On oscillatory integrals with Holder phases

Gaétan Leclerc

Abstract

We exhibit a family of autosimilar Holder maps that satisfies a “fractal” version of the
Van Der Corput Lemma, despite not being absolutely continuous. The result is a direct
consequence of a recent work of Sahlsten and Steven [SS20], which is based on a powerful
theorem of Bourgain known as a “sum-product phenomenon” estimate. We give a substantially
simpler proof of this fact in our particular context, using an elementary method inspired from
[BD17] to check the “non-concentration estimates” that are needed to apply the sum-product
phenomenon. This method allows us to gain additional control over the decay rate.

1 About oscillatory integrals

1.1 The Van Der Corput Lemma

It is an understatement to say that oscillatory integrals play a major role in modern analysis. One
of the simplest questions we can ask about oscillatory integrals is the following: give some sufficient
conditions on the phase function 1 so that so that the associated integral exhibit power decay, in
the sense that there exists 6 > 0 such that for all large |¢], we have
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The first result of this kind that comes to mind is the useful Van Der Corput lemma, which we
recall:

Lemma 1.1 (Van Der Corput). Let ¥ : [0,1] — R be a C**! phase (k > 2) such that the k-th
derivative satisfies o) > 1. Then, there exists Cj, > 0 such that, for all € > 1,
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In substance, Lemma 1.1 states that our oscillatory integral exhibit power decay as soon as our
(smooth) phase satisfies a form a non-concentration hypothesis (the condition on the derivative).
Variants of this lemma (e.g. the non-stationary phase) also relies on a non-concentration of the
phase, and on its smoothness. It is surprising to find that, to the author’s knowledge, no deter-
ministic example of (non-absolutely continuous) Holder maps ¢ are known to satisfies this type of
result. Yet, non-smooth maps appear regularly, and one must find a way to deal with them: for
example, in the context of hyperbolic dynamical systems, the stable/unstable foliation is known to
be only Holder regular. Conjugacy between dynamical systems are often only Holder, and invariant
sets (such as Julia sets in the context of conformal dynamics) are often very non-smooth.

< [¢]~°.
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The goal of our paper is to construct deterministic examples of Holder phases satisfying a Van Der
Corput type of estimate, despite not being absolutely continuous. The lack of smoothness of the
phase will be replaced by a form of autosimiliarity which will play a key role in the proof.

1.2 A probabilistic example: the Brownian motion

Before stating our main result, we will discuss some estimates that have been proved in a random
setting by Kahane [Ka85]. Let (X,,)n>0 and (Y,),>1 be some i.i.d. random variables following a
normalized Gaussian distribution A (0,1). We define the Brownian motion (or Wiener process) on
[0, 1] by the following stochastic process:

W(t) := Xot + /2 i % (Xn sin(2mnt) + Yy (1 — Cos(27rnt))),



where convergence takes place almost surely in the L?(0,1) sense. (Indeed, the fact that

E(Y",>, exp(—X?/4)k~?) < oo implies that the series inside is finite a.s., and so X = O(vInlnk).)
It is known that, for any o < 1/2, W defines almost surely a a-Holder map, and for any o > 1/2
is almost surely not a-Holder. ([Ka85], p. 235, Th. 2 p. 236 and Th. 3 p. 241) The following
estimate holds.

Proposition 1.2 ([Ka85], p. 255). Almost surely, there exists C > 0 such that for all |{] > 1, we

have .
/ eifW@dt‘ < CleI7/Ing).
0

This proposition is very inspiring: it suggest that a form of Van Der Corput Lemma should hold
in some generic sense for some genuinely “fractal” phases. More precisely, the lack of regularity of
the Brownian motion is compensated by its statistical autosimilarity ([Ka85], Th. 1 p. 234): it is
known that, for any ¢ > 0, the process

t— e Wi(t/e)

also defines a Brownian motion. Moreover, for any a > 0, the following scaled increments all follow
the same gaussian law:
W(t+a)—WI(t)
Vva
Those properties of the Brownian motion tell us that W (t) behaves in the same way in every scale,
which allows us to easily “zoom in” in the proofs as £ grows.

~ N(0,1).

It is thus natural for us to search for a deterministic canditate in the realm of “fractal” functions.
In the case of the Brownian motion, the property v/c W (t/c) ~ W (t) can be formally rewritten as
a form of conjugacy: in a sense, W acts like a conjugacy between = — cx and = — +/cz. This may
be a hint for us to consider conjugacies of dynamical systems as good candidates for phases.

1.3 Our deterministic setting

Our explicit family of autosimilar phases ¢ : [0,1] — R will be constructed as conjugacies between
the doubling map and some perturbation. We denote by S := R/Z the circle. Define the doubling
map fo : S = S by fo(x) := 2z. To state the main result, we need to recall a useful fact on
perturbations of expanding maps.

Proposition 1.3 ([KH95], Th.19.1.2 and Th.18.2.1). Let 0 < « < 1. Then there exists § > 0
such that the following holds. Let f : S' — S' be a C'*® §-perturbation of the doubling map
fo:x €S 2z € St, meaning that

ILf — follorte < 6.

Then, reducing o if necessary, there exists a a-Holder conjugacy v : (S, fo) — (S*, f). In other
words, ¢ : S' — S is a homeomorphism, Hélder with Hélder inverse, and v o fo = f o .

Generically, v is not absolutely continuous (meaning that its derivative in the sense of distributions
is not in L1(S)).

The fact that 1 is generically not absolutely continuous is because any such conjugacy must be
C1Te (see [SS85]), which is not allowed if f/((0)) # 2, for example. (The derivative is taken in
the sense that f can be identified with an increasing, 1-periodic and C**¢ function R — R.) We
are ready to state our main theorem.

Theorem 1.4. Let fo : St — St be the doubling map. Let f be a C?*T® §—perturbation of fo. Let
¥ (St fo) — (S, f) be the a-Hélder conjugacy. Then, there exists C > 0 and p > 0 such that:
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We can re-write Theorem 1.4 in a measure-theoretic form.

V¢ e R, <Clg.




Definition 1.1. Denote by p := . (dz) the pushforward of the lebesgue measure by 1, so that

1 1
/ V@ gy = / e du(x)
0 0

is the Fourier transform 7i(¢) of the measure p. This probability measure is f-invariant on St
since the Lebesgue measure is fp-invariant on the circle.

Remark 1.1. The measure p is known as the measure of mazimal entropy for the dynamical system
(S, f), as it is the push-forward via 1) of the Lebesgue measure A, which is the measure of maximal
entropy for the doubling map. Indeed, the topological entropy h(fy) of (S, fo) is In2 (see [BS02]
section 2.5) and the measure-theoretic entropy hy(fo) is also In2 (see [BS02], section 9.4, and Th.
9.5.4).

To prove this result, we separate two cases: one where f satisfies a linearity condition, and one
where f is totally non linear. The total nonlinearity condition (TNL) is defined as follows.

Definition 1.2. We say that f satisfies (TNL) if there exists no Lipschitz map 6 : S\{¢(0),¢(1/2)} —
R and no locally constant map « : S\ {¢(0),¢(1/2)} — R such that, on S\ {¢(0),v(1/2)},

Inf'=0o0f—0+k.
Lemma 1.5. If f doesn’t satisfies (I'NL), then Theorem 1.4 holds.

Proof. Suppose that there exists a Lipschitz map 6 : S\ {¢(0),%(1/2)} — R and a locally constant
map £ : S\ {¥(0),4(1/2)} — R such that

Inf'=60of—0+k.

on S\ {¥(0),%(1/2)}. Since we are working with the doubling map fo, ¥(0) is a fixed point of f
that bounds our two intervals, and this implies that x is constant. Indeed, we see that

In f'(1(07)) = 0(F((07))) — 0((07)) + K(1(07)) = £(¥(07))

and, similarly, In f/(¢»(07)) = x(¢(07)). Hence In f' = 6o f — 6 + & for some constant k. We say
that f is cohomologous to a constant. It is then well known ([PP90], Th 3.6, and [Bal8], Th 2.2)
that p, the measure of maximal entropy for (S, f), is equal to the SRB measure, that is, the only
invariant probability measure that is absolutely continuous with respect to the Lebesgue measure.
Moreover, in our case, the density of the SRB measure is C'!, which is enough to ensure power
decay for [i. O

The totally nonlinear case directly follows from the work of Sahlsten and Steven [SS20], dealing
with the power decay of the Fourier transform of equilibrium states for one dimensional expanding
maps. The technique used is a generalization of some previous work of Bourgain-Dyatlov [BD17],
Li-Naud-Pan [LNP19], and also Jordan-Sahlsten [JS16]. The proof is fairly technical in the general
case, and our goal is to provide a self-contained and elementary proof for an explicit family of
perturbations. More precisely, for z € [0,1), let ®(z) := (z — 1/4)1(9,1/2((x) + (3/4 — x) L[ j21(2).
Extend ® to a 1-periodic function, and then set, for § > 0 small enough:

2x
fs(x) == 25/ e?®W gt
0

where ¢ > 0 is a normalization factor chosen so that fs5(1/2) = 1. This maps factors into a
perturbation of the doubling map on the circle. Denote the associated conjugacy ¥s. We prove
the following.

Theorem 1.6. There exists C' > 0 and p > 0 such that, if § > 0 is small enough:
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It is worth noticing that our explicit approach allows to see that the exponent p doesn’t depends
on §: this answers, in our particular case, a question found in [SS20] about the dependence of this
exponent on the dynamics.

The plan of the paper is the following. Section 2, 3 and 4 shows how one can reduce Theorem
1.6 to checking a “nonlinearity estimate” on f for a general C1+HP (C1 with Lipschitz derivative)
perturbation of the doubling map. In section 5, we see how one can check those estimates for the
explicit perturbation defined above in an elementary way, inspired from [BD17]. (In general, this
last step uses some additional technology that requires us to work with C?T% perturbations.)

Remark 1.2. It was pointed out to me by Frederic Naud that another example of Holder phase
satisfying this “fractal Van der corput lemma” can be easily constructed. Consider the doubling
map, but this time, seen as the map z + 22 restricted to the unit circle U C C. If ¢ is a small
enough complex number, then there exists a topological circle J. on which the dynamical system
2z + 22 + ¢ is well defined ([Ly86], section 1.16). The two dynamics are then conjugated by a
quasiconformal mapping v : U — J. (which is Holder, [FS58]). It follows from the author previous
work [Le21] that there exists € > 0 and C > 0 such that

Vz € C,

/ eiRe(zw(e))dQ‘ < C(L+z2])c.
U

This remark was the motivation for this paper.

2 Preliminary facts

We choose a C1HHP §-perturbation f of the doubling map fo : « — 22 mod 1, for § small enough.
Denote the Holder conjugacy . First of all, we define some inverse branches for the doubling map.

Definition 2.1. Define S(()O) :=1[0,1/2) and S%O) :=[1/2,1). This is a partition of [0,1) ~ S adapted
to the doubling map. Define the associated inverse branches by:

a2 0,1y — SO g9 o1

— s§°>
x — x/2 x — (x

+1)/2
For any finite word a = a3 ...a, € {0,1}", define

g =g ... g0

The cylinder set associated to the word a is defined by Séo) = gff) (S), and the collection
{5 | ae{0,1}"} is a partition of SI.

Recall that the Lebesgue measure is invariant by the doubling map. Moreover, for any measurable
map h : S' — C, we have the identity

Jntorte = ([ el @+ [ no®@pas)

which gives, by induction:

/Sh(x)dx = 2% Z /Sh (géo)(x)) dx.

ac{0,1}"

Now, we use our conjugacy 1 to define similar inverse branches and partitions for f.

Definition 2.2. For any finite word a € {0,1}", define
ga =1 o ggo) o tand S, == (Sa(io)) .

Notice that S, = ga(S), and that g, is a local inverse of f. In particular, it is C*+%P on [0, 1).



By definition of the inverse branches, the associated partition, and the pushforward measure u, we
see that we have the following identity, holding for measurable maps h : S — C:

1
Jnin=gz 3 [ oala)duta).

ac{0,1}"

In spirit, this identity is a consequence of the autosimilarity of  (which itself is a consequence of
the autosimilarity of i, encoded by the fact that it is a conjugacy between expanding maps). It
will allows us to work on small scales with control, as the maps g, “zoom in” while respecting the
structure of .

We define some notations for “orders of magnitude”. If there exists a constant C' > 0 independent
of n such that a, < Cb,, then we write a,, < b,. If a,, < b, < ay, we denote a,, ~ b,. If there

~ ~

exist C,a > 0, independent of n and §, such that C~te=*"q,, < b, < Ca,e™™, then we denote it
by a, ~ b,. (Recall that § measure the C'*1P distance between f and f;). Then:

Lemma 2.1. Recall that the perturbation f is supposed to satisfy ||f — follcr+rw < 6. The following
order of magnitude holds, forn > 1 and a € {0,1}:

go ~ 27" diam(Sa) ~ 27"
Moreover, p(Sa) =27".

The proof is straightforward, as (f™)" ~ 2™ (denoting f™ := fo---o f). The second estimate is a
consequence from the first, using the mean value theorem. The last equality is by definition of u
and S,.

Finally, we prove a nonconcentration estimate for .

Lemma 2.2. There exists C,6,, > 0 such that:

Ve €S, Vr >0, p(lz—rz+r]) <COre.

This can be rewritten as
A{yesS, vy) €lz—ra+r]}) <Croe,

where X\ denotes the Lebesgue measure on the circle, which explains why we can see this estimate
on 4 as a nonconcentration estimate on .

Proof. Fix x € S and r > 0 small enough. We have, for any n > 1:

,LL([l'*T’,.Z‘+T‘DS Z M(Sa):2in'#{a€{071}na Saﬂ[x—r,err]?é@}
ae{0,1}"
SaN[z—r,z+7]#£0D
Recall that diam(S,) ~ 27", In particular, there exists C, e > 0 such that diam(S,) > C2 "e~%",

Choosing n(r) := LILIS_(QLJ yields diam(S,) > C'r, so that

#{a e {0,1}", Sanz —r,xz+7r] #£0} <4C,

and so
p([z —r x+r]) <4C 2770 < O

for some C’ > 0 and for §,(0) := (1 — da/In2)~ < 1. Notice that &, approaches one as § gets
smaller. O



3 From the continuous to the discrete

We are ready to reduce our Van Der Corput lemma to a “nonlinearity estimate”. The goal of this
section is to approximate the integral by a finite sum of exponential, which will be controlled by a
powerful theorem of Bourgain from additive combinatorics, as soon as those nonlinearity estimates
are checked. In this section, 5 quantities will be at play: &, n, k, g and §. The only two variables
are £ and n, and they are related by a relation of the form n ~ In|£|. The quantities k, gq are
constant parameters that will be fixed in section 4 while applying Theorem 4.1. The parameter ¢
will be chosen small before gg.

Our goal is to prove a bound of the form

Ve, ()] S 1€

In the next lemma, we will consider a family of words a; € {0,1}", and we will denote their
concatenation A := a...a;, € {0,1}*+*D" Same for words b; € {0,1} and their concatenation
B :=b;...b; € {0,1}*". This section is devoted to the proof of the following reduction.

Lemma 3.1. Fiz some €y > 0 small enough. Define, for j =1,...,k, A=ap...a; € {0, 1}(k+1)n
and b € {0,1}" :
ab) i=4"g, 4 (za,) ~1

where T = ga(0) € Sa. Then, for [£| large enough, the following holds:

|ZZ(§)|2 S] 67506“’”/4 + 2*(194’1)” Z sup 9—kn Z eiﬁCA,l(bl)mCA,k(bk) ,
Ac{0,1}(k+1)n NE[e=07/2,e2507] Be{0,1}4n

where n = { (In |¢]) J )

(2k+2)In2—¢9

Proof. First of all, using the autosimilarity formula for u, we get for any integer INV:

1 1
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=2 N Z /eiégC(m)du(I).
ce{o,1}v S

The actual value of g isn’t important to us, the only relevant information for Fourier decay is its
non-concentration. Hence, we are encouraged to use the Cauchy-Schwarz inequality like so:

2

aOPr <2y 3

Ce{0,1}V
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Ce{0,1}N
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Now, choose N := (2k 4+ 1)n, and set C = agbja; ...a;_1bgag, where a;,b; € {0,1}". In a more
compact fashion, we will denote A := apa; ...a; € {0,1}**U? B := b;...by € {0,1}", and
A x B := C. This gives:

P sz S [ om0 dua)auy).
AB x

Now, we will carefully linearize the phase. Define A#B = agbja; ...a;_1bg. Notice that, by the
mean value theorem, for all z,y € [0, 1), there exists z € [0,1) such that

ga+B(T) — gas«B(Y) = QA#B(Z)@ —-7)
where Z := ga, (z) and J := ga, (y). The main idea is that gj 4p(2) can be written as a product
of k functions, and this will allow us to apply the “sum product-phenomenon” to conclude (see
section 4). We need to renormalize appropriately those functions. Define

Caj(b):=4"g, p(Ta,) ~ 1,



where z, := ga(0) € Sa. The fact that f’ is Lipschitz gives us the following bounds:

9—(2k+1)n Z // (eig(gA*B(z)*gA*B(9)74”“"(:1;,1(b1)~»-CA,k(bk)(5*§)) _ 1) dp(z)dp(y)
AB SxS

S €27 RN " | gaus(2) — gasB(y) — 47 Can(b1) .. Cak(bi)(@ — 7)|
A B

< ea6n27(2k+2)n|£|
for some a > 0. This encourages us to relate £ and n so that
|€| ~ 2(2k+2)ne—son

for some gy > 0 small enough that will be fixed later. This choice allows us to write, if 6 > 0 is
small enough,

) S emoom/2 4 2~@k+1n 5 //S . T @=D)Ca (b)) gy () d ()
AB x

so that we may now work on the integral on the right side. Define na (z,y) := £&47%"(Z — 7). The
mean value Theorem gives us bounds of the form

Eon

e

e—aén(

z—y) S Inalz,y)| S e*o.

To conclude, we just need to control the diagonal part of the integral. This is easily done using
Lemma 2.2, as follows:

2—(2]6"1‘1)”

3 // einA(chA,l(bl)...cA,k(bk>du(x)dﬂ<y)‘
AB {\-@—y|§€7(50/27‘¥5)”}

S/ JIR ) <{($,y) €S XS, |l‘ _ y| < 67(60/27a5)n})
< 67(60/27046)6‘”7, < 67606“77‘/4,

So that now we may write, denoting by D := {(z,y) € R? , |z — y| < e~(50/2=@9)n} the previous
neighborhood of the diagonal:

|‘a(£)|2 5 e—son/Q _|_e—506“n/4 _|_2—(2k+1)n

Z//S op e’”]A(mvy)CA,l(bl)---CA,k(bk)du(x)du(y)
AB x

einA(w,y)CA,1(bl)-uCA,k(bk) du(x)du(y)

5 e—aoéun/él +2—(2k+1)n Z //
S

Ac{0,1}(k+1)n xS\D Be{0,1}kn

< g—c0dun/4 | o—(k+1)n sup 9—kn eméa,1(b1)..Cak(by) |

A€{0,1} (k4 | E[e%07/2 e250] Be{0,1}+n

4 The sum product phenomenon

To conclusion of the proof will be a consequence of the following powerful Theorem of Bourgain:

Theorem 4.1 (Sum-product phenomenon). Fiz 0 < v < 1. There exist k € N and 1 > 0 depending
only on vy such that the following holds for n € R large enough. Let Z be a finite set, and fix some
maps (5 : Z =R, j=1,...,k, such that, for all j:

Vb e Z, |n|==/% < |¢(b)] < [n|*/?

and
Vo € [In|7%, InI7],  #{(b,c) € 22, |(;(b) — ¢j(c)| S 0} < (#2)*07. (%)



Then there exists a constant ¢ > 0 depending only on v such that

LS exp(inGi(ba) . Gelby)| < el

k
#Z bi,...breZ

Theorem 4.2 is an example of results called “sum-product phenomenons”. The main mechanism
behind it is the fact that “multiplicative structure” seems to behave chaotically from an additive
point of view. Thus, enough multiplicative structure in the phase will produce additive pseudo-
randomness, which might implies some cancellations - and it does (at some scale), as soon as the
phase isn’t too much concentrated. See [Gr09] for a gentle introduction to those ideas.

This version is an easy corollary of Proposition 3.2 in [BD17]. A similar statement in a two di-
mensional setting can be found in [Le21], the proof in the one-dimensional case is analogous. The
original sum-product phenomenon of Bourgain in [BD17] only deals with maps (; that takes im-
ages away from 0 and infinity, but such an adaptation was already used implicitely in the work of
Salhsten and Steven [SS20].

Our goal is to apply Theorem 4.2 with Z := {0,1}" and ¢(; := (a,;. The fact that (a; ~ 1
means that there exists a constant a > 0 such that e~ < |Ca j(b)| < € which gives the
bound |n|=5/2 < [¢a ;(b)| < |n|t/2 for n large enough and § small enough. The only difficult
requirement to check is the “non concentration hypothesis” (x) (which is a non-linearity estimate
on f). In [SS20] and [Le21], this estimate is checked using Dolgopyat’s estimates, such as found
in [Do98]. In [LNP19], the non-concentration estimates are checked using regularity estimates for
stationary measures of random walks. In the early work of Bourgain and Dyatlov [BD17], the
nonconcentration estimates are checked directly, without the need of any additional technology.
To get an elementary conclusion, we choose to specify a particular family of perturbation on the
doubling map for which some explicit computations can be done. We postpone to the next section
the proof of the following

Lemma 4.2. Fiz v := 1/100. Then Theorem 4.2 fixes some k € N and &, €]0,1[. Fiz o :=1/20
and 6 €]0,0e1/2000[. We call a block A = ag ...a; € {0, 1Y+ regular if for all j € [1,k]:

Yo € [6_450"7 3_808171/2]7 #{(b,c) c ({07 1}11)27 |<A,j (b) _ CA,j (c)| < 0} < 4n01/100'

Denote the set of reqular blocks by REYY. Then, for our particular perturbation fs, most blocks are
regular:

9= (k+1)ny ({0’ 1}(k+1)n \ Rffl) < 5~ Le—c0e1n /400

This allows us to conclude the proof of Theorem 1.6: indeed, by Lemma 3.1, we already know that
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Using the previous bound yields:

1
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49~ (k+)n Z sup 9—kn Z einéa,1(b1)...Ca k(br)|
nEfeson/2 e2c0n] Be{01}kn

2
5 8—505HH/4+2—U€+1)" sup Q—kn Z einCAyl(bl)...gAyk(bk) )

50n/276250n]

A€{0,1}(k+1n n€le Be{0,1}kn

2

< C(S (6_505“n/4 + 6—806171/400)

AcRryt!

We then use that all regular blocks A produces maps (a,; that all satisfies the non concentration
hypothesis required to apply Theorem 4.2. This gives the exponential bound:

1
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2
< 05 (e—soéﬂ,n/zl + e—sosln/400 + e—sosln/Z) )




Notice the following interesting fact: since §,, approach one as the perturbation gets smaller, we see
(in our particular case of a carefully chosen perturbation of the doubling map) that the exponent
of decay might be chosen constant in § if ¢ is small enough.

Recalling that n := {%J then gives

(2k+2)In2—eo
1 .
/ V@) gy
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For some p > 0, constant in 6. The fact that we get a constant Cs > C6~! in front of our power
decay is an artefact of our method: the sum product estimates needs some nonlinearity to holds,
and fs5 is “more linear” as § approaches zero. This answers, in our very particular case, a question
found in [SS20] about the dependence of the exponent p on the dynamics.

< Csl¢[™*

5 The non-concentration estimates

In this section we recall the explicit family of perturbations of the doubling map that allows us
to check the non-concentration hypothesis. For any periodic function ® : S — R, we are going to
construct a perturbation f of the doubling map so that In f/ = cq + ¢1 - ®.

Definition 5.1. Let & : S — R be 1-periodic, 1-Lipschitz, and with absolute value bounded by 1.
Then, for § € (0,1), set

T
ws(x) = 25/ e,
0

1
z5! ::/ Mt
0

We see that ¢ is a perturbation of the identity that factors into a C'THP_diffeomorphism of the
circle. More precisely, there exists a constant C' > 0 such that ||¢s — Ii||ci+ri» < Cd. Moreover,
for all z, ve™2 < ps(z) < we??, and e=2 < ph(z) < .

where

Definition 5.2. Our perturbation of the doubling map is defined as follows: for some fixed é > 0,
set

fs(x) := @s(22).
The parameter § will be taken small enough at the end of the section. Notice that ¢o(z) = =
and so fp is the doubling map. We will omit § and write f, ¢ instead of fs, ¢s for the rest of the

section. We define the inverse branches for a € {0,1} by g.(z) := géo)(go’l(x)). We define, for a
word a € {0,1}", ga := ga,...a,,- Finally, set S, := ga(S).

Remark 5.1. Notice that f was constructed such that Sy = [0,1/2) and S; = [1/2,1).
Lemma 5.1. Let a € {0,1}". Then

—Ingh =n(In2+1Inzs) +6-5,P o ga,

where S, ® := Z;ol ® o fF. In particular, 2"gl, € [e729" e2°"], and iégg - 1‘ < 36"z — y|.
Proof. We see that
n—1
Ing, = —In(f") 0ga = — Z(lnf’) o ¥ o ga.
k=0

Moreover, In f/(x) = In¢'(22) + In2, and In¢’ = Inzs + § - . The first estimate is easy since
|| <1 and |Inzs| < J. The second estimate can be checked as follows:

94 (y)

/
ga(x) _ 1’ _ ‘elnga(x)—lnga(y) _ 1‘ < 62n5 \lng;(x) _ 1ng;(y)|

n

<0 " D(ga, .0, ®) — ©(gay.any)| < 02D (2/3)"w — y| < 26* |z — y.
j=1 j=1



Definition 5.3. We let ® : R — R be the 1-periodic, Lipschitz and bounded by one function defined
by
1
Ve e [0,1/2], ®(z) =2z — 1 and Vz € [1/2,1], ®(z) := Z —x.

It is differentiable on R\ %Z, with derivative 1 on Sg and —1 on S;. In particular, ®og, is naturally
extended as a constant map on [0, 1].

Our goal is to prove Lemma 4.2 for this choice of ®. The idea of the proof can be stated in two
main steps.

1. The nonconcentration hypothesis can be rewritten in terms of a non-concentration estimate
involving Birkhoff sums involving ®, namely S, ® o g,.

2. To check that those Birkhoff sums doesn’t concentrate too much, we show that the derivatives
(S,® 0 ga — S, ® o gp,)" are often away from zero.

We begin by step 2. To this end, the following preliminary lemma is helpful.

Lemma 5.2. Suppose that § < 1/200. Let E be a non-empty set. Let n > 1, and denote by P(n)
the following property:

e Let o > 0 be a scale factor. For all x € E, for alli € [1,n], and for all de {~1,1}¢, choose

pi(®,z) € |22, 1e2°[ with small fluctuations:

26\ °
Vﬂ%y € E7 pl((b7x) - pl(q)vy)‘ < <e2> 03'

For any j > i and any word ® € {0,1}7, set H%(CE) = p1 (D, ) pa (D1 By, z) ... ps(Dy ... By, ).

Define the map X : {-1,1}" — R by

XE(®) = ;- k().
=1

Finally, choose a target a : E — R with small fluctuations: Yx,y € E,|a(x) — a(y)| < o3.
Then, the following uniform anti-concentration estimate holds:

~ R 4 2 3 n/2
274 {B e (-1.1)" | Tr € B, X(B) € [ale) ~ o.a(x) + 0]} < (3) o g2e0in 4o (4) |

where a =1 — 23 > 1/5.

Then P(n) is true.

Proof. The idea is to use the “uniform in 2” fractal geometry of the sets T? = {XZ(®),® €
{=1,1}"} to relate the behavior of T}y to the behavior of T, j < n. We will thus prove that P(n)
is true for all n € N* by induction on n. If n = 1,2, the estimate holds since 1 < 2-(3/4). Now,
let n > 3 and suppose that the estimate holds for all j < n. We notice that

X2 (®) = élné(x) + QQH%(JJ) + n%(z)f(él@’niQ(‘I))

& S o n— T T) — n—2g3 ~j : ~ T _
whereACDA:iI)g s @, € {-1,1}""2 and Xq?l@i,n—z(\ll) = Zzil ‘I/m&)l@%@(ﬂf) with p3 5, ;(V, z) =
pi+2(<I>1<I>2‘Illx) and /%%162’@(9:) = 03,5, (¥, 2) ... 03,5, ;(V,2). The idea is to apply the case
n—2with X2 ~ . Let o > 0. Notice that, since (4/3)2(1/8)* = 1, the estimate is true for

1%®2,n—

o > 1/8. So suppose o < 1/8. Moreover, notice that since |Xﬁ(§>)| < 2, we can suppose ||al|s < 3:
indeed, if this is not the case, then our cardinal is zero. Now that we have reduced the lemma in
the interesting cases, write:

9" {&) e {~1,11" | Iz € E, X%(®) € [a(z) — 0, a(z) + a]}

=27"# {<T> e{-1,1}" |z € E, &)m‘%(x) + ‘52%%(1}) + K2 () X2 27n_2(<i>) € la(z) — o,a(z) + 0‘]}
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= Z 274 {<i> e{£1}" % Jx € E, irk] (x) + K7 4, () (G2 + le irn—2(®)) € a(x) —0,a(x) + o]

(il,iz)e{il}

We then make the following claim: of all the four combinations possibles for (i, i2), only three of
them allow the existence of some x € E for which i1} (x) + izk?;, (2) + K3, (x )Xj””2 L o(®) €

[a(x) — 0,a(x) 4+ o]. Indeed, suppose for example that there exists xg € E such that a(xo) =0 and
i1 = i3 = —1. In this case, a(z) — o > —1/4 for all x € E (recall that o < 1/8). We notice that

) . =20 o485 a0 T2 g,
Va € E7 Zlni ( )+ 712112122(13) + K 1112( )szlzg,n 2((1)) S - 9 - 4 + T Z <2>
i=1
e—20  o—45 65
S s
- 2 4 + 8 1— 625 /
since 0 < 1/200. It follows that i1k} (z) + iz )+ /€m2 fm _o(®) can never belong to

(x )
7,17,2
[a(x) — o,a(x) + o]. A fortiori, it can never meet [a(x) — ) + o] as soon as there exists some

(z

ya(z
xo € E such that a(zg) > 0. Symmetrically, [a(z) — U,a( ) + o] will never meet the terms with
i1 = i = 1 if there exists z( for which a(zg) < 0.

We can then conclude the computation by justifying that P(n — 2) applies. Our scale factor will
be & := 4e*0, and the target a;,i,(2) == (k2 (:z:))fl (a(z) — i1k} (x) —i2k2 ;, (2)). Notice that

1122

Va,y € E, |(a(x) — im} (z) — igk? (2)) — (aly) — im} (y) — igk? ))} < 303

1112 1112

and \ka(x) — i1k, (x) — igk? ;, (2)| < 5, which gives the bound |G, (z) — @i, (y)| < 300° =
30( 3% )3 < 3. We also have to check that the p;,;, ; have small fluctuations:

YU, Y,y € E,

i+2 %
(3)"=(3) >

We can then safely apply P(n — 2). The desired estimate follows by using the previous claim and
the induction hypothesis:

pira(iniz¥, ) — pita(iriz¥, y)‘

9" {6 e {~1,1)" [3r € B, X*(®) € [a(z) — 0, a(z) + a]}

2} #{é € ("2 Fm € B, X2, o(B) =i (@) € [ (52, (x))
(il,iz)e{il}Q

< Z 27" {é c{-1,1}" 2?3z cE, Xfm o ®) € [0, (7) — 40, 84,4, () + 46450]}
(il,iz)e{fl,l}

4\ 2 B 4\ 2 n/2
S3'2_2<(3) (e ot 5 (3/4)0 W) = (3) omea(3)

Lemma 5.3. Let n be large enough. Let o € [e=%%0" §~te=0517/3]. Define i := |(logy 0)/2]. This
is a slowly increasing zoom factor, scaled so that 27 "e*" ~ \/ge?" < (01/10)3. Fiz any word
ac {0,1}". The following bound holds:

O

2724 {(b,c) € ({0,1}")?,d € {0,1}"3x € Sa, |(S2n® © gab — S2n® © gac) (x)| < /1) < 571201/,

Proof. We are going to reduce our bound to the previous lemma. Notice first that, for fixed words
a,b and c, we can compute the derivative of So, P 0 gap — 52, P 0 gac as follow:

(SanI) O gab — SQn(p o gac)/ = g{) (Sn o ga)/ ° gb + (Sn(p © gb), - gé (Sn o ga)/ ©gc — (an) o gc), .
(Sn(I)oga)/‘ < 2, and |g,| <

We see that the terms involving a becomes negligible. Indeed,
27129 50 that

‘gi) (Sno ga)/ °gb — g{) (Sno ga)/ © gc’ <4. 2 ne20m < ot/10

11

0. (ki (2) " o]}

}



for n large enough, since 6 < 1/10 and g9 < 1. Hence, if | (S2,P © gap — S2, P ogac)’| < gl/10)
then [(Sp,® o gp — Sp® o gc)’| < 201/10 and it follows that

2727l (b,c) € ({0,1}™)%,d € {0,1}" | 3z € S4, |(S20® © gab — S2n® 0 gac)’ (z)| < o1/10}

<2727 g(b,c) € ({0,1}")?,d € {0,1}" | 3z € Sa, [(Sn® o gb — Su® o ge) (z)| < 20/10}.

The derivative can be further simplified, using the special ® that we chose. Indeed, we see that,
for any z € [0, 1]:

n

(Sn® 0 gb)’ (z) ZCI” (@) G, (@) = D (b1 ) (),

Jj=1

where ®(0) := 1 and ®(1) = —1, and wp TN (@) = 9b,.., (@) (recall Remark 5.1). Define

Z(/ﬁnjl’%)

j=1

The associated maps p; are pn,jﬂ(b, x) = g{,j (gbjﬂ.ubnx). We can then rewrite our cardinal in a
more compact form, as follows:

27204 {(b,0) € ({0,1)")% d € {0.1}" | o € Sa, [X;i(b) - Xi(e)] < 201/}

=277 N 2Ty {b € {0,1}" | 3z € Sq, X2(b) € [ac(x) — 2011, ac(x) + 201/10]}
de{0,1}™
ce{0,1}m™

with ac(z) := XZ(c). We then wish to apply the previous lemma. To this end, we check first
that the p; have small fluctuations: since diam(Sc) < 27" < (01/10)3, and since gy, ,,,...b, 18
Lipschitz with constant (e2?/2)?, we see that p; has small enough fluctuations (see the bounds in
Lemma 5.1). We then also need to check that the target ac(x) has small fluctuations. This is done
using the bounds found in lemma 5.1 again:

|ac(z) — ac(y \<ZH [ri(y) =1 S o'z —y| < (61/10)P|z —yl.
Hence Lemma 5.2 applies, and gives:

g 3 gy {b € {0,1}" | 3z € Sq, XZ(b) € [ac(z) — 20710, ae(z) + 201/10]}
de{0,1}™
ce{0,1}n

4 2 ao 3 n
< (3) (201/10> e2o00n | o (4) < §71/251/50

provided that n is taken large enough and using the fact that (4/3)2-20%0/10¢200n < §=1/29=151/50
since § < egeq /400. O

Lemma 5.4. Let n be large enough. Let o € [e=2%0" §~le=%0517/3] Let a € {0,1}". Then:
8 "# {(b, c,d) € ({0,1}™)?, [52,® 0 gap(2a) — S20® 0 gac(za)| < 0'} < 2671/251/50

Proof. We cut the word d in two : d := dd, with d € {0,1}"™ and de {0,1}"7", where 7 :=
|(logy )/2]. The desired cardinal becomes

874 { (b, e, d) € ({0,11)2 x {0, 11" x {0, 1", S50 0 gap(235) — S2n® 0 gac(v33)| < 7}

From there, the strategy is taken from [BD17]: we argue that for most of the words b,c.d, the
derivative of the inner function is large enough, thus spreading the x55. Indeed, if we denote by

D,,(c'/1%) the set of all (b, c, a) for which there exists « € Sy such that

| (San) O Jab — SQn(I) o) gac)/ (if)‘ < 0.1/107

12



then the previous lemma bounds 2-2"~"#D, (¢/10), and we can write:

8_n# {(ba c, ~aa)7 |52n(1) o gab(maa) - San) © gac(ﬂfaa” < U} .
<8 {(b,c, d.d) | (b,c,d) ¢ Du(0"/1), [S2n® 0 gab(253) = S2a® © gac(rgg)| < a}+6—1/2al/50.
Now, (b,c,d) ¢ D,,(¢/1%) means that

inf [ (S2n® © gab — S2nP © gae)'| > o1/,
d

It is elementary to check that for any absolutely continuous map f : I — R satisfying inf; f* > 0, we
have, for any interval J, diam(f~(.J)) < (inf; f')~'diam(.J). Hence, if (b,c,d) ¢ D, (¢*/19), de-
noting by 1, y, . 4(0) == {z € Sg, (52, Pgab—52,P0gac)(2) € [—0, 0]}, we have diam(I, }, . 5(0)) <
209/10 and :
2~ ("M fd € {0,117, |99, P 0 gan(T3g) — S2n® © Gac(3g)| < 0}
=27 Mgid € {0,1}"", 255 € I,y o a(0)}

a

<2-(=7) (1 + diam(Ia’b’c’a(U))> < g!/10

2771674677,

since the z, are spaced out by at least 2~ "e~%9" from each other (Lemma 2.1), and 2" ~ o2 O

Lemma 5.5. Let n be large enough. Let o € [e=4%0" e==051%/2] Let a € {0,1}". Then:
87 {(b.c,d) € ({0,1)")°, 494y (va) = 4"ghe(wa)| < o} < 67101/,
Proof. Let (b, c,d) be such that [4"¢., (za) — 4" gnc(za)| < 0. Then:
|S2n® © gab(2a) = S2n® © gac(wa)l = 67" In (4" gy, (va)) — In (4" goe (xa)))|
< 671 4 gl (0) — A gle(a)| < 3P0
We can then conclude using the previous lemmas:

8574 {(b.e,d) € ({0,1)")°, |49y (va) = 4"ghc(wa)| < o}

<574 {(bre.d) € ({01177 19200 © ga(¥a) — 20 0 gaclra)| < 30"}

< 2671/2(571062677,)1/50 < 5710_1/60

Lemma 5.6. We call a couple (a,d) € ({0,1}™)? regular if:
Vo € et em 0 2 4, e € {0,117, "Gl (va) — 4" hcla)| < o} < 0110,
Denote by R? C {0, 1}(k+1)” the set of regular couples. Then most couples are regular:
A7 (({0,117)2 \ RY) g 07 temeoen/a00,

Proof. We use a dyadic decomposition: for each o € [e=%50" e=%051%/2]  there exists [ € [0, 4eon]
such that e+ < ¢ < ¢~!. Hence

R72), C ﬂ R?L,la
1€[0,4eon]]
where we denoted

R2, = {(a.d) e ({0,1")? | 47" #{b,c € ({0,1))2, 4 gpu,(wa) — 4" ghol(wa)| < 7'} < e~ (FDA0 Y,
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Markov’s inequality and the previous lemma gives us the bound

A7 (({0,13™)2 \ Rpy) < eFD/100167m N " idb e € ({0,117)?, 4" gl (xa) — 4" ghe(wa)| < e7'}
a,d

< e(+1)/100 (5—1e—l/60) < §—le—c0e1n/300
Which gives, by summing over 0 <[ < 4egn, for n large enough:
A7 ({0, 1372\ R) < 6™ Femeomum/ia00,
O

Lemma 5.7. Notice that a block A = ag...a; € {0,1}*+V" s regular if (a;_1,a;) is a regular
couple, for all j € [1,k]. Denote the set of reqular blocks by RE+L. Then, most blocks are regular:

9= (k+1)n g <{0’ 1}(k+1)n \ Rﬁﬂ) < §~lemc0s1n/400,

Proof. The result follows from the previous lemma, noticing that

k
REFLC ({A € {0,1}%D", (2, 1,2;) € R2}.

Jj=1
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