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@ Exponential Periods
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Periods

Definition

A period is a complex number whose real and imaginary parts can be written as absolutely
convergent integrals

/g(Xl,.--,x,,)dxl...dx,,
S
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Definition

A period is a complex number whose real and imaginary parts can be written as absolutely
convergent integrals

/g(Xl,.--,x,,)dxl...dx,,
S

2
d
7'(':/ dxdy Iog2:/ bl
{x2+y2<1} 1 X

V2 and all algebraic numbers ¢(2) and all M2V
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Exponential Periods

Definition

An exponential period is a complex number whose real and imaginary parts can be written as
absolutely convergent integrals

/ e_f(xl’uﬂxn)g(xla o 7Xn)dX1 to dX"
S
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Exponential Periods

Definition

An exponential period is a complex number whose real and imaginary parts can be written as
absolutely convergent integrals

/ e_f(xl’w’xn)g(xla o 7Xn)dX1 te dX"
S

Taking f = 0, every "classical" period is an exponential period.
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Exponential Periods

Definition

An exponential period is a complex number whose real and imaginary parts can be written as
absolutely convergent integrals

/ e_f(Xl""’X")g(Xla ey Xp)dXy ... dXp
S

e, acQ ﬁ:/ e *"dx
—0oQ

Euler's constant ~ special values of I', Bessel, E — functions
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© Comparison isomorphism and period matrix
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Comparison isomorphism (classical case)

Setup :
kCC
X smooth variety /k

Theorem (Grothendieck)

There is a functorial canonical isomorphism

HI&(X) @k C — HB(X) ®g C

1= (121 [ o)

given on affine X by
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Period pairing

Setup :
kCC
X affine smooth variety /k

Theorem (Grothendieck)

There is a perfect pairing
Hi(X) ® HE(X) — C
] ® [o] — / w
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Period pairing - Exponential case

Setup :

kCC

X affine smooth variety /k
f: X — A regular function

Theorem (Grothendieck, Hien-Roucairol, Bloch-Esnault)

There is a perfect pairing
Hir(X, ) @ HF¥(X,f) — C
W] ® [o] — / e fw
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Theorem (Grothendieck, Hien-Roucairol, Bloch-Esnault)

There is a perfect pairing
Hir(X, f) ® HX(X, f) — C
W] ® [o] — / e fw

Definition (Period matrix)

Take 01,...,04 a basis of HFI(X, f) ( - e_fwj>
and wi, ..., wq a basis of Hx(X, f) ’ ij=1,..,d
is a period matrix.
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Twisted de Rham cohomology

Motivation :
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Twisted de Rham cohomology

Ox Q% y Q2

~

w—— dw —df ANw

Definition (Twisted de Rham cohomology)

HgR(X7 f) = H%ar(xa (Q;O df))
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Twisted de Rham cohomology - basic examples
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Twisted de Rham cohomology - basic examples
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Rapid decay homology

Motivation :
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Rapid decay homology

Definition (Rapid decay homology)

H5 " (X(C), {R(f) > R})
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Rapid decay homology

Definition (Rapid decay homology)

HE(X, F) := Jim HE"(X(C), {Re(f) > R})
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Rapid decay homology - a simple example

.
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Rapid decay homology - a simple example

2]5

.
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Period matrix of /7

Hir(AY, x?) = k [dx]
H (A, x*) = QIR]

.
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© How to compute (co)homogy relative to a SNCD
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Relative cohomology

Motivation :
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Euler’'s constant integral representation

Euler's constant
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Euler’'s constant integral representation

Euler's constant
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Euler’'s constant integral representation

Euler's constant
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Geometrical setup for Euler's constant

\
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Geometrical setup for Euler's constant

\

1 X = A?
D f=xy
0 D = # = {x(x — 1)y(y — 1) = 0}
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de Rham cohomology relative to a SNCD

X smooth affine variety/k

D C Xsmooth normal crossing divisor

with irreducible components Dy, ..., D,

.
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de Rham cohomology relative to a SNCD

D[ = ﬂD,‘

X smooth affine variety/k

i€l
D C Xsmooth normal crossing divisor r
o . . P .
with irreducible components Dy, ..., D, D? = |_| Dy
[l=p

.
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de Rham cohomology relative to a SNCD

D[ = ﬂD,‘

X smooth affine variety/k

i€l
D C Xsmooth normal crossing divisor r
o . p .
with irreducible components Dy, ..., D, DF = |_| Dy
[l=p

Definition/Proposition

| .

Q*(X, D) := Tot*(K**) where KP9 = Q9(DP)
H"(X, D) = H"(Q*(X, D))

.
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de Rham cohomology relative to a SNCD

D, ::ﬂD,-

X smooth affine variety/k

i€l
D C Xsmooth normal crossing divisor r
e . P .—
with irreducible components Dy, ..., D, D? = |_| Dy
ll=p

.

Definition/Proposition

Q*(X, D) := Tot*(K**) where KP9 = Q9(DP)
H"(X,D) = H"(Q*(X, D))
~ Epq = Hi(@'(D?)) = HEZ (X, D)

Valentin Carpintero Pérez (IMJ-PRG) AGES - Euler's constant is an exponential period 19 octobre 2026



de Rham cohomology relative to a SNCD
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de Rham cohomology relative to a SNCD

A~ A A~

d

P(X) — D Q*(D;) —— ®1§i<j§r Q*(D;in Dj) — ...

d

QHX) — B QD) — Brcicj, B(OIND) — ...

d

QX)) — D1 (D) —— Brcicj, L(DIN D)) — ...
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@ Euler's constant
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Geometrical setup

X = A?
f=xy
8 i2REEs D= ={x(x=1yly —1) =0}
o DO = x
/ DU = XoU XU YoU Y,
i 1 D®) = Pog Ll Poy LI Pyg L Py

.
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De Rham cohomology H"(AZ, #, xy)

Page 0
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De Rham cohomology H"(AZ, #, xy)

Page 0
Q2(A2) — 40 0
. [
Q' (Xo) ® QY(X
Q1 (42) oeaa)
- e (Yo) ® Q7 (Y1)
or T
Q°(Xo) ® Q'(X
Qo(x) s V0T a0py)
e (Yo) ® Q°(Y1)
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De Rham cohomology H"(AZ, #, xy)

Page 1

HgR(Aza Xy)

~
o
o

Hir(Xo) & Har(X1,y)
HiR(A2,xy) — 1 1 0
©Hzr(Y0) © Hyr(Y1,x)

H3(Xo) & H3r(X1, y) H3r(Poo) & Hir(Po1)

Hg (A%, xy) — —
IR ®HIR(Y0) ® HIR(Y1, %) ®HIR(P1o) ® HIR(P11)
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De Rham cohomology H"(AZ, #, xy)

Page 1
k dx A dy
0 0 0
kéoo @ ko,
0 kox, @ koy, — 0O

@©kd1o D ko1

Valentin Carpintero Pérez (IMJ-PRG) AGES - Euler's constant is an exponential period 19 octobre 2026



De Rham cohomology H"(AZ, #, xy)

Page 2
k[dx A dy]
0 0
0 0 k[doo] @ k[d11]
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De Rham cohomology H"(AZ, #, xy)

Har(A?, #,xy)

is concentrated in degree n = 2 of dimension 3. A basis is given by triplets

(dx A dy,0,0)
(0,0, d00) constant equal to 1 on Py
(0,0, 011) constant equal to 1 on Py,

and live in Q3(X) & QY(DW) & Q°(D®).

.
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Rapid decay homology H"(A?, #, xy)
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Rapid decay homology H"(A?, #, xy)

HEI (A%, #, xy)
= lim Hp(C?, 4 U {R(xy) > R}) 50

%

x=0 x=1

j:c
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Rapid decay homology H"(A?, #, xy)

HiR (A%, #, xy)
is concentrated in degree n = 2 of dimension 3. A basis is given by triplets
Yo

o
A

and live in CQ(X, f) D Cl(Dl, f|D1) ) Co(Dz).

.
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Period matrix : H2(A?, #, xy)
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Period matrix : H2(A?, #, xy)

b [foe e dxdy o
Py e iy |
0 2iT Yo

1 e
0 e
0

doo 011 dxAdy
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Thank you for your attention! :)
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