first one sends, for m € M, the characteristic function of UpymUp; to UmU. The second one sends,
for g € X, the characteristic function of U(g mod X*)U to UgU. The algebra Hy; can therefore be seen
as a subalgebra of H and of Hy;.

Proposition 2.26. As a left (resp. right) Hy-module, H is free with basis the set of all T; (resp. T7j-1)
for d € MW, where d denotes a lift for d in Ng.

Proof. This is a consequence of the relation ¢(w) + £(d) = ¢(wd) for w € Wy, d € MW (Lemma 2.14)
and of the braid relations (2.17). O
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When w € Ay we will consider 7M as an element of Hy or of Hy depending on the context. In

particular, when s € S (defined in §2.4.1) and n, € Ay is the image of an admissible lift ny € MNX in
IM as in Notation 2.8 (see also Remark 2.10) then 7, satisfies the same quadratic relation (2.18) as 7,_.
Recall that M N X is contained in the positive (resp. negative) submonoid M™ (resp. M™) of M. The

embedding (2.30) of Hyy into A is the restriction of 6 defined in (2.20) to Hyy, i.e. the map

H]M — H, TM

w I

w e JV]M — Tw
where we identify Ay as a subgroup of W(1) via the isomorphisms (2.10).

We will often identify Hypy with its image in H or in H.

2.6.2. Trace maps and involutions on the finite Hecke algebras. The commutative ring R is arbitrary
unless otherwise mentioned. A R-linear form Hpy — R is called non degenerate if its kernel does not
contain any non zero left or right ideal. In the next proposition, we define such a non degenerate form
on and associate to it an automorphism ¢y of Hyy such that opg(ab) = opr(enm(b)a). When M = G we

will omit the subscript and simply write § and ¢.

Proposition 2.27. (1) Pick wiy € My a lift for the longest element wy in Wy = My/Z. Let
dm : Hy — R be the linear map sending T4, to 1 and 7, to zero for alln € My — {wn}. Then
ot s mon degenerate. The automorphism of Hyy defined by

UM : T —> T -1 for alln € My

WMNW

satisfies on(ab) = dm(em(b)a) for any a,b € Hu.

(2) Suppose that R is a ring where p is not a zero divisor. The linear R-form &y : Hym — R sending
71 to 1 and 1, to zero for all w € Ay — {1} is non degenerate and symmetric: it salisfies
dp(ab) = oy (ba) for any a,b € Hy. The corresponding automorphism vy of Hw is the identity

map.

We comment on this proposition and give its proof in the case when IM = G so as to avoid the

subscripts M.

Remark 2.28. (1) Fort € Z and w; € g a lift of the longest element w in W, wy := twy is another
lift of w. Denote by ¢; and ¢ the corresponding automorphisms of H as in Prop.2.27(1). Then
for any right H-module m, denote by m¢y, resp. meo, the space m endowed with the right action of
H given by (m,h) — mei(h) resp. (m,h) — mua(h). Define analogously, for a left H-module m,
the twisted modules tym and tom. The map m — m7;—1 (resp. m +— 7ym) yields an isomorphism
of right H-modules m¢; 3 s (resp. tyym 35 Lom).

(2) The map ¢ of Prop. 2.27(1) is an involution if and only if the chosen lift w for w is such that
w? is central in Ag. Since w? = 1, we know that w? € Z. We pick W := n,, as in Notation
2.8 and check that ¢ is then an involution. Since Z is commutative, it remains to show that n2

commutes with n, for any s € S, and this follows from the formula (2.12).
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Proof of Proposition 2.27. (1) If R is a field of characteristic p, it is proved in [47, Lemma 2.2] that the
kernel of § as defined in the lemma does not contain any non zero left or right ideal (see also [20, Prop.
6.11], the necessary hypotheses being satisfied by (2.13)). One easily checks that the proofs therein work
over a ring of arbitrary characteristic.

The R-linear map ¢ given in the lemma is bijective. It remains to check that ¢ respects the product
in H and that 6(7,7,) = d(¢(7y)7,) for all u,v € Ag. First we show that we only need to do it for one
choice of lift in Ag for w. If n and n’ := tn with ¢ € Z are two such lifts, we denote respectively by
(0,¢) and (¢’,¢') the pairs attached to them as in the proposition and we suppose that (d,¢) satisfies the
properties above. The conjugation by the invertible element 7 is an automorphism of the algebra H. We
have ¢’ = d(74-1_) and ¢/ = ¢(7y_74-1). It implies that ¢ also respects the product in H. Furthermore,
for u,v € A, we have 8’ (V' (1) Tu) = 0(Ti-1 Ty (pn) 1 Tu) = 0(e(70)Te-14) = 0(T-14Ty) = ' (TuTy). So the
pair (¢8’,¢') also satisfies the properties above. Consequently, it suffices to write the proof for a specific
choice of lift for w and we choose n,, € g as defined in Notation 2.8.

With this choice, we first check that ¢ respects the product. Let u,v € Ag and suppose that £(u) +
£(v) = £(uv). Conjugating by ny, preserves the length in Ag since w(X ) = $~. Therefore, we also have

{(nyuny!) +4(nwony!l) = f(ngyuvn,t) and o(1,7) = t(Tu) = Towurne! = Tawuns! Taweng! = UTu)t(T0).
Now let s € S and consider the quadratic relation 72 = @sTn2 + Cn,Tn, satisfied by 7, (see (2.18) and

§2.6). First note that in fact we have w(II) = —II, therefore s’ = wsw~! € S and ¢, = g« ([62, §2.1]).
Furthermore, nwnsny,' = ny by (2.12) and nyUsny! = Uy, ne,U%n,! = UF, nyZin,! =Z,,. In
the formula (2.18) we have ¢,_(z) = InsUsns N Ugngz U] for z € Z, [62, Proposition 4.4, (62)], therefore
Cn,, (D . n!) = ¢, (.) as in Remark 2.17 hence t(c,,) = Cn,, - We have

(L(Tns))2 = (Tns/)z =¢s'Tn2, + Cn T,
while
L(Tri) = L(qunz +Cn,Tn,) = 4sTn?, +t(en,)i(ma,) = 4sTn2, + Cny Ty
the second identity in the line above being true because ¢, is a linear combination of 7 for ¢ € Z and

{(t) = 0. We have proved that (¢(m,))?* = ¢(72.). This concludes the proof of the fact that ¢ respects the
product.

Lastly, we show that 6(7,7,) = 0(¢(7y)7) for all u,v € Ag. The property is easy to check when
£(v) = 0. We now show it when v has length 1 and then proceed by induction on ¢(v). When v has

-1
w

length 1, it is enough to treat the case v = n,. Then as above, there is s’ € S such that ny = nyngn
First suppose that ung = ny. Then necessarily ¢(ny,) = ¢(u) + 1 and 7,7, = Ty, has image 1 by 6. On
the other hand nyu = ny, with 14 £(u) = £(ny,), so the image of 7, , 7y = ¢(Tn, )7y by d is also 1.
Now suppose that ung # ny, which implies ng 4 # ny,. This means in particular that if £(ung) = £(u)+1
(resp. £(ngu) =1+ £(u)), then §(TyTn,) = 0 (vesp. 6(mn,, 7u) = 0).
1/ If £(ung) = £(u) + 1 then the only case left to examine is ¢(ngyu) = £(u) — 1. The
quadratic relation (2.18) implies that Tn, Tu 18 & R-linear combination of the elements 7,
for w € Ag with £(w) < £(u) < £(uny). Since none of these w is ny we have §(m,_,7,) = 0.
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2/ If £(ung) = ¢(u)—1, then again by (2.18) we know that 7,7, is a R-linear combination
of the elements 7, for w € Ag with £(w) < £(u).

2a/ If u does not have maximal length in Ag, then §(7,m,) = 0 and the only case left
to examine is £(ngu) = £(u)—1. But then by the same argument about the decomposition
of Tn_, T, we get 6(Tn,, ) = 0.

2b/ If u has maximal length, then u = nyt for ¢ € Z.

— _ _ 2 o

On the one hand, 7uTn, = Tn,TtTn, = TnwTn.Tn-ttn, = Tnyn-'Tn,Tnltn, 1S €qual

to ann;l(qsrng + Tnscns)Tn‘:lms as Tn, and c¢,, commute, hence 7,7n, = ¢sTnytn, +
Tow Crs Tl i, - So

3(TuTn,) = cn, (n;ltflns) = Cn, (til) = ey, (1)

The first equality above comes from the fact that ¢,, and 7,, commute and the second
equality is recalled after (2.18).
On the other hand, ¢(mn,)7u = Ta,Tu = Tn., Tn,Tt = TﬁslTn—/lant, 50 U(Tn,)Tw =

(g Tn2, + Cnyy T ) Tq— 10, Tt = 45’ Tanyt + Cn  Tny, Te- SO,
.
6(e(n,)Tu) = Cng (nwt_lnv_vl) = Cn, (t_l) = cn, (1)

because Ny ¢y, Ny = ¢n,, (Remark 2.17), in other terms Y-, . e, (H)nwtng! =3, cn, (1),
and n?, € Z.
This concludes the proof of §(¢(7,)7y) = 8(TuTy).

We now prove part (2) of Prop. 2.27. Here R is a ring of characteristic different from p and ¢’ : H — R
is the map sending 71 to 1 and 7, to zero for all w € Ag — {1}. It is proved in [47, Lemma 2.3] that ¢’
is symmetric and non degenerate when R is a field of characteristic different from p. The arguments go
through in the case of a ring of characteristic different from p. We recall first the argument of the non
degeneracy of ¢’. The support of an element in H of the form a = Zwe/%[; AwTws Aw € R, is defined to
be the set of all w such that A\, # 0 and its height, if a # 0, the minimal length of the elements in its
support. If a has height 0, then there is ¢t € Z in its support and ¢’ (aTt_l) # 0 so the right ideal generated
by @ is not contained in the kernel of §. If a has height & > 1, then there is s € S such that ar,, has
height k — 1. This is because there is wg € Ag in the support of @ with length k& and we choose s € S
such that ¢(wong) = ¢(wg) — 1. Then amy,_ is the sum

® of 3, ¢(w)>k+1 AwTwTn, Which has height > k if it is not zero (use (2.17) and (2.18)),

e of Zw,(((w):k,e(wns):Il(w)+1 AwTwn, Which has height k& + 1 if it is not zero,

e and of Zw,é(w):k,é(wns):k—l Aw(qsTwn, + Twen,) which has height & — 1 since A\yqs # 0 in R.
By induction on the height of a we obtain that the right ideal generated by a is not contained in the
kernel of §’. One would proceed the same way for left ideals.

It remains to check that ¢’ is symmetric that is to say that ¢'(7,7:) = §'(7.7w) for any z,w € Ag.
The identity is clear when x or w has length zero. Now suppose = = ng for some s € S and w has length

> 1. By (2.18) both 7,7y, and Ty, 7, are linear combinations of elements 7, with ¢(y) > ¢(w) — 1. So
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if £(w) > 2, we have & (7yTn,) = ¢’ (Tn,Tw) = 0. Now suppose w = ny for some s’ € S: if s # §', then
8 (TwTa,) = 6'(Tn, Tw) = 0; otherwise, 7,,Tn, = T3 = Tn,Tw SO these elements have the same image by &'
We conclude that ¢'(7,7;) = §'(727y) for any x,w € Ag by induction on the length of .
Note that that ¢’ is symmetric for any ring R (in a general context [54, Prop. 1.3.6]). It is only for its
non degeneracy that we need R to have characteristic different from p.

|

Notation 2.29. Let A, B, C be R-algebras, o : A — B and B : B — C morphisms of algebras. For any
left, resp. Tight, B-module m we let am, resp. ma, denote the space m with a left, resp. right, A-action
through the endomorphism o namely (a,m) — a(a)m, resp. (m,a) — ma(a). Note that, for a right
C-module m,

(mB)a=mpBoa as right A-modules
and for a left C-module m,

a(fm) = foam as left A-modules.

If D is an R-algebra and v : C — D a morphism of algebras, let m be a (B, D)-bimodule. Then we denote
simply by amy the (A, C)-bimodule a(my) = (am)y.

‘We attach to IM the choice of a pair (dn, tn) as in Proposition 2.27(1). Let j = ity or /,]1_\11. Let
m be a left, resp. right, Hpy-module m; by Remark 2.28(1), the structure of left, resp. right, Hp-module
of jm, resp. mj, does not depend on the choice of (dng, tny)-

Proposition 2.30. There is an isomorphism of (H,Hpp)-bimodules
(231) HOI’HH]M(H, H]M) = HL_lL]M

where the right action of Hy on the right hand side is via the embedding
Hy —2% H.
Proof. First recall that given a (Hp, H)-bimodule m, there is a natural structure of (H, Hyps)-bimodule on

- Homp,, (m,Hy) given by ((h, hw), f) — [m — f(m.h)hn],
- Homp(m, H) given by ((h, hm), f) — [m — h f(hn.m)],
- Hompg(m, R) given by ((h, hm), f) — [m+— f(hpr.m.h)].

We will check below the following properties. The map f + dp o f induces

(1) anisomorphism of right, resp. left, Hp-modules between Hpyy 22 Homy,, (Hpr, Hpyr ) and Hompg (epHp, R)

(resp. Hompg(Hpigt's R)),
(2) an isomorphism of (H, Hp)-bimodules between Homyy,, (H, Hy) and Hompg(enH, R).

and the map f +— 6 o f induces

(3) an isomorphism of (H, Hp)-bimodules between Homy (¢pHe, H) and Hompg (e H, R).
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Combining (2) and (3) gives an isomorphism of (H, Hy)-bimodules Homy (¢pHe, H) = Homyy,, (H, Hyy).

Now consider the natural bijection
Homy (enHe, H) — He bepy, f— f(1).

It is a morphism of (H, Hypy)-bimodules since (hfhn)(1) = h(f(hn-1)) = h(f(ena(hnr))) = A(f (107 e (hm)))) =
hf(1)e=t o upg(h) for (h,hy) € H x Hyy. This proves the Proposition provided we verify (1), (2) and
(3)-

We prove (1). We write the proof in the case M = G so as to avoid the multiple subscripts. The map
H — Homp(¢H, R) that we are studying is denoted by F in this proof. It sends h € H onto z — d(hx).
It is easy to see that it is right H-equivariant. It is injective since the kernel of § does not contain any
non zero left ideal (Prop. 2.27(1)). We need to prove that it is surjective. For any w € Ag, denote by
ew € Hompg(:H, R) the map sending 7, onto 1 € R and 7, onto 0 for all n € AG — {w}. These elements
form a R-basis of Hompg(¢H, R) and we need to prove that they all lie in the image of F. If w € Ag has
maximal length, then there is ¢ € Z such that wt = n,, and e, = F(1;). Now let k with 1 < k < {(w)
and suppose that e, lies in the image of F' for any w € Ag such that £(w) > k. Let v € Ag with
length £ — 1 and s € S such that ¢(nsv) = ¢(v) + 1 = k. By definition, the image of ey , under the
right action of ,, is the R-linear form e := ey, (™, —) which lies in the image of F' by hypothesis and
since F is right H-equivariant. We have e(7,) = 1 and we now prove that for x € Ag — {v}, if 7, is in
the support of e then z has length > k. Let © € Ag — {v} such that 7, is in the support of e. First
notice that we have ¢(nsz) = £(z) — 1. Otherwise we would have 7 7, = T, and v = x since z is
in the support of e, contradiction. Therefore, T 7, = Tﬁ,fn,:lz = (qsTn2 + Zzezg Cn, (Z)TZTns)TnS—IZ =
QsTn.z + ZzEZC Cn, (2)T2z. Since 7, is in the support of e, we have either n;z = nyv and = v which is
not true, or zxa: n,v for some z € Z/, and z has length k. It proves the claim. This shows that e is the
sum of e, and of e, for z € Ag with length > k. By induction hypothesis and since e lies in the image
of F', it implies that e, lies in the image of F'. We have proved that F' is surjective. The proof of the
isomorphism between H and Homp(H: ™!, R) is similar.

We now prove (2). By (1), the map f ~ &y o f gives a linear isomorphism Homg,, (Hpr, Hpy) —
Hompg(Hp, R). Recall that H is a free left Hy-module (Prop. 2.26). This implies that the map ¢ — dpo¢
defines a linear isomorphism Hompy, (H,Hp) = Homp(H, R). It remains to verify that it induces a
morphism of (H, Hp)-bimodules Homp,, (H, Hy) = Hompg(enH, R) which is immediate.

To prove (3), first notice that the map f — 0 o f induces a morphism of (H,Hyp)-bimodules from
Homp (¢enHe, H) — Homp(emH, R). Using (1) with IM = G, we know that for any element ¢ €
Hompg(H, R) there is a unique f € Homg (H, H) such that ¢ = d o f. But precomposing by ¢ =1 induces a
linear isomorphism Homy (H, H) — Homy (enHe, H) so o = 6o f o1~ where fo:~! € Homy (uyHe, H).

O

Remark 2.31. If R is a ring where p is invertible, we may attach to IM the non degenerate symmetric map
dpe - Hm — R as in Proposition 2.27(2) and the corresponding automorphism ¢y, of Hy is the identity.
We then have an isomorphism of (H, Hp)-bimodules Homyy,, (H, Hpy) 2 H.
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The strategy to prove this is the same as the one in the proof of Prop. 2.30 with &', &y, ¢/ and ¢y
instead of, respectively, d, dpr, ¢ and ¢py. All arguments go through immediately except for the analogous
of point (1) of that proof: we verify here that the map F’ : H — Hompg(H, R) sending h € H onto
x +— §'(hx) is surjective. We need to prove that e, (same notation as in the above mentioned proof)
lies in the image of F” for any w € Ag. If w has length zero, then e,, = F'(7,-1). Now suppose that
ey lies in the image of F’ for all w with £(w) < k. Let v € Ag with length & + 1 and s € S such that
{(ngv) = £(v) — 1. The R-linear form e := en,y.Tn, = €n.u(Tn,—) lies in the image of F’ by hypothesis
and since F” is right H-equivariant. Because p is invertible in R and using (2.18), we have e(7,) = ¢5 # 0.

In fact, still using (2.18) one easily checks that e = gse,. So e, lies in the image of F’.

Remark 2.32. Suppose that R is a field. Then the above results follow from the theory of Frobenius
algebras. We mentioned in (2.13) that (IM, By, A1, Ss) together with the decomposition By = ZUy
is a (strongly) split BN-pair of characteristic p [20, Def. 2.20]. The results of [52, Prop. 3.7] [47, Thm.
2.4],[20, Prop. 6.11] apply to the finite Hecke algebras Hyy. In particular, they are Frobenius. If R is
a field, then the proof of Prop. 2.30 simplifies greatly (by argument of dimension) and one can prove
in fact more generally that for m a (Hp, H)-bimodule there is an isomorphism of (H,Hyp)-bimodules
Homyp (¢epame, H) 22 Homyy,, (m, Hpy).

Remark 2.33. Prop. 2.27 (2) implies that if R is a field of characteristic different from p, then Hyy is
not only Frobenius but also symmetric. If R is a field of characteristic p, then Hypy is not symmetric in
general [47, Addendum to Theorem 24].

3. PARABOLIC INDUCTION FOR THE FINITE GROUP AND UNIPOTENT FINITE HECKE ALGEBRA

Let R be a commutative ring. For P a standard parabolic subgroup of G with Levi decomposition
P = MN, we consider the category Rep(IM) (resp. Rep(P)) of R-representations of M (resp. P),
that is, the category of left R[IM]-modules (resp. R[P]-modules ), and the category Mod(Hy;) of right
Hp-modules.

3.1. Parabolic induction and restriction for the representations of the finite group. For V €
Rep(IM), we consider the representation of G on the space Ind$ (V) of functions f : G — V such that
flmng) = m.f(g) for all m € M, n € IN and g € G. The action of G is by right translations, (g, f) —
f(.g). This define the functor of parabolic induction

Ind$ : Rep(IM) — Rep(G).

For V € Rep(G), we consider the representation of IM on the IN-invariant subspace VI which defines
a functor denoted by
()™ : Rep(G) — Rep(M)
and the representation of IM on the IN-coinvariant space Viy which defines a functor denoted by

(=) : Rep(G) — Rep(M).

Proposition 3.1. The functor Ind§ is faithful, exact, of right adjoint (—)N and left adjoint (—)x.
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Remark 3.2. The N-invariant and IN-coinvariants functors are more naturally defined on the category
Rep(P) of the R-representations of IP, where they are respectively the right and left adjoint functors of
the inflation Rep(IM) — Rep(P).

Proof. Although this property is well known we do not know a reference and we give a proof. By
Frobenius reciprocity, the restriction Rep(G) — Rep(IP) from G to P admits a left and right adjoint equal
respectively to the induction R[G]® gyp) — and to the coinduction Hompp)(R[G], —) [8, 2.8.2]. Here, R[G]
is seen as a right R[IP]-module for the induction and as a left R[IP]-module for the coinduction. It is well
known that the coinduction and induction functors Rep(P) — Rep(G) coincide ([8, §3.3]).

The parabolic induction Ind§ is the composite of the inflation infp : Rep(IM) — Rep(P) from M to
P and of the coinduction Rep(lP) — Rep(G). As the IN-coinvariant functor Rep(lP) — Rep(IM) and
the IN-invariant functor Rep(lP) — Rep(IM) are respectively the left adjoint and the right adjoint of the
inflation, the functor (=) is a left adjoint of IndS and the functor (—)N is a right adjoint of IndS. As a
functor with a left and a right adjoint, Indg is exact.
Lastly, it is easy to see that Ind$ is faithful since RG] is a free right R[P]-module. O

Remark 3.3. Suppose that R is a field and consider the contravariant endofunctor V — VY of Rep(G)
attaching to a representation V its contragredient representation VV = Hompg(V, R). We check that it
commutes with parabolic induction, i.e. for any representation V of IM we have a natural isomorphism
of representations of G:

Ind$(VY) — IndS(V)Y.
Let (., .): VY xV — k denote the duality between V and V. To an element ¢ € Ind$ (V") we associate

the linear map

Indg(V) = R, fr> Y (£(9), f(9))-

geP\G
This clearly defines an injective linear map Indg(VY) — (Ind§(V))Y. It is surjective: ® € (Indf(V))Y
is the image of the element ¢ € Indf(VY) such that (£(g),v) = ®(fpg.), Where fpy, € Indj(V) is the
function with support in Pg and value v at g.

Now to a representation V. € Rep(PP), we can also attach its contragredient representation VV =
Hompg(V, R). The contragredient of the IN-coinvariants of V and the IN-invariants of the contragredient
of V are functorially isomorphic representations of IM: there is a natural isomorphism of representations
of IM:

(3.1) (Vi)Y = (V)N

Denote by V(IN) the subspace of V generated by nv—uv for alln € IN,v € V. By definition, Viy = V/V(IN).
An element of VV is IN-invariant if and only it vanishes on V(IN). Therefore (Vi)Y ~ (VV)N. It is obvious

that the isomorphism is IM-equivariant and functorial.

3.2. Induction, coinduction and restriction for finite Hecke modules. We recall that Hy is
isomorphic to the subalgebra of H of basis (7y)we s, We consider the natural restriction functor

Resyj,, = — ®u H : Mod(H) — Mod(Hp)
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where H is seen as a (H, Hypr)-bimodule. For m a right Hp-module, we consider the induced H-module
m®p,, H where H is seen as a (Hp, H)-bimodule. This defines the functor of induction for Hecke modules,

which we will sometimes call parabolic induction by analogy with the definitions in §3.1:
Indjj, = — ®m,y H : Mod(Hp) — Mod(H).

It is left adjoint to Rcsgm. The space Homy,, (H, m) has a structure of right H-module given by (f, k) —
[f-h: 2+ f(hz)] and this defines the functor of coinduction for Hecke modules

Coindg]M = Hompy,, (H, —) : Mod(Hpn) — Mod(H).
It is right adjoint to Resy,,.

The functor Indg]M has a left adjoint because it commutes with small projective limits as the left
Hp-module H is free (Prop. 2.26). We denote it by

Lii,, : Mod(H) — Mod(Hy)
and describe it explicitly in the following proposition.

Recall that we attach to IM the choice of a pair (o, tm) as in Proposition 2.27(1). We refer to the
comments before Prop. 2.31.

Proposition 3.4. Let R be a ring. Let M/ := wMw 1.

The isomorphism of algebras Hpy ﬂ Hyy induces an equivalence of categories — L]KIIL : Mod(Hpy) —
Mod(Hpy) with quasi-inverse — 1™ iy : Mod(Hpy ) — Mod(Hpy).
The functors

— ®my H and Homy,, (H, — ¢3;'t) : Mod(Hn) — Mod(H)

are naturally isomorphic that is to say
Indgm = Coindgml (=t t)-
The left adjoint of the functor Indgl\I i
Lit, = (Resgy,, (=))¢ ™ enr : Mod(H) — Mod (Hpy).
In particular, LEM is an exact functor.
Proof. For A and B a right and respectively left Hy-module, we have a natural transformation
A ®p,, B — Homy,, (Homy,, (B,Hn), A), a®@b+— ¢ : f = af(b).

When B = Hyy and therefore when B is a free left Hy-module, it is clearly an isomorphism.
By Proposition 2.26, the left Hy-module H is free (of finite rank). It follows that the natural trans-

formation above when B = H yields an isomorphism of functors:
— ®u, H = Homp,, (HomH,M (H7 H]M)7 7) : MOd(Hn\/I) — MOd(H)
Combining this with (2.31), we obtain an isomorphism of functors Mod(Hp) — Mod(H)

- ®HIM H= HOmHM (HL71L]M, —)
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where we recall that the right action of Hp on Hi~liy is via the embedding Hyy QL—M» H. The
automorphisms ¢ and ¢y are described explicitly in Prop. 2.27(1). Let w (resp. wpy) be a lift in Ag
(resp. Ay) of the longest element w of W (resp. wpy of Wyp). We pick wip := W lwyw as a lift in
M of the longest element wypy of Wy, The corresponding automorphism ey of Hypyp as defined in
Prop. 2.27(1) then coincides with the restriction to Hyy of 1™ L.

For any right Hp-module m, have the following isomorphisms of right H-modules (see Notation 2.29):

Hompy,, (He Ly, m) 22 HOI’DL—l(HM)(HL_ll,]l\IL,mL) = Homy,, (HeYopge, me) Homp,,, (Hew, me)

= Homp,, (H,mu]}f,) = Homp,,, (H, mLﬂ(,Il t).

So the functors — ®m, H = Homy,, (H, —tpit) are isomorphic. O
Recalling that H is free as a left Hyj-module (Prop. 2.26), with the notations of Prop. 3.4 we have:

Corollary 3.5. The induction Indgm is faithful, exact, of exact right adjoint Resgm and ezact left adjoint

(RQSEM (=) o

Compare with the parabolic functor Ind§ for the group (§3.1) where the right adjoint (—)N and the
left adjoint (—)n are not always exact (see Prop. 3.11).

Remark 3.6. If R is a ring of characteristic different from p, then by Remark 2.31, we have an isomorphism
of (H, Hyp)-bimodules Homy,, (H, Hp) 2 H, so following the arguments of the proof of Prop. 3.4 we would
prove in this case that the functors Indg]M and Coindg]M coincide. In particular, Resg]M is not only the
right adjoint but also the left adjoint of Indgl\17 and we have LE}M = Resgm. This means that the pair

~

(Hy, H) is a Frobenius pair. Note that by Corollary 3.5, we also have Lij = = Resy, = (Resgm, (=) tem

Remark 3.7. Let M and IM’ as in Prop. 3.4. From the proposition, we also get the following isomorphism
of functors

o qH A7 qH —1
Coindy,, = Indy, (— tpy ¢)-

Denote by Trivg,,, respectively Trivy,,, the restriction to Hy, respectively Hyy, of the trivial character

of H as defined in Remark 2.24. Then one easily checks that Trive,, ¢y, t = Trivy,, and therefore
Coindyj, (Trive,,) = Indg , (Trive,, ).

Suppose that R has characteristic p. Then one checks that, in general, the right H-modules Indgw, (Trivy,, )
and IndgN(TrivH]M) are not isomorphic. (For example, when G = GL3(F,;) and R is a field of charac-
teristic p, we have II = {a1, as}. For {i,7'} = {1,2} let IM; the standard Levi subgroup corresponding
to {a;} and s; € W the corresponding reflection. We have M; = wM;w~'. Then Indj, (Triva,y,)
is a 3-dimensional vector space. As a right H-module, it has a 2-dimensional socle and the (;uotient of
Indgmi (Trive,,, ) by its socle is the character &1 — 1, e17,, + 0, E17n,, > —1 for H.) So if R has

characteristic p, then the functors Indﬁ}M and CoindgIM are not isomorphic in general.



PARABOLIC INDUCTION IN CHARACTERISTIC p 33

3.3. Commutative diagrams: parabolic induction and unipotent-invariants functor. Let P be

a standard parabolic subgroup of G with Levi decomposition P = IM IN.

3.3.1. The U-invariant functor and its left adjoint. Let R be a commutative ring. We consider the uni-
versal module Xp = indl%[]M (1). Recall from 2.6 that it is naturally a left Hp-module and a representation
in Rep(IM). When M = G, we write simply X instead of X¢. The functor

(3.2) — ®u X : Mod(H) — Rep(G)
is the left adjoint of the U-invariant functor
(3.3) Homg (X, —) = ()Y : Rep(G) — Mod(H).

It is therefore right exact and the functor (=) is left exact. The analogous definitions and statements
hold for (—)%™ and — ®,, Xn.

The functor — ®y X is left exact if and only if the H-module X is flat. In general, X is not flat over H:
if G = GL(n,F,) and R is a field of characteristic p, then X is a flat H-module if n = 2 and ¢ = p or if
n=3and ¢g=2. It isnot flat if n =2 and ¢ # p, if n =3 and ¢ # 2, and if n > 4 and ¢ # 2 ([44, Thm
B)).

Remark 3.8. Let R be a field of characteristic different from p. Then, the U-invariant functor and its
left adjoint have properties coming from the existence of an idempotent e of R[U] such that VU = eV
for V € Rep(G). In particular, the functor (—)V is exact. Moreover, it admits a right adjoint because it
commutes with small direct sums ([61, Prop. 2.9]). We have X = eR[G] and H = eR[G]e. The functor
—®u X is fully faithful because it has a right adjoint and the map M — (M®g X)Y = M®.g(¢)c eR[G]e is
a functorial isomorphism in Mod(H) ([34, Prop. 1.5.6]). If — ®y X admits a left adjoint, then it is exact.
Let Rep(G)' be the full subcategory of Rep(G) of representations generated by their U-fixed vectors.
The following properties are equivalent:

(1) (—)Y is fully faithful,

(2) (=) : Rep(G)F — Mod(H) is an equivalence of categories of quasi-inverse — ®@g X,

(3) — ®g X : Mod(H) — Rep(G)T is an equivalence of categories of quasi-inverse (—)Y,

(4) the category Rep(G) is abelian.
The equivalences between (1), (2), (3) follow from [61, Prop. 2.4], the equivalence with (4) follows
from [62, §1.6.6]. The properties (1), (2), (3) and (4) are not satisfied already for G = GL(2,F,) if
¢> —1 = 0 in R, because the representation Indgl generated by its U-invariants has length 3 [33] and
dimR(Indgl)U = 2. When R is an algebraically closed field of characteristic p, it is proved [44, Prop.
2.13] (based on work by Cabanes in [19]) that the above conditions are equivalent to X being flat over H.

When R is a field, let Rep’ (G) denote the full subcategory of Rep(G) of all finite dimensional repre-

sentations.

Remark 3.9. Suppose that R is a field. We recall that a finite dimensional representation of Rep(G) is
projective in Rep(G) if and only if it is projective in Rep’ (G).
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Proof. This is a general and straightforward property. It is obvious that a projective objet of Rep(G)
which is finite dimensional is projective in Rep (G). Conversely, let P be an object in Rep/ (G) and a
surjective R[G]-equivariant morphism 7 : R[G]* — P for some s > 0. If P is projective in Rep’ (G), then
this surjective morphisms splits and P is a direct summand of the free module R[G]*. So P is projective
in Rep(G). O

Lemma 3.10. If R is a field of characteristic p and U # {1}, then X is not a projective object in
Rep’ (G).

Proof. We use the results of modular representation theory of finite groups recalled in [46, §4]. We
suppose that R is a field of characteristic p. Recall that U being a p-group, the trivial representation
is its unique irreducible representation and R[U] is the only principal indecomposable module in the
category Rep(U) of all R[U]-modules. This implies that for any finite dimensional projective object P in
Rep(G), the dimension of P is equal to the product of |U| by the dimension of the U-invariant subspace
PU ([46, Cor. 4.6]). If X were projective, its dimension would be |U||A4g|. But the dimension of X is
strictly smaller than |U| [.4¢| because it is the sum over w € Ag of all |[U\UwU]|, we have |U\UwU| < |U]|
the integer |U\UwU] is equal to 1 when w =1, and U # {1}. O

Proposition 3.11. If R be a field of characteristic p and U # {1}, then

- The U-invariant functor (—)V (resp. the restriction of (—)V to Rep’ (G)) is not right exact.
- The U-coinvariant functor (—)u (resp. the restriction of (—)u to Rep’ (@)) is not left ezact.

Proof. That the restriction to Rep’ (G) of the U-invariant functor is not right exact follows immediately
from Lemma 3.10. This implies that the U-invariant functor is not right exact. For the second point, note
first that the contragredient functor is a contravariant involution of Rep’ (G) exchanging the U-invariant
functor and the U-coinvariant functor in the sense of (3.1). Therefore, the restriction of the U-coinvariant
functor to Rep’ (@) is exact if and only if the restriction of the U-coinvariant functor to Rep’ (G) is exact.
We deduce that the restriction of the U-coinvariant functor to Rep’ (G) is not left exact which implies

that of the U-coinvariant functor is not left exact. O

Remark 3.12. By Prop. 3.11, if R is a field of characteristic p and U # {1}, then (—)U does not have a
right adjoint.

3.3.2. On the U-invariants functor in characteristic p. In this paragraph, R is a field of characteristic p
which we suppose algebraically closed. This ensures that the simple H-modules are 1-dimensional ([52,
Lem. 3.13]). By work of Carter and Lusztig [22], the functor (3.3) induces a bijection between irreducible
R-representations of G and simple H-modules.

Since R has characteristic p, every non zero representation V € Rep(G) has a non zero U-fixed vector.
Furthermore, the irreducible representations of G are finite dimensional. Therefore, considering Mod” (H)
the category of finite dimensional H-modules and Rep’'Y(G) the full subcategory of Rep(G) of the finite
dimensional representations generated by their U-invariant subspace, it is natural to ask if (3.2) and (3.3)

are quasi-inverse equivalences of categories between Mod/ (H) and Rep”Y(G).
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The answer is no in general. However, Cabanes described in [19] an additive subcategory B(G) of
Repf (G) which is equivalent to Mod/ (H) via the functor (3.3). In [44, Prop. 2.13] it is proved (in
the setting of GL(n,F,) but the proof is general) that B(G) and Rep”V (@) coincide if and only if X
is a flat H-module. Compare with Remark 3.8. We recalled in §3.3.1 flatness conditions for X when
G = GL(n,Fy).

3.3.3. Commutative diagrams: questions. We study the connection between the functors of induction for
Hecke modules and for representations via the functors (3.2) and (3.3) and their analogs for M. We
examine the following questions.

Question 1. Does the U-invariant functor commute with parabolic induction: is the following diagram
commutative?

(—)¥m

Rep(M) ——— Mod(Hyp)
(3.4) Indﬂ Indl l

Rep(G) SN Mod(H)

Passing to left adjoints, this is equivalent to asking whether the following diagram is commutative:

Mod(H) —2%  Rep(@)
(3.5) LE, | (—)x |

— @y X
Mod(Hy) —— Rep(M)

We answer this question positively in §3.3.4 (Proposition 3.13) for an arbitrary ring R. In passing, we
will consider the functor T : Rep(IM) — Rep(M) sending a representation V onto the subrepresentation
generated by the U -fized subspace VO™ (and likewise for 1 : Rep(G) — Rep(G)). We show (Proposition
3.16) that Ind§ and { commute.

Question 2. Does the U-invariant functor commute with the right adjoints of parabolic induction: is the

following diagram commutative?

Rep(@) ——5  Rep(IM)
(36) (_)Ul (_)Uml
Rcsg]M

Mod(H) ——— Mod(Hpy)
Passing to left adjoints, this is equivalent to asking if the following diagram is commutative:
— @y X
Mod(Hy) —™, Rep(MM)
(3.7) Indgm l Indgi

Mod(H) —28%  Rep(G)
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We answer this question positively in §3.3.4 for an arbitrary ring and describe the natural transformations
corresponding to (3.7) in (3.10) and (3.11).

Question 3. Does the U-invariant functor commute with the left adjoints of parabolic induction: is the

following diagram commutative?
Rep(G) BSLIN Rep(M)
(3.8) (-] (=)0 |

LII
Mod(H) —2s Mod(Hpy)
The answer is negative in general, but positive if R is a ring in which p is invertible (Proposition 3.17

and comments following it).

3.3.4. Commutative diagrams: answers. The answer to Question 1 is positive when R is an arbitrary

ring:

Proposition 3.13. For any representation V. € Rep(M), there is a natural isomorphism of right H-
modules
VU @, H 2 (Indg (V) Y.

Corollary 3.14. The diagrams (3.4) and (3.5) commute.

The isomorphism of Proposition 3.13 is given by the map (3.9) below. We prove the proposition after

the following lemma.
Lemma 3.15. (1) The R-module (Ind$ (V)Y is generated by all

f PdU,v
where v (resp. d) ranges over VO™ (resp. over MW) and fpiu,w is the unique U-invariant
function in Ind$ (V) with support PAU and value v at a chosen lift d of d in Ng.

(2) Forve VU gnd d € MW, we have fedv.e = fPaTy
(3) Forve VU™ and w € My, we have fp oTw = fp .

w

Recall that for W a G-representation, f € WY, w € Ag, and UwU = U, Uwz a decomposition in

simple cosets with z ranging over U N w™*Uw\U, we have fr, = . (wz)"'f.

Proof. (1) Let V denote in this proof the representation V trivially inflated to a representation of PP.
By Lemma 2.15(1), a function (Ind§(V))V is a unique linear combination of U-invariant functions with
support in IPcZU, for d € MW. A U-invariant function with support in PdU is determined by its value at
d which is an element in VPNdUd™" = yUn by Lemma 2.15(1)(b).

(2) For v € VU and d € MW, the function fp,»7; is U-invariant with support in PdU and value at d
equal to v because dUd—nP cU by Lemma 2.15(1)(b). Therefore fp ,7; is equal to the function fIPJU,v
defined in (1).
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(3) Let w € . Note that UwU = UwiNUpy = UwUypy since w € M normalizes IN. Let UpwUypy =
U, Unwu be a disjoint decomposition in simple cosets with u ranging over Up N wilU]Mw\U]M. Then
UwU = UwUp = U, Uwu and the union is disjoint because (w™Uw)NUp = (w™ ' Upww ™ Nw)NUpy =
(w™ ' UpwN) N Uy = (w™ ' Upw) N Upy. It proves that for v € VU the U-invariant function fpwTw has

support in P and value at 1 equal to v7M.

O

Proof of Proposition 3.13. The map
(3.9) VU @y, H— (Ind§(V)Y, 0 @ h s fp b

is a well defined morphism of right H-modules. By Proposition 2.26, the vector space VU™ ®p, H
decomposes as the direct sum of all VO @ 74 for d € MW. For v € VU and d € MW, the image of
v ® 75 is equal to fp4y, by Lemma 3.15(2). This implies that the map is injective since G = L. The

map is surjective by Lemma 3.15(1). O
Proposition 3.16. For V € Rep(M), there is a natural isomorphism of representations of G:
(Ind$(V))t = md§(vT).

Proof. Tt is easy to see that the representation Indg (V1) is generated by the functions of the form fp , for
v € VU g0 in particular it is generated its U-invariant subspace. The natural IM-equivariant injection
Vi — V induces, by exactness of the functor Ind$, a G-equivariant injection IndS (V1) — IndS (V)
whose image is contained in (Ind$(V))T. Its image is exactly (Ind$ (V) by points (1) and (2) of Lemma
3.15. -

The answer to Question 2 is positive when R is an arbitrary ring:

The composition
Rep(G) — Rep(IM) — Mod(R), V — VN s (V)
coincides with
Rep(G) — Mod(H) — Mod(R), V — VY — Resyj (V")

because U is the semidirect product Up x IN. For v € VU, denote by ¢, : X — V (resp. ¢>£V[ XM — V]N)
the G-equivariant (resp. IM-equivariant) map sending 1y (resp. 1y, ) to v. If &y denotes the M-
equivariant inclusion Xy — X described in (2.29), the map ¢M coincides with the restriction of ¢, o &y
to Xp; — VI, The right action of h € Hy on v seen in (V)P is given by ¢M(h). The right action of
h € Hiy on v seen in ResglM (VY) is ¢, (ém(h)). Therefore the identity map is an isomorphism of right
Hp-modules (VN)Un o Resgm(VU).

Therefore, the diagram (3.6) commutes and so does (3.7) by adjunction. We now describe a natural
transformation between Indgm(—) @n X and Ind (— @p,, Xpr). Let m be a right Hy-module. There is a

natural Hy-equivariant map

U
m— (m QHy X]M) Mom = m 1yy,.



38 RACHEL OLLIVIER AND MARIE-FRANCE VIGNERAS

where, for Y a set, 1y denotes the characteristic function of Y. Using Proposition 3.13 and adjunction,

we have a morphism of right H-modules

m @py H — (m @y Xont) Y™ @1y H 2 (Indf (m @1y, X))V
and a morphism of representations of G
(3.10) Indj] (m) ®p X = m @, X — Indf (m @, Xiv)

sending m ® 1y onto the function flp,m®1U]M with support in P and value m ® 1y,, at 1. On the other

hand, the natural Hy-equivariant map
m — Resil (m @, X)V) = (m @, X))
induces a morphism of representations of IM
m ®p, X — (M @y, X)N
which in turn by adjunction (Prop. 3.1) induces a morphism of representations of G
(3.11) Indg (m @, Xnp) — m @y X = Indjj (m) @5 X
and one checks that (3.10) and (3.11) are inverse to each other.

We study Question 3. We will show the following: if R is a field of characteristic different from p,
then the answer is positive. (recall that in that case Ly, = Reng by Remark 3.6); if R is a field of
characteristic p, then the answer is negative.

Proposition 3.17. Suppose that R is a ring in which p is invertible. Let V be a representation of G.

Then we have an isomorphism of Hn-modules
(V)0 ~ Resg]M VY.

Proof. Themap V — Vi, v +— v mod V(IN) restricts into an isomorphism VN — Vi of R-representations
of M [54, 1.4.9 Prop.]. It gives by restriction an isomorphism of right Hy-modules (VI)Un — (V)Un, To
conclude, recall that as a right Hy-module, (VN)U is isomorphic to Resgl\I (VY) by the commutativity
of (3.6). O

Suppose that R is a field of characteristic p. When P = B, we have M = Z, Uy = {1}, N =T
and the Hecke algebra Hz is naturally isomorphic to the group algebra R[Z]. Via this identification, the
second vertical map of the diagram (4.13) is the natural equivalence between Rep(Z) and Mod(R[Z)).
Since L{l and the U-invariants functor are left exact, the commutativity of the diagram (4.13) would
imply the left exactness of (—)y. This contradicts Prop. 3.11 when U # {1}.
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4. PARABOLIC INDUCTION FOR THE p-ADIC GROUP AND THE PRO-p IWAHORI HECKE ALGEBRA

Let R be a commutative ring. For P a standard parabolic subgroup of G with standard Levi de-
composition P = M N and corresponding to the subset J C II, we consider the category Mod(#) (resp.
Mod(Hwm)) of right H-modules (resp. Ha-modules) and the category Rep(G) (resp. Rep(M)) of smooth
R-representations of G (resp. M): a smooth R-representation of G is a R-module endowed with a R-linear

action of G such that the stabilizers of the points are open subgroups of G.

4.1. Parabolic induction and restriction for the representations of the p-adic group. For
V € Rep(M), we consider the representation of G on the space of functions f : G — V such that
f(mng) = m.f(g) for all m € M, n € N and g € G, the action of G being by right translation (g, f) —
f(.g). Its smooth part is denoted by Ind§ (V). This defines the functor of parabolic induction

Ind§ : Rep(M) — Rep(G).
It is exact and faithful [61, this follows from (5) and (6)]. It has a left adjoint: the N-coinvariant functor
(4.1) (=)x : Rep(G) — Rep(M)

which associates to V the representation of M on the coinvariant space Vy [54, 2.1 Remarque]. It has a
right adjoint [61, Prop 4.2] which we denote by

RS : Rep(M) — Rep(Q).

4.2. Induction, coinduction and restriction for pro-p Iwahori Hecke modules. We identify Hy+
and Hy;— with their respective natural images in H via the linear map 6 and 6* respectively (§2.5.2). For
m a right Hy-module, we consider the induced H-module

m @y H

M+ ,0
where the notation Hyr+ ¢ is a reminder that we identify Hy+ with its image in H via 0. We will also
denote this module by Ind;_'fM (m). This defines a functor called (parabolic) induction for Hecke modules

(4.2) Ind}l = — @4, , H : Mod(Hn) — Mod(H).

The space

Homgy,, . (H,m),
where the notation Hy;- ¢~ is a reminder that we identify Hy;- with its image in H via 6%, has a structure
of right H-module given by (f, h) — [f.-h: z — f(hz)]. We will also denote this module by Coind%M (m).
This defines the functor of (parabolic) coinduction for Hecke modules

(4.3) Coind};  := Homy (H,—) : Mod(Ha) — Mod(H).

M= o

Let w denote as before the longest element of W and wyy the longest element in Wp. As in Proposition
2.27, we pick lifts w and wyy for these elements in Ag and Ay respectively. Recall (see (2.10)) that Ag
(resp. ) identifies with a subgroup of W(1) (resp. Wy(1)) and we may therefore consider w (resp.
wn) as a element in W(1) (resp. Wy(1) € W(1)). We have automorphisms of R-algebras

CiH = H, T = Tarww— forw € W(1)  and uy : Hy — Hu, Tw — T 1 for w e Wy (1)

WNWWh
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whose restrictions to the finite Hecke algebras, H and Hy; respectively, coincide with ¢ and ¢y defined
in Proposition 2.27. Let M’ := wMw!. It is the Levi subgroup of the standard parabolic subgroup
P’ corresponding to w.J C II. Note that w—!wy is a lift for wwy € W (the latter is denoted by w!
in [66] above Definition 1.7). We have an R-algebra isomorphism 1! ot : Hy — Hy (compare with
[66, Prop. 2.20]). It induces an equivalence of categories — ty;'t : Mod(Hy) — Mod(Har) with inverse
— 1"ty : Mod(Harr) — Mod(Hwm). By [66, Theorem 1.8], we have an isomorphism of functors (compare
with Prop. 3.4):

(4.4) IndzM = CoindzM, (— 4y

Using (4.4) and the classical properties of induction and coinduction ([66, §3]), one obtains ([66, Thm
1.6 and 1.9]):

(1) The induction functor IndzM is faithful and exact. It has an exact left adjoint denoted by L%M
and the functor

(4.5) R¥, = Homy (Hyn @2, , H.—)

Mt .6

as a right adjoint.

(2) If m is a Hy-module which is finitely generated over R, then IndzM (m) is finitely generated over
R.

(3) Suppose that R is a field, and let m be a H-module which is finite dimensional over R. The image
of m by the left (resp. right) adjoint to Ind%M is finite dimensional over R.

Note that the left adjoint of the induction is exact because it is given by a localization at a central
element [66, Theorem 1.9]. Analogous results about the coinduction functor hold ({66, Cor. 1.10]).

Let m be a #-module. We have R} (m) = Homy,  ,(Hy, m) and we recall that Hy = Hyp+ [771]
is a localization of Hy+ at a central element 7 (§2.5.2). The map f +— f(1) is an homomorphism from

Homy (Hm,m) to the submodule Nyenm (7)™ of infinitely 6(7)-divisible elements of m. When m

M+,

a noetherian R-module, this map is bijective ([5, Lemma 4.10]). Therefore (3) for the right adjoint to
Ind%M is a particular case of:
(4) Let m be a H-module which is noetherian over R. Then RzM (m) is finitely generated over R.

Remark 4.1. We have an isomorphism of R-modules

P =, (m

deMwW
given by (mq)gemw — Y genw Ma ® 75 ([66, Rmk. 3.7], see also [41, Prop. 5.2] when G = GL,,(F) and
R an algebraically closed field of characteristic p).

Remark 4.2. (1) The functor L} is explicitly described in [66, Thm. 1.9]: from (4.3) and (4.4) we

get an isomorphism

(4.6) L%M >~ (- ®H(M,)719* 7’[1\/[/)L_1LM.
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(2) Abe has recently proved [3, Prop. 4.13 (2)] that the coinduction functor Coind%M is isomorphic to

Homs, (H, —13'1). Applying (4.4), this means that Homy,, . (H,—) is isomorphic to the

)t,ex

induction functor IndzM = — Qx H ~ HomH(M, (H,— LK/Il t) where the notation Hyr+ g«

M+ ,6 )= ,0%

is a reminder that we identify Hy;+ with its image in H via 6*. This implies that we have an
isomorphism of functors

(4.7) L. & — @, ,. Hu

M+, 6%

4.3. Commutative diagrams: parabolic induction and the pro-p Iwahori invariants functor.

4.3.1. The functor of U-invariants and its left adjoint. We consider the universal module Xy = ind%M (1)
introduced in §2.5.1. It is naturally a left H{y-module and a representation in Rep(M). Recall that when
M = G, we write simply X = ind{;(1) instead of X¢. The functor

(4.8) — @y X : Mod(H) — Rep(G)

is the left adjoint of the U-invariant functor

(4.9) Homg (X, —) = (=)% : Rep(G) — Mod(H).
It is therefore right exact and the functor (—)U is left exact.

4.3.2. On the functor of U-invariants in characteristic p. Suppose that R is an algebraic closure of the
residue field of F. The functor (4.9) has been studied in the case of G = GLg2 and in the case of G = SLy
([40], [37]). It yields an equivalence between the category of representations of G = GL2(Q)) (resp.
G = SL3(Q,)) generated by their U-fixed vectors and the category of H-modules. This equivalence fails
when G = GLy(F) for F # Q,. Although it has not been studied in general, it is expected to fail for
groups of higher rank: for example, the functor (4.8) is not exact when G = GL3 and p # 2 ([45]).

Remark 4.3. For m € Rep(G) admissible, 7 irreducible does not imply 7%t irreducible. Counter examples
are constructed in [14] in the case of G = GLg(F) where F is a strict unramified extension of Q.

4.3.3. Commutative diagrams: questions. We study the connection between the functors of induction for
Hecke modules and for representations via the functors (4.8) and (4.9) and their analogs for M. We
examine the following questions.

Question 4. Does the U-invariant functor commute with parabolic induction: is the following diagram
commutative?
(m)tm
Rep(M) ——— Mod(Hm)
(4.10) Indgl Ind J
Sk
Rep(G) —— Mod(H)

We answer this question positively in §4.3.4 (Proposition /.4).
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Question 5. Does the U-invariant functor commute with the right adjoints of parabolic induction: is the

following diagram commutative?

Rep(G)
(4.11) (-] (=) |

R, =Homu (Hm@wn

Rep(M)

M+,6H -

Mod(H) Mod(Hwm)

Passing to left adjoints, this is equivalent to asking whether the following diagram is commutative:

Mod(Har) — ™M Ren(M)

(4.12) nd}t Indf |

Mod(H) —2*X , Rep(G)
We answer this question positively in §4.5.4 (Corollary 4.7). In passing, we will consider the functor

1 : Rep(M) — Rep(M) sending a representation V onto the subrepresentation generated by the Uy -fized
subspace VI (and likewise T : Rep(G) — Rep(G)). We show (Corollary 4.8) that Ind§ and t commute.

Question 6. Does the U-invariant functor commute with the left adjoints of parabolic induction: is the
following diagram commutative?

Rep(G) S oL SN Rep(M)
(4.13) (-] (=) |

LEI\T
Mod(H) _— Mod(Hnm)
We recall that the left adjoint to Ind%M is described in Remark 4.2. The answer is negative in general

as we show in Corollary 4.13 where we work with G = GL2(Qp), M =T and R is a field of characteristic
p. But when R is a field of characteristic different from p, we prove in Proposition /.11 that the answer

18 positive.

4.3.4. Commutative diagrams: answers. The answer to Question 4 is positive. We prove that the

diagrams (3.4) and (3.6) commute by proving the following result.

Proposition 4.4. For any representation V € Rep(M), there is a natural isomorphism of right H-
modules
Ind} (V) = VI @y H = (Indg (V)™

The isomorphism of Proposition 4.4 is given by the map (4.14) below. We prove the proposition after
the following lemma. Here we consider MW as a subset of W and fix a lift d € M;NXK for each d € MW.

Lemma 4.5. Let V be a representation of M.
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(1) The R-module (IndS (V)Y is generated by all

deu,v

where d (resp. v) ranges over MW (resp. VUM ) and fo5,, denotes the unique U-invariant
function in Ind$S (V) with support PdW and value v at d.

(2) Forve V™ gnd d € MW, we have feau.e = fruoTy

(3) Forve V'™ and w € Wyt (1), we have fpiio Tw = TP ory-

Proof. These results are proved for G = GL(n,F) in [41, 6A 1,2 and 3] and for G split in [42, §5.5.1 and
5.5.2]. We recall the arguments here and check that they are valid for general G. They are similar to the
ones in the proof of Lemma 3.15.

(1) By Lemma 2.15(2), a function (Ind$ (V))¥ is a unique linear combination of U-invariant functions
with support in Pczu, for d € MW. Denote in this proof by V the representation V trivially inflated to a
representation of P. A U-invariant function with support in PdU is determined by its value at d which is
an element in VPNIUd™" — YUMN — vl by Lemma 2.15(2)(c).

Now recall that for X a representation of G, and f € XY w ¢ W(1), if UdU = U,Udx is a de-
composition in simple cosets with @ ranging over (U N @~ 'Uw)\U, then we have fr, = > (dx)71f.
Using this we check (2): for v € VW and d € MW, the function fPu,wT; is U-invariant with support in
PdU and value at d equal to v because dUd~' N PU C U by Lemma 2.15(2)(b).

Point (3) is a direct consequence of Lemma 2.16(1). O

Proof of Proposition /.4 . Analogously to the proof of Proposition 3.13, consider the morphism of right

H-modules
(4.14) VI @y H = (Indg (V)Y, v@h = feuh.

It is well defined by Lemma 4.5(3). By Remark 4.1, the vector space V! ®34,,, H decomposes as the
direct sum of all VUM T;ford € MW, For v € VU™ and d € MW, the image of v ® 7; is equal to fP&va
by Lemma 4.5(2). This proves that the map is bijective by Lemma 4.5(1) and its proof. O

We now answer Question 5 positively by proving that the diagram (4.12) commutes. Let m be a
right Hy-module. The natural morphism of right Hyr-modules m — (m ®7,, Xym)U™M, m — m @ 1y,
induces a morphism of right H-modules

Ind%M (m) =mQy H— (m Otm XM)uM On H= (Indg (m Oy XM))U'

M+, Mt .60

(the isomorphism comes from Proposition 4.4). By adjunction, this in turn induces a G-equivariant map
(4.15) Ind¥ (m) @y X — Indg (m @y, Xu)

sending m® Iy € m®y X to fpu,,,L@luM with the notation in Lemma 4.5. Our goal is to prove that
(4.15) is an isomorphism which will prove that (4.12) commutes.
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In the case when m = Hy, note that the space Indg (XMm) is naturally endowed with a structure of
left Hy-module which commutes with the action of G: the image hf of f € Indg (XMm) by h € Hy is
given by (hf)(g) = hf(g) for g € G. In this case, (4.15) is the G-equivariant and left Hyj-equivariant

map
(4.16) Hu @,y , X — Indg (Xup)
sending 1 ® 1y € Hm ®HM+,6 X to fpu71ILM.

Proposition 4.6. The map (4.16) is an isomorphism of representations of G and of left Hyr-modules.
Before proving the proposition, we draw two corollaries.
Corollary 4.7. For any m € Mod(Hy), the G-equivariant map (4.15) is an isomorphism.

Proof of Corollary 4.7. By [30, Lemma 7.7], the canonical G-equivariant map

(4.17) m @, Ind§ (Xpp) — Ind§ (m @44, Xor)
is an isomorphism. Tensoring the isomorphism (4.16) by m and composing with (4.17) gives the composite
isomorphism
m @y, , X — m @y, Indp (Xy) — Indp (m @ Xr)
which coincides with (4.15). O

The notation t was introduced after (4.12). We have:

Corollary 4.8. For V € Rep(M), there is an isomorphism of representations of G:
(Ind$ (V)T 22 Ind§ (V).
The representation V € Rep(M) is generated by its Upni-invariant subspace if and only if the representation

Ind$ (V) € Rep(G) is generated by its U-invariant subspace.
Proof. Let V € Rep(M).

e The representation (Ind§(V))T is the image of the natural G-equivariant morphism
(4.18) (Indg (V)" @3 X = Indg (V), @1 f,

corresponding by adjunction to the identity map of (IndS(V))u. By Proposition 4.4, the H-equivariant
map
VI @y, , H = (Indg (V)H

sending v®1 onto fpy, is an isomorphism. It induces an isomorphism VI @4, X — (Ind$ (V)Y @y

M+ ,6

X. Composing the latter with (4.18) gives the G-equivariant map
(4.19) yUnm Oy, X Indg (V), v®1lyu~ feue.
which has image (Ind§ (V))1.

o The representation V1 is the image of the natural M-equivariant morphism

(4.20) v VI @y Xy =V, v @1y, — o
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corresponding by adjunction to the identity map of VI, By right exactness of the functor Indg7 the

map (4.20) induces a G-equivariant map
(4.21) Ind§ (pv) : IndS (VI @4 X)) — IndS(V),  f = oyof.

which has image Indg(VT). By Corollary 4.7, we have a G-equivariant isomorphism VU @, .0 X =
IndS (VI ®4,,, Xy) that sends v ® 1y onto fPuve1y,, - Composing the latter with Ind§ (py) gives the

G-equivariant map

(4.22) VI @y X = Indg(V),v® 1y = foue.

mt,0
which has image Ind§ (V7).

e Since (4.19) and (4.22) coincide, we proved that the two subrepresentations IndS (V1) and (Ind§ (V) of
Ind$ (V) coincide. This will implies the second statement Ind$ (V1) = IndS (V) is equivalent to VI =V,
as the functor Ind$ is exact and faithful [61, this follows from (5) and (6)]. O

We now prove Proposition 4.6 via the following lemmas. First we prove the surjectivity of
(4.16) Hu @3y, , X — Indg (Xn), 1@ lu = fery,,
in Lemma 4.9. Its injectivity is proved in Lemma 4.10.
Lemma 4.9. The map (4.16) is surjective.

Proof. This is a direct consequence of [30, Lemma 6.3] (which is valid for smooth representations over a
commutative ring) as we explain now. Let ¢t € T be a central element in M satisfying —a(#(¢)) > 0 for all
a € B =% (see Remark 2.11). We denote its by g+ its image in Ay+ (1) € Wy (1). Then Indg (Xa)
is generated as a representation of G by the functions f,,, n € Z with support PU = PUyer and respective
value t~"1y,, on Uner. Note that such a function is U-invariant: for k = kTkok™ € U = UnUpUnor, we
have fp(k) = ko.t "1y, =t "1y = fn(1) since ¢ in central in M. Since t™"1y,, = (Tﬁiﬁ)” seen as an
(7'})/1[VI+ )anuﬁluM. By definition, this element is in
the image of (4.16). O

element of Xy, we have in fact f, = fpy (rn =
NG

Lemma 4.10. (1) The set UMTXK is the disjoint union of all UMFAU for d € MW.

(2) Let Y be the set the functions in X with support in UMTX. The restriction to Y of the G-

equivariant map
F: X — Indg(XM), lu — fPuyluM

s 1njective.

(3) For any element x € X, there is r € N such that i@ €Y, where pa+ € Wiy (1) was defined
in the proof of Lemma 4.9.

(4) The map (4.16) is injective.

Proof of Lemma 4.10. Proof of (1). Compare this proof with [41, Lemma 2.4]. Recall that W{(1) =
(M NXK)/Z" € W(1) and we denote by Wy, (1) the subgroup (A N XK)/Z' of W(1). We may see
MW defined in Lemma 2.12 as a system of representatives of the right cosets Wy, 4(1)\W(1). We have
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UMTK = UWy+ (DHUWH(1U = UW i+ (1)U W5 (1)U The last equality follows from U = UnUpnUnes,
from kUyork™! C U for k € K and the fact that Wyt (1) normalizes Uy. Hence

UMFK = UgenpUWyrs (1)Unt Wiy o(1)dU C Uy UM UL
The inclusion in the other direction UgenmyUMTdU C UMTX is obvious. To prove that the union is
disjoint, we first write UMtTdU = UWM+(1)UJU for d € MW. By Lemma 2.14, the latter is equal to
UWM+(1)JU. This proves that UM*dU is the disjoint union of all UwdU for w € W+ (1) and that the
sets UM™dU are disjoint when d ranges over MW .

Proof of (2). By (1), the space Y decomposes as the direct sum of the subspaces Y of the functions with
support in UM+CZU, for d € MW. The image of Yq under F is contained in the subspace of the func-
tions in Ind$ (Xy;) with support in PUM*tdU. The set PUM*TdU = PUW .+ (1)UdU is PUJU by Lemma
2.16(1). Therefore, F(Y4) is contained in the subspace Indg(iu (Xy) of the functions in Ind$ (Xy;) with
support in PdU. Using Lemma 2.15(2), the restriction to Y of F' is injective if and only if its restriction
to each Y, is injective.

Let d € MW. By Lemma 2.16(3) (and the proof of point (1) above), the set UMTdU is the disjoint
union uwuwdu = I_Iw,m,uw,yuwxuszy for

(423) w € Wy+ (1), x € ’LZ)iluMlZ) N rl,(]\/[\ﬁl,(M7 Uy € (’Lf)z')iluww n uNop\uNup, yelun d’lud\u

We may write an element g € Y, as a R-linear combination

g= Zgyv with Gy = Z )‘w,m,um,yluwwux(jyv /\w,z,uw,y €R
Yy W, T Uy

with w, z,u, as in (4.23). By Lemma 2.16(2), the set PdU is the disjoint union uyPUCZy and note that
F(gy) is the component of F'(g) with support in PUdy. Suppose that F(g) =0. Then F(g,) = 0 for any
y. We admit for a moment that for u € Uner and w € W+ (1), z € Uy, uy € Unor, y € U we have the
following formula
R 1yywe if Uzu, = Ubzu
(4.24) [F(lumzuwjy)](Udy) = " .
0 otherwise.
Then for y as above and u € Unor we have [F(gy)](ucfy) =D s Awzue.yligws for w € Wy (1),
2 € W UnwNUn\Uys , and u,, the only element in (wz) ™' Uz N Uyor \Unor such that Uibzu, = Ubzu.

w,T

This proves that Ay 4.4,y = 0 for all w, z, u., y.
Proof of (4.24): Recall that f := F(Ly.,. 4,
PUdy by Lemma 2.16(1), and we have f(udy) = Py, (u(wrug)~h). If Udru, = Udwzu, then
Wwruz,u"! € Wbz and f(udy) = fpuyluM((ﬁ;quu*I)*l) = fPu,luM((ﬁ)iU)il) = (wr) 1y, = luyes
If Uzu, # Uzu, then u ¢ PUdau, by Lemma 2.16(1) and therefore f(udy) = 0. This proves (4.24).

) = fpuyluM(.(wxuszy)*l) has support in PUwzu,dy C

Proof of (3). The idea of the argument comes from [48, Lemma 12 p.80] where G = GL(n, F). A
version of it in the case when G is split can be found in [31, Lemma 2.20] and in the general case in
[30, Lemma 6.2]. From the proof of the latter we get that (G, B, 4G) is a generalized Tits system. It
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follows that G = BZKX = UZX and it is enough to prove the statement for x = 1y, for z € Z (as
T;+ lug = lwgrug for g € G). It also follows that there is a finite subset A C AG such that for any

M+
2" € 7 we have

Uz C 2Bz C UgeaB2aB C UgeaB2 aX.

Since X is special, for any a € AG, there is z, € Z such that aX = z,K. Pick r» > 1 such that t"z, € M+
for any a € A, where t € T C Z is a lift for uy+ as in the proof of Lemma 4.9. Then we have

" Uz C UgeaBt 2, K C BMTK = UMTK.

Now T;M‘F 1y, = 1yrus SO T£M+ 1w €Y.

Proof of (4). By definition, the element i+ is central in Wy(1) and 73! | is invertible in Hy.

Consider an element in Hy ®4,,, 0 X. By (3) it can be written (7'})1{I+ )" ®y for y € Y and r € N large
M

enough. Its image by the left Hy-equivariant map (4.16) is (7" )7 F(y). Suppose that this image is

Hoyp+

zero, then F(y) = 0 and by (2), we have y = 0. This concludes the proof of (4). O
The answer to Question 6 is positive when R is a field of characteristic different from p.
Proposition 4.11. (i) When p is invertible in R,
L} ~-— Oy s, MM

where the notation Hy g5, s a reminder that we identify Hy with its image in H via 0~ p.
(ii) When R is a field of characteristic different fromp and V € Rep(G) we have (Vi)™ ~ VU®y,

M0~ 5p

Proof. When p is invertible in R we have 0% = 0~ 6p by Lemma 2.21 and L%M ¥ — Q.+ Hu by
(4.7). When R is a field of characteristic different from p, the isomorphism (Viy)Um ~ VU IR V!
is a particular case of [55, I11.10.1 3)]. g

The answer to Question 6 is negative when R is a field of characteristic p. The existence of a

counter-example was suggested to us by Noriyuki Abe.

Proposition 4.12. When G = GL(2,Q,) and R is a field of characteristic p, there exists an extension
w of the trivial representation Trivg by the Steinberg representation Stg which is not generated by its

U-invariant subspace.

Corollary 4.13. Let G = GL(2,Q,). Suppose that R is a field of characteristic p. There is no functor
F : Mod(#H) — Mod(Hr) such that F(VY) = (Vy)¥* for any representation V € Rep(G).

Proof of the corollary. Here we work with the parabolic subgroup B = TU. Consider the representation
7 of the proposition. We are going to check that Stg = 7U_ If there was a functor as in the corollary, we
would have ((Stg)y)"* = (7y)Ur. However, we are going to prove (Stg)uy = {0} and 7y # {0} hence
((Ste)u)'™ = {0} and (ru)™ # {0}.

Recall that Stg is irreducible [56, Thm. 4.7] (and therefore generated by St'), so the natural inclusion

Stg c 7' is an equality as 7' does not generate  and 7/St is one dimensional. Now (Trivg)y is one
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dimensional and the U-coinvariant functor is right exact so 7y # {0}. The restriction of Stg to U is the
space C°(U, R) of locally constant functions with compact support in U with the natural action of U
[57, Lemma 3]. The group U does not have a Haar measure with value in R of characteristic p (since U

does not contain a compact open subgroup of pro-order prime to p) hence (Stg)y = {0}. ]

Proof of Proposition 4.12. Let R be a field of characteristic p. The one dimensional H-modules Signy,
and Trivyg have been described in Remark 2.24. They are respectively isomorphic to Stg and Trivg (56,
4.4]). We have Signy, (7,,) = (—1)*®), Trivy(r,) = 1 if £(w) = 0 and Trivy(r,) = 0 if £(w) > 0 for any
w € W(1) since R has characteristic p,.

First we suppose that R is an algebraic closure of the residue field of F.

The existence of a representation 7 sitting in an exact sequence of the form 0 — Stg — 7 — Trivg — 0

and not generated by its U-invariants follows from the following facts:

(1) The U-invariant functor is an equivalence from the subcategory of representations of G generated
by their U-invariants to Mod(H) with inverse — ® X (§4.3.2).

(2) dimp Extg(Triva, Stg) > 1 in the category Rep(G).

(3) dimp Extj, (Trivs, Signy,) = 1 in the category Mod(H).

Property (2) follows from [24, Thm. VIL.4.18] (there is no symmetry, dimp Extg (Stq, Trivg) = 1
by [27, Prop.4.3.30(ii)]). Colmez works over a finite subfield of R, but R being the union of its finite
subfields, the results of Colmez are valid over R. A smooth extension E of Trivg by Stg gives by (non
Q 0

0 1

dimR(Sté)A+ = 1 [24, Lemma. VIL4.16], the inverse image of (St)4" in EV gives a representation of

smooth) duality an extension EV of the (non-smooth) dual St by Trivg. Let At = . As

AT which is an extension of Triv 4+ by Triv4+. Such extensions are classified by the group Hom( s )

of smooth (i.e. locally constant) group homomorphisms Q;j — R. This construction induces a map

res s+ : Bxtg(Trivg, Stg) — Hom( s R).

For each 7 € Hom( ;,R), Colmez constructs a smooth extension F. of Trivg by Stg with res +(E;) =

7. This implies dimp Ext (Trivg, Stg) > dimp Hom( S R) > 1 (recall Qf ~ Z x Z/(p —1)Z x Zy
if p+#2, and QF ~ Z x Z/2Z x Zs [50, Thm.2]). Note that Colmez shows that E, admits a central
character and that res4+ is an isomorphism if we restrict ourselves to smooth representations of G with
a central character.

To prove (3), first we verify that as vector spaces we have
(4.25) Ext’, (Trivsy, Signy, ) = Ext?, (Sign,,, Trivy)

for any i > 0 and then we show that dimp Ext}, (Sign,,, Trivy) = 1.
Consider the involutive automorphism 7 of the algebra H ([62, Propositions 4.13 and 4.23], [64, (4)],
introduced in the split case in [58, Cor. 2] (see also [43, §4.7] and note that in the last two references

where 7. is defined differently from the current article) satisfying

(4.26) n(rw) = (=175 (w e W(1)).
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For M a right H-module, define M7 to be the right H-module on the vector space M with the action of
H twisted by 7, i.e. (m,h) — mn(h). For example, using (2.19), we obtain that the sign character Sign,,
and the trivial character Trivy (defined in Remark 2.24) satisfy

Trivy = Signyn and  Signy = Trivyn.

When {(w) = 0 we have indeed 7, = 7, and when {(w) > 0 we have Signy(7;) = 0 because 7,; =
Tne + 24|71 Y ez 7= and therefore Signy, (7 ) = —1+ 1 =0 for any s € Sass (in the case when G is
split, compare Witﬁ [42, §5.4.2]).

The map H — Hn, h — n(h) being an isomorphism of right H-modules, M is projective if and
only if Mn is projective. Lastly, given M and N two right H-modules, the identity map yields an
isomorphism of vector spaces Homy (M, N) = Homy (Mn, Nn). Therefore, if Py = (P;);>0 is a pro-
jective resolution of Sign,,, then Pne := (P;n);>0 is naturally a projective resolution of Trivy. We
apply the functor Homy, (—, Sign,,) = Homy (—, Trivyn) to the complex Prn, — Trivy and obtain that
Ext’, (Trive, Signy, ) is the i*" cohomology space of the complex Homsy, (P, Triven) which is isomorphic

to the complex Homy, (P, Trivy ). This proves (4.25).

We now prove dimp Ext3, (Signy,, Trivg;) = 1. In Mod(#H), the exact sequence

(4.27) 0 — Trivyy — Triva, ®u., , H = Ind%_(Trivy,) — Signy — 0

T+.,6
does not split: by Prop. 4.4, we know that IndzT (Trivy, ) is isomorphic to the U-invariant subspace of
the parabolic induction Ind§(1). This U-invariant subspace is described explicitly in [56, Thm. 4.2] and
one easily checks that it sits indeed in the nonsplit exact sequence (4.27). Applying Homy, (Sign,,, —), it

induces an exact sequence
{0} — Homy, (Signy, Signy,) — Exty, (Signy,, Trive) — Ext},(Signg,, Indj_, (Triva,)).

The exactness of the functor Ind%T and of its left adjoint L} : Mod(H) — Mod(Hr) (§4.2, property
(1)) imply that we have isomorphic functors ([28, p. 163]) :
Exty, (—, Indji, (=) = Extyy, (LY, (<), -).
The claim in (3) then easily follows from L¥ (Signy) = {0} which we prove here. In our context, the
Hecke algebra Hr identifies with the group algebra R[T/T*].
Using (4.6), we have
LY =(—oxn Hr)u oy
We claim that Signg, ®3,_ . Hr = {0}.
Let t € T be an element satisfying —a(o(t)) < 0 for « € 7. We denote by p_ its image in Ap-(1) =

T—,6%

Wr-(1). Seen in W (1), the element p_ has length zero and TE,’* = 7T . Seen in W(1), it has non zero

n-
length and therefore
Signg, (0" (7,1 )) = Signy, (6 (7,,°")) = Signy,(r;;_) = Triva(n(r;_)) = (=1)" ) Trivp(7,_) = 0.

7.

In Signy @ Hr wehave 1®1=1® TEf (7T )71 = Signy (0*(+T ) ® (’T;{L)il = 0. This proves the

p— e
claim and concludes the proof of dimpg Ext%_t(SignH, Trivy) = 1.

T ,0%
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When R is an algebraic closure of the residue field of F', we deduce from (1), (2) and (3) the existence
of an extension E, of Trivg by Stg which is not generated by its U-invariants.

Now, let R be an arbitrary field of characteristic p. We are not aware of a version of (1) over a non
algebraically closed field, but we do not need it. We note that (3) and its proof are valid for R, that
the representation E, constructed by Colmez is defined over the finite field generated by the values of 7,

and that we can choose 7 € Hom(Q},F,,). Therefore we can choose the extension E. to be defined on

p7
the prime field F,,. By tensor product with R, we obtain an extension (defined over R) of Trivg by Stg
which is not generated by its U-invariants. |

5. SUPERSINGULARITY FOR HECKE MODULES AND REPRESENTATIONS

Unless otherwise mentioned, R will be an algebraically closed field of characteristic p. The goal of this

section is to prove Theorem 5.3.

5.1. Supersingularity for Hecke modules and representations: definitions. The classification
of all smooth irreducible admissible R-representations of G up to the supercuspidal representations is
described in [4]. This generalizes [1] and [31] which treat respectively the case when G split and the
case when G = GL(n,F). A classification of all simple right H-modules up to the supersingular modules
is given in [2]. The classification of all supersingular right H-modules is described in [64]. The latter

generalizes [42] which treats the case when G is split. We recall the following definitions:

(1) An R-representation of G is supercuspidal if it is admissible irreducible, and if furthermore it
is not a subquotient of IndSr for some standard parabolic subgroup P of G with standard Levi
decomposition P = MN where M # G and 7 € Rep(M) is an admissible irreducible representation
[4, 1.3].

(2) A smooth representation 7 of G is supersingular if it is non zero admissible irreducible and if,

furthermore, there is an irreducible smooth representation p of X such that the space

Homg (ind$p, 7) = Homgc (p, 7|5c) # {0}

is non zero and contains an eigenvector for the left action of the center of H(G, X, p) = Endg (ind$ (p))
with a supersingular eigenvalue x. This means that given a standard parabolic subgroup P with
Levi decomposition P = MN, the character y extends to the center of the spherical Hecke algebra
H(M, KXNM, pnax) via the Satake homomorphism H(G, K, p) — H(M, KN M, pnax) only when
P =G ([4, L5]). A smooth representation of G which is non zero admissible irreducible and not

supersingular will be sometimes called nonsupersingular.

Remark 5.1. For m € Rep(G) irreducible admissible, 7 is supercuspidal if and only if 7 is super-

singular. This theorem is proved in [4, Theorem 5] which generalizes [31] and [1].

(3) In [64, §1.2 and §1.3], a central subalgebra Z1 of the pro-p Iwahori Hecke algebra # is defined (it
was first introduced in the split case in [42, Definition 5.10] where it is denoted by Z°(#)). There
is an isomorphism Zt = R[X}(T)] ([42, Prop. 2.10], [64, Thm 1.4]). Denote by XE(T) C X(T)
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the maximal subgroup of the monoid X (T). Then R[X,(T)* — X%(T)] identifies with a proper
ideal Z7 ¢~ of Z1. As a vector space, Zt is isomorphic to the direct sum R[X%(T)] ® Zt ¢>o0-

A morphism of R-algebras Zr — R is called supersingular if its kernel contains Zt 5.

A non-zero element v of a right H-module o is called supersingular if there is an integer
n > 1 such that vZ% ;. = {0}. The module o is called supersingular when all its elements are
supersingular (this is different from the definition [64, Def 6.10] where we suppose 027 ;.o = {0}
for some integer n > 1).

Note that a supersingular module as defined above does not even necessarily have finite length.

A simple right H-module which is not supersingular will be sometimes called nonsupersingular.

Remark 5.2. Recall that R is an algebraically closed field of characteristic p. We recall the
following facts which, in the case when G is split, are contained in [42, §5.3].
(a) A simple right H-module is finite dimensional. This follows immediately from [59, 5.3] since
H is finitely generated over its center Z(#) and since Z(H) is an R-algebra of finite type
[63, Thm 1.2]. These properties remain true when the center is replaced by the central
subalgebra Zr ([42, Prop. 2.5], [64, Thm 1.4]).
(b) The central subalgebra Z1 C H acts on a simple (hence finite dimensional) H-module m by
a character.
(c¢) A non zero finite dimensional H-module m is supersingular if and only if all the subquotients
of m seen as a Zp-module are supersingular characters of Zr.
(d) A submodule and a quotient of a supersingular H-module are supersingular.
(e) A non zero finite dimensional H-module is not supersingular if and only if it contains a

nonsupersingular simple submodule.

Only the direct implication in Point (e) requires a justification. We first recall the
following general facts: let R be a field, A an R-algebra, and C' a central subalgebra of
A. The functors Ext’y (—, —) are considered in the abelian category Modf;d of right A-
modules which are finite dimensional over R. Given an ideal 7 of C, a finite dimensional
right A-module m which is killed by some positive power of 7 is called J-torsion. We
have:

i. The category Modid decomposes into the direct sum, over the maximal ideals M of
C, of the subcategory of M-torsion modules.

ii. An A-module of finite dimension over R is M-torsion if and only if, seen as a C-
module, it admits a composition series where all quotients are isomorphic to C/ M.

iii. Given an ideal J of C, the category of finite dimensional J-torsion A-modules
decomposes into the direct sum, over the maximal ideals M of C containing 7, of the
subcategory of M-torsion modules.

iv. Let M and M’ be two maximal ideals of C. If there exists a M-torsion module
m e Modﬁd and a M/-torsion module m’ € Modf;d such that Ext’(m,m’) # {0} for
some integer r > 0, then M = M’.
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When C' = A, the first three properties are [26, Theorem 2.13 b, ¢|. In general, for
m e Modﬁd, the set of x € m which are killed by some positive power of M is the
component of m in the subcategory of M-torsion finite dimensional C-modules. To
prove iv., note that the C-module Ext”) (m, m’) is killed by a positive power of M and
by a positive power of M’. The localization of Ext’ (m, m’) at any maximal ideal of C
different from M or from M’ is 0. If M # M’ then the localization of Ext’y(m,m’)
at any maximal ideal of C'is 0. This is equivalent to Ext’y (m, m’) = {0} [26, Lemma 2.8].

These general statements apply when R is a field of characteristic p, A = H, C' = Zt and
J = Z714>0. When the field R is furthermore algebraically closed, we have Z1/M ~ R
for any maximal ideal M of Z1 and a character x : Zr — R is supersingular if its
kernel contains Zt ¢~¢. Statements i-iv. in this context have already been observed
in [42, §5.3] (where G was supposed split). The direct implication in Point (e) follows

from them.
5.2. Main theorem.

Theorem 5.3. Suppose that R is an algebraically closed field of characteristic p. Let m € Rep(G) be an
irreducible admissible representation. Then the following are equivalent:

(1) 7 is supersingular;

(2) the finite dimensional H-module 7't is supersingular.

(3) the finite dimensional H-module 7% admits a supersingular subquotient.

When G = Z, the theorem is trivial because all finite dimensional H-modules are supersingular and

all irreducible admissible representations of G are supersingular.
It is obvious that (2) implies (3). In this article, we prove that (3) = (1) = (2), that is to say,
(5.1) 7 admits o supersingular subquotient = 7 supersingular = % supersingular.
The proof of (5.1) is given in §5.4. It requires the results of Remark 5.4 and §5.3. Note that several of

these preliminary results hold not only when R is an algebraically closed field of characteristic zero but

also when it is an arbitrary commutative ring R.

Remark 5.4. That (2) implies (1) is proved in [64, Prop 7.10, Rmk 7.11]. (When G is F-split, Gger = Gsc
and the characteristic of F' is 0, the arguments to prove this implication were given in [42] in Equation (58)
and Lemma 5.25). The arguments are the following. When 7 is not supersingular, there is an irreducible

representation p of X such that
Homg (indf p, 7) = Homu(p, w|xc) # {0}

and this space contains an eigenvector with a nonsupersingular eigenvalue for the left action of the
center of H(G, p) by definition of the supersingularity. Then 7 contains a nonsupersingular submodule

therefore the H-module 7' is not supersingular.
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5.3. Standard triples. Let R be a commutative ring.

5.3.1.  Standard triples of G. A standard triple of G is a triple (P, 0, Q) where
- P is a standard parabolic subgroup of G with standard Levi decomposition P = MN,
- 0 is a R-representation of M,
- Q is a parabolic subgroup such that P C Q C P(o) where P(0) is the parabolic subgroup of G
attached to II(c) = Iy U II, where II, is the set of o € II such that Z N M/, acts trivially on o.
Standard triples (P,0,Q) and (P,0’,Q) of G where o ~ ¢’ are called equivalent. A standard triple
(P,0,Q) of G is called smooth (resp. supersingular, resp. supercuspidal) if o is smooth (resp. supersin-

gular, resp. supercuspidal).

Given a parabolic subgroup @Q as above, we will often denote its standard Levi decomposition by
Q = MgNg.

Remark 5.5. (1) For a standard triple (P, o, Q) of G, the representation o of M extends to a unique
representation eq(c) of Q which is trivial on N [4, IL7 (i)].
(2) Let M, C G denote the standard Levi subgroup of G such that IIy;, = II,. The subgroup ZNM/
is generated by all ZN M, for « € II, and M, = G/, (notation 2.1) [4, I1.3, IL.4]; its image 1 Am,
in the pro-p Iwahori Weyl group W(1) of G is generated by the images 1Ay, of ZN My, in W(1).
If o is supercuspidal, the roots o € Il,, are orthogonal to IIy. If the roots a € I, are orthogonal
to Iy, the group 1AM; is contained in the group of elements of length 0 of the pro-p Iwahori
Weyl group Wyr(1) of M. We have o' (721%) = 1d for w € 1Aw, as oM =M =ty = v
for v € oM 1p € Z N M.

Let (P, 0, Q) be a standard smooth triple of G. For Q C Q' C P(c), the R-representation Indg, (eq/(0))
of G is smooth and embeds naturally in the smooth R-representation Indg(eQ(a)) because the represen-
tation eq (o) of Q' extending o trivially on N is equal to eq(c) on Q. We define the following smooth
R-representation of G:

I6(P.0,Q) = dS(eq(0))/ 3 S (eq ().
QCQ/'CP(o)
5.3.2.  Classification of the irreducible admissible representations of G. Assume that R is an alge-
braically closed field of characteristic p. The main result of [4, Thm.s. 1, 2, 3 and 5] says that the
map (P,0,Q) — Ig(P,0,Q) is a bijection from the standard supercuspidal triples of G up to equivalence

onto the irreducible admissible smooth R-representations of G modulo isomorphism.

Remark 5.6. Let (P,0,Q) be a standard supercuspidal triple of G. The representation I (P,o,Q) is
supersingular if and only if P = G [4, Thm. 5)]. It is finite dimensional if and only if P = B and Q = G
[4, 1.5 Rmk. 2)] in which case we have Ig(B,0,G) = eg(0). Any irreducible smooth representation of Z

is supercuspidal and supersingular.

Remark 5.7. The pro-p Iwahori group U acts trivially on the irreducible smooth finite dimensional R-

representations of G. Such a representation is indeed of the form eg (o) for an irreducible smooth
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representation o of Z by the classification theorem. Then use the Iwahori decomposition (2.14) which
U admits with respect to B, and U, U°P, and the fact that U, U°P act trivially on eq(c), and Z' acts
trivially on ¢ hence on eg(0).

5.3.3.  Standard triples of H. A standard triple of the pro-p Iwahori Hecke R-algebra H is a triple
(P,0,Q) where

- P is a standard parabolic subgroup of G with standard Levi decomposition P = MN,

- 0 is right Hy-module,

- Q is a parabolic subgroup with P C Q C P(o) where P(o) is the standard parabolic subgroup
corresponding to II(o) = Iy UL, C II where I, is the set of roots a € II which are orthogonal
to Iy and such that o(7M*) =1d if w € 1Amy, (as defined in Remark 5.5).

Standard triples (P, o, Q) and (P,¢’,Q) of H with o ~ ¢’ are called equivalent. When ¢ is finite dimen-
sional (resp. simple, resp. supersingular), the standard triple (P, o,Q) of H is called finite dimensional

(resp. simple, resp. supersingular).

By Remark 5.5, if (P,0,Q) is a superscuspidal standard triple of G then (P,o'™ Q) is a standard
triple of H.

Let (P,0,Q) a standard triple of H. There exists a unique Hyy,-module structure CHig, (o) on o such
that ey, (U)(T}XIQ’*) = o(tM*) for w € Wy(1) and g, (J)(Ti\,/lq’*) = Id, for w € WM’Q,U(I) where
Mq,s C G is the standard Levi subgroup corresponding to Ilni, N1ly. Let P C Q C Qu C P(o); we have
Wi (1) C Wag, (1), and MQW’MQ1 the set of w € Wy, with minimal length in the coset Wy, w; it is

proved in [6, Proposition 4.5] that the map

rR1—z®( Z T;): EHang, (o) ®HM$ o H = ey, (0) ®H1\{$’0 H
dEMQWMQl !

is a well defined injective H-equivariant morphism from Ind%MQl (CHMQI (o)) into Ind%MQ (eHMQ (0)); one

may then define the right H-module
(5.2) Ly(P,0,Q) == Indjj,, (e, (0))/ Y Indff, (erng, (0)).
QEQ1CP(0)

The smooth parabolic induction Indg corresponds to the induction Ind%M via the pro-p-Iwahori in-
variant functor and its left adjoint. This is proved in the current paper in Prop 4.4 and Corollary 4.7
(see the commutative diagrams in Questions 4 and 5). It is proved in [6, Thm 4.17 and Cor. 5.13] that
this implies:

Theorem 5.8. (i) Let (P,0,Q) be a supercuspidal standard triple of G. Then (P,oc"™ Q) is a standard
H-triple and the H-modules
IG(P7 g, Q)u = IH(Pa O—UMy Q)

are isomorphic.
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(i) Let (P,0,Q) be a standard triple of H. Then (P,o ®44,, XM, Q) is a standard smooth triple of G

and the smooth R-representations of G
['H(P7 a, Q) ®n X = IG(P7 0 Qxy XM7 Q)
are isomorphic. In particular e (o) @y X = eg(0 Q3 Xm) when Q = P(o) = G.

Note that in the case when P = B, M = Z and o is the trivial character of Hz, the isomorphism
e (o) @y X ~ eq (0 @, Xz) is the isomorphism proved in Lemma 2.25.

5.3.4.  Classification of the simple H-modules. Assume that R is an algebraically closed field of charac-

teristic p.

Theorem 5.9. The map (P,0,Q) — Iy (P,0,Q) is a bijection from the set of standard simple supersin-
gular triples up to equivalence of H onto the set of simple H-modules modulo isomorphism.

This variant of the classification of Abe [2] (Abe’s classification uses coinduction instead of induction)
is proved in [6, Cor.4.30]; we prefer the induction because it is compatible with the parabolic induction

functor and with the U-invariant functor (Theorem 5.8).

Proposition 5.10. Let P = MN be a standard parabolic subgroup of G with its standard Levi decomposi-
tion and o a simple supersingular right Hyi-module. Then the composition factors of the induced module
Ind%M(U) are Iy (P,0,Q) for P C Q C P(o).

This is the variant for an induced H-module of a result of Abe [2, Cor. 4.26] which considers the right
H-module coinduced from a simple supersingular right Hy-module.

Theorem 5.9 and Proposition 5.10 follows from the comparison between induction and coinduction.

Remark 5.11. (i) The H-module I (P, 0, Q) is simple and supersingular if and only if P = Q = G and o
is simple and supersingular (this is a part of the classification).

(ii) Let 7 be a simple right Hy-module and (PM, o, QM) a standard simple supersingular triple of
Hw such that 7 = I, (PM,0,QM). Let R C P be the standard parabolic subgroup of G such that the
standard Levi subgroup My of R is equal to the standard Levi subgroup of PM. Then, the composition
factors of the H-module I3 (P, 7, Q) are composition factors of Ind;_'iMR (o) (apply Proposition 5.10 and the
transitivity of the parabolic induction [66, Thm. 1.4]). Hence they are of the form I (R, 0,S) for some
parabolic subgroups S such that R C S C R(o) which can be explicitely determined, if necessary. From
(i), none of the simple subquotients of the H-module I3 (P, 7, Q) is supersingular if R # G. Otherwise
P=Q=R =G and Iy(G,7,G) = 7 is supersingular.

(iii) When 7 is a finite dimensional right Hy-module and P # G, the H-module I (P, 7, Q) admits no
supersingular subquotient (Apply (ii) to the composition factors of the Hy-module 7).

(iv) A simple right Hy-module is supersingular if and only if it is not a subquotient of Ind%M (1) for
some standard Levi subgroup M # G and some simple Hy-module 7. Compare with the definition of a

supercuspidal representation of G in §5.1 (1).
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5.4. Proof of (5.1). We suppose that G # Z. Let m € Rep(G) be a non zero irreducible admissible

u

representation. Then 7% is a non-zero finite dimensional right H-module.

A) We prove the second implication of (5.1) i.e. that if 7 is supersingular, then 7!

is supersingu-
lar.

Suppose that the H-module 7% is not supersingular. By Remark 5.2(e), the H-module 7% contains a
simple nonsupersingular submodule. By §5.3.4 and Remark 5.11, there is a standard simple supersingular
triple (P,0,Q) of H with P = MN # G such that I3 (P, 0, Q) is contained in 7. We prove that the

representation 7 of G is not supercuspidal.

a/ Suppose Q # G. We have by adjunction and by the commutativity of the diagram (4.12):
0 +# Hom;.[(Indz,_’éMQ (GHMQ (o)), ﬂ'u) o Homkg(lndzMQ (eHMQ (0)) @ X, m)
= Homy (Indg (€340, (0) ©arg, Xnig), ).

Since the simple Hyp,-module ez, (o) has a central character, the representation €Hng, (U)®HMQ
XM, of Mq has a central character. We deduce that 7 is not supercuspidal by [30, Prop. 7.9].
b/ Suppose Q = G. We have ey(0c) C 7% and by adjunction, 7 is a quotient of ey (c) @y X.
But ey (0) @y X 2 eq(0 @4, Xm) (Theorem 5.8(ii)). The group N acts trivially on 7 because
ec(0®7, XMm) is the representation of G trivial on N extending the representation o®7,, Xnm of M.
Hence 7 is not supercuspidal because the space of N-coinvariants of a supercuspidal representation
of G is zero (this follows immediately from [4, II.7 Prop.] and from the classification recalled in
§5.3.2).
B) We prove the first implication of (5.1) i.e that if 7* admits a supersingular subquotient then 7 is
supersingular.
Suppose that 7 is nonsupersingular. Consider a supersingular standard triple (P, o, Q) of G such that
7= Ig(P,0,Q). As 7 is not supersingular, we have P # G . By Theorem 5.8(i) we have

= I6(P,0, Q)" = (P, o™, Q).
By Remark 5.11 (iii) applied to I (P,o%™,Q), 7 admits no supersingular subquotient because P # G.

Remark 5.12. When G is semisimple and simply connected, we do not need to refer to [6] to prove the
second implication of (5.1), that is to say, 7 is supersingular = 7' is supersingular. This reference
appears only through Theorem 5.8 in the proof. When G is semisimple and simply connected, it suffices
to refer to Lemma 2.25 as we explain here: G is then the direct product of its almost simple components
and we can reduce to an isotropic component. When G is almost simple, simply connected and isotropic,
we have, in case A) b/ of the proof: P # Q = G implies P = B,M = Z and o is the trivial module of Hz.
This is because IT = Iy UTI, (§5.3.3) and II irreducible implies Iy = (. As Hz = R[Z/Z'], the module &
identifies with an irreducible representation oy of Z. But II = II(o) implies I = II(07), meaning that oy
extends to a representation of G which is trivial on G’ (as defined in Notation 2.1). But G = G’ because
G is almost simple, simply connected and isotropic [4, II.4 Prop.]. Hence oy is the trivial representation
of Z.
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Remark 5.13. Let G%¢ — G be the simply connected cover of the derived group G%" of G, and let C
be the connected center of G. We have a natural homomorphism ¢ : G*¢ — G. We can prove that 7 is

supersingular = 7% is supersingular using Remark 5.12 when:
(5.3) The restriction to ¢(G*¢) of any supercuspidal R-representation m of G has finite length.

Property (5.3) is true when the index of the normal subgroup ¢(G*¢)C of G is finite (for instance when
the characteristic of F' is 0) or when R is the field of complex numbers ([51]) We do not know whether
(5.3) is true for any algebraically closed field R.

6. PARABOLIC INDUCTION FUNCTORS FOR HECKE MODULES AND THEIR ADJOINTS IN THE p-ADIC
AND THE FINITE CASE: SUMMARY AND COMPARISON TABLE

Let R be a commutative ring. We consider P a standard parabolic subgroup of G with standard Levi
decomposition P = M N and P the standard parabolic subgroup of G with standard Levi decomposition
P = MN image of PN X in G. We pick lifts w and wyy in W(1) for the longest elements w and wyy
of W and Wyy respectively as in §4.2. Let M’ = wMw~!. Recall that we defined in §4.2 quasi-inverse
equivalences of categories — ty/'t : Mod(Hn) — Mod(Hyr) and — 1"ty : Mod(Hyr) — Mod(Hu). Up
to isomorphism, these functors are not affected by the choice of other lifts for w and wy;. Therefore, the
automorphism of R-algebras

(6.1) Har = HM, To = Tapwa(wnw) -1 and its inverse Hy — Hr

define quasi-inverse equivalences of categories

(6.2) vy M - Mod(Hm) — Mod(Hawr) and tv e = Mod(Har) — Mod(Hwm)

which are respectively isomorphic to — I.illL and — ("tty. They restrict to quasi-inverse equivalences of
categories

(63) 51V Y NIOd(H]l\/I) — MOd(H]M/) and v, - NIOd(H]M/) — h{Od(H]M)

which are respectively isomorphic to — L]l_v[lL and — ¢~ Lupy (defined in Proposition 3.4).

In §2.5.2, we recalled the definition of the embeddings 0 and 6* of Hy;+ and Hy- into H. In the table
below, given an embedding of algebras ¢ : Hy~ — H, we recall that the index Hwni=,4 means that we see
H as an Hy=-module via ¢. In Remark 2.20 where p is invertible in R, the embeddings 0, 0** and 6~
of Hyr into H are defined. Again, in the table below, given an embedding of algebras ¢ : Hy — H, the

index Hn, 4 means that we see H as an Hy-module via ¢.

When R is an arbitrary ring and when p is invertible in R, the table below summarizes and compares the
definitions of the parabolic induction functors IndzM : Mod(Hm) — Mod(#H) and Indg]M : Mod(Hp) —
Mod(H) and of their respective adjoints.

The top left quadrant of the table (finite case, arbitrary R) is justified by Proposition 3.4. The lower
left quadrant of the table (finite case, p invertible R) is justified by Remark 3.6. The lower right quadrant
of the table (p-adic case, p invertible in R) is justified in Remark 4.2(2) based on recent work by Abe [3]
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Finite case p-Adic case
Ind! = — @y, H~H (H,—)ot md? =-® H=H (H,—) ot
Hy — Hy 1 = Homy, (H, MM | Indy, = Hyt o = Homy /e , M’,M

Arbitrary R

H ~ H
RH]M - ReSH]M

R} = Homy (Hy ®,,, , H,—)

M+ .0

H ~ H H o~ H ~ _
Ly, = um,m o Resy, Ly, & ROS%M)Q*+ = o © (= @y, . Hir)
H ~ "o ~
p invertible in R Indyy, — = — ®m H = Homp,, (H, -) Indy;,, = — ®30+ H = Homyy . (H,—)
H o Regl H o~ RegH
Ry, = Resp,, Riy = Resy .
H ~ H H o~ H ~ H
Ly, & Resy, Ly, & RGSHM,Q*Jr = ReSHM,e—aP

(see the isomorphism (4.7) for L% and recall that it is valid for an arbitrary R) and in Proposition 4.11.

The top right quadrant of the table (p-adic case, arbitrary R) is justified in §4.2 (see there the references

to [66]) as well as by the isomorphism (4.7).
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