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Abstract

The purpose of this course, held during the trimester on ”Real Geometry” in
CENTRE EMILE BOREL at Institut Henri Poincaré (Paris) during October-
November 2005, is to present valuation fans and to study theories corresponding
to closure under algebraic extensions of a field equipped with a valuation fan.

On the way we shall present other mathematical objects interesting for
Real Algebraic Geometry, like R—places, real holomorphy ring and orderings of
higher level, and give some applications.

Some elements of Model Theory for these theories of fields will also be pro-
vided.

The frame of the course will be a real field K, which means that —1 is not
a finite sum of squares of elements of K. It is well known from Artin-Schreier
theory that such a field can be ordered.

1 Compatibility of a valuation with an ordering.

1.1 Preorderings, orderings.

Definition 1 A preordering T of K is a subset T C K, satifying :
T+TCT, TTCT, 0,1e€T, —1¢T and T* =T\{0} is a subgroup of K™.
The preordering T is called o quadratic preordering when K2 C T.

Zorn’s lemma shows the existence of maximal quadratic preorderings which
are orderings.
These are characterized by :



Definition 2 A subset P of K is an ordering if :
P+PCPPPCPPU-P=K-1¢P
>From these properties one can easily deduce that 0,1 € PPN —P = {0}
and Y K? C P
We can also call P a positive cone : to any such ordering P one can associate
a binary relation, which is a total order relation, as follows :
b—aeP<sa<ph.
Then P is the set of positive elements.

Example 3 The field R admits only one ordering with positive cone P = R2.

Example 4 The field Q(v/2) = {a+bv2|a,be Q} admits two orderings,
one making /2 positive and the other making v/2 negative .

Example 5 R((X)) the power series field admits also two orderings making X
infinetisimal positive or negative.

Example 6 R(X) admits infinitely many orderings. For any a € R one can
define P, + and P, _ making X —a respectively infinitesimal positive or negative.

1.2 Real Valuations
Definition 7 A Krull valuation v on a field K is a surjective map
v: K*—>T
where T is a totally ordered abelian group, such that
(1) v(zy) = v(z) + v(y) for any =,y in K*
(2) v(z +y) > min{v(z),v(y)}, for any z,y in K*, with x +y in K*.
The valuation ring of v is
A, ={x e K|z=0orv(z)>0}
and its maximal ideal is
I, ={x € K|z =0orv(z) >0}

U, := A, \ I, will denote the group of units and k, := A, /I, the residue
field of the valuation.

Definition 8 Such a valuation v is said to be real if and only if the residue field
k, is formally real (which means —1 ¢ > k2).

Remark 9 A field admits real valuations if and only if it is formally real.



Of course a real field admits real valuations at least the trivial one.
Given a ordering P in a field K, one can define the convex hull of Q :

AP)={z€eK|3IreQ rtzeP}

which is a valuation ring (means that for any z € K either x or 2~ 'belongs to
the ring) and
I(P):={ze€K|VreQ" rtzecP}

is its unique maximal ideal.

A(P) is clearly a subring of K ; it is a valuation ring because assuming
b ¢ A(P) we can prove b= € A(P) : let b ¢ A(P), assume b > 0, since b ¢ A(P)
we have in particular 1 < b,therefore 0 < b=! < 1 which implies that b= € A(P)
because A(P) is convex from its definition as convex hull of Q for P.

We shall see later that this valuation is compatible with the ordering P and
pushes down on the residue field an archimedean ordering, hence the valuation
is real.

Conversely we shall see below that the well known Baer-Krull theorem ensure
that if k, admits an ordering, then K admits also at least one ordering.

1.3 Compatibility of an ordering with a valuation

Definition 10 A quadratic preordering T is said to be fully compatible with a
valuation v if and only if 1 + I, C T. -
In this case T induces on the residue field k, a quadratic preordering T .

In the special case of an ordering P, we just say that P is compatible with
v, then P induced by P in the residue field k, is an ordering of k,.

Example 11 The trivial valuation, sending every element of K to 0, is com-
patible with any ordering of K.

Example 12 The valuation associated to an ordering P with valuation ring
AP)={ze€eK|3IreQ r+xze P}

The valuation associated to a valuation ring A of K, with maximal ideal
I, is defined by v : K* — T where I' := K*/(A\I), and T is ordered by
v(z) <v(y) & yz~! € A

I(P) == {z € K|VreQ* r+taxec P} being the maximal ideal we have
1+ I C P hence the valuation is compatible with P. Then P induces on the
corresponding residue field an archimedean ordering P.

Clearly P is closed under addition and multiplication and P U —P = k,; if
—1 was in P we would have —1 = @ for some a € PN A(P). Then 1+a € I(P),
hence —a € 1+ I(P) C P, so we would get a = 0 which is impossible.

Also for any x € A(P) there exist some r € Z such that —r < = < r, hence
in the residue field we have —r < & < r and P is an archimedean ordering of
ky.



Theorem 13 Let P be an ordering of K and v a valuation on K;the following
are equivalent :

(1) 0<pa<pb=wv(a) >v(b) inT the value group of v.

(2) the valuation ring A, is convex with respect to P.

(8) the mazimal ideal I, of A, is convex with respect to P.

(4) v is compatible with P (i.e. 1+ I, C P).

(1) = (2) A is convex means that ¢ <p y <p 2z, withz,z ¢ A=y e A
; equivalently 0 <p a <p b with b € A = a € A. From (1) we deduce that
v(a) > v(b) > 0in I’ hence a € A.

(2) = (3) Assume 0 <p a <p b with b € A then 0 <p b~! <p a~!, but
b=! ¢ A so using (2) we deduce a=! ¢ A hence a € I, I being the ideal of non
invertible elements of A.

B3)= @) Let mel,ifl+m¢ Pthenl+me —P,sol+m <p 0 hence
0 <p 1 < —m and using the convexity of I for P,ssince —m € I too, this yields
1 € I which is impossible.

(4) = (1) Assume 0 <p a <p b but v(a) < v(b) in T' ; we deduce 0 <
v(b) — v(a) = v(%) hence 2 € I, and also —2 ; From (4) we get 1 + (—2) € P,
SO “T’b > 0, hence a > b which is impossible.

Theorem 14 Proof.

Theorem 15 Let F be the family of all valuation rings compatible with a given
ordering P ; then

(1) The valuation rings in F form a chain under inclusion.

(2) The smallest element of F is A(P).

(a) Suppose A,B € F and A € Blet a € A\B and a > 0; we shall prove
that B C A; Consider 0 < b € B, from convexity of B we cannot have 0 < a <b
so we must have 0 < b < a, from the convexity of A, we deduce b € A.

(b) Let A € F, Ais convex and contains Z, hence A contains A(P) the
convex hull of Q.

Note that any subring of K containing a valuation ring must itself be a
valuation ring, hence F consists of all subrings of K containing A(P); remark
also that A C A’ implies I’ C I.

Definition 16 The place associated to a wvaluation ring A, is an application
A K — k,U{oo}, where \ | ais the canonical surjection from A to k,.and which
is an homomorphism for sum and product extended to k, U {00} (x + 0o = oo,
and zoo = oo with x #0). In fact if a € A then N(a) =a=a+1 and ifa ¢ A
then A(a) = oo.



1.4 The Baer-Krull theorem.

Theorem 17 Let A be a real valuation ring of K. Let P be an ordering in the
residue field k. Let x,, 5 be the set of all orderings P; in K inducing the given P
in k,. Then there is a bijection between x,  and Hom(I',Z/2) where ' denotes
the value group of v. 7

The proof needs the following Lemma.

Lemma 18 Let K be a field and A a real valuation, hence k, admits at least
one ordering with positive cone -y, then there exist at least one ordering on K,
with positive cone P compatible with v (or with A, the place associated with v)
such that P=y.

Let T := {z € K | 3y € K 3z € A\I A\y(2) >, 0 and = = y*z} , we first show
that T is a proper quaratic preordering of K.

It is clear that if z1, 29 € T then z122 € T and if z € T then 22 € T.

Now suppose that —1 € T then Jy € K 3z € A\I such that \,(z) >, 0 and
—1 = y?2, hence z = —y 2, but A\,(—y~?2) <, 0 so we cannot have \,(z) >, 0;
hence —1 ¢ T.

To show that 7' is closed under sum, let 1,75 € T, so ¥ = y?2; and
Ty = ysz9 with 21,20 € A\I, \(21) >, 0 and Ay(22) >, 0. Write 2; +
To = Y3z + Y320 = yizi(1 + 27 '2ey; %93), and assume yoy; ' € A (other-
wise y1yy L is in A). Let 2 = 1+ 27 20y 203, Mo(2) = 14+ Ao(27 20y 293) =
LT+ (Ao (21)) " A0 (22) (Mo (yy My2))? hence z € A\T with A\, (2) >, 0 and z; +z9 =
(212)y? is in T.

Then there exist P an ordering containing the proper preordering T. A is
convex for P because from 1+ I C T we can deduce 1 4+ I C P. So suppose
xz € I,v(x) >, 0hence v(1+xz)=0s01+xz€ A\l and A\,(1+2z)=1>,0.s0
we can write 1 + 2 = (1 +2)1% and 1+ z € T.

And also we have P = since P D T and T = v (T C v is clear, let Z € v
and z such that A,(z) >, 0, then z € A\I and writing z = 212, one gets z € T..

Now we can give the proof of Baer-Krull theorem.

>From the lemma we know that there exist an ordering P, with A convex
for P and P = 7. Let Q be any element of xj such that Q is compatible with
v (or with \,) and Q = .

Define the following mapping

xix — Hom(T',Z/2)

Q—< PQ>

defined by < P,Q > (v(z)) = 0 if x has same sign for P and @, and
< P,@Q > (v(z)) = 1 otherwise.

We first show that < P,Q > is a well defined group homorphism from I' to
Z)2.

It is clear that z —< P, @ > (v(z)) is a group homomorphism from K* —
Z/2 with kernel containing A\I, because if x € A\I then A\, (z) >, 0 or A, (z) <4
0, so for any @ such that @ = v we have x >¢ 0 or z <g 0, hence having same



sign for P and @ we get < P,Q > (v(z)) = 0. Hence < P,Q > is a well defined
group homomorphism from T to Z/2.

The mapping @) —< P,Q > is injective because < P, > and P entirely
define @ (sign of z for @ follows from knowing sign of x for P and < P,Q >
(v(a).

We now have to show that the mapping @ —< P,Q > is surjective. Let
¢ € Hom(T',Z/2). Now define

Q:={zreK|x=0o0r (p(v(z))=0and z € P) or (p(v(z)) =1and x € —P}

We have to prove that @ is a positive cone of an ordering. It is obvious that
Q#K,QQCQ K*CQ,and QU-Q = K.

We just prove that Q@ + Q@ C Q. Let 2,y € Q\ {0}, assume 2z 'y € A
(otherwise zy~! € A), we distinguish two cases.

If 27ty € I, v(z~ly) > 0, then v(1 + 27'y) = 0, 1 + 271y € A\I and
1+ 271y € P because 1 + I C P. Hence 1 + 2~y € (A\I) N P which implies
that 1+ 27y € @ since (A\I) N P C Q. Writing z +y = z(1 + 27 'y) we get
x +y € @ as product of two elements of Q.

If 27y ¢ I then 27ty € A\I and v(z~'y) = 0 implying pv(z~ly) = 0.
Since 7'y € Q we deduce from the definition of Q that x='y € P. Thus
1+2~ty € P, but also 1+2~ 1y € A and since A\, (1+271y) = A\, (1) + X, (27 Ly)
we get A\p(1+ 27 y) >0s01+a27ty ¢ I. Finally 1 + 27!y € (A\I) N P hence
belongs to Q. Again writing z +y = 2(1 + 27 1y) we get x +y € Q as product
of two elements of Q.

Verify now that A is Q — convex : let m € I, v(m) > 0 hence v(1+m) = 0,
Mm(l+m)=1>,0,s0l+me P;v(l+m)=0and 1+m € P imply
1+meQ.

Also Q = v is obvious from P = v and definition of Q.

As a consequence, of the Baer-Krull theorem, if I'/2I" has, as vector space
over Z/2, a basis of n classes, then Xo,P has 2™ elements P; ; hence the lifting

of P to K is unique if and only if T is 2—divisible.

2 Quadratic preorderings and Fans

The compatibility of a preordering with a valuation can be of two kinds. Given
T a proper quadratic preordering of a real field K, v is compatible with 7" if it
is compatible with some ordering P containing T', and v is fully compatible with
T if it is compatible with every ordering P containing T'. In other words we give
the following equivalent definitions.

Definition 19 Given T a proper quadratic preordering of a real field K and v
a valuation of K with unique mazimal ideal I :

(1) v is fully compatible with T if and only if 1+ 1 CT

(2) v is compatible with T if and only if (1 + 1) N —T =0, if and only if T
18 a preordering in the residue field k.

In the sequence we shall denote by X, := {P ordering | P D T}.



A way of building fully compatible preorderings is to use the ”wedge product”
introduced in 1978 by Becker in | ] and Becker and Brocker in [ ].

Definition 20 Let K be a real field, A a valuation ring of K, and w: A — k,
the projection map ; let T' be a preordering of K and S a preordering of k., such
that S O T. The wedge product denoted by T A S := T.x~1(S\{0}).

We refer the reader to Lam’s book [L] p. 21 to verify that T A S is a
preordering of K fully compatible with v and such that residually T A S = S.
There is also an alternative definition for the wedge product :

T/\S:ﬁ{orderingsPDT\?EX/S}

2.1 Fans

Fans in the context of preorderings have been presented first by Becker and
Kopping in [ ].

Definition 21 Let K be a real field and T a proper quadratic preordering of
K. T is a fan if and only if for any S O T with —1 ¢ S and S* = S\{0} is a
subgroup of K* such that [K* : S*] = 2 then S is an ordering of K.

Note that if T is a fan any preordering containing 7" is again a fan. There
is an alternative useful definition of a fan given in [L] p. 40, with proof of
equivalence of definitions.

Definition 22 A preordering T is a fan if and only if for any a € K*\ — T we
have T 4+ aT C T UaT. (such an element a is said T — rigid).

Examples of fans are provided by what is called trivial fans : orderings P
and intersection of two ordeings P, N P». Further examples will be given later
with orderings of higher level. R R

Another example is the pullback S of a trivial fan S in k,, namely S =
K2AS = K277 1(5*) is a fan in K. In fact the trivialization theorem of Brocker
given later says that all fans arise in this way.

It is important to understand minimal fans, defined as Ty such that for
any quadratic preordering 77 C Ty, 17 cannot be a fan. Such a minimal fan
To is the pullback of a trivial fan with respect to the valuation associated to
the valuation ring (convex hull of Q with respect to Tp) given by A(Tp) =
{reK|IreQrtazeTly}.

Theorem 23 Let K be a real field, v a valuation, and T a preordering; then
the following hold :

(a) if v is compatible with T, T is a fan implies that T is a fan

(b) if v is fully compatible with T, T is a fan if and only if T is a fan

Proof of (a) using second definition of a fan. Let b € A\I such that b ¢ —T'
we shall show that b is T"— rigid. T being a fan let t1 +tob € T+ 0T C T U T



hence there exist t3 or t4 such that ¢t; 4+ tob = t3 or t1 + t2b = t4b. Going down
to k, we get £, + tob = t3 or t; + b = t4b hence &) +tob € TUDBT, and T is a
fan.

Proof of (b) using first definition of a fan. Assume v is fully compatible
with T and T is a fan we have to prove that T is a fan. Let W D T be
such that —1 ¢ W, W* = W\{0} is a subgroup of K* and [K*: W*] = 2,
we have to prove that W is an ordering. We first show that W is an ordering
; if —1 = w for some w € W N A, then —1 = w + m for some m € I, so
—w=14+mé&c1+1CT C W hence —1 € W which is impossible. Since T
is a fan and W* a subgroup of k} such that [kﬁ : W =2, W is an ordering.
Form the wedge product W AW = W= t(W\{0}) = W1 +1) Cc WT C W
(W=t (W\{0}) = W(1+1) from [L] p.22) then WAW C W, hence W = WAW
is an ordering.

2.2 Trivialization of fans

A very important theorem is the Brocker’s theorem of trivialization of fans.

Theorem 24 Let K be a real field and T be a fan. Then there exist a valuation
v fully compatible with T such that the pushdown T in the residue field k, is a
trivial fan.

we refer the reader to Lam 777
or write down the proof 777

3 R-—places

3.1 R-—place associée a un ordre

For a complete presentation of these notions one can refer to [L] and [Schii]

Let K be a real field and P an ordering on K; from previous results we
know that (k, P) can be uniquely embedded in (R, R?) since P is archimedean.
Denote 4 this embedding and 7 the canonical application from K into k, U{oo}
(where if a ¢ A(P), then 7(a) = 00).

Definition 25 The R — place associated to P is Ap : K — RU{oco} defined by
the following commutative diagram :

K 25 RU{co}
TN\, P!
k, U {00}

Explicitely Ap(a) = oo when a ¢ A(P), and if a € A(P), then Ap(a) =
inf{freQla<pr}=sup{reQ|r<pa}l.



3.2 Space of R—places

Definition 26 The space of R-places of a field is M(K) = {Ap | P € x(K)},
where x(K) denotes the space of orderings of K.

M(K) is equipped with the coarsest topology making continuous the evalu-
ation mappings defined for every a € K by

eq : M(K) — RU {0}
A= Aa)
M (K) with this topology is a compact Hausdorff space and the mapping
Asx(K) — M(K)
P— A\p
is continuous, surjective and closed.

Definition 27 The usual topology on x(K) is the Harrison topology generated
by the open-closed Harrison sets :

H(a)=P e x(K)|ac€ P}.

With this topology x (K) is a compact totally disconnected space.

Craven has shown in [C] that every compact totally disconnected space is
homeomorphic to the space of orderings x(K) of some field K.

Remark that the topology of M (K) is also the quotient topology inherited
from y(K).

4 Orderings of higher level

>From now on preorderings will not be supposed to be quadratic. Hence the
general definition of a preordering will be :
A preordering T" of K is a subset T' C K, satifying :

T+TCT, TTCT, 0,1€T, —1¢T and T* = T\{0} is a subgroup of K*.

First examples are provided by the Becker’s orderings of higher level, which
are only partial orders.

Definition 28 (Becker [Bel]) : Let K be a commutative formally real field,
P C K is an ordering of level n if : Y, K** C P, P+ P C P, P.P C P (hence
P* is a subgroup of K*); and if K*/P* ~ Z/2nZ the ordering is of exact level
n.

The notation Y K?" denotes the set of all finite sums of 2n-th powers of
elements of K.
The level 1 orderings are the total usual orders.



Theorem 29 (Becker [Bel]) : . K" = N
level of P divides n

Theorem 30 (Becker [Bel]) : Let p be a prime, Y K? # Y K* if and only
if K admits orderings of exact level p.

There exists another approach for such objects with higher level signatures.
Definition 31 (Becker [Be3]) : A signature of level n is a morphism of abelian
groups

0 K" iy,

where ., denotes the group of 2n-th roots of 1 and such that the kernel is
additively closed.

Clearly if o is a signature of level n, then P = kero U {0} is an ordering of
higher level, and its level divides n.

Example 32 Let K = R((X)), K admits two usual orders namely
P, =K*UXK? and P = K*U-XK?
and for any prime p there exist two orderings of exact level p :
P, =K*UXPK?® and P, = K* U—-XPK?

These higher level orderings have important links with sums of powers.
In the sequence > K27 will denote the set of finite sums of 2p-th powers of
elements of K.

Theorem 33 The following are equivalent (p prime) :
(1) K2 # 3 K

(2) K admits an ordering of exact level p.

Theorem 34 For any integer n > 1 holds

ZKQTL:

Example 35 If K = R((X)), there exist two usual oredrings

N
P ordering whose level divides n

P, =K?*UXK?et P. = K*U—-XK?
and for every prime p premier there exist two oredrings of exact level p :
Py =K*?UXPK* et P,_ = K*U-XPK?

All these orderings are associated to the unique R—place of R((X)), and for the
associated valuation they all induce on the residue field the same archimedean
ordering.

10



>From Becker’s works one can deduce :

Theorem 36 The following are equivalent :
(1)Vae K a> € > K*;
(2) every real valuation of K has a 2-divisible value group;
(8) K does not admit any ordering of exact level 2.

As a corollary we obtain that Ap = Ag if and only if P and @ are the begin-
ning of a 2-primary chain of higher level orderings (such a chain has been defined
by Harman [H] as (P,) = (Po, P, ..., P, ...), Po usual ordering, P,, ordering of
exact level 2"~ ! satifying the condition P,U—P, = (PyNP,_1)U—(PyNP,_1))

The mapping A : x(K) — M(K) is a bijection if and only if K does not
admit any ordering of exact level 2.

5 Valuation fans

Definition 37 (Jacob [J1]) : a valuation fan is a preordering T such that there
exists a real valuation v, compatible with T, (meaning 1+ I, C T), inducing an
archimedean ordering on the residue field k..

More precisely a preordering T is a valuation fan if and only if A(T) = {z €
K |3r €Qr+z €T} is a valuation ring with associated valuation v fully
compatible with T, and T in k, is an (archimedean) ordering.

Example 38 Usual orderings P are valuation fans (of level 1, i.e. Y K* C P).
Example 39 P, orderings of exact level n are valuation fans of level n.

Example 40 Let A=Y(\) = {P; | Ap, = A} (where A is the mapping : x(K) —
M(K) defined by P — Ap), then T = NP; is a valuation fan and it is a minimal
level 1 valuation fan.

Definition 41 ( Schwartz [S2]) : a generalized signature is a morphism of
abelian groups, o : K* — G, such that the kernel is a valuation fan

Example 42 Example 43 If o is a group morphism, o : K* — {£1}, with
kernel additivily closed, then o is a signature, and P = keraU{0} is an ordering.

Example 44 If 0 : K* — p,,, is a morphismof abelian groups, with additively
closed kernel, then P = kero U {0} is an ordering whose exact level divides n.

6 Algebraic closure of a field equipped with a
valuation fan

Many notions of real closure, under algebraic extensions, of a field equipped with
either higher level orderings or higher level signatures, either valuation fans or
generalized signatures have been introduced and studied.

All these attempts of closures can be unified in one theory, the theory of
Henselian Residually Real-Closed Fields (HRRC fields)

11



Definition 45 (Becker, Berr, Gondard [BBGJ]) : A field K is henselian resid-
ually real-closed (HRRC) if and only if it admits an henselian valuation v with
real-closed residue field k..

Recall that a valuation v : K* — I, is henselian if it satisfies Hensel’s
lemma : “for any monic polynomial f € A,[X], if f has a simple root B € ky,
then f has a root b € A, such that b= 3"

In the litterature there exist other names for the same theory : the henselian
residually real-closed fields are called real henselian fields in Brown [Br], real-
closed with respect to a signature in Schwartz [S2] and almost real-closed fields
in Delon-Farre [DF].

6.1 Examples of HRRC fields

The basic examples of henselian residually real-closed fields are constructed as
follows. Let K = R((T')) where R((T")) = {>_a,t” | v € I',ay € R} is the set of

5
generalized power series, with support of ) a,t” well ordered, R a real-closed

5
field and T" a totally ordered abelian group. In K = R((I')) one can define :
- product by t7¢0 = t7+9;
- sum by Y a,t? + > bst® = 3" (aa + ba )t
o’ )

[e3%

- order by Y ast" >x 0 & am >R 0
v
where m = min(support) a,t7);

B!

- valuation as v : R((I")) — I" defined by v(}_"a,t?) = m = min(support) a~t?).
B B!

Then it is known that R((T")) is a field, admitting v as henselian valuation

with real-closed residue field R and value group I', hence R((T")) is an HRRC
field.

6.2 Subtheories of the theory of HRRC fields

Let v be a real valuation on a field K, k, its residue field and T';, its value group.
Let S be a set of primes.

Relations between theories are described by the following diagram where
arrows map to subtheories.

Henselian Residually Real-Closed Fields (HRRC)
v henselian valuation , k, real-closed field
closed for generalized signature, or for valuation fan, or for R—place

!
HRRC field of type S (p ¢ S = T, p-divisible)

12



Y

S—generalized real-closed field (S finite) Rolle field
if p¢ S then T, is p-divisible I', odd divisible
if p€ S and I, is not p-divisible then HRRC field of type {2}

Ly, /pl'y =~ Z/pZ ; closed for
higher level ordering or chain signature

| N\ / l
Real-closed field Chain-closed field
()-generalized real-closed {2}-generalized real-closed
I', divisible r,/2r, ~7/2Z
closed for a usual order closed for an ordering of level 2F

As said in the diagram above, any of these theories corresponds to a notion of
closure, under algebraic extensions, of a field equipped with some object: with an
order (real-closed field), with an ordering of two power exact level (chain-closed
field), with an ordering of p—power exact level where p is prime ({p} —real-
closed fields), with an ordering of exact level n (generalized real-closed fields of
exact type S (p € S < I, not divisible) and for all p € S | p | n with S finite),
or with a waluation fan (henselian residually real-closed field).

Note that for HHRC fields, an alternative object is a R—place (defined part
3), because to any R — place of a formally real field it is possible to associate a
canonical level 1 valuation fan in the field . Hence we can consider closures of a
field equipped with a R—place. These special closures must play some important
role in Real Algebraic Geometry (see [BG2] and [G4]).

6.3 On the question of uniqueness of closure

For a field equipped with a true usual order it is well known that the real closure
is unique up to K— isomorphism.

Even for chain-closed fields this is no more true.

In order to recover such a uniqueness for chain-closed fields one needs to
consider a closure for a whole chain of two power levels orderings in the sense
of Harman :

Definition 46 (Harman [H]) : a 2-primary chain of orderings is
(Pn)nEN - (PO,Pla ~'~7Pna )
P, being a usual order, P, an ordering of level 2™, such that

PoU — Pp= (PyNP,_1) U —(PyNPy_1)

Theorem 47 (Harman [H]) : a field K, with a two power level chain of order-
1mgs, admits a closure under algebraic extensions unique up to K — tsomorphism.
The closure is called a chain-closed field and it is equal to the intersection of the
two real-closures of K for P and Ps.
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For generalized real-closed fields, Niels Schwartz has introduced the notion
of chain signature in order to recover the uniqueness up to K-isomorphism.

Definition 48 (Schwartz, [S1]) : A chain signature is a homomorphism
@:K*H{l,—l}xi

such that kerp is a valuation fan, with 7 = Hip where ip denotes the additive
group of p-adic integers,

One can recover orderings of higher level by taking :
P,(p) = o711 x nZ)

Theorem 49 (Schwartz, [S1]) : A field K equipped with a chain signature ¢
admits a closure under algebraic extensions unique up to K— isomorphism.
This closure is a HHRC field.

In the more general situation of a field equipped with a valuation fan we can
also ensure the uniqueness of the closure by considering a field equipped, not
only with a single valuation fan, but with a whole chain of valuation fans.

>From Brown’s work we can derive the following :

Theorem 50 ( Brown [Br]) : Let R and R’ be two algebraic HRRC fields,
extensions of a field K, then the followings are equivalent:

(1) R and R’ are K — isomophic.

(2) R*"NK =R*NK foralln €N .

In fact these T,, = R?>"NK are valuation fans, which form a chain of valuation
fans (T, )nen as defined below; this chain is said to be induced by R.

Definition 51 (Becker-Berr-Gondard [BBGJ) : A chain of valuation fans is
defined as (Ty,)nen such that:

(1) K* C T,

(2) Ty C T,

(3) (Ta)™ C Ty

(4) Tr )Ty, C Ty /T . is the subgroup of elements of exponent m.

Theorem 52 (Becker-Berr-Gondard [BBG]) : Any field K, equipped with a
chain of valuation fans (T, )nen, admits a closure R, under algebraic extensions,
unique up to K —isomorphism ; then R is a HRRC field and R induces (Ty,)nen
(i.e. T,, = R*" N K for all n).
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6.4 Properties of HHRC fields

Henselian residually real-closed fields have a lot of nice properties ; we list
without proof some of them below.

Let R be an HRRC field then :
(1) R is a real field;
(2) Every algebraic extension of R is a radical extension;

(3) R has no real extension of degree p € P\S.
Note that whenever 2 € S, one can replace (3) by (3’) ” R has no extension
of degree p € P\S ”;

(4) Vn € N, K is pythagorean K" + K" = K?";

(5) K is hereditarily pythagorean, which means that every algebraic exten-
sion is again a pythagorean field;

(6) Vn € N, K?" is a fan :

071 c KQn’ -1 ¢ [(277,7 K2n _|_K2n — K2n’
K?™* is a subgroup of K*,

Vz ¢ —K?" holds K"+ zK*" = K" UxK?;

(7) Vn € N, K?" is a valuation fan, i.e. it is a preordering such that :
Vz ¢ +K*" holds 1 +x € K™ or 1 +27! € K?7;

(8) all real valuations of K are henselian;
(9) The set of real valuation rings is totally ordered by inclusion;

(10) The smallest real valuation ring is :
A(K?) = A(K*™) = H(K)
where A(T) ={r € K | In € N n+z € T}, with T a valuation fan, and where

H(K) is the real holomorphy ring (equal to the intersection of all real valuation
rings);

(11) This ring A(K?) is associated to a valuation v corresponding to the
unique R — place of K

(12) The Jacob’s ring J(NK?") is the biggest valuation ring with real-closed
residue field. This ring is defined as follows : if T" is a valuation fan, the ring
J(T) is equal to J1(T) U Jo(T) with

J(T) = {eeK|x¢tTetl4+2eT}
et JQ(T) = {1‘ cK ‘ xr € T et IJl(T) C Jl(T)})

The importance of this Jacob’s ring will appear later with the transfer the-
orem obtained by Delon and Farré.
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7 Some Model Theory for HHRC Fields and
Applications

We make a review of the model theoretic results obtained for the theory of
HRRC fields and its subtheories.

7.1 Axiomatization for Rolle fields

A Rolle field is an ordered field where Rolle theorem holds for polynomials.
Below is an axiomatization for the theory of Rolle fields; these axioms are first
order in the language of fields, hence the theory is elementary.

Theorem 53 (Gondard [G1]) :
(1) azioms for commutative fields ;
(2) 7K formally real 7 :
for eachn > 1
Voi..Va, (-1 =22 + ... +22)

(8) K does not have any algebraic extension of odd degree” :
for each p >0

on...vgczp“ﬂy
(xop41 = OVazo+ziy+..+ z2p+1y2p+1 =0)

(4) "K? is a fan 7 :
VaVyVz3t(z = —t2 Vy? + 222 = 12 V9?4 22 = at?)
(5)”K is pythagorean at level 2 7 :
VaVy3z(zt + ¢yt = 2*)

The three first sets of axioms are the same as in the theory of real-closed
fields, to get a real-closed field axiomatization, just replace (4) and (5) by

Vady(z = y*> Vo = —y?)

In [G1] it is also shown that :

Theorem 54 For any Rolle field K having a finite number 2™ of orders, there
exists n + 1 orders P;, such that K is the is the intersection of the n + 1 real
closures R; of K ordered by P;.
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7.2 Elementary theory of HRRC fields
Theorem 55 (Becker, Berr, Gondard [BBG]) : The class of HRRC fields ad-

mits the following axiomatization :
(1) R is a commutative field ;
(2) R is a hereditarily pythagorean field ;
(3) for all n € N, R* is a fan.

Corollary 56 The class of HRRC fields is an elementary class.

Remark 57 The class of HRRC fields of type S is also an elementary class,
just add to the axiomatization in theorem 18 :
(4) for allp € P\S , K? = K7,

Corollary 54 follows from B. Jacob ([J1]), who first proved that the class of
hereditarily pythagorean fields is elementary.

An alternative proof from [BBG] for "the class of hereditarily-pythagorean
fields is elementary” is given below. It uses the characterization by Becker ([B1],
thm. 4, p. 94) of hereditarily pythagorean fields :

Y K(X)?=K(X)*+ K(X)
which is equivalent to :
Y KX C K(X)” + K(X)?
By Cassel’s theorem this is also equivalent to :
Y KX = K[XP + KIX] (%)

Remark that if f,g,h € K[X] satisfy f2 = g2 + h?, the degrees of g and h are
less or equal to the degree of f because K is formally real.

Hence (*) is expressible by an infinite sequence of first order sentences in the
language of fields.

7.3 A tranfer theorem

Theorem 58 (Delon-Farré, [DF]) : Let K and L be a HRRC fields, then :

(Z) K=1L <:>FJ(K) EFJ(L) N

(i) if K C L then

K < L < Ty extends T jxy, and T jxy < Ty(ry , where the I's are the
value groups of the Jacob rings of K and L.

In Delon-Farre it is also proved that the theory of HRRC fields is elementary,
and the authors established a bijection between theories of HHRC fields and
certain theories of ordered abelian groups. This bijection preserves completeness
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and sometimes decidability. Finally they proved that the only model-complete
theory among these is that of real-closed fields.

They also characterized definable real valuation rings in such fields and have
shown that they were in bijection with the definable convex subgroups of the
value group of the Becker ring.

In case we have only one real (henselian) valuation ring with real-closed
residue field, i.e. the Becker ring equals the Jacob ring, then the model theory
works well, and we are able to get real algebraic results such as a Nullstellensatz
or a Hilbert’s 17th problem at level n.

7.4 Some Applications in HRRC fields

We shall now give examples of applications of the previous parts in some of the
theories studied. The proofs often make use of the model theoretic results given
above. Further results are mentionned in the bibliography.

Going back to the diagram showing relations between theories, we can list
some results related to real algebraic geometry.

HRRC fields
Journal of Algebra, 215, 1999
[BBG]
closure for valuation fan chain
!
HRRC fields of type S
[BBG]
strong Hensel lemma
N\
S-generalized real-closed fields Rolle fields
Journal de Crelle 1994 Manuscripta Math. 1990
[BBDG] [G1]
Hilbert’s 17th pb at level n intersection of real closures
LN e !
Real Chain-closed fields
closed Manuscripta Mathematica 1989
field [BG]

Nullstellensatz.

Closures for a field with a valuation fan chain has been studied before in part
6, and Rolle fields as intersection of real closures in part 7. The strong Hensel’s
lemma, which allow sometimes for to lift multiple roots from the residue field
is too technical to be given in few words and we refer the reader to the original
paper. We now present below two applications to Real Algebraic Geometry.
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7.4.1 Hilbert’s 17th problem at level n

Let K be a formally real field, V' an irréductible affine variety over K, and
K(V) its function field.
In [BBDG] we have searched, depending on K and V, for which n € N holds
- strong property Q,, : Vf € K[V]

(erK( "=V € Vg (K ZKQ”
- weak property Q,, : Vf € K[V)]

(f €Y _K(V)™ <= Vz € Viey(K) f(z) € Y K(x)™")

We got for instance :

Theorem 59 (Becker, Berr, Delon, Gondard [BBDG]) :

R((G)), where G = {% | r,s € Z and p { s}, is a {p}-generalized real-
closed field with only one henselian valuation with real-closed residue field. For
any variety V, property Q. holds for R((G)) if and only if n €< p > the
multiplicative semi-group with 1.

7.4.2 Nullstellensatz for chain-closed fields

Theorem 60 (Becker, Gondard [BG]) : let K be a chain-closed field with only
one henselian valuation with real-closed residue field. Let o € K be such that
a? ¢ K*, then for any ideal P € K[X|holds :

Ix(Vk(P)) = {feK[X]|3keN
Jgihy € K[X| (af)* +> gt —a®> hjeP}

where we denote as usual as usual : -
Vk(P)={z € K" |VfeP f(z)=0}, where P an ideal of K[X])
Ix(W)={feK[X]||VTeW f(z)=0}, where W C K"

Note that a Positivstellesatz can be found in [F].

8 Application of R—places in Real geometry

8.1 A criterium for separation of connected components
in M(K)

Theorem 61 (Becker-Gondard [BG2]) : Two R—places Ap and Ag are in two
distinct components of M(K) if and only if :

ek (bePn-Qetped K*).
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This criterium is obtained using orderings of higher level more precisely of
exact level 2.

X(K)=H(a)UH(—a) and H(a) N H(—a) = @, but A(H(a)) N A(H(—a))
might be non empty.

Nevetherless, if there exist b ¢ Y K2 with b% € >_ K*, then there does not
exist P € H(b) and Q € H(—b) such that Ap = A\g .

Otherwise b ¢ (PN Q)U—(PNQ) and Ap = A\g imply, as said before that
there exist a level 2 ordering P, such that

PU-P,=(PNQ)U—-(PNQ)

with b & Py U —Ps, hence b> ¢ Py , 50 b*> ¢ Y. K* = NPs ;, where P, ; run over
the set of all orderings whose level divides 2.

Assume that Ap et Ag are in the same connected component C of M (K)
(with P # @), and that there exist b € PN—Q with b2 € Y. K* ; A being closed
CNA(H(b)), and CNA(H(-b)) form a partition of C' in two non empty closed
sets, impossible.

Conversely :

If A\p et Ao are in C' et C’, two distinct connected components of M(K),
M(K) being a compact Hausdorff space there exist an open-closed U O C and
Ue=MK)\UDC.

Let X = A"1(U) and Y = A"1(U¢) ; X and Y form a partition of x(K) ; A
being surjective we get :

ATHAWTHL)) = A7)

so A7H(A(X)) = X, and also A" (A(Y)) =Y.

The following lemma from Harman ensure then the existence of b such that
X = H(b) and Y = H(—b) with v* € > K*, hence we have b € PN —Q with
b e > KL

Harman’s Lemma ([H]) : If x(K) = x; U o, where x; and y, are disjoint
open-closed sets such that A=1(A(x;)) = x; et A=Y (A(x3)) = Xg, then there
exist a such that x; = H(a) and xo, = H(—a).

8.2 Number of connected components of a smooth real
variety

Theorem 62 (Becker-Gondard [BG2]) : Let Y be a smooth non empty projec-
tive variety on R , with function field K = R(Y'). Then | mo(Y (R)) |, the number
of connected components of Y (R), is given by:

| mo(Y(R)) |= 1+ logy[(K™2 N Y K*): (D K*2)?)
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This result in the spirit of that of Harnack giving as upper bound of the
number of connected components of a smooth projective curve V(R), g + 1,
where ¢ is the genius of V' ; but here we give a formula with equality and for
any dimension. And the theorem shows clearly the known fact that the number
of connected components is a birational invariant among the smooth varieties.

The first proof (1992) of this result is given in [BG2].

Two new proofs have been found in 2003-2004 by Jean-Louis Colliot-Théléne
[CT] and by Claus Scheiderer [Sche].

In the original proof the theorem is derived from the two following lemmas
which make use of the connected components of the spare of R — places M (K).

Lemma 63 Let Y be a smooth projective variety on R, with function field K =
R(Y). Then | mo(Y (R)) | the number of connected components of Y (R) is equal
to :

| mo(Y'(R)) [=| mo(M(R(Y))) | -

Lemma 64 For any real field K :

| mo(M(K)) |= 1 +logo (K2 N Y K*) - (Y K™)7.

Sketch of proof of first lemma

We use the center map ¢ : M(K) — Y( R), defined by z = ¢(X) = ¢(V))
the unique point (Y projective) whose local ring o, is dominated by V), the
valuation ring associated to the R—place .

- In this case it is known [e. g. [BCR] Prop. 7.6.2 (ii), p. 133] that c is
surjective , the central points being the closure of regular points. And one can
prove that ¢ is continuous.

- Brocker proved in an unpublished manuscript that the fiber of a central
point has a finite number of connected components, and that if = is a regular
point then the fiber is connected.

Now we just have to use the following topological lemma : if a mapping
between two compact spaces X and Y is continuous and surjective and if each
fiber is connected then it induces a bijection between 7 (X) and 7 (Y).

Sketch of proof of second lemma,

We prove that | mo(M(K)) |=logy|E : E*] where E is the group of units of
the real holomorphy ring H(K) (defined part 9) and ET = EN Y K2

Then we can prove that the quotient group (K*2 N> K4)/(3 K*?)? is iso-
morphic to E/(EtU—ET).
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9 R-places and Real Holomorphy Ring

Definition 65 The real holomorphy ring denoted H(K), is the ring intersection
of all real valuation rings of K.

We also can write H(K) = - ﬂ(K)A(P), and
€X

H(K) :A(ZKZ) ={a€e K|3IneN,n>1 such thatnianKz}.

H(K) is a Priifer ring (ring R € K such that for any prime ideal p the
localized ring R, is a valuation ring of K), with quotient field K.
In the sequence we shall denote

Sper(H(K)) = {a = (p,a), p € specH(K), @ ordre de quot(H(K)/p)}
the real spectrum of the real holomorphy ring of K.

Theorem 66 (Becker-Gondard [6]) :
The following diagram is commutative :

Xx(K) ey MinSperH(K)

LA , L sp

M(K) "™ Hom(H(K),R) - MazSperH (K)

where the horizontal mappings are homeomorphisms, and the vertical ones
continuous surjective mappings.

The mappings of the above diagram are defined as follow :
A:x(K) — M(K) is given by P+ Ap ;
speri : x(K) — MinSperH (K) is given by P — PN H(K) ;

sp : MinSperH(K) — MaxSperH(K) is given by a —— a™** (where

o™ ig the unique maximal specialization of «) ;

res : M(K) — Hom(H(K),R) is given by X\ — \g (k) ;

j:Hom(H(K),R) — MaxSperH (K) is given by ¢ — «, (where following
the notation for real spectrum, a, = ¢~ '( R?), where a,, = (ker p, @) with @ =
R? N quot(p(H(K)).

All the spaces in the diagram are compact and the topologies of M (K') and
MazSper H(K) are the quotient topologies inherited from A and sp.

Hence the space x(K) of orderings of a field is homeomorphic to MinSperH (K),
and the space M (K) of R—places is homeomorphic to MaxSper H(K).
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