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Permutohedra

Remember our good friend the permutohedron Perm(w) for
w ∈ RD .

Schur-Horn Theorem
Let H(D,w) be the set of D × D Hermitian matrices with
spectrum equal to w. Then we have

diag(H(D,w)) = Perm(w).
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The setup

H Finite Hilbert space, a complex vector space with a
sesquilinear product.

E(H) The set of Hermitian operators. This set is a real
vector space with inner product 〈A,B〉 = Tr(AB),
i.e., it is an Euclidean space.

U(H) The group of unitary operators. This groups acts by
conjugation on E(H).

D(H) The set of Hermitian operators that are positive
definite and with trace equal to one. Convex set in
E(H). Elements are density operators.

Spectral characterization D(H): eigenvalues have to be
nonnegative and add 1.



Spaces of interest

We focus on the following Hilbert spaces.

H1 = Cd Parametrizes the states of a particle.

HN = ∧NCd Parametrizes the states of N indistinguishable,
antisymmetric particles.

Important

To do computations we assume d finite, but for results to be
testable we need to take the limit d →∞. The parameter d is
meant to go to infinity.



Marginals

Let V and W be two Hilbert spaces and L(V ⊗W) the linear maps.

Partial trace
The map L(V ⊗W)→ L(V) defined by ρ⊗ τ → ρTrace(τ).

General problem

Given two operators ρA ∈ L(V) and ρB ∈ L(W) are they the
partial traces of a single ρ ∈ L(V ⊗W)?
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Marginals

D(HN) −→ D(H1)
Partial trace is also known as the marginal. This parallels
probability when we go from a joint density function to a single
density function by integrating some variables.

Physical digression

This is helpful when we can disregard interactions between the
particles and assume only unary (as opposed to binary) effects. An
example are electrons being affected by the nucleus but being too
far from each other.
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Question

Main Problem
Characterize the marginals.



All marginals

D(HN) −→ D1
N(H1)

Around 1960 Coleman gave a spectral characterization: an
operator is in the image if and only if its spectrum is in the
hypersimplex 1

N ∆(N, d).

This means that each eigenvalue is
between 0 and 1/N (and the total sum is 1). Notice how d is
almost irrelevant in the previous sentence.

Renormalize
Normalize to trace N and then each eigenvalue is between 0 and 1.
Occupation numbers.
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Refinement

Instead of considering the whole set D(HN) we would like to
restrict to

DN(w) = {density operators with spectrum equal to w}.

Properties

This set is non-convex. It is a unitary orbit. It’s also coadjoint
orbit giving it a symplectic structure.

The marginals are denoted D1
N(w) which is unitary invariant so it

admits a spectral characterization
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Refinement

We look for marginals coming from a fixed spectrum.

DN(w) −→ D1
N(w)

In 2006 Klyachko gave a spectral characterization: an operator is
in the image if and only if its spectrum (ordered decreasingly)
lies on certain convex polytope Π(w,N, d).

Practical problem

The dependence on d is highly nontrivial.



Moment maps
Klyachko relies on the work decomposing coadjoint orbits by
Berenstein–Sjaamar, later refined by Ressayre. Politopality is not
surprising: it follows from a general convexity result by Kirwan,
building on the ideas Guillemin–Sternberg (generalizing Kostant).



Our relaxation

Instead of taking spectra, we choose a basis (to write operators as
matrices) and use the diagonal map

Σ(w,N, d) = diag(D1
N(w)) ⊂ Rd ,

By Schur-Horn, this polytope is the convex hull of the
symmetrization of Klyachko’s.

Schur Horn revisited
The composition map DN(w)→ D1

N(w)→ Σ(w,N, d) is a
moment map for the action of the torus T of diagonal d × d
matrices. By invoking a convexity theorem of Atiyah and
Guillemin–Sternberg we have that the image is the convex hull of
T -fixed points.



Flower Power

Σf(w,N, d)

Π
(w
,N
, d

)

Σ↓r (w,N, d)

The main contribution is computing linear inequalities that are
valid for the spectra D1

N(w) and stable under taking d →∞.



Lineup polytopes



Definitions

Pick a polytope V and an integer r > 0.

Lineup

A lineup consists of the ordered list of vertices according to the
largest r values of a generic linear functional y.
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Figure: The list (e,a,b) is a 3-lineup, the list (f,a,d) is not.



The hypersimplex

Let P = ∆(4, 8) and r = 3. By symmetry we can focus on linear
functionals y ∈ R8 such that
y1 ≥ y2 ≥ y3 ≥ y4 ≥ y5 ≥ y6 ≥ y7 ≥ y8. For any such functional
the corresponding lineup is

1. Largest is always (1234).

2. Second largest is (1235).

3. Third largest: it could be (1236) or (1245).

How to tell?

y1 + y2 + y3 + y5 ≥ y1 + y2 + y4 + y5, or y2 − y3 ≥ y4 − y5.
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In general

This relates to the Gale order: no matter what, 1245 has a larger
value than 1346 as long as the functional is decreasing.

1234

1235
1236

1237

1238

1245

1246

1247

1256

1345 1346

2345

Each lineup correspond to some saturated chains of order ideals.
Which chains? Seems a hard question.



Main new object

Theorem: Lineup Polytopes

There exists a polytope Lr (P) such that there is a vertex v` for
each lineup `. Furthermore

I The open normal cone of v` consists of all linear functionals y
that induce the lineup `.

Sweeps

Arnau and Eva studied the case when r is equal to the number of
points.

The construction depends on choosing w = (w1,w2, . . . ,wr )
strictly decreasing:

` = (v1, . . . , vr ) −→ v` =
∑

wivi ,



Example



Example r = 4

Let’s use the point configuration of integer points in the inflated
simplex 3∆3 and let r = 4.
We consider the points as multisets. For instance the vertex point
(3, 0, 0, 0) is the multiset {111} and an interior point (0, 1, 0, 2) is
{244}. There is a similar Gale order here and the only possible
4-lineups coming from a linear functional with descending
entries are

1. (111)−−(112)−−(113)−−(114).

2. (111)−−(112)−−(113)−−(122).

3. (111)−−(112)−−(122)−−(113).

4. (111)−−(112)−−(122)−−(222).

To reiterate, we are only considering generic functionals y with
y1 ≥ y2 ≥ y3 ≥ y4.



Continued

We can compute each normal fan, by determining which
functionals are giving each of the lineups. Notation is easier in the
fundamental basis

y = ỹ1(1, 0, 0, 0) + ỹ2(1, 1, 0, 0) + ỹ3(1, 1, 1, 0).

The condition that y1 ≥ y2 ≥ y3 ≥ y4 translates into
(ỹ1, ỹ2, ỹ3) ∈ R3

≥0.



Continued

We compute the four corresponding cones.

K1 = {y ∈ R3
≥0 : ỹ1 ≥ ỹ2 + ỹ3}

K2 = {y ∈ R3
≥0 : ỹ2 + ỹ3 ≥ ỹ1 ≥ ỹ2 }

K3 = {y ∈ R3
≥0 : 2ỹ1 ≥ ỹ2 ≥ ỹ1 }

K4 = {y ∈ R3
≥0 : ỹ2 ≥ 2ỹ1 }



Continued

f1

f3f2

f1 + f2 f1 + f3

f1 + 2f2

K1

K2K3

K4



For any vector x we denote x↓ its entries in descending order. This
allows for compact description:

L4(w, 3∆3) =


x ∈ R4 :

x↓1 + x↓2 + x↓3 + x↓4 = 3

x↓1 + x↓2 + x↓3 ≤ 3

x↓1 ≤ 2 + w1

2x↓1 + x↓2 ≤ 4 + 2w1 + w2

2x↓1 + x↓2 + x↓3 ≤ 4 + 2w1 + w2 + w3

3x↓1 + 2x↓2 ≤ 6 + 3w1 + 2w2 + w3


.

Only the right hand side depends on w.



v2
v3

v1

v4

(0, 0, 3, 0)

(0, 3, 0, 0)

(3, 0, 0, 0)

(0, 0, 0, 3)



Practical results

The convex hull of the spectra of D1
N(w) is a Lineup polytope for

the hypersimplex ∆(N, d).

Main contributions
Let w be a vector with only r non zero entries. We provide valid
non trivial inequalities (explicit for r ≤ 13) for the spectra of the
set D1

N(w) that are independent of the parameter d. This
restrictions are testable in a lab.

We used symmetric polytopes, Gale order and lineups.
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