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Foreword

This book is based on lectures I delivered on De Giorgi’s regularity theory. A preliminary
version of the material in Chapters 2 and 3 was first presented at École normale supérieure
(Paris Sciences et Lettres) in spring 2025. I later expanded and delivered these lectures at the
University of California, Berkeley, in fall 2025.

I first hearded about De Giorgi’s regularity theory by discussing with A. F. Vasseur during
my visits at the University of Texas at Austin in the early 2000s. I very often referred to
his two concise lecture notes about De Giorgi’s methods [64, 14], the second co-authored with
L. Caffarelli. I am very grateful to Alexis and Luis.

In 2010, I began my research on kinetic equations together with Clément Mouhot while we
were both at ENS. Clément was already a significant figure in the field and he proposed the
study of some toy nonlinear models. After attempting to apply the Krylov-Safonov approach, we
eventually recognized that De Giorgi’s methods could be strategically leveraged to our benefit
for studying the regularity of kinetic Fokker-Planck equations. Our research led us to a paper
by W. Wang and L. Zhang, published a couple of years earlier, building upon ideas from
S. N. Kruzhkov. Over the ensuing years, Clément and I devoted ourselves to mastering various
techniques and tools derived from the theory of elliptic and parabolic equations in divergence
form. Clément also wrote recently lecture notes with G. Brigati [9] about quantitative De
Giorgi’s methods.
Since 2008, Luis Silvestre and I have been collaborating on various challenges posed by elliptic

and parabolic equations in non-divergence form. Around the year 2015, I have engaged in
extensive discussions with Luis, François Golse, Clément Mouhot, and Alexis Vasseur regarding
Harnack’s inequality for kinetic Fokker-Planck equations. It is worth mentioning that Luis could
have been a co-author of the paper we produced during that time [28]. After posting this first
work, and following the publication of his seminal paper [59] about the Boltzmann equation,
we embarked on the conditional regularity program for the space-inhomogeneous Boltzmann
equation without cut-off.
I am deeply grateful to Clément and Luis for their years of steadfast and supportive collabo-

ration.

I am also grateful for the many reactions, insights, and questions raised during lectures, both
by students from ENS and UC Berkeley, and by colleagues from the two research programs
hosted at the Simons-Laufer Mathematical Research Institute (SL Math) during the fall of 2025.
Additionally, two colleagues from UC Berkeley attended the lectures and provided valuable
feedback. I would like to express my sincere gratitude to all of them for their attention and
patience.

This book was made possible by the Chancellor’s Professorship at the University of California,
Berkeley. My time in this exceptional department was truly enjoyable. I also greatly benefited
from the remarkable environment provided by SL Math (funded by NSF Grant No. DMS-
1928930) during my stay in California, particularly the outstanding staff who took such excellent
care of us.

Berkeley, December 20, 2025
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From De Giorgi to Boltzmann

This book presents a comprehensive regularity theory for solutions of elliptic, parabolic, and
kinetic equations. The foundation of this theory was laid by E. De Giorgi’s groundbreaking res-
olution of Hilbert’s nineteenth problem in 1956. The innovative tools he developed to tackle this
problem proved to be remarkably versatile. In 1957, just one year later, J. Nash independently
developed analogous techniques for parabolic equations, concurrently with De Giorgi’s research.
By the year 2000, these techniques had been extended to address elliptic and parabolic equa-
tions featuring integral diffusion, such as the fractional Laplacian. More recently, the theory
has evolved to encompass kinetic equations, accommodating both local and integral diffusion
processes. This book aims to present these results in a unified and coherent manner, beginning
with the classical elliptic framework and progressing through to the most recent advancements
in kinetic equations.

Disclaimer. The first version of these lecture notes does not contain results about equa-
tions with integral diffusions. In particular linear kinetic equations related to the Boltzmann
equation are not addressed. Hopefully, they will be covered in a second version.

1 Hilbert’s 19th problem

The field of regularity theory for elliptic equations has seen remarkable advancements, notably
with the resolution of Hilbert’s 19th problem. This problem was one of 23 posed by David
Hilbert to the mathematical community during the International Congress of Mathematicians
held in Paris.

1.1 Statement

In the English translation of Hilbert’s problems published in 1902 in the bulletin of the American
Mathematical Society [33] (see also this wikipedia page), the problem is stated in the following
way,

Are the solutions of regular problems in the calculus of variations always necessarily
analytic?

It is motivated by the classical fact that minimisers of
´
|∇xu|2 dx are harmonic, and thus

analytic. On the one hand, D. Hilbert makes the notion of regular problem precise,

If one assumes that L is uniformly convex and analytic, are the minimizers of a
functional of the form E(u) =

´
Ω L(∇xu(x)) dx always necessarily analytic?

On the other hand, he neither defines the domain of integration Ω nor specifies the set of func-
tions u : Ω → R over which the minimum is considered. We also mentions that he considers more
general functionals of the form

´
L(x, u(x),∇xu(x)) dx but we stick to the previous framework
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From De Giorgi to Boltzmann

for simplicity. The uniform convexity assumption of the Lagrangian L can be understood in
the following sense,

There exist λ,Λ > 0 such that for all p ∈ Rd, λ|ξ|2 ≤ D2L(p)ξ · ξ ≤ Λ|ξ|2. (Convexity)

In this statement, D2L(p) denotes the Hessian matrix of the function L at point p. It is d× d,
real and symmetric.

1.2 The Euler-Lagrange equation

Let v denote a minimiser of the functional E(v). If φ is smooth and compactly supported in Ω
and ε > 0, then E(v + εφ) ≥ E(v). Using the definition of E, dividing by ε and letting it goes
to 0 yields, ˆ

Ω
∇L(∇xv) · ∇xφdx = 0

where ∇L(p) denotes the gradient of L. Since L is analytic and if v is twice differentiable (in
the classical Fréchet sense), then we can integrate by parts and obtain that

−
ˆ
Ω
divx(∇L(∇xv))φdx = 0.

Since φ is an arbitrary smooth and compactly supported function on Ω, this implies that,

−divx(∇L(∇xv)) = 0. (Euler-Lagrange)

In the previous formula, divx denotes the divergence operator with respect to the x variable.
We draw the attention of the reader towards the fact that this equation is nonlinear. Studying
such equations is a priori very challenging.

1.3 Schauder’s theory

Schauder theory from the years 1930 applies to elliptic and parabolic equations with Hölder
continuous coefficients. For instance, it applies to elliptic equations under divergence form,

−
d∑

i,j=1

aij(x)
∂2u

∂xi∂xj
+

d∑
i=1

bi(x)
∂u

∂xi
= S(x) for x ∈ Rd (1)

where coefficients aij and bi together with the function f are assumed to be Hölder continuous
and bounded in Rd. Under the following ellipticity condition on coefficients aij ,

There exists λ,Λ > 0 s.t. for all x ∈ Rd, ∀ξ ∈ Rd, λ|ξ|2 ≤ A(x)ξ · ξ ≤ Λ|ξ|2 (Ellipticity)

J. Schauder showed that it is possible to construct solutions that are twice differentiable in the
space variable x. In this first setting, the regularity of the function and of its derivatives of
order 1 and 2 is measured with a modulus of continuity of Hölder type.
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1 Hilbert’s 19th problem

1.4 De Giorgi’s theorem

A first important idea of De Giorgi in [16] is to consider a spatial derivative u = ∂v
∂xi

for some

i ∈ {1, . . . , d} and to remark that it satisfies −divx(D
2L(∇xv)∇xu) = 0 because the differential

operator ∂
∂xi

commutes with the divergence one. If we consider the matrix-valued function

A(x) = D2L(∇xv(x)),

we remark that Assumption (Convexity) implies that the ellipticity condition (Ellipticity) is
satisfied. Let us recall it,

There exists λ,Λ > 0 s.t. for all x ∈ Rd, ∀ξ ∈ Rd, λ|ξ|2 ≤ A(x)ξ · ξ ≤ Λ|ξ|2 (Ellipticity)

But in stark constrast with Schauder setting, the map x 7→ A(x) is not known (yet) to be Hölder
continuous. E. De Giorgi proposes to forget about the nonlinear equation (Euler-Lagrange) and
to focus on the study of the linear equation

−divx(A(x)∇xu) = 0, x ∈ Ω. (2)

He proposes that we only retain from the nonlinear problem that the Euler-Lagrange equation is
elliptic, that is to say A satisfies (Ellipticity). In doing so, E. De Giorgi has to work with elliptic
equations with rough coefficients: this means that the function A has no regularity assumption
but (Ellipticity).

Theorem 1.1 (E. De Giorgi – [16]). Let Ω be an open set of Rd. Assume that x 7→ A(x) satisfies
(Ellipticity) over Ω. Then any (weak) solution of (2) is Hölder continuous in the interior of Ω.

This statement is not complete because we did not make the notion of (weak) solution precise.
Moreover, De Giorgi’s theorem has a stronger conclusion. In particular, the Hölder exponent
only depends on dimension and ellipticity constants λ,Λ. Such constants will be called universal.

1.5 Resolution of Hilbert’s 19th problem

Thanks to De Giorgi’s theorem, we now know that all derivatives ∂v
∂i

of the minimiser u are

Hölder continuous. In particular, the map A(x) = D2L(∇xv) is Hölder continuous in the
interior of the open set Ω. It is then possible to get a Schauder theory in Ω and conclude that
v is twice differentiable with Hölder continuous second order derivatives. Indeed, one can write
(Euler-Lagrange) under the following form,

−
d∑

i,j=1

aij(x)
∂2v

∂xi∂xj
(x) = 0 in Ω.

Then Schauder theory can be localized to prove that v is indeed C2 in Ω and second derivatives
of v are Hölder continuous. But this implies now that first order derivatives of aij(x) are Hölder
continuous. In particular, first derivatives u = ∂v

∂xk
of v satisfy,

−
d∑

i,j=1

aij(x)
∂2u

∂xi∂xj
= S in Ω

with the Hölder continuous source terms S = −
∑d

i,j=1
∂aij

∂xk
∂2v

∂xi∂xj
. In particular, functions u

are C2 with Hölder continuous second derivatives. This means that v is C3. We can iterate this
reasoning and finally reach the conclusion that v ∈ C∞.
Then proving that C∞ solutions are analytic was known at that time. We do not discuss this

point since it is remotely concerned with the regularity theory we are interested in.
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From De Giorgi to Boltzmann

2 Parabolic equations with rough coefficients

2.1 Nash’s contribution

In [55], J. Nash proved De Giorgi’s theorem for parabolic equations one year later. It is somewhat
a generalization of De Giorgi’s theorem since solutions of elliptic equations can be seen as time-
independent solutions of parabolic equations with time-independent coefficients. J. Nash was
not aware of De Giorgi’s result before writing his paper. Let us give more details. He considered
parabolic equations in divergence form,

∂u

∂t
−

d∑
i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
= S, t > 0, x ∈ Rd

or equivalently,
∂u

∂t
− divx(A(t, x)∇xu) = S, t > 0, x ∈ Rd. (Parabolic)

We can say that J. Nash followed the same path as De Giorgi. In particular, he derived a
modulus of continuity for solutions that does not depend on the regularity of the coefficients
aij . But, even if the two articles share some similarities, J. Nash’s reasoning is quite different
from De Giorgi’s one. In particular, he took inspiration from statistical mechanics (see below)
and considered the logarithm of positive solutions. This idea will be further explored by J. Moser
shortly afterwards [54]. Moreover, J. Nash worked with fundamental solutions, allowing him to
transform integral estimates into pointwise ones.

2.2 Fluid dynamics

O. A. Ladyženskaja, V. A. Solonnikov and N. N. Ural’ceva wrote in 1968 a book entitled
“Linear and quasi-linear equations of parabolic type” [46]. This book will be very influential
in the second half of the twentieth century. It presents in particuler the notion of parabolic
De Giorgi’s classes and expose the proof of De Giorgi & Nash’s theorem for their elements.
O. A. Ladyženskaja is also reknown for a contribution to the study of the Navier-Stokes

system for incompressible fluids. This system has a parabolic structure since it is written,{
∂U
∂t + (U · ∇x)U = ∆U +∇xP, t > 0, x ∈ R3,

divx U = 0.
(Navier-Stokes)

This being said, it is quite different from the linear and scalar parabolic equations studied by
J. Nash. First because it is a system (the function U is valued in R3). Second because of the
presence of the non-linear convection term. The understanding of the regularity of the solutions
of this system is still largely open and one of the Millenium prize problems is devoted to it.
A remarkable contribution about this important mathematical question was made in a series
of papers by Scheffer, starting with [58], and later improved by L. Caffarelli, R. Kohn and
L. Nirenberg [10]. Their results quantify how big (or small) is the set where the solution might
not be smooth.1 An interesting remark for us is that A. F. Vasseur [63] gave an alternative
proof of Caffarelli-Kohn-Nirenberg’s theorem by following closely De Giorgi’s ideas.
Later on, L. Caffarelli and A. F. Vasseur applied to other models from fluid mechanics

De Giorgi’s regularity methods. Among these models, the surface quasi-geostrophic equation
attracted a lot of attention of the mathematical community. L. Caffarelli and A. F. Vasseur

1It gives an upper bound on its (parabolic) Hausdorff dimension.
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3 Equations from kinetic theory of gases

managed to prove in [13] that solutions remain smooth for all times by applying ideas of De
Giorgi’s type. Let us mention that another team, made up of A. Kiselev, F. Nazarov and
A. Volberg [41], proved simultaneously the same result by a completely different method.

2.3 Parabolic equations with integral diffusion

The diffusion term in the surface quasi-geostrophic equation is the square root of the Laplacian.
It can be defined through Fourier analysis, but it can also be defined thanks to a singular
integral. More precisely, for s ∈ (0, 1), the fractional Laplacian (−∆)s of a function u : Rd → R
is defined by

(−∆)su(x) = cd,s

ˆ
Rd

(u(x)− u(y))
dy

|x− y|d+2s

for some positive constant cd,s depending dimension d and s ∈ (0, 1).

The study of general parabolic equations with integral diffusion were a very active field
of research for years, in particular around 2010. We would like to mention two landmark
contributions in this direction: the article by M. Kassmann [40] and the one by L. Caffarelli,
Chan and A. F. Vasseur [11]. We will present results for the following class of equations,

∂f

∂t
=

ˆ
Rd

(f(t, w)− f(t, v))K(v, w) dw (Parabolic with integral diffusion)

for some positive kernels K whose structure will be discussed in due time. It will be assumed
that it is comparable to the kernel of the fractional Laplacian Ks(v, w) = cd,s|v − w|−d−2s in
a sense that will be made precise in the chapter devoted to parabolic (and kinetic) equations
with integral diffusion.

3 Equations from kinetic theory of gases

In this section, is quicky exposed a naive point of view on the importance of the Boltzmann
equation in mathematical physics. It is a way to introduce this central nonlinear model with
which the last chapters deal. It is also a way to share with the reader the enthusiasm for its
study.

3.1 Irreversibility

In the 19th century, scientists were interested in thermodynamics. This branch of physics “[...]
developed out of a desire to increase the efficiency of early steam engines” (Wikipedia). Some
phenomena were known to be irreversible. Such a principle was first stated by Sadie Carnot and
further developed by Rudolf Clausius. It is now known as the second law of thermodynamics.

Irreversibility cannot be (easily) understood from classical mechanics since Newton’s law are
reversible in time. A classical example of this apparent paradox is given by a gas in a box with
two compartments. If the gas is initially confined in the left compartment and the wall between
the two compartments is removed, the gas will quickly occupy the entire box. It is not expected
that he could be confined again in the left part of the box for later times. However, this is
compatible with Newton’s laws.

vii
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From De Giorgi to Boltzmann

3.2 Statistical mechanics

Under the influence of the both the emergence of statistics in social sciences and the development
of atomistic theories in physics, J. C. Maxwell derived in 1867 an equation for the probability
density function f(x, v) of a dilute gas. It accounts for the number of particles with velocities
v at position x. Such a function can evolve in time and J. C. Maxwell showed that it satisfies
an equation of the form,

∂f

∂t
(t, x, v) + v · ∇xf(t, x, v) = QB(f(t, x, ·), f(t, x, ·))(v), t > 0, x, v ∈ R3. (Boltzmann)

The left hand side of the previous equation encodes the fact that particles travel along straight-
lines at velocity v when they do not collide with other particles. The operator in the right
hand side accounts for collisions between particles. During a collision at time t and position x,
the velocities of the two colliding particles are modified. This is the reason why the collision
operator acts only on the velocity variable. It is thus applied to f(t, x, ·) : v 7→ f(t, x, v). The
notation QB(f, f) also draw one’s attention towards the fact that the operator is quadratic.
For some interaction potentials between particles, this operator QB has a diffusive effect. The
reader can be surprised that the tag of the equation is Boltzmann and not Maxwell. And that
the subscript for the collision operator is B.
In 1872, L. Boltzmann studied the long time behaviour of solutions of the equation derived

by J. C. Maxwell. He made the seminal observation that the quantity

−
ˆ
(log f)f dx dv (Entropy)

increases with time. This fact is now known as Boltzmann’s H-theorem and the equation
originally derived by Maxwell nowadays bears the name of Boltzmann. The H-theorem can
be thought of a quantitative version of the second law of thermodynamics that we mentioned
above.

3.3 The Landau equation

Boltzmann’s collision operator QB depends on the choice of the potential from which the in-
terparticle force derives. These potentials should be less singular than the Coulombian one:
indeed, in the latter case, QB contains a singularity that is too strong for the operator to
be well defined. For this reason, Lev Landau proposed in [48] (see also [49]) another collision
operator QL(f, f) in order to take into account Coulomb interactions. It has the following form,

QL(f, f) = divv(Af∇vf) + divv(fbf )

for some matrix Af and some vector field bf depending on the solution f . Since Af is semi-
definite, the operator QL(f, f) has a diffusive structure. It is reminiscent of the class of parabolic
equations in divergence form considered by J. Nash (see (1) above). This being said, the lower
order term bf turns out to be very singular, and quadratic, just like for (Navier-Stokes).

4 The Kolmogorov equation & kinetic Fokker-Planck equations

There are many more kinetic equations beyond the Boltzmann and the Landau equations.
Moreover, from the perspective of the study of the regularizing effect of their collision operators,
an equation introduced by A. Kolmogorov in the early years 1930 played an important role.
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4 The Kolmogorov equation & kinetic Fokker-Planck equations

4.1 Kolmogorov’s seminal observation

In 1934, A. Kolmogorov computed explicitly in [42] solutions f(t, x, v) of the following linear
equation,

∂f

∂t
+ v · ∇xf = ∆vf (Kolmogorov)

thanks to Fourier analysis. He showed that this equation has a smoothing effect: rough initial
data are immediately smoothed out for positive times. This important observation will inspire
L. Hörmander to develop his theory of hypoellipticity in his seminal paper [34] from 1967.

4.2 Kinetic equations with local diffusion

In this monograph, we will present a regularity theory for kinetic equations of the form

∂f

∂t
+ v · ∇xf = Lvf (3)

associated with a linear and “diffusive” operator Lv acts only in the velocity variable. The
presentation will follow recent contributions on this topic that we quickly review in the next
two paragraphs.

In view of the discussion above, it is relevant to consider local diffusions of the form,

Lvf = divv(A∇vf)

for some diffusion matrix satisfying an ellipticity condition.

Ultraparabolic equations The study of such equations was first addressed by considering a
more general class of equations, called ultraparabolic equations. The Italian school contributed
in an essential way to the study of these equations, which was launched by the paper by
E. Lanconelli and S. Polidoro [47]. The latter author played a key role in the Italian community
working on these questions. Among other things, he proved with A. Pascucci that weak solutions
are locally bounded [57]. The first De Giorgi-type result was proved by W. Wang and L. Zhang
[67]. Obtaining such a result was a breakthrough. The proof relied on not-so-classical ideas due
to S. N. Kruzhkov about classical parabolic equations. A proof closer to De Giorgi’s paper was
later devised by F. Golse, C. Mouhot, A. F. Vasseur and the author of this monograph [28].

Conditional regularity for the inhomogeneous Landau equation There were many further
developments to the theory that we will review in a dedicated section of the chapter related to
the study of (3). We would like to mention that the conditional regularity program initiated
in [28] was continued in [15] and completed in [31]. This program consists in proving that,
if physically relevant density functions ρ(t, x), E(t, x) and H(t, x) are assumed to be bounded
and ρ is bounded from below, the the solution f of the space-inhomogeneous Landau equation
is smooth. These density functions are ρ(t, x) =

´
Rd f(t, x, v) dv, E(t, x) =

´
Rd f(t, x, v)|v|2 dv

and H(t, x) =
´
Rd(log f)f(t, x, v) dv.

4.3 Kinetic equations with integral diffusion

A similar conditional regularity program was completed by L. Silvestre and the author of this
monograph for the space-inhomogeneous Boltzmann equation. In order to obtain the final C∞

estimate on solutions in [39], the authors first needed to derive a theorem à la De Giorgi, by
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From De Giorgi to Boltzmann

gaining a control on the modulus of continuity of solutions only from “ellipticity”. This was
achieved in [37] where a general class of kinetic equations with integral diffusion is introduced,

Lvf =

ˆ
Rd

(f(w)− f(v))K(v, w) dw

The kernel is assumed to be “sufficiently” elliptic in a sense that we will make precise.
We will see that the class of kernels that one has to work with in order to deal with the Boltz-

mann equation are much more difficult to handle than the one corresponding to the fractional
Laplacian. But it is too early to dive into this.

x



1 De Giorgi’s approach to regularity

In this first chapter, we describe the overall picture that emerges when one follows the path
initially taken by E. De Giorgi, revealing a broader perspective beyond elliptic, parabolic and
kinetic equations.

This book is self-contained. Moreover, it is written in such a way that each chapter can be
red independently. In particular, we will always go through proofs again, in full details, even
when they are very similar, if not copied/pasted from a previous chapter. This being said,
there is a progression from Chapter 2 to Chapter 4, in the sense that new theoretical challenges
and technical difficulties are faced when passing from the elliptic to the parabolic, and from
the parabolic to the kinetic framework. In the parabolic chapter, properties related to the time
variable are to be taken into account. In the kinetic chapter, the main new phenomenon to
be understood is the transfer of regularity from the velocity variable to the spatial one. If the
reader is not familiar with De Giorgi’s techniques and they want to get the big picture, for
instance to be able to adapt these techniques to their framework, it is probably useful to read the
first chapters, or the sections of first chapters that are related to the estimate of interest (local
maximum principle, Hölder estimate, Harnack’s inequality etc.).

1.1 Hölder regularity and oscillations

De Giorgi’s regularity consists in local Hölder estimate of solutions of partial differential equa-
tions, and more generally of functions satisfying appropriate families of local (energy) estimates.

Pointwise Hölder regularity. The Hölder regularity of a function u on a set Ω is characterized
in terms of the oscillations of the function around a point x0. Given a measurable set N (for
neighborhood), the oscillation of the function u over N is defined as,

oscN u = ess-supN u− ess-infN u.

We will see that Hölder regularity reduces to proving that around any point x0 ∈ Ω, we have

oscNr u ≤ Crα

where Nr is a neighborhood of radius r around x0. We will see that it is enough to consider a
sequence of shrinking cylinders:

∀k ≥ 1, oscNrk
u ≤ Crk

α with rk → 0 as k → ∞.

From micro to unit scale. A very important idea of De Giorgi’s method is to reduce the proof
of the algebraic decay of the oscillation of a solution to an improvement of oscillation at unit
scale. This improvement has to be independent of the solution, of any smoothness of coefficients,
of the source term, etc. It shall only depend on dimension d and constants characterizing the
ellipicity of the class of equations λ,Λ, or constants appearing in the local energy estimates.

1



1 De Giorgi’s approach to regularity

x0
Ω We aim at proving that a function u : Ω → R is Hölder

continuous. This means that it is Hölder continuous
around each point x0 ∈ Ω.

Being Hölder continuous at x0 for a function u is equiv-
alent to say that its oscillation decays algebraically with
the radius r of the neighborhood Nr.

On this figure, neighborhoods around any point x0 look
like cylinders with the point x0 at the top. This will be
the case in the parabolic and kinetic frameworks.

Figure 1.1: Hölder regularity at each point of Ω.

N 1
2

N1

Figure 1.2: Zooming in: Two consecutive shrinking cylinders are scaled to N 1
2
and N1.

In order to prove the algebraic decay of the oscillation along a sequence, another key idea is a
consider two consecutive neighborhoods Nk+1 and Nk and scale them so that Nk transforms
into N1. Let us assume for simplicity that then Nk+1 scales into N 1

2
. We aim at proving that

oscN 1
2

u ≤ (1− µ) oscN1 u

for some µ = µ(d, λ,Λ) ∈ (0, 1). We say that the constant µ is universal. If we can prove such
an improvement of oscillation at unit scale, then, after scaling back, we get the algebraic decay
of the oscillation of u over Nrk with rk = 2−k and α such that 2−α = (1− µ).

Shrinking neighborhoods: balls and cylinders. In order to make the previous reasoning ap-
plicable, we need neighborhoods around any point x0 ∈ Ω, at any scale r > 0. These neigh-
borhoods shall encode two invariances of the class of equations under study: translation (from
the origin to x0) and scale (by a factor r) invariances. Straight cylinders are invariant under
the parabolic scaling (t, x) 7→ (r2t, rx) while kinetic cylinders are invariant under the scal-
ing (t, x, v) 7→ (r2t, r3x, rv). Balls and parabolic cylinders are invariant under translations
x 7→ x0 + x and (t, x) 7→ (t0 + t, x0 + x), while kinetic cylinders are invariant under Galilean
translation: (t, x, v) 7→ (t0 + t, x0 + x+ tv0, v0 + v). This is the reason why they are slanted.

2



1.2 Local energy estimates and De Giorgi’s classes

Figure 1.3: Neighborhoods: balls (elliptic equations), straight cylinders (parabolic equations),
slanted cylinders (kinetic equations)

1.2 Local energy estimates and De Giorgi’s classes

From local energy estimates to improvement of oscillation. The local Hölder regularity (in
fact the universal improvement of oscillation at unit scale) derives from local energy estimates.
For this reason, De Giorgi’s methods apply to equations from which we can derive such local
estimates. Such estimates are naturally associated with equations in divergence form.

De Giorgi’s classes. In De Giorgi’s original paper [16], it is proven that not only solutions
of elliptic equations are Hölder continuous, but any function satisfying local energy estimates.
This feature was later used in the context of calculus of variations to prove regularity of quasi-
minimisers of some functionals [26, 27]. These local energy estimates have to be satisfied after
truncating the candidate u (from below and from above) by an arbitrary constant κ: one has
to consider (u− κ)+ and (u− κ)− with a± = max(0,±a).

Sub- and super-solutions. A sub-solution to the elliptic equation −divx(A∇xu) = S is a
function satisfing −divx(A∇xu) ≤ S (in the sense of distributions). If a candidate u is a sub-
solution (resp. super-solution) of the equation, then it satisfies the local energy inequalities after
truncation from above (u−κ)+ (resp. from below, (u−κ)−). A general fact is that sub-solutions
are contained in “positive” De Giorgi’s classes (DG+,pDG+, kDG+) while super-solutions are
in “negative” De Giorgi’s classes (DG−, pDG−, kDG−).

1.3 Local maximum principle and gain of integrability

From measure to pointwise. We saw in the previous section that the relevant information to
establish Hölder regularity is contained in two families of local energy estimates. This infor-
mation is thus encoded in some estimates in Lebesgue spaces on the (truncated) function and
some of its derivatives. Since the goal is to estimate the oscillation of the candidate u, one has
to derive pointwise information from local energy estimates: this is achieved through maximum
principle.

Results in the book. Propositions 2.3.4 (elliptic), 3.3.5 (parabolic), 4.6.3 (kinetic FP).

Maximum principle from gain of integrability. The first step in establishing the improvement
of oscillation of an element of the positive De Giorgi’s class is to prove that it is locally bounded.
In order to do so, we consider the square of (u − κk)+ on a shrinking neighborhood Nrk with

3



1 De Giorgi’s approach to regularity

κk increasing from 1 to 2 and rk decreasing from 1 to 1/2.

Ak :=

ˆ
Nrk

(u− κk)
2
+.

De Giorgi’s method consists in establishing the following nonlinear iterative estimate,

∀k ≥ 1, Ak+1 ≤ Ck+1Aβk for two universal constants C ≥ 1 and β > 1.

We recall that a constant is universal if it only depends on dimension and ellipticity con-
stants. If the first term of the sequence A0 is small, then the iterative estimate implies
that Ak → 0 as k → ∞. But Ak →

´
N 1

2

(u − 2)2+ as k → ∞ and A0 ≤
´
N1
u2+. We

thus conclude that u ≤ 2 in N 1
2

as soon as the L2-norm of u+ in N1 is small enough.ˆ
N1

u2+ ≤ δ0 ⇒ u ≤ 2 a.e. in N 1
2
. (1.1)

It can be surprising that we obtain a nonlinear estimate (Ak+1 ≤ Ck+1Aβk) for a linear
equation. This is made possible thanks to some local gain of integrability and the truncation
procedure: one way or the other, one has to prove that it is possible to control

Bk :=

(ˆ
Nrk

(u− κk)
p
+

) 2
p

for some universal p > 2. We can then use Bienaymé-Chebyshev’s inequality and Hölder’s
inequality to make Aβk appear for some universal β > 1. More precisely, we prove that local
energy estimates yield,

Bk+1 ≤ Ck+1Ak.

Then we estimate the L2-norm of the truncated function (u−κk+1)+ = (u−κk+1)+1{u≥κk+1}
by the product of the Lp-norm of (u− κk+1)+ with the Lq-norm of 1{u≥κk+1} with 1

p +
1
q = 1.

Ak+1 =

ˆ
Nk+1

(u− κk+1)
2

≤ Bk+1

(ˆ
Nk+1

1{u≥κk+1}

) 2
q

≤ Ck+1Ak |{u ≥ κk+1} ∩ Nk+1|
2
q .

Here is the trick: write u − κk+1 = (u − κk) − (κk − κk+1) and let δk denote κk − κk+1 > 0.
Then Bienaymé-Chebyshev’s inequality implies that

|{u ≥ κk+1} ∩ Nk+1| ≤ δ−2
k

ˆ
Nk+1

(u− κk)
2
+

≤ C̃kAk

(we used that Nk+1 ⊂ Nk). We thus get Ak+1 ≤ C̄k+1A
1+ 2

q

k and we get the desired result with
β = 1 + 2

q > 1 (universal).
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1.4 Improvement of oscillation through expansion of positivity

1.4 Improvement of oscillation through expansion of positivity

Expansion of positivity. The expansion of positivity states that any non-negative function u
from the (negative) De Giorgi’s class satisfies,

|{u ≥ 1} ∩ Npos| ≥
1

2
|Npos| ⇒ {u ≥ ℓ a.e. in N1}

for some universal constant ℓ > 0. We say that positivity is extended because if u is positive

N1

Npos

t

N2

N1

Npos

(non-temporal variables)

Figure 1.4: Expansion of positivity. A lower bound on the super-level set on Npos implies a
pointwise lower bound in N1. On the left, illustration of the expansion of positivity
for elliptic equations. On the right, the parabolic and kinetic cases. For time-
dependent equations, positivity is expanded as time increases.

in half of the small neighborhood Npos then it is posivitive (almost) everywhere in the larger
neighborhood N1. The price to pay is that the (universal) lower bound deteriorates.

This property implies the decrease of oscillation of u. Indeed, the local maximum principle
implies that the solution is locally bounded in a set N2 containing N1. Using the linearity of
the equation (encoded in the definition of De Giorgi’s classes), we reduce to the case where
0 ≤ u ≤ 2 a.e. in N2. In particular oscN2 u ≤ 2. We distinguish two cases.

• If |{u ≥ 1} ∩ Npos| ≥ 1
2 |Npos| then infN1 u ≥ ℓ. In particular, oscN1 u ≤ 2− ℓ.

• If |{u ≥ 1} ∩ Npos| < 1
2 |Npos| then we can apply the previous case to v = 2 − u and get

infN1 v ≥ ℓ. In particular, oscN1 u ≤ 2− ℓ in this case too.

We thus proved,

oscN2 u ≤ 2 ⇒ oscN1 u ≤ 2− ℓ.

Making a long story short, by scaling the neighborhood by a factor 2 (from N1 to N 1
2
), we gain

a universal factor 1− ℓ/2 ∈ (0, 1) on the oscillation of the function.

Results in the book. Corollary 2.5.5 (elliptic), 3.4.3 (parabolic), 4.8.1 (kinetic FP).
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1 De Giorgi’s approach to regularity

1.5 The intermediate value principle

We finally explain how the expansion of positivity is obtained thanks to an intermediate value
principle.

The local maximum principle, upside down. The conclusion of the expansion of positivity is
a pointwise lower bound on u. Such a pointwise lower bound can be obtained by applying the
local maximum principle to the function 1−u. Indeed, we can apply (1.1) to v = 1−u and get
that v ≤ 1/2 as soon as

´
N1
v2+ ≤ ε1|N1| for some universal constant ε1. We then estimate this

L2-norm by the measure of the sub-level set of u,

ˆ
N1

v2+ ≤ |{v ≥ 0} ∩ N1| = |{u ≤ 1} ∩ N1|.

In practice, we are going to apply this reasoning to θku for some well chosen θ and an integer
k. In conclusion, the local maximum principle (upside down) asserts that,

|{u ≤ 1} ∩ N1| ≤ ε1|N1| ⇒
{
u ≥ 1

2
a.e. in N 1

2

}
. (1.2)

The intermediate value principle for elliptic equations. For elliptic equations, the intermedi-
ate value principle quantifies the fact that a function with a square integrable gradient cannot
jump for 0 to 1/2. More precisely, for u ∈ H1(B1),

⇒ |{u ≤ 0} ∩B1| × |{u ≥ 1/2} ∩B1| ≤ C∥∇xu∥L2(B1)|{0 < u < 1/2} ∩B1|
1
2 .

The important consequence of this estimate is that, if we have lower bounds δ1, δ2 for the
measures of sub- and super-level sets {u ≤ 0} and {u ≥ 1/2}, then we have a lower bound δ1,2
on the intermediate value set {0 < u < 1/2}. This is the way the intermediate value principle
is stated in general, as we shall see below for kinetic Fokker-Planck equations.

t

Qext Q+

Q−

(x, v)

Figure 1.5: Geometric setting of the intermediate value principle.

The intermediate value principle for kinetic Fokker-Planck equations. For evolution equa-
tions, in particular for kinetic Fokker-Planck equations, the geometric setting of the intermediate
value principle is made of two cylinders, one sitting in the past, let us call it Q−, and one sitting

6



1.5 The intermediate value principle

in the future, we call it Q+. It is necessary that they are separated by a time lap. Moreover,
they are both contained in a large cylinder Qext. The intermediate value principle asserts that,
given the geometric setting (that is radii of cylinders Q± and Qext and time lap), and for δ1
and δ2 given, there exists constants θ ∈ (0, 1) and δ1,2 such that

|{f ≥ 1} ∩Q−| ≥ δ1|Q−|
|{f ≤ θ} ∩Q+| ≥ δ2|Q+|

}
⇒ |{θ < f < 1} ∩Qext| ≥ δ1,2|Qext|.

In practice, all the constants θ, δ1, δ2, δ1,2 are universal.

How to apply it to prove the expansion of positivity. We consider fk = θ−kf . The assumption
of the expansion of positivity ensures that |{f ≥ 1} ∩ Q−| ≥ 1

2 |Q−|. This implies that for all
k ≥ 1, we have |{fk ≥ 1} ∩Q−| ≥ 1

2 |Q−|.
If we can find k ≥ 1, such that |{fk ≤ 1} ∩Q−| ≤ ε1|Q−|, then the local maximum principle

upside down – see (1.2) – implies that fk ≥ 1
2 in the “interior” of Q+.

But if |{fk ≤ 1} ∩ Q−| > ε1|Q−|, or equivalently if |{fk−1 ≤ θ} ∩ Q−| > ε1|Q−|, since we
already know that |{fk−1 ≥ 1} ∩ Q−| ≥ 1

2 |Q−|, then the intermediate value principle ensures
that |{θ < fk−1 < 1} ∩Qext| ≥ δ1,2|Qext| for some universal δ1,2. In terms of intermediate value
sets of f , this means that

|{θk < f < θk−1} ∩Qext| ≥ δ1,2|Qext|.

{θk+1 < f < θk}

{θ2 < f < θ}

f = θ

f = θ2

f = θ3
. . .

Figure 1.6: Intermediate value sets: On the left, is represented the neighborhood (ball or cylin-
der) where the function u is studied. The green and blue rings correspond to inter-
mediate value sets {θk+1 < f < θk}.

But these intermediate value sets are distinct, and they occupy a universal proportion δ1,2 of
the cylinder Qext (see Figure 1.6). This implies that there is only a finite number of them. In
particular for k large enough, we do have |{fk ≤ 1} ∩Q−| ≤ ε1|Q−| and this produces a lower
bound on fk (and thus on f) in the interior of Q+.

Proof of the intermediate value principle. In the elliptic case, the intermediate value principle
is a straightforward consequence of a Poincaré-Wirtinger’s inequality. In the parabolic case, the
same inequality is used after freezing the time variable. In the kinetic case, the proof requires to
establish a Poincaré-Wirtinger’s inequality for weak sub-solutions, involving the cylinders Q−
and Q+.

Corresponding results in the book. Lemma 2.2.7 (elliptic), proof of Lemma 3.4.6 (parabolic),
Proposition 4.7.7 (kinetic Fokker-Planck).
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1 De Giorgi’s approach to regularity

1.6 Summary / conclusion

De Giorgi’s theorem is proved in two steps:

• Square integrable solutions are locally bounded (Local maximum principle).

• Locally bounded solutions are Hölder continuous (improvement of oscillation).

Improvement of oscillation derives from two principles:

Local maximum principle (upside down)

Intermediate value principle

}
⇒ Expansion

of positivity
⇒ Improvement

of oscillation

1.7 Parameters

There are a lot of parameters in this theory. We try to make notation as homogeneous as
possible. Let us present the main ones.

• λ and Λ denote the ellipticity constants.

• x0, X0, z0 denotes the “center” of a “neighborhood”, that is to say of balls or cylinders.

• r and R denote a small and a large radius for balls or cylinders (for instance in local
energy estimates).

• κ denotes the truncation parameter.

• ε denotes a small parameter in approximation arguments.

• p, q, p∗ etc. denotes Lebesgue exponents.

• ε0, ε0,1, ε̄0 etc. denotes the “smallness” of source terms.

• ε1 denotes the “small” proportion of a cylinder yielding a local pointwise (upper or lower)
bound.

• η0, η1, η2 and ω typically denote small radii in geometric settings.

• β denotes a universal constant larger than 1 in De Giorgi’s iteration method for the local
maximum principle.

• ω0 denotes a parameter in the local maximum principle between a large cylinder QR and
a small cylinder Qr.

8



2 Elliptic equations

This chapter is devoted to the case of elliptic equations under divergence form. It corresponds to
De Giorgi’s original framework. We aim at deriving a local Hölder estimate for weak solutions.
We will also establish that the Hölder exponent, as well as the constant in the estimate, are

universal : they depend on very few parameters, namely dimension and ellipticity constants.
In the course of the reasoning, we will identify classes of functions that satisfy De Giorgi’s

theorem. Their are coined as De Giorgi’s classes.

2.1 Elliptic equations

This section is devoted to the presentation of the class of elliptic equations that we consider.
We first introduce notation for Euclidian balls and differential operators (partial derivative,
gradient, divergence).

Balls, gradient and divergence

• Given x0 ∈ Rd and r > 0, denotes the open ball centered at x0 of radius r. The closed
ball is denoted by . If x0 = 0, we simply write Br and B̄r.

• Given a function u : Ω → R: ∂iu denotes the partial derivative of u with respect to the
real variable xi, and ∇xu denotes the gradient of ∇xu = (∂1u, · · · , ∂du) ∈ Rd.

• Given a vector field F : Ω → Rd, divx F denotes its divergence: divx F =
∑d

i=1 ∂iFi.

Ellipticity

We consider the following class of elliptic equations:

−divx(A∇xu) = S, x ∈ Ω

where Ω denotes an open set of Rd. The function u : Ω → R is called the solution of the equation
while S : Ω → R is called the source term. The function S is given and we aim at studying the
function u. The function A is also defined in Ω but it is matrix-valued. More precisely, it takes
values in the set Sd(R) of real symmetric d × d matrices. It satisfies the following ellipticity
condition,

Ellipticity. There exists λ,Λ > 0 such that for a.e. x ∈ Ω,

∀ξ ∈ Rd, λ|ξ|2 ≤ A(x)ξ · ξ ≤ Λ|ξ|2.

It is convenient to simply write A ∈ E(λ,Λ) for the set of A’s satisfying the previous condition.
We remark that the ellipticity condition is equivalent to impose that for a.e. x ∈ Ω, the
eigenvalues of the real symmetric matrix A(x) lie in the interval [λ,Λ].
When studying these equations, we will see that the lower bound on eigenvalues will allow us

to control the gradient of the solution in the set L2 of square integrable functions. The upper

9



2 Elliptic equations

bound will be used in order to get such a control, but localized on balls (See the Caccioppoli
estimate contained in Proposition 2.3.2).
De Giorgi’s theorem asserts that under this mere assumption on the coefficients (and suitable

source terms), one can control the modulus of continuity of solutions.

Scaling and translation

Let u be a solution of − divx(A∇xu) = S in a ball BR(x0). Then the function v(y) = u(ry) is
a solution of −∇y · (Ā∇yv) = S̄ in the ball BrR(rx0) with Ā(y) = A(ry) and S̄(y) = r2S(ry).
Remark in particular that if A is elliptic (A ∈ E(λ,Λ)) then so is Ā: we have Ā ∈ E(λ,Λ).
In other words, the class of elliptic equations that we work with is invariant under scaling:
ellipticity constants are conserved (and source terms are scaled).
The class of elliptic equations is also translation invariant. Indeed, the function w(y) = u(y0+

y) satisfies −∇y · (Ã∇yv) = S̃ in the ball BrR(rx0) with Ã(y) = A(y0+y) and S̃(y) = S(y0+y).
In particular, Ã ∈ E(λ,Λ) if A ∈ E(λ,Λ).

Hölder continuity and oscillation

A function u is α-Hölder continuous in a set F ⊂ Rd if for any x, y ∈ F , |u(x)−u(y)| ≤ C|x−y|α.
The set of α-Hölder continuous functions on F are denoted by Cα(F ). The semi-norm [·]Cα(F )

is defined by

[u]Cα(F ) = sup
x,y∈F

x ̸=y

|u(x)− u(y)|
|x− y|α

.

This space is equipped with the norm ∥u∥Cα(F ) = ∥u∥C(F ) + [u]Cα(F ) where ∥u∥C(F ) denotes
supF |u|.
The Hölder continuity of an essentially bounded function at a point x0 can be established by

studying its oscillation around x0.

Definition 1 (Oscillation). Let Ω be an open set and u ∈ L∞(Ω) be real valued and an open
set ω ⊂ Ω. The oscillation of u in ω is defined by

oscω u = ess-supω u− ess-infω u.

Proposition 2.1.1 (Characterization of Hölder continuity). Let B be an open ball and u ∈
L∞(B). Assume that for all x0 ∈ B and all r > 0,

oscBr(x0)∩B u ≤ Crα.

Then u is α-Hölder continuous in B and [u]Cα(B) ≤ C.

Proof. The proof proceeds in three steps.

Step 1. Assume that u : B → R is continuous and consider x, y ∈ B. We now consider
r = |x− y| and remark that y ∈ B̄r(x). In particular,

u(y)− u(x) ≤ oscB̄r(x)∩B u = oscBr(x)∩B u ≤ Crα = C|x− y|α.

We conclude that [u]Cα(B) ≤ C for u continous.
If now u is merely essentially bounded in B, we argue by approximation and consider a

mollifier ρ : Rd → R with ρ ≥ 0, ρ ∈ C∞(Rd), compactly supported in B1 and
´
Rd ρ(x) dx = 1.

We then define for any ε > 0 and x ∈ Rd,

uε(x) =

ˆ
B
u(y)ρε(x− y) dy.

10



2.1 Elliptic equations

Step 2. Let B = BR(xR) for some xR ∈ Rd and R > 0. We claim that for all x0 ∈ Bε =
BR−ε(xR) and all r > 0,

osc
Br(x0)∩Bε

uε ≤ Crα.

Remark that for x ∈ Bε, we have

uε(x) =

ˆ
B
u(y)ρε(x− y) dy =

ˆ
Rd

u(x− εz)ρ(z) dz

since x− εz ∈ B. In particular,

osc
Br(x0)∩Bε

uε = sup
x∈Br(x0)∩Bε

ˆ
Rd

u(x− εz)ρ(z) dz − inf
x∈Br(x0)∩Bε

ˆ
Rd

u(x− εz)ρ(z) dz

≤
ˆ
Rd

(
oscBr(x0−εz)∩B u

)
ρ(z) dz

and the claim follows.

Step 3. Let ε0 > 0 and ε ∈ (0, ε0). We conclude from Step 1 that for all x, y ∈ Bε0 ,

|uε(x)− uε(y)| ≤ C|x− y|α.

By dominated convergence, we have that uε → u a.e. in Bε0 , and we conclude that

|u(x)− u(y)| ≤ C|x− y|α.

Since ε0 > 0 is arbitrarily small, we conclude that [u]Cα(B) ≤ C.

Energy and integration by parts

The elliptic equations of the form −divx(A∇xu) = S are called to be in divergence form, or
conservative form. The reason is that a natural “energy” is associated to them,

E(u) :=

ˆ
Ω
A∇xu · ∇xu.

The ellipticity assumption can be interpreted as a condition under which the energy behaves
like the L2 norm of the gradient.

Local energy. Let us understand why this quantity is naturally associated with the elliptic
equations that we presented above. In order to do so, we consider local energies by considering
a ball B ⊂ Ω,

EB(u) :=

ˆ
B
A∇xu · ∇xu.

If a function u : B → R is such that this local energy is minimal when u is perturbed by a C∞
c

function φ supported in B, then ˆ
B
A∇xu · ∇xφ = 0. (weak)

Indeed, the real function

EB(u+ tφ) =

ˆ
B
A(∇xu+ t∇xφ) · (∇xu+ t∇xφ)

has to achieve a minimum at t = 0, in particular its derivative vanishes at t = 0. This implies
(weak). Integrating by parts (if possible), we recover the elliptic equation in B.
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2 Elliptic equations

Towards a weak formulation. Recall that we do not want to make any smoothness assumption
on A, so that (among other things) we can scale solutions and stay in the class of solutions of
elliptic equations. We do not want to differentiate A∇xu, at any cost. Integrating by parts,
we can think of the elliptic equation under the form (weak). Such a form makes sense as soon
as ∇xφ and ∇xu are square integrable function (because eigenvalues of A are bounded from
above).

2.2 The space H1(Ω) and weak solutions

In this section, we recall the definition of the Sobolev space H1(Ω) that is needed in order
to define weak solutions. We will also state and prove a result about the composition of H1

functions with Lipschitz ones. This result is classical but a little bit less than the other ones.
We thus state it and prove it. It is useful for the reader that is not completely at ease with
the functional setting. We then recall some classical functional inequalities and give precise
references for proofs.

2.2.1 Two Hilbert spaces

The H1 space is made of square integrable functions whose gradient is also square integrable.

Definition 2 (The space H1(Ω)). The space H1(Ω) is the vector subspace of L2(Ω) made of
functions u admitting first order derivatives (in the sense of distributions) lying in L2(Ω). The
(weak) gradient of an element u of H1(Ω) lies in L2(Ω)d.

We want to pass to the limit in test functions φ. This is the reason why we introduce the
following subset of H1(Ω). It is a convenient way to impose u = 0 at the boundary in a weak
sense.

Definition 3 (The space H1
0 (Ω)). We denote by H1

0 (Ω) the closure of C∞
c (Ω) with respect to

the topology induced by the H1 norm (associated with (·, ·)).

We recall that smooth functions are dense in H1(Ω). See for instance [8, Corollary 9.8].

Proposition 2.2.1 (Density of smooth functions in H1(Ω)). Let Ω be open with C1 boundary
and u ∈ H1(Ω). Then there exists a sequence Un ∈ C∞

c (Rd) such that un = Un|Ω → u in
H1(Ω).

This proposition immediately implies the following technical lemma.

Lemma 2.2.2. Let Ω be open with C1 boundary and u ∈ H1(Ω) and φ ∈ C∞
c (Ω). Then

φu ∈ H1
0 (Ω).

Proof. Consider the sequence un from Proposition 2.2.1 and consider vn = unφ. We easy verify
that vn → uφ in H1(Ω). Since vn ∈ C∞

c (Ω), we conclude that uφ ∈ H1
0 (Ω).

2.2.2 Weak solutions

We recall that E(λ,Λ) denotes the set of all elliptic “matrices”, see (weak) on page 11.

Definition 4 (Weak solutions). Let Ω be an open set of Rd and A ∈ E(λ,Λ) and S ∈ L1(Ω).
A function u : Ω → R is a weak solution of −divx(A∇xu) = S in Ω if u ∈ H1(Ω) and if for all
φ ∈ C∞

c (Ω), ˆ
Ω
A∇xu · ∇xφ =

ˆ
Ω
Sφ.

12



2.2 The space H1(Ω) and weak solutions

By using the definition of H1
0 (Ω), we see that we can extend the class of functions v used in

the weak formulation. Let us put into a lemma whose proof is left to the reader.

Lemma 2.2.3 (Extending the set of test functions). If u is a weak solution of −divx(A∇xu) =
S in Ω with S ∈ L2(Ω), then for all v ∈ H1

0 (Ω), we have

ˆ
Ω
A∇xu · ∇xv =

ˆ
Ω
Sv.

2.2.3 Composition in H1(Ω)

The following result is classical but we state and prove it for the reader’s convenience. It is
sometimes called Stampacchia’s theorem.

Proposition 2.2.4 (Composition). Let Ω be open. We assume that either Ω is bounded or
T (0) = 0. Consider u ∈ H1(Ω) and T : R → R.

1. If T is C1 and T ′ is bounded in R (that is to say globally Lipschitz continuous), then
T (u) ∈ H1(Ω) and ∇x(T (u)) = T ′(u)∇xu in L2(Ω).

2. If T (r) = r+ = max(r, 0), then T (u) ∈ H1(Ω) and ∇xu+ = 1{u≥0}∇xu = 1{u>0}∇xu.

Proof. We prove each item successively.
Proof of 1. We first consider T ∈ C1 with T ′ bounded in R by a constant L > 0. Then we

know that
|T (u)| ≤ |T (0)|+ L|u|.

In particular T (u) ∈ L2(Ω) (either because Ω is bounded or because T (0) = 0). Moreover,
T ′(u)∇xu is square integrable because |T ′(u)∇xu| ≤ L|∇xu|.

We prove next that T ′(u)∇xu is the weak gradient of T (u). By Proposition 2.2.1, we know
that there exists un|Ω ∈ C∞

c (Rd) such that un → u in H1(Ω). For clarity, we simply write un

for un|Ω. In particular un → u in L2(Ω) and, up to a subsequence, we have that un → u almost
everywhere in Ω.
Since

|T (un)− T (u)| ≤ L|un − u|,

we first get that T (un) → T (u) in L2(Ω).
Second we claim that ∇xT (u

n) → T ′(u)∇xu in L2(Ω). Indeed ∇xT (u
n) = T ′(un)∇xu

n and
we can write,

|∇xT (u
n)− T ′(u)∇xu| ≤ |T ′(un)− T ′(u)||∇xu|+ |T ′(un)||∇xu

n −∇xu|
≤ |T ′(un)− T ′(u)||∇xu|+ L|∇xu

n −∇xu|.

The second term converges to 0 in L2(Ω) and one can apply dominated convergence to prove
that the first one also goes to 0 in L2(Ω) since

|T ′(un)− T ′(u)||∇xu| ≤ 2L|∇xu|.

Thanks to the uniqueness of distribution limits, we conclude that ∇x(T (u)) = T ′(u)∇xu in
L2(Ω).

Proof of 2. We argue by approximation. More precisely, we consider two bump functions in
R: ρ̄ supported in [0, 1] and ρ supported in [−1, 0]. We then consider for ε ∈ (0, 1) the function

13



2 Elliptic equations

θ̄ε such that (θ̄ε)′′(t) = ρ̄ε(t) =
1
ε ρ̄
(
t
ε

)
and θ̄ε(−ε) = (θ̄ε)′(−ε) = 0. Similarly, we consider θε

such that (θε)′′(t) = ρ
ε
(t) = 1

ερ
(
t
ε

)
and θε(0) = (θε)′(0) = 0. Easy computations show that

1[0,∞) ≤ (θ̄ε)′ ≤ 1[−ε,∞) ≤ 1[ε,+∞) ≤ (θε)′ ≤ 1(0,+∞).

In particular,

(θ̄ε)′ → 1[0,+∞) and (θε)′ → 1(0,+∞) (pointwise)

∀r, r+ ≤ (θ̄ε)(r) ≤ (r + ε)+ and (r − ε)+ ≤ (θε)(r) ≤ r+

and both θ̄ε(u) and θε(u) converge to u+ in L2(Ω) (by dominated convergence).
By 1, we know that θ̄ε(u) and θε(u) are in H1(Ω) and

∇x(θ̄
ε(u)) = (θ̄ε)′(u)∇xu and ∇x(θ

ε(u)) = (θε)′(u)∇xu.

Since (θ̄ε)′ and (θε)′ are both bounded by 1, we can apply dominated convergence and conclude
that

∇x(θ̄
ε(u)) → 1[0,+∞)(u)∇xu and ∇x(θ

ε(u)) → 1(0,+∞)(u)∇xu in L2(Ω).

Then uniqueness of distribution limits implies that both limits coincide with ∇xu+.

2.2.4 Functional inequalities

In this section, we state without proofs two functional inequalities. The first one corresponds
to Sobolev’s embedding [8, Corollary 9.14].

Proposition 2.2.5 (Sobolev’s inequality). There exists a positive constant CSob, depending on
dimension d, such that for all r > 0 and u ∈ H1(Br),

∥u∥2
Lp∗ (Br)

≤ CSob

(
∥∇xu∥2L2(Br)

+ r−2∥u∥2L2(Br)

)
with 1

p∗ = 1
2 − 1

d if d ≥ 3 and any p∗ if d = 1, 2. The constant CSob also depends on p∗ if
d = 1, 2.

We state the next functional inequality on the unit ball [1, Theorem 3.2]. We will use it in
Chapter 4 with some q ∈ (1, 2].

Proposition 2.2.6 (Poincaré-Wirtinger’s inequality). Let q ∈ [1, 2]. There exists a constant
CPW, only depending on d and q, such that for all u ∈ L1(B1) with ∇xu ∈ L1(B1). Then,

ˆ
B1

∣∣∣∣u−
 
B1

u

∣∣∣∣q dx ≤ CPW

ˆ
B1

|∇xu|q dx

where
ffl
B1
u = 1

|B1|
´
B1
u dx.

Remark 1. In the previous proposition, the functions u and their weak derivatives ∇xu are
only in Lq on the unit ball: the appropriate setting for such a statement is the Sobolev space
W 1,q(B1), see for instance [8].

We use the Poincaré-Wirtinger’s inequality to get a result that relates the size of the sets
where an H1 function is respectively above 1

2 and below 0. The regularity of the weak derivative
implies that the set of intermediate values (i.e. between 0 and 1

2) cannot be too small.
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2.3 Elliptic De Giorgi’s classes & the local maximum principle

Lemma 2.2.7 (Intermediate value). There exists CIVL > 0 only depending on dimension such
that for all u ∈ H1(B1),

|{u ≤ 1/2} ∩B1| · |{u ≥ 1} ∩B1| ≤ CIVL∥∇xu∥L2(B1)|{1/2 < u < 1} ∩B1|
1
2 .

Proof. Let v = T (u) with T (r) = max(min(r, 1), 1/2). We claim that v ∈ H1(B1) and

∇xv = 1{1/2<u<1}∇xu in L2(B1).

In order to justify the claim, we remark that min(u, 1) = −max(−u,−1) = 1− (1− u)+. Since
we know that 1− u ∈ H1(B1), we have that w = min(u, 1) ∈ H1(B1) by Proposition 2.2.4 and
∇xw = 1{u<1}∇xu. Now we can apply the proposition again and conclude that v is indeed in
H1(B1) with a gradient supported in the intermediate value set.

We next apply the Poincaré-Wirtinger’s inequality (see Proposition 2.2.6) to the function v.
Letting v̄ denote

ffl
B1
v, we write

ˆ
B1

|v − v̄|dx ≤ CPW

ˆ
B1

|∇xv|dx

= CPW

ˆ
B1

|∇xu|1{0<u<1/2} dx

≤ CPW∥∇xu∥L2(B1) |{1/2 < u < 1} ∩B1|
1
2 .

We now get a lower bound on the left hand side of the first inequality.

ˆ
B1

|v − v̄| dx ≥
ˆ
{v=1/2}∩B1

|1/2− v̄|dx

= (v̄ − 1/2)|{v = 0} ∩B1|

=
1

|B1|

(ˆ
B1

(v − 1/2) dx

)
|{v = 1/2} ∩B1|

≥ 1

2|B1|
|{v = 1} ∩B1||{v = 1/2} ∩B1|.

We get the announced inequality with CIVL = CPW2|B1|.

Remark 2. Exponents of set measures are not optimal. We lost information when we used the
Poincaré-Wirtinger’s inequality, that is suboptimal too. Exponents can be improved in order
to get the functional inequality originally proved by E. De Giorgi in [16] and nowadays known
as De Giorgi’s isoperimetric inequality. The interested reader is also referred to [64].

2.3 Elliptic De Giorgi’s classes & the local maximum principle

s In this section, we derive a local maximum principle for a class of functions satisfying some
local energy estimates.

2.3.1 Elliptic De Giorgi’s classes

Our next goal is to derive a family of inequalities satisfied by a truncated weak solution.
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2 Elliptic equations

Definition 5 (Elliptic De Giorgi’s classes). Let B be an open ball of Rd and S ∈ L2(B). A
function u : B → R belongs to the elliptic De Giorgi’s class DG±(B,S) if u ∈ H1(B) and there
exists a constant C±

DG ≥ 1 such that for all ball BR(x0) ⊂ B, all κ ∈ R and all r ∈ (0, R),

ˆ
Br(x0)

|∇x(u− κ)±|2 dx ≤
C±
DG

(R− r)2

ˆ
BR(x0)

|(u− κ)±|2 dx+C±
DG

ˆ
BR(x0)

|S|(u−κ)± dx (2.1)

where (u− κ)+ = max(u− κ, 0) and (u− κ)− = max(−(u− κ), 0).

The class DG(B,S) is the intersection of DG+(B,S) and DG−(B,S).

Remark 3 (Universal constants). Before introducing De Giorgi’s classes, a constant was called
universal if it only depends on dimension d and ellipticity parameters λ,Λ. Now we extend this
definition to include constants that only depend on dimension and on the constants C±

DG used
to define De Giorgi’s classes.

The classes are invariant under translation and scaling.

Lemma 2.3.1 (Invariance of De Giorgi’s classes). If B be an open ball of Rd and u ∈ DG±(B)
and Br(x0) ⊂ B. Then the function v = λu(x−x0r ) lies in DG±(B1,S) with S(x) = λ

r2
S(x−x0r ).

We now check that the De Giorgi’s class DG contains all weak solutions of the elliptic equa-
tions that are considered in this chapter.

Proposition 2.3.2 (Weak solutions and DG classes). Let u be a weak solution of an elliptic
equation −divx(A∇xu) = S in an open ball B with S ∈ L2(B). Then u ∈ DG(B,S).

Remark 4 (Caccioppoli’s estimate). Such an estimate is some times called a Caccioppoli’s esti-
mate (for the functions (u−κ)±). It can be described as a reverse Poincaré’s inequality, with a
key difference: the L2-norm of the gradient is taken with respect to a ball Br(x0) that is strictly
contained in the ball Bρ(x0) where the L2-norm of the function is computed.

Remark 5 (Local energy estimates). The inequalities from the proposition are some times re-
ferred to as local energy estimates.

Before turning to the proof of this proposition, we state and prove an elementary technical
lemma.

Lemma 2.3.3 (Truncation function). For any positive numbers r,R with r < R and x0 ∈ Rd,
there exists a C∞ function ρ : Rd → [0, 1] with compact support in BR(x0), equal to 1 in Br(x0)
and such that

∀x ∈ Rd, |∇xρ(x)| ≤
2

R− r
.

Proof. Consider a C∞ function θ : R → [0,+∞) supported in [−1, 1], such that θ(0) = 1 and

|θ′(r)| ≤ 2 for all r ∈ R. Then consider ρ(x) = θ
(
|x|−r
R

)
. Such a function is smooth since ∇xρ

and higer derivatives is supported in BR \Br where |x| is smooth.

We can now prove the local energy estimates.

Proof of Proposition 2.3.2. We want to use v = (u − κ)+ρ
2 as a test function in Definition 4

of a weak solution for u. We know that u − κ ∈ H1(B) and by Proposition 2.2.4, we know
that (u− κ)+ ∈ H1(B). Then we can localize thanks to ρ by using Lemma 2.2.2 and get that
(u− κ)+ρ

2 ∈ H1
0 (B).
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2.3 Elliptic De Giorgi’s classes & the local maximum principle

We now use Lemma 2.2.3 and the fact that ∇x((u−κ)+ρ2) = ρ2∇x(u−κ)++2(u−κ)+ρ∇xρ
in order to write,

ˆ
B

[
A∇xu · ∇x(u− κ)+

]
ρ2 =

ˆ
B
S(u− κ)+ρ

2 − 2

ˆ
B

[
A∇xu · ∇xρ

]
(u− κ)+ρ.

We now use the fact that ∇x(u − κ)+ = 1{u>κ}∇xu and A can be written (
√
A)2 with

√
A

symmetric and definite in order to write the previous equality as follows,

ˆ
B

[
A∇x(u− κ)+ · ∇x(u− κ)+

]
ρ2

=

ˆ
B
S(u− κ)+ρ

2 − 2

ˆ
B

[√
A∇x(u− κ+) ·

√
A∇xρ

]
(u− κ)+ρ

≤
ˆ
BR(x0)

|S|(u− κ)+ +
1

2

ˆ
B

[
A∇x(u− κ)+ · ∇x(u− κ)+

]
ρ2

+ 2

ˆ
B
(A∇xρ · ∇xρ)(u− κ)2+.

This implies,

1

2

ˆ
B

[
A∇x(u− κ)+ · ∇x(u− κ)+

]
ρ2 ≤

ˆ
BR(x0)

|S|(u− κ)+ + 2

ˆ
B
(A∇xρ · ∇xρ)(u− κ)2+.

We now use ellipticity of A and the fact that ρ ≡ 1 in the smaller ball Bρ(x0) in order to finally
get,

λ

2

ˆ
Bρ(x0)

|∇x(u− κ)+|2 ≤
ˆ
BR(x0)

|S|(u− κ)+ +
8Λ

(R− r)2

ˆ
BR(x0)

(u− κ)2+.

We thus proved the local energy estimate with C±
DG = max(2/λ, 16Λ/λ).

2.3.2 Local maximum principle

We saw above that our first task is to control the L∞-norm of weak solutions satisfying an
elliptic equation in B1 in the interior ball B1/2. As a matter of fact, we can prove it in any
interior ball. It will be convenient for us to get it in B3/4. And we will derive a pointwise upper
bound rather than a two-sided bound. Here is a precise statement. We recall that a constant
is universal if it only depends on the constants appearing in the definition of the De Giorgi’s
class.

Proposition 2.3.4 (Local maximum principle). There exists a universal constant CLMP > 0
such that for any u ∈ DG+(B1, S),

∥u+∥L∞(B3/4) ≤ CLMP

(
∥u+∥L2(B1) + ∥S∥L∞(B1)

)
.

In order to prove this lemma, we will need the following technical result about sequences of
real numbers.

Lemma 2.3.5. Let (Ak)k be a sequence of positive real numbers such that there exists β > 1
and C > 1 such that

∀k ≥ 0, Ak+1 ≤ Ck+1Aβk .

If A0 < C
− β

(β−1)2 , then Ak → 0 as k → +∞.

17



2 Elliptic equations

Proof. The proof is elementary, we just iterate the estimate on Ak in order to get

∀k ≥ 1, Ak ≤ CpkAβ
k

0

with pk =
∑k

i=0(k − i)βi. This estimate can be proved by induction. Indeed, p1 = 1 and

A1 ≤ CAβ0 . Now if Ak ≤ CpkAβ
k

0 for some k ≥ 1, then

Ak+1 ≤ Ck+1Aβk ≤ Ck+1CpkβAβ
k+1

0

and we do have

pkβ + (k + 1) =
k∑
i=0

(k − i)βi+1 + (k + 1) = pk+1.

It is now possible to compute explicitely pk by remarking that

pk =
∂P

∂α
(1, β) with P (α, β) =

k∑
i=1

αk−iβi =
βk+1 − αk+1

β − α
.

We compute and estimate the partial derivative of P with respect to α with 0 < α < β.

∂P

∂α
(α, β) =

βk+1 − αk+1

(β − α)2
− (k + 1)

αk

β − α
≤ βk+1

(β − α)2
.

In particular,

∀k ≥ 1, pk ≤
βk+1

(β − 1)2
.

This implies that Ak satisfies

∀k ≥ 1, Ak ≤
(
C

β

(β−1)2

)βk

Aβ
k

0 =

(
C

β

(β−1)2A0

)βk

.

We are ready to prove the local maximum principle.

Proof of Proposition 2.3.4. We first prove that there exists some universal constant δ0 ∈ (0, 1)
such that, if ∥S∥L∞(B1) ≤ 1 and if ∥u+∥L2(B1) ≤ δ0, then u ≤ 2 a.e. in B3/4.

Iterative truncation. De Giorgi’s original idea for getting an upper bound on the weak solution
under study is to truncate it by an increasing sequence κk and integrate it on shrinking balls
Bk = Brk . Precisely, we consider

Ak =

ˆ
Bk

(u− κk)
2
+ dx.

with

∀k ≥ 0, κk = 2− 2−k, rk =
3

4
+

2−k

4
.

In order to obtain an upper bound on u in B3/4, we have to find two universal constants β > 1

and C > 0 such that, for all k ≥ 1, we have Ak+1 ≤ CkAβk . Indeed, in this case, Lemma 2.3.5

implies that Ak → 0 as soon as A0 < C
− β

β−1 . Since

A0 =

ˆ
B1

(u− 1)2+ dx ≤ ∥u+∥2L2(B1)
≤ δ20 ,

we see that we can choose δ0 = (1/2)C
− β

2(β−1) . Such a constant is universal since so are C and
β. Since the limit of Ak as k → +∞ is ∥(u − 2)+∥2L2(B3/4)

, the fact that Ak → 0 yields u ≤ 2

almost everywhere in B3/4.
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2.3 Elliptic De Giorgi’s classes & the local maximum principle

Local energy estimates. We use the definition of elliptic De Giorgi’s classes to write the
corresponding inequality for u with x0 = 0, R = rk and r = rk+1. In particular, R − r =
rk − rk+1 = 2−k−3, and recalling that ∥S∥L∞(B1) ≤ δ0, we obtain,ˆ

Bk+1

|∇x(u− κk+1)+|2 dx ≤ C±
DG4

k+3

ˆ
Bk

(u− κk+1)
2
+ dx+ C±

DG

ˆ
Bk

(u− κk+1)+ dx.

• (Gain of integrability)We then use Sobolev’s inequality inBk+1, see Proposition 2.2.5,
and get

C−1
Sob∥(u− κk+1)+∥2Lp∗ (Bk+1) ≤

(
C±
DG4

k+3 + (3/4)−2
)ˆ

Bk

(u− κk+1)
2
+ dx

+ C±
DG

ˆ
Bk

(u− κk+1)+ dx.

We also used both that Bk+1 ⊂ Bk and rk+1 ≥ 3/4. We now use Cauchy-Schwarz
inequality and κk+1 ≥ κk,

∥(u− κk+1)+∥2Lp∗ (Bk+1) ≤ CDG1

(
4k+3Ak +A

1
2
k |{u ≥ κk+1} ∩Bk|

1
2

)
(2.2)

with a universal constant CDG1 = CSob(C
±
DG + 1) + 1. It is convenient to add 1 in order

to ensure that CDG1 ≥ 1.

• (Nonlinearization procedure) We now use that {u ≥ κk+1} = {(u− κk)+ ≥ 2−k−1}
and Bienaymé-Chebyshev’s inequality in order to estimate the norm of the indicator func-
tion,

|{u ≥ κk+1} ∩Bk| = |{(u− κk)+ ≥ 2−k−1} ∩Bk|
≤ 4k+1∥(u− κk)+∥2L2(Bk)

≤ 4k+1Ak (2.3)

We then can combine (2.2) and (2.3) and get,

∥(u− κk+1)+∥2Lp∗ (Bk+1) ≤ CDG1

(
4k+3Ak + 2k+1Ak

)
≤ 22k+7CDG1Ak. (2.4)

• (Nonlinear iteration) We now estimate Ak+1 from above by using Hölder’s inequality
with q ∈ (1, 2) such that 1

2 = 1
p∗

+ 1
q ,

Ak+1 ≤ ∥(u− κk+1)+∥2Lp∗ (Bk+1)

∥∥1{u≥κk+1}
∥∥2
Lq(Bk+1)

≤ ∥(u− κk+1)+∥2Lp∗ (Bk+1)

∣∣∣{u ≥ κk+1} ∩Bk
∣∣∣ 2q

≤ 22k+74
2(k+1)

q CDG1A
1+ 2

q

k

This implies in particular that Ak+1 ≤ Ck+1Aβk with the universal exponent β = 1 + 2
q > 1

and the universal constant C ≥ 1 only depending on q and CDG1. In particular, Lemma 2.3.5

implies that Ak converges to 0 as soon as A0 < C
− β

(β−1)2 . Since A0 ≤ δ20 (see the beginning of
the proof) we pick δ0 ∈ (0, 1) such that

δ20 =
1

2
C

− β

(β−1)2 .

Such an δ0 is indeed universal.
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2 Elliptic equations

The general case. We now remark that if we do not assume anymore that ∥S∥L∞(B1) ≤ 1 and
∥u+∥L2(B1) ≤ δ0, either u ≤ 0 a.e. in B1 or ∥u+∥L2(B1) > 0. In the latter case, we consider

ũ =
u

δ−1
0 ∥u+∥L2(B1) + ∥S∥L∞(B1)

.

This function ũ is a weak solution of −divx(A∇xũ) = S̃ with

S̃ =
S

δ−1
0 ∥u+∥L2(B1) + ∥S∥L∞(B1)

≤ 1.

Since ∥ũ+∥L2(B1) ≤ δ0, we conclude that ∥ũ+∥L∞(B 3
4
) ≤ 2, that is to say

∥u+∥L∞(B3/4) ≤ 2δ−1
0 ∥u+∥L2(B1) + 2∥S∥L∞(B1).

2.3.3 More about the local maximum principle

This subsection can be skipped unless the reader is interested in the derivation of Harnack’s
inequality. In order to establish it, we first need to adapt the previous proof to get a local
maximum principle between two balls of arbitray radii r and R. We recall that a constant is
universal if it only depends on the constants appearing in the definition of the De Giorgi’s class.

Proposition 2.3.6 (Local maximum principle). There exist two universal constants C̄LMP > 0
and ω0 > 0 such that for any u ∈ DG+(BR, S) and r ∈ (0, R),

∥u+∥L∞(Br) ≤ C̄LMP

((
1 +

1

r2
+

1

(R− r)2

)ω0

∥u+∥L2(BR) + ∥S∥L∞(BR)

)
.

Remark 6. The constant ω0 =
β

2(β−1)2
for β = 1 + 2

q = 3
2 + 1

d if d ≥ 3.

Proof. We reduce the proof to the case where there exists some constant δ0 ∈ (0, 1) (depending
on d, λ,Λ, r, R) such that, if ∥S∥L∞(BR) ≤ 1 and if ∥u+∥L2(BR) ≤ δ0, then u ≤ 2 a.e. in Br. We
define Ak as before but with the shrinking radii defined as

rk = r + (R− r)2−k.

In particular, rk − rk+1 = (R− r)2−k−1 and rk ≥ r. In particular, (2.2) is replaced with,

∥(u− κk+1)+∥2Lp∗ (Bk+1) ≤ CDG1

(
4k+1((R− r)−2 + r−2)Ak +A

1
2
k |{u ≥ κk+1} ∩Bk|

1
2

)
. (2.5)

Next, (2.3) is unchanged but (2.4) is replaced

∥(u− κk+1)+∥2Lp∗ (Bk+1) ≤ CDG1

(
4k+1((R− r)−2 + r−2)Ak + 2k+1Ak

)
≤ 22k+6(r−2 + (R− r)−2 + 1)CDG1Ak. (2.6)

This implies that Ak+1 ≤ Ck+1Aβk with C = C̄(1 + r−2 + (R − r)−2) with C̄ universal. Then

we can conclude if δ0 =
1√
2
C

− β

2(1−β)2 = C̃(1 + r−2 + (R− r)−2)−ω0 with C̃ universal.

We first state a straightforward consequence of the local maximum principle.
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2.3 Elliptic De Giorgi’s classes & the local maximum principle

Corollary 2.3.7 (Upside down maximum principle). There exist two universal constants ε̄0, ε1 ∈
(0, 1) such that for any non-negative u ∈ DG−(B1, S) with ∥S∥L∞(B1) ≤ ε̄0, we have

|{u ≥ 1} ∩B1| ≥ (1− ε1)|B1| ⇒ {u ≥ 1/2 in B1/2}.

Proof. We apply the local maximum principle from Proposition 2.3.6 to v = 1−u with r = 1/2
and R = 1 and z0 = 0. Remarking that v ≤ 1 a.e. in B1 (because u is non-negative), we can
write,

∥v+∥L∞(B1/2) ≤ C̄LMP

(
(1 + 4 + 4)ω0∥v+∥L2(B1) + ∥S∥L∞(B1)

)
≤ C̄LMP

(
9ω0 |{v ≥ 0} ∩B1|

1
2 + ∥S∥L∞(B1)

)
≤ C̄LMP

(
9ω0ε

1
2
1 + ε̄0

)
.

We now pick ε̄0 =
C̄LMP

4 and ε1 =
(
C̄LMP
9ω04

)2
and conclude that v ≤ 1

2 in B1/2. This means u ≥ 1
2

in B1/2.

We can next show that the L2-norm in the right hand side of the local maximum principle
can be replaced with any Lε-“norm” for any ε ∈ (0, 2).

Corollary 2.3.8 (Local maximum principle - again). Given a universal constant ε ∈ (0, 2),
there exists a constant CLMP,ε > 0, only depending on d, λ,Λ and ε, such that for any u ∈
DG+(B1, S),

∥u+∥L∞(B1/2) ≤ CLMP,ε

(
∥u+∥Lε(B1) + ∥S∥L∞(B1)

)
where ∥u+∥Lε(B1) = ∥uε+∥

1
ε

L1(B1)
.

Proof. This corollary is a consequence of the interpolation of L2 between Lε and L∞. If ε < 1,
we interpolate L2/ε between L1 and L∞. We start by applying Proposition 2.3.6 for r,R ∈ (0, 1),

∥u+∥L∞(Br) ≤ CLMP

((
1 +

1

r2
+

1

(R− r)2

)ω0

∥u+∥L2(BR) + ∥S∥L∞(BR)

)
≤ CLMP

((
1 +

1

r2
+

1

(R− r)2

)ω0

∥u+∥ε/2Lε(BR)∥u+∥
1−ε/2
L∞(BR) + ∥S∥L∞(BR)

)
≤ 1

2
∥u+∥L∞(BR) +Kε

(
1 +

1

r2
+

1

(R− r)2

)ωε

with Kε = 2
2−ε
ε C

2
ε
LMP∥u+∥Lε(B1) +CLMP∥S∥L∞(B1) and ωε =

2ω0
ε . We now consider r0 =

1
2 and

rn+1 = rn + δ(n+ 1)−2 with δ = 1
2

(∑∞
k=1 k

−2
)−1

= 3
π2 . In particular, 1

2 ≤ rn ≤ 1 for all n ≥ 0.
Letting Nn denote ∥u+∥L∞(Brn )

, we thus have,

Nn ≤ 1

2
Nn+1 +Kε(1 + 4 + δ−2(n+ 1)4)ωε ≤ 1

2
Nn+1 +Kε(3/δ

2)ωε(n+ 1)4ωε .

By induction, we thus get for all n ≥ 1,

N0 ≤
1

2n
Nn +Kε(3/δ

2)ωε

(
n∑
k=1

k4ωε

2k−1

)
.

21



2 Elliptic equations

Letting n→ ∞, we conclude that

∥u+∥L∞(B1/2) = N0

≤ Kε(3/δ
2)ωε

( ∞∑
k=1

k4ωε

2k−1

)
= CLMP,ε

(
∥u+∥Lε(B1) + CLMP∥S∥L∞(B1)

)
with CLMP,ε = (3/δ2)

2ω0
ε

(∑∞
k=1

k
8ω0
ε

2k−1

)(
2

2−ε
ε C

2
ε
LMP + CLMP

)
and δ = 3

π2 . Since ω0 and CLMP

are universal, the constant CLMP,ε only depends on d, λ,Λ and ε.

2.4 Improvement of oscillation & De Giorgi’s theorem

In this section, we now state and prove De Giorgi’s theorem.

Theorem 2.4.1 (De Giorgi). Let A ∈ E(λ,Λ) with Ω = B1 and λ,Λ > 0. There exist two
universal constants α ∈ (0, 1] and CDG > 0 such that any weak solution u ∈ DG(B1, S) with
S ∈ L∞(B1) is α-Hölder continuous and

∥u∥Cα(B1/2) ≤ CDG

(
∥u∥L2(B1) + ∥S∥L∞(B1)

)
.

Remark 7 (Universal constants). We recall that a constant is universal if it only depends on
the constant appearing in the definition of the De Giorgi’s classes DG±.

We already proved that solutions, and more generally functions in the De Giorgi’s class DG+

are locally bounded: this is a consequence of the local maximum principle. It is sometimes
called the De Giorgi’s first lemma. We now will establish that the oscillation improves while
zooming in: this will be achieved by establishing the infimum lift.

2.4.1 Infimum lift

We now know from the local maximum principle (Proposition 2.3.4) that elements of DG+

(and in particular weak solutions of the class of elliptic equations treated in this chapter) are
essentially bounded from above in the interior of the domain. With such an information in
hand, we can now study how the oscillation of functions in DG in a ball Br(x0) behaves with
the radius r. We aim at proving that it decays as rα for some universal exponent α ∈ (0, 1].
We indeed saw earlier (Proposition 2.1.1) that it is equivalent to being α-Hölder continuous.

To get such a decay, we aim at proving that the oscillation of a weak solution, and more
generally of elements of the De Giorgi’s class, improves by a universal factor when zooming in
by another universal factor. In order to establish such a result, we first prove that we can lift
the essential infimum of an non-negative element of DG− above some universal constant θ in
B1/2 if the measure of its 1-super-level set in B1 is universally bounded from below.

Proposition 2.4.2 (Lifting the infimum). Let ι ∈ (0, 1) be a universal constant. There exist
two other universal constants θ ∈ (0, 1) and ε0 ∈ (0, 1) such that, if u ∈ DG−(B2, S) and
∥S∥L∞(B2) ≤ ε0 and u ≥ 0 a.e. in B2, then

|{u ≥ 1} ∩B1| ≥ (1− ι)|B1| ⇒
{
u ≥ θ a.e. in B 1

2

}
.
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2.4 Improvement of oscillation & De Giorgi’s theorem

Remark 8 (About the parameter ι). In order to prove De Giorgi’s theorem, we only need to
consider ι = 1/2. But when proving Harnack’s inequality, it will be convenient to consider a
larger ι: indeed we will consider ι = 1− 4−d.

Proof. We consider the sequence of scaled functions uk = 2ku ∈ DG−(B2, Sk) with source
terms Sk = 2kS (see Lemma 2.3.1). We consider ε̄0, ε1 ∈ (0, 1) from the upside down maximum
principle (Corollary 2.3.7).
We use the definition of DG−(B2, S) in order to write,

∥∇x(uk − 1)−∥2L2(B1)
≤ C−

DG

(
∥(uk − 1)−∥2L2(B2)

+ ∥Sk∥2L2(B2)

)
≤ C−

DG

(
|B2|+ 4kε20|B2|

)
≤ 2C−

DG|B2|

as long as 2kε0 ≤ 1 (we will see that this condition is reached when we will choose ε0). We
notice that we also used that (uk − 1)− ≤ 1.

Because we have for all k ≥ 0,

|{uk ≥ 1} ∩B1| ≥ |{u ≥ 1} ∩B1| ≥ (1− ι)|B1|,

we can apply the intermediate value lemma (Lemma 2.2.7) and deduce that

(1− ι)2|B1|2

2C−
DG|B2|

|{uk ≤ 1/2} ∩B1|2 ≤ |{1/2 < uk < 1} ∩B1|

In particular, for k ≥ 0 such that

|{uk ≤ 1/2} ∩B1| ≥ ε1|B1|,

we have

α|B1| ≤ |{1/2 < uk < 1} ∩B1| with α :=
(1− ι)2|B1|3

2C−
DG|B2|

ε21.

We now pick the largest integer N ≥ 1 such that Nα ≤ 1 and consider

ε0 = 2−N .

Let

E =

{
k ∈ {1, . . . , N + 1} : |{uk ≤ 1/2} ∩B1| ≥ ε1|B1|

}
.

We just proved that for all k ∈ E,

α|B1| ≤ |{1/2 < uk < 1} ∩B1| = |{2−k−1 < u < 2−k} ∩B1|.

In particular,

(#E)α|B1| ≤
∑
k∈E

|{2−k−1 < u < 2−k} ∩B1| ≤ |B1|?

We conclude that #E ≤ N . In particular, there exists k0 ∈ {1, . . . , N +1}\E. For this integer,
we have, |{uk0+1 ≤ 1} ∩B1| < ε1|B1| or equivalently,

|{uk0+1 > 1} ∩B1| > (1− ε1)|B1|.

Now the upside down maximum principle from Corollary 2.3.7 implies that uk0+1 ≥ 1/2 a.e.
in B1/2 if 2k0+1ε0 ≤ ε̄0. We thus choose ε0 = 2−N−1ε̄0. We get u ≥ 2−k0−2 a.e. in B1/2. We

reached the desired conclusion with θ = 2−k0−2.
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2 Elliptic equations

2.4.2 Improvement of oscillation

An immediate consequence of this proposition is the fact that the oscillation of elements of the
De Giorgi’s class improves with a universal factor (1− µ) when zooming from B2 to B 1

2
.

Proposition 2.4.3 (Improvement of oscillation). Let A ∈ E(λ,Λ) with Ω = B1 and λ,Λ > 0.
Let ε0 ∈ (0, 1) be given by Proposition 2.4.2 for ι = 1/2. There exist a universal constant
µ ∈ (4−2, 1) and such that, if u ∈ DG(B2, S) with S ∈ L∞(B2) such that ∥S∥L∞(B2) ≤ ε0, and
u ∈ L∞(B2), then

oscB2 u ≤ 2 ⇒ oscB 1
2

u ≤ 2µ.

Remark 9 (Why do we care about a lower bound on µ?). The fact that we pick µ > 4−2 is
irrelevant for this proof. It is just a convenient condition for the proof of De Giorgi’s theorem.

Proof. We let M and m denote the essential supremum and essential infimum of u on B2. In
particular, oscB2 u =M −m.

We reduce to the case where −1 ≤ u ≤ 1 by considering ũ = u− M+m
2 . The function ũ takes

values in [−1, 1] and lies in DG(B2, S̃) with ∥S̃∥L∞(B2) ≤ ε0.

We now distinguish two cases.

• If |{ũ ≤ 0} ∩ B1| ≥ 1
2 |B1|, then Proposition 2.4.2 implies that ũ ≤ 1− θ a.e. in B 1

2
. But

since ũ ≥ −1, we conclude that oscB 1
2

ũ ≤ 2− θ.

• If |{ũ ≤ 0} ∩ B1| < 1
2 |B1|, then |{−ũ ≥ 0} ∩ B1| < 1

2 |B1| and the function v = −ũ is

smaller than 1 a.e. in B2 and lies in DG(B2,−S̃) with ∥ − S̃∥L∞(B2) ≤ ε0 and satisfies

|{v ≤ 0} ∩ B1| ≥ |{v < 0} ∩ B1| > 1
2 |B1|. We conclude that v ≤ 1 a.e. in B 1

2
, that is to

say ũ ≥ −(1− θ) a.e. in B 1
2
. Since ũ ≤ 1 a.e. in B2, we conclude that oscB 1

2

ũ ≤ 2− θ in

this case too.

We thus proved that in both cases, oscB 1
2

ũ ≤ 2 − θ. We reached the desired conclusion with

µ = max(4−1, (1− θ)/2).

2.4.3 Proof of De Giorgi’s theorem

We are now ready to prove De Giorgi’s theorem.

Proof of Theorem 2.4.1. The proof proceeds in several steps.

Reduction. The local maximum principle (Proposition 2.3.4) ensures that u is essentially
bounded in B 3

4
,

∥u∥L∞(B 3
4
) ≤ CLMP

(
∥u∥L2(B1) + ∥S∥L∞(B1)

)
.

The essential upper bound on u is obtained from Proposition 2.3.4 applied to u and while the
essential lower bound comes from its application to −u.
We are thus left with proving that

[u]Cα(B 1
2
) ≤ ¯CDG

(
∥u∥L∞(B 3

4
) + ∥S∥L∞(B1)

)
.
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2.4 Improvement of oscillation & De Giorgi’s theorem

If ∥u∥L∞(B 3
4
) = 0, we are done. If not, by considering

ũ =
u

∥u∥L∞(B 3
4
) + ε−1

0 ∥S∥L∞(B1)

,

we get that ∥ũ∥L∞(B 3
4
) ≤ 1 and ∥S̃∥L∞(B1) ≤ ε0 and we want to prove that

[ũ]Cα(B 1
2
) ≤ CDG (2.7)

for some universal constants α ∈ (0, 1) and CDG > 0. It is enough to study the oscillation
of ũ around points x0 ∈ B1/2. We thus consider such a point x0 ∈ B 1

2
. We know that

∥ũ∥L∞(B1/4(x0)) ≤ 1.

Infinite iteration. We now want to scale ũ from B1/4(x0) to B2 in order to apply the result
about the improvement of oscillation, recall Proposition 2.4.3. We thus consider for x ∈ B2,

ū(x) = ũ(x0 +
1

8
x).

We have ū ∈ DG(B2, S̄) with Ā(x) = A(x0 +
1
8x) and S̄(x) =

(
1
8

)2
S̃(x0 +

1
8x). In particular,

∥ū∥L∞(B2) ≤ 1 and ∥S̄∥L2(B2) ≤ ε0. Then Proposition 2.4.3 implies that

oscB 1
2

ū ≤ 2µ

for µ ∈ (4−1, 1) universal.
Now we consider ū1 = µ−1ū(x/4). In particular, oscB2 ū1 ≤ 2 and it satisfies an elliptic

equation with the source term S1 = (42µ)−1S̄(x/4). Since 42µ ≥ 1 and ∥S̄∥L∞(B2) ≤ ε0, we also
have ∥S1∥L∞(B2) ≤ ε0. We thus can apply Proposition 2.4.3 and conclude that oscB 1

2

ū1 ≤ 2µ.

We iterate this procedure by consider ūk+1(x) = µ−1ūk(x/4) = µ−k−1ū(4−k−1x). These rescaled
functions ūk satisfy oscB2 ūk ≤ 2 and they satisfy an elliptic equation with a source term Sk
such that ∥Sk∥L∞(B2) ≤ ε0. We thus conclude that for all k ≥ 1, oscB2 ūk ≤ 2, which translates
into

oscBrk
ū ≤ 2µk

with rk = (1/2)4−k. We now consider α ∈ (0, 1) such that µk =
(
4−k
)α

, that is to say
α = ln(1/µ)/ ln 4 > 0. We conclude that

oscBrk
ū ≤ 2(2rk)

α = 21+αrαk .

Conclusion. We are almost done. We need to check that we control the oscillation of ū over
balls of arbitrary radius r > 0. In order to do so, we first deal with r ∈ (0, 1/4] by considering
k ≥ 1 such that rk ≤ r ≤ rk−1. In this case, we write

oscBr ū

rα
≤

oscBrk−1
ū

rk−1
α

×
rαk−1

rα
≤ 21+α

rαk
rα

4α ≤ 21+3α.

We thus proved that for any x0 ∈ B 1
2
and any r ∈ (0, 14 ], we have

oscBr(x0) ũ ≤
(
21+3α

)
rα.

For a radius r ≥ 1/4, we simply write

oscBr(x0)∩B1/2
ũ ≤ oscB1/2

ũ ≤ 2 ≤ 2(4α)rα = 21+2αrα.

We now conclude from Proposition 2.1.1 that (2.7) holds true with CDG = 21+3α.
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2 Elliptic equations

2.5 (Weak) Harnack’s inequality

In this section, we will see that non-negative weak solutions of elliptic equations in divergence
form are such that their supremum over a unit ball (after scaling) is controlled from above
by their infimum over the same ball, up to some universal constant. Such an inequality was
first considered by C. Harnack in 1887 in the study of convergence of sequences of harmonic
functions. In view of the discussions of the previous sections, it is natural to expect that the
result holds as well for non-negative elements of the De Giorgi’s class DG.

Theorem 2.5.1 (Harnack’s inequality). There exist a universal constant CH such that for any
u ∈ DG(B1, S) with S ∈ L∞(B1) and u ≥ 0, we have

sup
B1/2

u ≤ CH

(
inf
B1/2

u+ ∥S∥L∞(B1)

)
.

Since u is non-negative, its supremum coincides with its L∞-norm. By the local maximum
principle, we know that we can control it by its L2-norm. But the L2-norm can be interpolated
between an Lε-“norm” for some small ε and the L∞-norm.1

For this reason, the proof of Harnack’s inequality reduces to the control of the mass of f ε in
B1/2. Such a result is known as a weak Harnack’s inequality. It is not weaker than Harnack’s
inequality, it is in fact more general since it applies to any element of the De Giorgi’s class DG−.

Remark 10. We recall that this latter class contains all super-solutions of the elliptic equations
with work with.

Theorem 2.5.2 (Weak Harnack’s inequality). There exist two universal constants Cwhi > 0
and ε > 0 such that for any u ∈ DG−(B2, S) with S ∈ L∞(B2) and u ≥ 0, we haveˆ

B 1
2

uε(x) dx

ε

≤ Cwhi

(
inf
B 1

2

u+ ∥S∥L∞(B2)

)
.

Remark 11 (Universal constants). We recall again for the reader’s convenience that a constant
is universal if it only depends on the constant appearing in the definition of the De Giorgi’s
classes DG±.

The proof of this theorem relies on the covering argument that is presented in the next
subsection.

2.5.1 Ink spots

Lemma 2.5.3 (Ink spots). Let E ⊂ F ⊂ B 1
2
be measurable sets of Rd. Assume there is a

constant ι > 0 such that

• |E| < (1− ι)|B 1
2
|,

• any open ball B ⊂ B 1
2
satisfying |E ∩B| > (1− ι)|B| is contained in F .

Then |E| ≤ (1− cι)|F | for some constant c only depending on the dimension d.

1If ε ∈ (0, 1), the space L
2
ε is interpolated between L1 and L∞, see below.
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2.5 (Weak) Harnack’s inequality

Proof. For a ball B = Br(x) and κ > 0, we write κB for Bκr(x).

By Lebesgue’s differentiation theorem [7, Theorem II.4.5] applied to the integrable function

1E(x) =

{
1 if x ∈ E,

0 if not,

we know that for a.e. x ∈ E, there exists an open ball Bx such that |E ∩Bx| ≥ (1− ι)|Bx|. Let
us now choose a maximal open ball Bx ⊂ B 1

2
containing x and satisfying |E∩Bx| ≥ (1− ι)|Bx|.

It is of the form B̄x = Br̄(x̄). By assumption, we know that Br̄(x̄) ̸= B 1
2
and Br̄(x̄) ⊂ F .

We now claim that |E ∩ B̄x| = (1− ι)|B̄x|. Otherwise, there would be a ball B̃x and a δ > 0
such that B̄x ⊂ B̃x ⊂ (1 + δ)B̃x with B̃x ⊂ B 1

2
and |E ∩ B̃x| > (1 − ι)|B̃x|, contradicting the

maximality of B̄x.

The set E is covered by the closed balls B̄x. By Vitali’s lemma [25, Theorem 1.24], there
exists a countable subcollection of nonoverlapping closed balls B̄j = B̄rj (xj), j ≥ 1, such that
E ⊂ ∪∞

j=15B̄
j . Since Bj ⊂ F and |Bj ∩E| ≥ (1− ι)|Bj |, this implies that |Bj ∩ (F \E)| ≥ ι|Bj |.

|F \ E| ≥
∞∑
j=1

|Bj ∩ (F \ E)| ≥
∞∑
j=1

ι|Bj | = 5−d
∞∑
j=1

ι|5Bj | ≥ 5−dι|E|.

We conclude that |F | ≥ (1 + 5−dι)|E|, from which we get |E| ≤ (1− cι)|F | with c = 5−d since
cι < 1.

2.5.2 Proof of the (weak) Harnack’s inequality

If we consider a non-negative u ∈ DG− and we apply Proposition 2.4.2 to the function 1−u ≤ 1,
we readily get the following result.

Corollary 2.5.4 (Generating a lower bound). Let ι ∈ (0, 1) be universal. There exist two
universal constants θ ∈ (0, 1) and ε0 ∈ (0, 1) such that, if u ∈ DG−(B2, S) with ∥S∥L∞(B2) ≤ ε0
and u ≥ 0 a.e. in B2, then

|{u ≥ 1} ∩B1| ≥ (1− ι)|B1| ⇒
{
u ≥ θ a.e. in B 1

2

}
.

The fact that u ≥ θ a.e. in B 1
2
implies that θ−1u ≥ 1 in a proportion (1− ι) of a larger ball.

We thus can iterate this estimate by rescaling the function u at each iteration, up to getting a
lower bound on u in B1.

Corollary 2.5.5 (Expansion of positivity). There exist universal constants ι ∈ (0, 1), M > 1
and ε0,s ∈ (0, 1) such that, if u ∈ DG−(B4, S) with ∥S∥L∞(B4) ≤ ε0,s and u ≥ 0 a.e. in B4, then

|{u ≥M} ∩B1| ≥ (1− ι)|B1| ⇒ {u ≥ 1 a.e. in B1}

or equivalently,

inf
B1

u ≤ 1 ⇒ |{u ≥M} ∩B1| < (1− ι)|B1|.

Proof. Let ι = 1 − 4−d and θ and ε0 be given by Corollary 2.5.4. Let M = θ−2 > 1 and
ε0,s = ε0/4 ∈ (0, 1). We can apply Corollary 2.5.4 to u

M since the corresponding source term S
M
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2 Elliptic equations

is essentially bounded in B4 (and thus in B2) by ε0. We get that u ≥ θM = θ−1 a.e. in B 1
2
.

We precisely chose ι such that (1− ι)|B2| = |B 1
2
|. In particular, the function u satisfies,

|{u ≥ θ−1} ∩B2| ≥ (1− ι)|B2|.

The function u1(x) := θu(2x) satisfies,

−divx(A1∇xu1) = S1 in B2

with S1(x) = 4θS(2x). In particular, ∥S1∥L∞(B2) ≤ θε0 ≤ ε0 since θ ∈ (0, 1). We can apply
Corollary 2.5.4 again, but to u1 this time, because we have,

|{u1 ≥ 1} ∩B1| =
ˆ
B1

1[1,+∞)(θu(2x)) dx =

ˆ
B2

1[θ−1,+∞)(u(y))2
−d dy

= 2−d|{u ≥ θ−1} ∩B2| ≥ (1− ι)2−d|B2| = (1− ι)|B1|.

The conclusion of the corollary is that u1 ≥ θ a.e. in B 1
2
, that is to say u ≥ 1 in B1.

Proof of Theorem 2.5.2 (Weak Harnack’s inequality). The proof proceeds in several steps. We
first reduce the proof to a universal estimate on the super-level sets {u > t} of the function u.
We then prove the result for a universal value t = M . We finally get the result for all t = Mk

by a covering argument (ink spots).

Reduction. In order to prove the result, we are now used to reduce to prove that, if

inf
B 1

2

u ≤ 1 and ∥S∥L∞(B1) ≤ ε0, (2.8)

with ε0 given by Corollary 2.5.4. then
´
B1/2

uε(x) dx ≤ Cint for some universal constants ε and

Cint.
In order to estimate this integral, it is sufficient to prove that there exists universal constants

Cls and ν > 0 such that
∀t > 1, |{u > t} ∩B 1

2
| ≤ Clst

−ν . (2.9)

Indeed, starting from the layer cake formula [51, Theorem 1.13], we write,ˆ
B 1

2

uε(x) dx = ε

ˆ ∞

0
tε−1|{u > t} ∩B 1

2
|dt

≤ ε

ˆ 1

0
tε−1|B 1

2
|dt+ ε

ˆ ∞

1
tε−1|{u > t} ∩B 1

2
| dt

≤ |B 1
2
|+ εCls

ˆ ∞

1
tε−ν−1 dt choose ε = ν/2

≤ |B 1
2
|+ Cls.

We can further reduce the proof to the case t = Mk for some universal constant M > 1 and
integers k ≥ 1,

∀k ≥ 1, |{u > Mk} ∩B 1
2
| ≤ Clsd(1− δ)k (2.10)

with Clsd > 1 and δ ∈ (0, 1) universal too. Indeed, if (2.10) holds, then for t > M , we pick k
such that Mk < t ≤Mk+1 and ν > 0 such that (1− δ) =M−ν and we write

|{u > t} ∩B 1
2
| ≤ |{u > Mk} ∩B 1

2
| ≤ Clsd

1− δ
(1− δ)k+1 ≤ Clsd

1− δ

(
Mk+1

)−ν
≤ Clsd

1− δ
t−ν .
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2.6 Bibliographical notes

Ink spots. In order to establish (2.10), we show that we can apply the ink spot lemma 2.5.3
with E = {u ≥ Mk+1} ∩ B 1

2
and F = {u ≥ Mk} ∩ B 1

2
and ι ∈ (0, 1) given by Corollary 2.5.5.

Let us verify the assumption of the lemma.
These sets are measurable and E ⊂ F ⊂ B 1

2
.

By applying Corollary 2.5.5 to v(x) = u
(
x
2

)
that lies in DG−(B2, Sv) whose source term Sv

is essentially bounded in B2 by ε0,s, we get that

|{u ≥M} ∩B 1
2
}| < (1− ι)|B 1

2
|.

This implies that E satisfies the first assumption of Lemma 2.5.3 since {u ≥Mk+1} ⊂ {u ≥M}.
We next check that E and F also satisfy the second assumption of Lemma 2.5.3. In order to

do so, we consider an open ball Br(x0) ⊂ B 1
2
such that |E ∩ Br(x0)| ≥ (1 − ι)|Br(x0)|. This

means
|{u ≥Mk+1} ∩Br(x0)| ≥ (1− ι)|Br(x0)|. (2.11)

We aim at proving that this implies u ≥ Mk a.e. in Br(x0). For x ∈ B4, we consider ũ(x) =
u(x0+rx)

Mk . It satisfies −divx(Ã∇xũ) = S̃ in B4 with S̃(x) = M−kr2S(x0 + rx). Since M ≥ 1,

r ≤ 1 and ∥S∥L∞(B4) ≤ ε0,s, we conclude that ∥S̃∥L∞(B4) ≤ ε0,s. Then (2.11) translates into

|{ũ ≥M} ∩B1| ≥ (1− ι)|B1|.

Applying Corollary 2.5.5, we conclude that ũ ≥ 1 a.e. in B1, that is to say, u ≥ Mk a.e. in
Br(x0), as desired.

Conclusion. Applying Lemma 2.5.3, we conclude that

|{u ≥Mk+1} ∩B 1
2
| ≤ (1− cι)|{u ≥Mk} ∩B 1

2
|.

This inequality implies (2.10) with δ = cι and Clsd = |B1|.

Proof of Theorem 2.5.1 (Harnack’s inequality). We simply combine the weak Harnack’s inequal-
ity (Theorem 2.5.2) with the improved local maximum principle (Corollary 2.3.8).

2.6 Bibliographical notes

This chapter follows closely De Giorgi’s original proof [16]. In particular, the class of func-
tions satisfying local energy estimates are called B(E, γ) and they correspond to the elliptic De
Giorgi’s class DG± (see Definition 5). Lower order terms are later considered by O. Ladyzen-
skaya and N. Ural′tseva in their book [46].
The first difference between De Giorgi’s original proof and the one presented in subsequent

works (including the proof contained in this book) lies in the extra condition made on the
functions E. De Giorgi works with. He assumes that the functions w(x) are absolutely continuous
on “almost all segments contained in in E and parallel to the coordinate axes”. Since H1

functions in a ball of Rd are such that (for instance) x1 7→ ∂x1u is square integrable for almost
every (x2, . . . , xd) (by Fubini’s theorem), they are absolutely continuous on line segments.

Another difference lies in the way that the intermediate value principle is obtained. Let
us make this vague statement more explicit. One way or the other, the proof boils down to
controlling from below the measure of the set of intermediate values of an H1 function by the
natural super-level and lower-level sets. In [16, Lemma II], a functional inequality is derived for
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2 Elliptic equations

elements of B(E, γ). This inequality is very close to what is nowadays known as De Giorgi’s
isoperimetric inequality, see for instance [64, Lemma 10]. It is more precise than a Poincaré-
Wirtinger’s inequality. A modern way to explain this difference is to compare a Poincaré
inequality with the Sobolev embedding (in W 1,1 or W 1,2).

A Poincaré-Wirtinger’s inequality (Proposition 2.2.6 in this chapter) is cooked up or used
in most of (if not all) works in this trend of research: it appears in Nash’s original paper [55,
top of p. 936] under the form now known as “Nash’s inequality”. Amusingly enough, J. Nash
mentioned that E. M. Stein gave him the proof. It also appears in J. Moser’s article [53,
Lemma 1] about elliptic equations as a true Poincaré-Wirtinger inequality: a mean is retrieved
to the function before considering its L2-norm. He also used a weighted Poincaré inequality in his
work about parabolic equations [54, Lemma 3]. We would like also to mention Kruzhkov’s work
[44, Theorem 1.1] (announced in [43]) and G. Lieberman’s classical book [52, Proposition 6.14],
both on parabolic equations.
J. Moser [54] and later N. L. Trudinger [62, Theorem 1.2] established a weak Harnack’s

inequality for parabolic equations. The proof by J. Moser uses a iterative procedure that
departs from De Giorgi’s original one. It is now referred to as Moser’s iteration. Let us briefly
describe it. On the one hand, it was known that if u is a solution of a parabolic equation, then
φ(u) is a subsolution if φ is convex. On the other hand, the local maximum principle allows the
control of the Lp-norm of the solution by its L2-norm for some p > 2. This is what we called
the gain of integrability of subsolutions. J. Moser observed that this gain of integrability can
be applied iteratively, by considering the convex function φ(r) = rp/2. This leads to the local
maximum principle. He also observed that the convex change of variables φ(r) = 1/r allows
one to control the infimum of a positive solution from below by its L2-norm. Using again such
change of variables, proving Harnack’s inequality boils down to be able to relate the Lε-“norm”
of f with the Lε-“norm” of 1/f for an arbitrarily small ε > 0. For the insecure reader, we
make precise that the correct statement is to relate L1-norms of f ε 1/f ε. In order to relate
them, he considers the logarithm of the solution (like J. Nash did in his original contribution)
and observes that the equation that it satisfies contains a quadratic term. This quadratic term
allows him to control the propagation of the level sets of the logarithm.
G. Lieberman [52] notes that while N. Trudinger was not the first to prove the weak Harnack’s

inequality, but he was the first to recognize its significance, despite it being a straightforward
consequence of previously known results. G. Lieberman also mentions that DiBenedetto and
Trudinger [18] demonstrated that non-negative functions in the elliptic De Giorgi’s class, which
correspond to super-solutions of elliptic equations, satisfy a weak Harnack’s inequality. Fi-
nally, G. L. Wang [65] (see also [66]) proved a weak Harnack’s inequality for functions in the
corresponding parabolic De Giorgi’s classes.
Proofs of weak Harnack’s inequalities use a covering argument. N. L. Trudinger’s proof [62,

Theorem 1.2] already relies on a measure lemma from N. V. Krylov and M. V. Safonov [45].
When proving it for parabolic equations, E. DiBenedetto and N. L. Trudinger [18] uses the same
procedure. G. L. Wang also mentions that he could use such a lemma in [65]. N. V. Krylov and
M. V. Safonov emphasize that their lemma is related to some works by E. Landis [50]. Landis
calls such results from measure theory “(aptly in his opinion)” [45] crawling of ink spots.
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3 Parabolic equations

In this chapter, the regularity of solutions of parabolic equations under divergence form is
studied. It corresponds to Nash’s original framework. As we will see, the techniques that were
introducted in the previous chapter for elliptic equations naturally extends to parabolic ones.

3.1 Ellipticity, cylinders and Hölder continuity

Let I be a bounded interval of R of the form (a, b] with a, b ∈ R. Let Ω be an open set of Rd.
Let λ,Λ be two positive constants with λ ≤ Λ. We consider

E(λ,Λ) = {A ∈ L∞(I × Ω,Sd(R)) : a.e. in I × Ω, ∀ξ ∈ Rd, λ|ξ|2 ≤ Aξ · ξ ≤ Λ|ξ|2}. (3.1)

To each A ∈ E(λ,Λ), we associate the following equation,

∂tf = divx(A∇xf) + S (3.2)

posed in I × Ω with S ∈ L1(I × Ω).
When A is the identity matrix, equation (3.2) is simply the heat equation,

∂tf = ∆xf + S. (3.3)

3.1.1 Invariances and cylinders

Parabolic scaling. Let R > 0. For X = (t, x) ∈ R × Rd × Rd, we define the scaling operator
SR by

SR(X) = (R2t, Rx).

If f is a solution of the parabolic equation (3.2) for some A ∈ E(λ,Λ), then the function
fR(X) = f(SR(X)) satisfies (3.2) with A is replaced with AR(X) = A(SR(X)). Notice that
AR ∈ E(λ,Λ).

Translation invariance. Given X0 = (t0, x0) ∈ R × Rd and a solution u of (3.2) with A ∈
E(λ,Λ), the function v(X) = u(X0+X) = u(t0+ t, x0+x) is a solution of (3.2) with A replaced
with A0(X) = A(X0 +X). Notice that A0 ∈ E(λ,Λ).

Parabolic cylinders. For R > 0 and X0 = (t0, x0) ∈ R×Rd, the parabolic cylinder QR(X0) is
defined by

QR(X0) = (t0 −R2, t0]×BR(x0).

This family of cylinders encodes the parabolic scaling and the translation invariance of the class
of parabolic equations of the form (3.2). Indeed, we can write QR(X0) = X0 + SR(Q1) with
Q1 = (−1, 0]×B1 (unit cylinder).

Remark 12. We also draw the attention of the reader towards the fact that these cylinders are
neither open nor closed and that the point X0 lies at the top of it. One could justify this choice
by arguing for instance that the information used to study parabolic equations should come
from the past.
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3 Parabolic equations

3.1.2 Parabolic Hölder regularity

In this section, we give a sufficient condition for a function u(t, x) to be Hölder continuous. It
is expressed in terms of the oscillation of u in parabolic cylinders.

Definition 6 (Parabolic Hölder spaces and semi-norms). Let α ∈ (0, 1] and Q a parabolic
cylinder. A function u : Q → R is in the space Cαpar(Q) if there exists a constant C0 > 0 such
that, for all X = (t, x), Y = (s, y) ∈ Q,

|u(X)− u(Y )| ≤ C0

(
|t− s|1/2 + |x− y|

)α
.

The smallest C0 such that the previous inequality holds true is denoted by [u]Cα
par(Q). The space

Cαpar(Q) is equipped with the norm ∥u∥Cα
par(Q) = supQ |u|+ [u]Cα

par(Q).

Remark 13 (Classical Hölder regularity). A function u ∈ Cαpar(Q) is α/2-Hölder continuous in t
while it is α-Hölder continuous in x. This is a general “fact” about the regularity of solutions
of parabolic equations: the solution is twice more regular in x than in t.

Remark 14 (Parabolic distance). For X = (t, x), Y = (s, y) ∈ R× Rd, the quantity |t− s|1/2 +
|x− y| defines a distance, sometimes referred to as the parabolic distance.

We first recall that for a function u : A→ R essentially bounded on a Borel set A, its oscillation
on A is defined as

oscA u = ess-supA u− ess-infA u

where ess-supA u aœnd ess-infA u are the essential supremum and infimum of u on A.

Proposition 3.1.1 (Parabolic Hölder regularity via oscillations). Consider a parabolic cylinder
Q and a function u ∈ L∞(Q). Assume that there exist α ∈ (0, 1] and C0 > 0 such that for all
X ∈ Q and all r > 0, we have oscQr(X)∩Q u ≤ C0r

α. Then u is Hölder continuous in Q. More
precisely, for all

Proof. The proof proceeds in three steps.

Continuous functions. We first prove that if u is continuous in Q and satisfies the assumption
for some constant C0, then it satisfies the conclusion with the same constant C0. In order to
do so, we consider X = (t, x) and Y = (s, y) and we define r = |t− s|1/2 + |x− y|. We observe
next that Y lies in the closure of Qr(X). Indeed, |t− s| ≤ r2 and |x− y| ≤ r. We use next that
u is continous in Q in order to write,

u(X)− u(Y ) ≤ ess-sup
Qr(X)∩Q

u− ess-inf
Qr(X)∩Q

u ≤ C0r
α.

We can now exchange the role of X and Y and conclude that

|u(X)− u(Y )| ≤ C0

(
|t− s|1/2 + |x− y|

)α
.

Regularization. We now consider a merely essentially bounded function u. Given ε ∈ (0, 1),
we consider a smooth non-negative function θ : R → R supported in [−1, 0] and such that´
R θ(t) dt = 1. The location of the support of θ is important to ensure that the mean in
time is computed from past times. We also consider a smooth non-negative function ρ : Rd → R
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3.2 Weak solutions and De Giorgi & Nash’s theorem

supported in B̄1 and such that
´
Rd ρ(x) dx = 1. We then rescale these functions with a parameter

ε ∈ (0, 1) and consider ρε(x) = ε−dρ(ε−1x) and θε(t) = ε−2θ(ε−2t) and

uε(t, x) =

¨
Q
u(s, y)ρε(x− y)θε(t− s) ds dy.

Now consider X0 and R > 0 such that Q = QR(X0). We now consider X1 = (t1, x1) ∈
QR−ε(X0). We remark that for Z = (r, z) ∈ Qε, we have X1 − εZ ∈ QR(X0). In particular, we
can write for X1 ∈ Q,

osc
X∈Qr(X1)∩QR−ε(X0)

uε = sup
Qr(X1)∩QR−ε(X0)

¨
Q
u(s, y)ρε(x− y)θε(t− s) ds dy

− inf
X∈Qr(X1)∩QR−ε(X0)

¨
Q
u(s, y)ρε(x− y)θε(t− s) ds dy

≤
¨
Q

sup
Qr(X1−εZ)∩QR(X0)

u(t− εr, x− εz)ρ(z)θ(r) ds dy

−
¨
Q

inf
X∈Qr(X1)∩QR(X0)

u(t− εr, x− εz)ρ(z)θ(r) ds dy

≤
¨
Q

osc
Qr(X1−εZ)∩QR(X0)

u(t− εr, x− εz)ρ(z)θ(r) ds dy

≤C0r
α.

Conclusion. Now we conclude as in the elliptic case (Proposition 2.1.1). Let ε0 > 0 and
ε ∈ (0, ε0). We conclude from Step 1 that for all X,Y ∈ QR−ε0(X0),

|uε(X)− uε(Y )| ≤ C0

(
|t− s|

1
2 + |x− y|

)α
.

By dominated convergence, we see that uε → u a.e. in QR−ε0(X0). We conclude that for all
X,Y ∈ QR−ε0(X0),

|u(X)− u(Y )| ≤ C0

(
|t− s|

1
2 + |x− y|

)α
.

Since ε0 > 0 is arbitrarily small, we conclude that [u]Cα(Q) ≤ C0.

3.2 Weak solutions and De Giorgi & Nash’s theorem

3.2.1 The space H−1(Ω) and L2(I,H1(Ω)).

Definition 7. The space H−1(Ω) is the topological dual space of H1
0 (Ω).

It is a Banach space when equiped with the norm

∥f∥H−1(Ω) = sup
v∈H1

0(Ω)

∥v∥H1(Ω)≤1

|⟨f, v⟩|.

Example 1. Weak derivatives (in the sense of distributions) of square integrable functions are
important examples of elements of H−1(Ω). More generally, given functions h0, h1, . . . , hd ∈
L2(Ω), we define the linear application F on H1

0 (Ω) as

∀v ∈ H1
0 (Ω), ⟨F, v⟩ =

ˆ
Ω
h0v dx−

d∑
i=1

ˆ
Ω
hi∂iv.
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3 Parabolic equations

Then F ∈ H−1(Ω).

Remark 15. The converse is true, see [24, p. 299].

3.2.2 Weak solutions

Our notion of weak solutions is guided by the following formal computation. Consider a smooth
test function φ(x) supported B and multiply the equation by uφ2. After integrating in B and
writing A = (

√
A)2 with

√
A real symmetric and semi-definite, one gets,

1

2

d

dt

ˆ
B
u2φ2 dx+

ˆ
B
(A∇xu · ∇xu)φ

2 = 2

ˆ
B
(
√
A∇xu)φ · u

√
A∇xφ+

ˆ
B
Suφ. (3.4)

In particular, using Cauchy-Schwarz inequality twice (for each term of the right hand side) and
the ellipticity of A, we get

1

2

d

dt

ˆ
B
u2φ2 dx+

λ

2

ˆ
B
|∇xu|2φ2 ≤ 2Λ

ˆ
B
u2|∇xφ|2 dx+

1

2

ˆ
B
S2 dx+

1

2

ˆ
B
u2φ2 dx.

This formal computation suggests that only assuming that u and ∇xu are square integrable,
one can deduce that u ∈ L∞(I, L2(Ω)) and (thanks to the equation) that ∂tu ∈ L2(I,H−1(Ω)).
A classical result from functional analysis, known as Aubin-Lions’s lemma, then implies time
continuity with values in L2(Ω), see for instance [7, Theorem II.5.16].

Definition 8 (Weak solutions). Let I be an interval of the form (a, b] and Ω be an open set of
Rd and S ∈ L2(Ω). A function u : I × Ω → R is a weak solution of a parabolic equation of the
form ∂tu− divx(A∇xu) = S in I × Ω if,

u ∈ C(I, L2(Ω)), ∇xu ∈ L2(I × Ω), ∂tu ∈ L2(I,H−1(Ω)),

and for all φ ∈ L2(I,H1
0 (Ω)),

ˆ
I
⟨∂tu, φ⟩H−1(Ω),H1

0 (Ω) dt = −
¨
I×Ω

A∇xu · ∇xφdtdx+

¨
I×Ω

Sφdtdx.

Remark 16 (Weaker solutions). We can use a weaker notion of solutions by only assuming that
u ∈ L2(I×Ω), that the weak gradient ∇xu ∈ L2(I×Ω) and that the equation is satisfied in the
weak sense by only testing with smooth and compactly supported functions (i.e. in the sense
of distributions). It requires some extra work to prove that such weaker solutions are in fact
weak solutions in the sense of Definition 8.

Remark 17 (Weak sub- and super-solutions). We can also consider functions that are only sub-
solutions or super-solutions of a parabolic equation. This would be subsets of those weaker
solutions that are discussed in the previous remark.

3.2.3 Local energy estimates

Now that we made precise the notion of solutions that are going to work with, we derive the
local estimates that will be enough for us to establish their continuity.

Proposition 3.2.1 (Local energy estimates for weak solutions). Let u be a weak solution of
∂tu−divx(A∇xu) = S in I×B with I = (a, b] and B an open ball. Consider Br(x0) ⊂ BR(x0) ⊂
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3.2 Weak solutions and De Giorgi & Nash’s theorem

B and a truncation function ρ as in Lemma 2.3.3. If S ∈ L∞(I ×B) and A ∈ E(λ,Λ), then for
all t1, t2 ∈ I, r,R > 0 and X0 ∈ I ×B such that r < R and QR(X0) ⊂ I ×B, and all κ ∈ R,
ˆ
Br(x0)

(u− κ)2+(t2, x) dx+ λ

ˆ t2

t1

ˆ
Br(x0)

|∇x(u− κ)+|2 dtdx ≤
ˆ
Br(x0)

(u− κ)2+(t1, x) dx

+
16Λ

(R− r)2

ˆ t2

t1

ˆ
BR(x0)

(u− κ)2+ dtdx+

ˆ t2

t1

ˆ
BR(x0)

S(u− κ)+ dt dx.

In order to prove this proposition, we need the following technical lemma that allows us to
use (u−κ)+φ as a test function in the definition of weak solutions, for any compactly supported
and smooth function φ.

Lemma 3.2.2. Let u ∈ L2(I × Ω) be such that ∇xu ∈ L2(I × Ω) and ∂tu ∈ L2(I,H−1(Ω)).
Then for all φ ∈ C∞

c (I × Ω) and κ ∈ R, we have (u− κ)+φ ∈ L2(I,H1
0 (Ω)) andˆ

I
⟨∂tu, (u− κ)+φ⟩H−1,H1

0
dt = −1

2

¨
I×Ω

(u− κ)2+∂tφ

where ⟨∂tu, (u− κ)+φ⟩H−1,H1
0
denotes ⟨∂tu(t, ·), (u− κ)+(t, ·)φ(t, ·)⟩H−1(Ω),H1

0 (Ω).

Proof. We consider an even non-negative function ρ ∈ C∞
c (R×Rd) supported in (−1, 1)×B1 and´

R×Rd ρ(t, x) dtdx = 1 and define for all ε ∈ (0, 1) the function ρε(t, x) = ε−2−dρ(ε−2t, ε−1x).
For any ν ∈ (0, 1), we also consider a function Pν(r) = (r−κ)+ ∗ θν . Then consider the smooth

and compactly supported function ψε,ν =

(
Pν(uε)φ

)
⋆ ρε with uε = u ∗ ρε.

¨
I×B

u∂tψε,ν =

¨
I×B

u

[
∂t(Pν(uε)φ) ∗ ρε

]
=

¨
I×B

uε∂t(Pν(uε)φ)

= −
¨
I×B

(∂tuε)Pν(uε)φ = −1

2

¨
I×B

(∂tQν(uε))φ

with Qν(r) =
1
2(r − κ)2+ ∗ θν . After integrating by parts again, we thus get

ˆ
I×B

⟨∂tu, ψε,ν⟩H−1,H1
0
dt =

1

2

¨
I×B

Qν(uε)∂tφ. (3.5)

In order to conclude, we now pass to the limit as ε→ 0 and ν → 0. We use the three following
facts:

uε → u in L2(I,H1(Ω)),

Pν(uε) → Pν(u) in L
2(I,H1(Ω)),

Qν(uε) → Qν(u) in L
1(I × Ω).

The fact that uε → u in L2(I ×Ω) is a general fact for mollifiers [7, Proposition II.2.25]. Then
∇xuε = (∇xu) ∗ ρε in the sense of distributions, from which we get ∇xuε → ∇xu in L2(I ×Ω).
This leads to the first fact. The second fact uses that Pν is 1-Lipschitz. Indeed,

|Pν(uε)− Pν(u)| ≤ |uε − u|

and this implies the convergence in L2(I × Ω). Then ∇xPν(uε) = P ′
ν(uε)∇xuε. In particular,

|∇xPν(uε)−∇xPν(u)| ≤ |P ′
ν(uε)− P ′

ν(u)||∇xu|+ |P ′
ν(uε)||∇xuε −∇xu|

≤ |P ′
ν(uε)− P ′

ν(u)||∇xu|+ |∇xuε −∇xu|.
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3 Parabolic equations

We can apply dominated convergence to prove the L2-convergence of the first term and we
already proved the L2-convergence of the second one. We thus established the second fact.
Finally,

ˆ
I×Ω

|Qν(uε)−Qν(u)| ≤
1

2

ˆ
I×Ω

ˆ
R
|(uε − νs− κ)2+ − (u− νs− κ)2+|θ(s) ds,

≤ 1

2

ˆ
I×Ω

ˆ
R

(
|(uε − νs− κ)+ − (u− νs− κ)+||(uε − νs− κ)+ + (u− νs− κ)+|

)
θ(s) ds

≤ 1

2

ˆ
I×Ω

|uε − u|
ˆ
R

(
|(uε − νs− κ)+ + (u− νs− κ)+|

)
θ(s) ds

≤ 1

2
∥uε − u∥L2(I×Ω

(
∥uε∥L2(I×Ω) + ∥u∥L2(I×Ω) + 2|κ|+ 2ν

ˆ
R
|s|θ(s) ds

)
Since uε → u in L2(I×Ω), ∥uε∥L2(I×Ω) is bounded independently of ε ∈ (0, ε0). This completes
the justification of the third fact.

Thanks to those three facts, we can pass to the limit in ε→ 0 in (3.5) and get

ˆ
I×B

⟨∂tu, Pν(u)φ⟩H−1,H1
0
dt =

1

2

¨
I×B

Qν(u)∂tφ.

Arguing as above, we see that Pν(u)φ → P (u)φ in L2(I,H1(Ω)) and Qν(u) → (u − κ)2+ in
L1(I × Ω) and we conclude.

Proof of Proposition 3.2.1. We proceed in several steps. We first use (u−κ)+φ as a test function
in the definition of weak solutions (Step 1) before considering a specific test function φ (Step 2).

Step 1. Let φ ∈ C∞
c (I × B). Using Lemma 3.2.2, we know that (u − κ)+φ ∈ L2(I,H1

0 (B))
and we have

−1

2

¨
I×B

(u− κ)2+∂tφ =

ˆ
I
⟨∂tu(t), (u− κ)+φ(t)⟩H−1,H1

0
dt

=−
¨
I×B

A∇xu · ∇x(u− κ)+φ

−
¨
I×B

(
A∇xu · ∇xφ

)
(u− κ)+ +

¨
I×B

S(u− κ)+φ

=−
¨
I×B

A∇x(u− κ+) · ∇x(u− κ)+φ

−
¨
I×B

(
A∇x(u− κ)+ · ∇xφ

)
(u− κ)+ +

¨
I×B

S(u− κ)+φ.

Like in the elliptic case, we used the fact that ∇x(u− κ)+ = 1{u≥κ}∇xu and 1{u≥κ} = 12{u≥κ}.
After remarking that it is positive, we move the first term of the last equality in the right hand
side to the left hand side,

−1

2

¨
I×B

(u− κ)2+∂tφ+

¨
I×B

A∇x(u− κ+) · ∇x(u− κ)+φ

= −
¨
I×B

(
A∇x(u− κ)+ · ∇xφ

)
(u− κ)+ +

¨
I×B

S(u− κ)+φ.
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Step 2. Let ρ be the truncation function from Lemma 2.3.3 that is supported in BR(x0) and
equal 1 in Br(x0). Given t1, t2 ∈ I with t1 < t2, we consider a 1D mollifier θ : R → R (smooth
and of unit mass) that is supported in [−1, 0], and the smooth function Θε : (0,+∞) → R such
that Θε(0) = 0 and for all t ∈ R, we have Θ′

ε(t) = θε(t− t1)− θε(t− t2). We choose ε > 0 small
enough so that t1 − ε ∈ I.
We now use Step 1 with φ(t, x) = Θε(t)ρ

2(x). Since ∂tφ(t, x) = (−θε(t− t2)+θε(t− t1))ρ2(x),
we can rearrange terms and get,

1

2

¨
I×B

(u− κ)2+(t, x)ρ
2(x)θε(t− t2) +

¨
I×B

|
√
A∇x(u− κ+)|2ρ2Θε

=
1

2

¨
I×B

(u− κ)2+(t, x)ρ
2(x)θε(t− t1) +

¨
I×B

S(u− κ)+ρ
2Θε

− 2

¨
I×B

(√
A∇x(u− κ)+ ·

√
A∇xρ

)
ρ(u− κ)+Θε.

(3.6)

We next let ε go to 0. Since u ∈ C(I, L2(B)), we claim that t 7→
´
B(u − κ)2+ρ

2(x) dx is
continuous. Indeed, letting M = ∥ρ∥L∞(B) and m(·) be the modulus of continuity on I, we
write∣∣∣∣ˆ

B
(u(t)− κ)2+ρ

2(x) dx−
ˆ
B
(u(s)− κ)2+ρ

2(x) dx

∣∣∣∣
≤M2

ˆ
B

∣∣(u(t)− κ)2+ − (u(s)− κ)2+
∣∣ dx

≤M2

ˆ
B
|(u(t)− κ)+ − (u(s)− κ)+| |(u(t)− κ)+ − (u(s)− κ)+| dx

We now use that r 7→ (rκ)+ is 1-Lipschitz,

≤M2

ˆ
B
|u(t)− u(s)| (|u(t)|+ |u(s)|+ 2|κ|) dx

≤M2

(ˆ
B
(u(t)− u(s))2 dx

)1/2(
2

ˆ
B
(|u(t)|2 + |u(s)|2 + 4κ2) dx

)1/2

≤M2m(|s− t|)
(
4 sup
τ∈I

∥u(τ)∥2L2(B) + 8κ2|B|
)1/2

.

The time continuity then implies that for i = 1, 2,¨
I×B

(u− κ)2+(t, x)ρ
2(x)θε(t− ti) →

ˆ
B
(u(ti)− κ)2+(t, x)ρ

2(x) dx as ε→ 0.

As far as terms containing Θε are concerned, they are much simpler since we can apply dom-
inated convergence theorem and replace Θε with 1[t1,t2]. Passing to the limit ε → 0 in (3.6)
leads to,

1

2

ˆ
B
(u− κ)2+(t2, x)ρ

2(x) dx+

ˆ t2

t1

ˆ
B
|
√
A∇x(u− κ+)|2ρ2

=
1

2

ˆ
B
(u− κ)2+(t1, x)ρ

2(x) dx+

ˆ t2

t1

ˆ
B
S(u− κ)+ρ

2

−2

ˆ t2

t1

ˆ
B

(√
A∇x(u− κ)+ ·

√
A∇xρ

)
ρ(u− κ)+.
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3 Parabolic equations

We now treat the error term on the last line like we did in the elliptic case, see also the formal
computation preceding the definition of weak solutions,

1

2

ˆ
B
(u− κ)2+(t2, x)ρ

2(x) dx+
1

2

ˆ t2

t1

ˆ
B
|
√
A∇x(u− κ+)|2ρ2

≤1

2

ˆ
B
(u− κ)2+(t1, x)ρ

2(x) dx+

ˆ t2

t1

ˆ
B
S(u− κ)+ρ

2 + 2

ˆ t2

t1

ˆ
B
|
√
A∇xρ|2(u− κ)2+.

We finally use ellipticity constants of A and properties of ρ to get,

ˆ
B
(u− κ)2+(t2, x)ρ

2(x) dx+ λ

ˆ t2

t1

ˆ
B
|∇x(u− κ+)|2ρ2

≤
ˆ
B
(u− κ)2+(t1, x)ρ

2(x) dx+ 2

ˆ t2

t1

ˆ
B
S(u− κ)+ρ

2 +
16Λ

(R− r)2

ˆ t2

t1

ˆ
BR(x0)

(u− κ)2+.

We can now let ρ converge to 1Br(x0) in order to get the result by dominated convergence.

3.2.4 De Giorgi & Nash’s theorem

The goal of this chapter is to establish the parabolic counterpart of De Giorgi’s theorem for
elliptic equations by following De Giorgi’s seminal path. In the following statement, a universal
constant refers to a constant that only depends on dimension d and ellipticity constants λ,Λ
from (3.1).

Theorem 3.2.3 (De Giorgi & Nash). Let A ∈ E(λ,Λ) with Ω = B1 and λ,Λ > 0. There
exist two universal constants α ∈ (0, 1] and CDG > 0 such that for any weak solution u of
∂tu = divx(A∇xu) + S in I ×B with S ∈ L∞(I ×B), we have

∥u∥Cα
par(Q 1

2
) ≤ CDG

(
∥u∥L2(Q1) + ∥S∥L∞(Q1)

)
.

Remark 18 (Local maximum principle and expansion of positivity). Like in the elliptic case, the
proof of the Hölder regularity of solutions consists in establishing first a local maximum principle
for elements of pDG+ and, second, in proving that the oscillation of solutions improves by a
universal factor when zooming in with a universal factor thanks to an expansion of positivity
property for elements of pDG−.

Remark 19 (Parabolic De Giorgi’s classes). We state the theorem for weak solutions but we
will prove it for functions that are in the parabolic De Giorgi’s class. More precisely, the local
maximum principle holds for functions in the parabolic De Giorgi’s class pDG+ while the the
infimum lifting property holds for functions in the parabolic De Giorgi’s class pDG−.

3.3 The parabolic De Giorgi’s class pDG+ & the maximum principle

We now define the parabolic De Giorgi’s class that will ensure that the local maximum principle
holds true.

Definition 9 (The parabolic De Giorgi’s class pDG+). Let Q be an open set of R× Rd of the
form I × B where I = (a, b] and B is an open ball. A function u : I × B lies in the parabolic
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3.3 The parabolic De Giorgi’s class pDG+ & the maximum principle

De Giorgi’s class pDG+(I × B,S) if u ∈ L∞(I, L2(B)) and ∇xu ∈ L2(I × B) and for all
X0 = (t0, x0) ∈ I ×B and all r,R > 0 such that r < R and QR(X0) ⊂ I ×B, and all κ ∈ R,

sup
t∈(t0−r2,t0]

ˆ
Br(x0)

(u− κ)2+ dx+

ˆ
Qr(X0)

|∇x(u− κ)+|2 dtdx

≤ CpDG+

(
1

(R− r)2
+

1

r2

)ˆ
QR(X0)

(u− κ)2+ dt dx+ CpDG+

ˆ
QR(X0)

|S|(u− κ)+ dtdx (3.7)

for some universal constant CpDG+ ≥ 1.

Remark 20 (Universal constants). Like in the previous chapter, a constant is universal if it only
depends on dimension and the constants CpDG+ , CpDG− appearing in the definition of the De

Giorgi’s classes pDG± (see below for pDG−).

We will use repeatedly the following elementary observation that we record in a lemma.

Lemma 3.3.1 (Invariance by scaling and translation of the De Giorgi’s class). If u ∈ pDG+(I×
B,S) and Qr(X0) ⊂ I × B, then the function v = λu( t−t0

r2
, x−x0r ) lies in pDG+(Q1,S) with

S(t, x) = λ
r2
S( t−t0

r2
, x−x0r ).

3.3.1 Weak solutions are in pDG+

Proposition 3.3.2 (Weak solutions are in the parabolic DG class). Let u be a weak solution
of ∂tu = divx(A∇xu) + S in I ×B with S ∈ L2(I ×B). Then u ∈ pDG+(I ×B,S).

Remark 21. The parabolic De Giorgi’s class pDG+ also contains all sub-solutions mentioned in
Remark 17.

Proof. The local energy estimates satisfied by the weak solution u given by Proposition 3.2.1
can be expressed with

E(t) =

ˆ
Br(x0)

(u(t)− κ)2+ dx,

D(t) =

ˆ
Br(x0)

|∇x(u− κ)+|2 dx,

Σ(t) =

ˆ
BR(x0)

(
|S|(u− κ)+ +

16Λ

(R− r)2
(u− κ)2+

)
dx.

We obtain that for all t1, t2 ∈ (t0 −R2, t0] with t1 < t2, we have

E(t2) + λ

ˆ t2

t1

D(t) dt ≤ E(t1) +

ˆ t2

t1

Σ(t) dt.

Control of the dissipation. Taking t1 ∈ [t0−R2, t0− r2] and t2 = t0 and discarding some part
of the time interval in the left hand side, we get

λ

ˆ t0

t0−r2
D(t) dt ≤ E(t1) +

ˆ t0

t0−R2

Σ(t) dt.

We can now take the mean with respect to t1 ∈ (t0 −R2, t0 − r2] and get

λ

ˆ t0

t0−r2
D(t) dt ≤ 1

R2 − r2

ˆ t0

t0−R2

E(t) dt+

ˆ t0

t0−R2

Σ(t) dt.
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3 Parabolic equations

From the definition of E,D and Σ, we get

λ

ˆ
Qr(x0)

|∇x(u− κ)+|2 ≤
ˆ
QR(x0)

(
|S|(u− κ)+ +

(
1

R2 − r2
+

16Λ

(R− r)2

)
(u− κ)2+

)
.

Control of the energy. Now taking t2 ∈ (t0 − r2, t0] and t1 ∈ (t0 −R2, t0 − r2], we discard the
dissipation and take a mean in t1 and get,

sup
t2∈(t0−r2,t0]

ˆ
Br(x0)

(u(t2)− κ)2+ dx ≤
ˆ
QR(x0)

(
|S|(u− κ)+ +

(
1

R2 − r2
+

16Λ

(R− r)2

)
(u− κ)2+

)
.

Combining the two estimates yield the announced result with C±
DG = (4Λ + 1)(1 + 1

λ) by
remarking that R2 − r2 ≥ (R− r)2.

3.3.2 Gain of Integrability

Proposition 3.3.3 (Gain of integrability in pDG+). Let u ∈ pDG+(I × B,S). Then for all
cylinder QR(X0) ⊂ I ×B and r ∈ (0, R) and κ ∈ R,

∥(u−κ)+∥2Lpc (Qr(X0))
≤ Cc

(
1

(R− r)2
+

1

r2

)
∥(u−κ)+∥2L2(QR(X0))

+Cc

ˆ
QR(X0)

|S|(u−κ)+ dtdx

for some universal exponent pc = 2+ 4
d > 2 for d ≥ 3 and any pc > 2 for d = 1, 2. In the latter

case, the constant Cc also depends on p∗.

The proposition derives from Sobolev’s inequality and the following elementary lemma.

Lemma 3.3.4 (Interpolation in Lebesgue spaces). Let pi, qi ∈ [1,∞] for i = 0, 1, we consider
p, q such that

1

p
=

θ

p0
+

1− θ

p1
and

1

q
=

θ

q0
+

1− θ

q1

for some θ ∈ (0, 1). Then

∥u∥Lp(I,Lq(B)) ≤ ∥u∥θLp0 (I,Lq0 (B))∥u∥
1−θ
Lp1 (I,Lq1 (B)).

This lemma is a consequence of Hölder’s inequality.

Proof of Proposition 3.3.3. Let I0 = (t0 − r2, t0] and B
0 = Br(x0).

Integrability. The fact that u ∈ pDG+(I×B), S together with Sobolev’s inequality implies that
u ∈ L∞(I0, L2(B0))∩L2(I0, Lp∗(B0)). Then the previous lemma implies that u ∈ Lpc(Qr(X0))
with

1

pc
=

θ

∞
+

1− θ

2
=
θ

2
+

1− θ

p∗

where we recall that p∗ comes from Sobolev’s inequality and satisfies 1
p∗

= 1
2 − 1

d for d ≥ 3 and
p∗ > 2 arbitrary for d = 1, 2.

For d ≥ 3, this implies pc =
2

1−θ and 1−θ
2 = θ

2 + 1−θ
p∗

. The second condition is equivalent to,

1

2
− 1

p∗
= θ

(
1− 1

p∗

)
.
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In view of the definition of p∗ this is equivalent to 1
d = θ(12 + 1

d). Hence θ = 2
d+2 and pc =

2
1− 2

d+2

= 2 + 4
d .

In the case where d = 1, 2, we can pick any p∗ > 2. Writing 1
p∗

= 1
2 − ε, we get θ = 2ε

1+2ε and

pc = 2 + 1
ε .

Estimate. We now write the estimate that we obtain after using the interpolation lemma.
Recall that I0 = (t0 − r2, t0] and B0 = Br(x0). Use the elementary inequality aθb1−θ ≤
θa+ (1− θ)b for all a, b > 0 and Sobolev’s inequality from Proposition 2.2.5 in order to write,

∥(u− κ)+∥2Lpc (Qr(X0))

≤∥(u− κ)+∥2θL∞(I0,L2(B0))∥(u− κ)+∥2(1−θ)L2(I0,Lp∗ (B0))

≤∥(u− κ)+∥2L∞(I0,L2(B0)) + ∥(u− κ)+∥2L2(I0,Lp∗ (B0))

≤∥(u− κ)+∥2L∞(I0,L2(B0)) + CSob∥∇x(u− κ)+∥2L2(Qr(X0))
+ CSobr

−2∥(u− κ)+∥2L2(Qr(X0))

≤Cc

(
1

(R− r)2
+

1

r2

)
∥(u− κ)+∥2L2(QR(X0))

+ Cc

ˆ
QR(X0)

|S|(u− κ)+ dt dx

with the universal constant Cc = max(1, CSob)C
±
DG.

3.3.3 Local maximum principle

Proposition 3.3.5 (Local maximum principle). Let Q ⊂ R × Rd be a parabolic cylinder and
S ∈ L∞(Q). There exists a universal constant CLMP ≥ 1 such that for all u ∈ pDG+(Q,S) and
QR(X0) ⊂ Q and r < R,

∥u+∥L∞(Qr(X0)) ≤ CLMP

((
1 +

1

r2
+

1

(R− r)2

)ω0

∥u+∥L2(QR(X0)) + ∥S∥L∞(QR(X0))

)
with ω0 =

(d+4)(d+2)
8 .

Proof. We proceed in several steps.

Reduction. We are are by now used to start by reducing to the case where the right hand
side is universal. We can also assume X0 = 0. More precisely, we reduce to the case where
∥u+∥L2(QR) ≤ δ0 and ∥S∥L∞(QR) ≤ 1 by considering

ũ(X) =
u(X0 +X)

δ−1
0 ∥u+∥L2(QR(X0)) + ∥S∥L∞(QR(X0))

,

and we aim at proving that ũ ≤ 2 a.e. in Qr. The reduction is possible because we have ũ ∈
pDG+(Q,S) with S replaced with S̃(X) = S(X0 +X)/(δ−1

0 ∥u+∥L2(QR(X0)) + ∥S∥L∞(QR(X0))).

Iterative truncation. We now assume that ∥u+∥L2(QR) ≤ δ0 and ∥S∥L∞(QR) ≤ 1 and we aim
at finding a constant δ0 > 0, only depending on d, λ,Λ, r, R, such that u ≤ 2 a.e. in Qr. In
order to do so, we consider shrinking cylinders Qk = Qrk with rk = r + (R− r)2−k and

Ak =

ˆ
Qk

(u− κk)
2
+ dtdx
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with κk = 2− 2−k. We still have

A0 =

ˆ
QR

(u− 1)2+ dt dx ≤ ∥u+∥2L2(QR) ≤ δ20

and we prove that there exist C > 1 and β > 1 such that for all k ≥ 0, Ak+1 ≤ Ck+1Aβk with
C depending on d, λ,Λ, r, R. Then the iteration lemma 2.3.5 from the previous chapter implies

that Ak → 0 as soon as δ20 = 1
2C

− β

(β−1)2 . We thus are left with finding two constants C > 1 and

β > 1 such that the iterative inequality Ak+1 ≤ Ck+1Aβk holds true. The constant β is universal
while C also depends on r and R, and more precisely, on (r−2 + (R− r)−2).

Local energy estimates. We use the local energy estimates defining the parabolic De Giorgi’s
class pDG+(B1, S) with R = rk and r = rk+1 and κ = κk and X0 = (t0, x0) = 0. In particular,
we recall that rk − rk+1 = (R − r)2−k−1. Recalling that S is bounded by 1, and write Qk+1 =
Ik+1 ×Bk+1 for an interval and a ball, we can write,

sup
t∈Ik+1

ˆ
Bk+1

(u− κk+1)
2
+ dx+

ˆ
Qk+1

|∇x(u− κk+1)+|2 dtdx

≤ CpDG+

(
4k+1(R− r)−2 + r−2

)ˆ
Qk

(u− κk)
2
+ dt dx+ CpDG+

ˆ
Qk

(u− κ)+ dtdx.

• (Gain of integrability) We use Sobolev’s inequality in Bk+1 for all time t ∈ Ik+1 in
order to get,

∥(u− κk+1)+∥2L∞(Ik+1,L2(Bk+1)) + C−1
Sob∥(u− κk+1)+∥2L2(Ik+1,Lp∗ (Bk+1))

≤
(
CpDG+4k+1(R− r)−2 + (CpDG+ + 1)r−2

)
∥(u− κk+1)+∥2L2(Qk)

+CpDG+

ˆ
Qk

(u− κk+1)+ dtdx.

Then use Proposition 3.3.3 to estimate the left hand side and use Cauchy-Schwarz’s in-
equality to estimate the second term in the right hand side and get,

∥(u− κk+1)+∥2Lpc (Qk+1) ≤ CDG1

(
4k((R− r)−2 + r−2)Ak +A

1
2
k |{u ≥ κk+1} ∩Qk|

1
2

)
for some universal constant CDG1 ≥ 1.

• (Nonlinearization procedure) Applying Bienaymé-Chebyshev’s inequality, we obtain
like in the elliptic case – see Eq. (2.3) – that |{u ≥ κk+1} ∩ Qk| ≤ 4k+1Ak so that the
previous estimate can be continued as,

∥(u− κk+1)+∥2Lpc (Qk+1) ≤ 22k+1CDG1((R− r)−2 + r−2 + 1)Ak.

• (Nonlinear iteration) Like in the elliptic case and after replacing balls with cylinders,
we write,

Ak+1 ≤ ∥(u− κk+1)+∥2Lpc (Qk+1)

∣∣∣{u ≥ κk+1} ∩Qk
∣∣∣ 2q

≤ 22k+14
2(k+1)

q CDG1((R− r)−2 + r−2 + 1)A
1+ 2

q

k

with q ∈ (1, 2) such that 1
2 = 1

pc
+ 1

q . Since pc = 2(d+2)
d , we have q = d + 2 and

β = 1 + 2
q = 1 + 2

d+2 .
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We conclude that we have Ak+1 ≤ Ck+1Aβk for C = C̄(1 + (R − r)−2 + r−2) and C̄ > 1 and
β > 1, as desired.

Since

δ20 =
1

2
C

− β

(β−1)2 =
1

2
C̄

− β

(β−1)2 (1 + (R− r)−2 + r−2)
− β

(β−1)2 ,

the factor ω0 corresponds to β
2(β−1)2

= d+4 .

We next apply the local maximum principle to get some information about lower bounds.

Corollary 3.3.6 (Upside down local maximum principle). There exist two universal constants
ε0, ε1 ∈ (0, 1/2) such that for all ρ ∈ (1, 2], all −u ∈ pDG+(Qρ, S) with ∥S∥L∞(Qρ) ≤ ε0 and
u ≥ 0 a.e. in Qρ, we have

|{u ≥ 1} ∩Qρ| ≥ (1− ε1)|Qρ| ⇒
{
u ≥ 1

2
a.e. in Q1

}
.

Remark 22. It is convenient to pick ε1 < 1/2 when we will use it in the expansion of positivity.

Proof. We apply the local maximum principle to v = 1 − u ∈ pDG+(Qρ, S) where the source
term S is unchanged. It leads to,

∥v+∥L∞(Q1) ≤ CLMP

(
9ω0∥v+∥L2(Qρ) + ε0

)
.

We thus pick ε0 > 0 such that CLMPε0 ≤ 1
4 and we estimate the L2-norm of v+ as follows,

∥v+∥L2(Qρ) ≤ |{v > 0} ∩Qρ|
1
2 since v ≤ 1 a.e. in Qρ

= |{u < 1} ∩Qρ|
1
2

≤ ε
1
2
1 |Qρ|

1
2 .

Gathering the estimates and using that ρ ≤ 2, we get,

∥v+∥L∞(Q1) ≤ CLMP9
ω0ε

1
2
1 |Q2|

1
2 +

1

4
.

We thus pick ε1 > 0 such that CLMP9
ω0ε

1
2
1 |Q2|

1
2 = 1

4 and we get v ≤ 1
2 a.e. in Q1. This is

equivalent to u ≥ 1
2 a.e. in Q1, as desired.

Arguing like in the elliptic case, we obtain the following refined local maximum principle.

Corollary 3.3.7 (Local maximum principle - again). Given a (universal) constant p0 ∈ (0, 2),
there exists a (universal) constant CLMP,ε > 0, only depending on d, λ,Λ and p0, such that for
any u ∈ pDG+(Q1, S),

∥u+∥L∞(Q1/2) ≤ CLMP,ε

(
∥u+∥Lp0 (Q1) + ∥S∥L∞(Q1)

)
where ∥u+∥Lp0 (Q1) = ∥up0+ ∥

1
p0

L1(Q1)
.
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3.4 The parabolic De Giorgi’s class pDG– & expansion of positivity

In this section, we introduce the parabolic De Giorgi’s class pDG− that contains in particular
all super-solutions of the parabolic equations at stake in this chapter. We then establish that
the non-negative elements of this class enjoy the following property: if they are above 1 in a
set of universal positive measure in the past, they are bounded from below pointwise in the
future. We will follow classical references from the literature by referring to this property as
the expansion of positivity.

We first define the parabolic De Giorgi’s class that we will work with.

Definition 10 (The parabolic De Giorgi’s class pDG−). Let I = (a, b] with a, b ∈ R and B
be an open ball of Rd and S ∈ L2(I × B). A function u : I × B → R lies in the parabolic De
Giorgi’s class pDG−(I × B,S) if −u ∈ pDG+(I × B,S) and if, for all X0 = (t0, x0) ∈ I × B
and all r,R > 0 such that r < R and QR(X0) ⊂ I × B, all κ ∈ R, and all t1, t2 ∈ (t0 − R2, t0]
with t1 < t2, we have,

ˆ
Br(x0)

(u− κ)2−(t2) dx ≤
ˆ
Br(x0)

(u− κ)2−(t1) dx

+
CpDG−

(R− r)2

ˆ t2

t1

ˆ
BR(x0)

(u− κ)2− dt dx+ CpDG−

ˆ t2

t1

ˆ
BR(x0)

|S|(u− κ)− dtdx (3.8)

for some universal constant CpDG− ≥ 1.

Again, we emphasize that functions in De Giorgi’s class can be translated and scaled.

Lemma 3.4.1 (Invariance by scaling and translation of the De Giorgi’s class). If u ∈ pDG−(I×
B,S) and Qr(X0) ⊂ I × B, then the function v = λu( t−t0

r2
, x−x0r ) lies in pDG−(Q1,S) with

S(t, x) = λ
r2
S( t−t0

r2
, x−x0r ).

This simple proof is also left to the reader.

We remark that the local energy estimates that we derived in Proposition 3.2.1 implies that
weak solutions are in the parabolic De Giorgi’s class pDG-.

Proposition 3.4.2 (Weak solutions are in pDG−). Let u : I × B → R be a weak solution of
∂tu = divx(A∇xu) + S in I ×B with S ∈ L2(I ×B). Then u ∈ pDG−(I ×B,S).

Remark 23 (Super-solutions are in the parabolic De Giorgi’s class). The parabolic De Giorgi’s
class pDG− contains in particular all super-solutions of parabolic equations mentioned in Re-
mark 17.

We now establish the key property of non-negative functions from De Giorgi’s class pDG-:
they are bounded from below by a universal constant in Q1 as soon as they lie above 1 in an
arbitrary small but universal proportion of a cylinder Qpos lying in the past, see Figure 3.1.

Proposition 3.4.3 (Expansion of positivity). Let η ∈ (0, 1) and Qext = Q√
1+η2

and Qpos =

Qη(−1, 0, 0). There exist constants ℓ0, ε̄0 ∈ (0, 1), depending on d, λ,Λ and η, such that for all
u ∈ pDG−(Qext, S) with S ∈ L∞(Qext) and ∥S∥L∞(Qext) ≤ ε̄0 and u ≥ 0 a.e. in Qext,

|{u ≥ 1} ∩Qpos| ≥
1

2
|Qpos| ⇒ {u ≥ ℓ0 a.e. in Q1}.
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3.4 The parabolic De Giorgi’s class pDG– & expansion of positivity

t

Qexp

Q1

Qpos

(x, v)

Figure 3.1: Geometric setting of the expansion of positivity.

The proof of the previous proposition is split into several lemmas. We start with proving that
the assumption on the measure level-set {u ≥ 1} in time and space can be made pointwise in
time for some time t∗ “in the past”. Because we will need to estimate the gradient later on by
the local energy inequalities, we make that that t∗ is not too close from the initial time −1−η2.

Let us consider a radius slightly larger than 1 in which we aim at getting a lower bound
on u “in a very large proportion of the corresponding ball”. It is convenient to consider some
parameter

1 < rη <
√

1 + η2

for instance rη = (1 +
√
1 + η2/2).

We first remark that the assumption of Proposition 3.4.3 implies that

|{u ≥ 1} ∩ (−1− η2,−1]×Brη | ≥ ιη|(−1− η2,−1]×Brη | (3.9)

with ιη =
ηd

2rdη
. Indeed, 1

2 |Qpos| = ιηη
2|Brη |.

We will first apply the next lemma with α = ιη but we will then apply it iteratively with a
larger α.

Remark 24 (Beyond technicalities). The statements of the next three lemmas are a bit technical
and we can try to see a bit where we are heading to.

The first lemma says that if |{u ≥ 1}∩Brη | fills a proportion ιη of a time interval I, we pick a
time t∗ in a sub-interval I∗ ⊂ I. We do not want t∗ to bee too close to beginning of the interval
I to make sure that, when applied iteratively, the resulting sequence of times increase. But we
also want to make sure that t∗ is not to close of the end of the interval I, in order to handle
what happens when the iteration ends.

Lemma 3.4.4 (From measure to pointwise in time). Let I = (tI , tI+τI) and τη,I =
2(1−ιη)
2−ιη τI <

τI and I∗ = (tI +
1
3τη,I , tI +

2
3τη,I ] ⊂ I.

Suppose that a measurable function u : I×Brη → R satisfies |{u ≥ 1}∩I×Brη | ≥ ιη|I×Brη |.
Then there exists a time t∗ ∈ I∗ with such that |{u(t∗, ·) ≥ 1} ∩Brη | ≥

ιη
2 |Brη |.

Remark 25. When the time interval is I = (−1−η2,−1], we have t∗ ∈ (−1−η2+δη,−1−η2+2δη)

with δη =
2(1−ιη)
3(2−ιη)η

2. We record that δη < η2/2.
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3 Parabolic equations

Proof. The assumption is equivalent to |{u < 1} ∩ I × Brη | ≤ (1 − ιη)|I × Brη |, that we can
write, ˆ

I
|{u(t, ·) < 1} ∩Brη |dt ≤ (1− ιη)τI |Brη |.

We now a pick a time interval I∗ whose length is 2/3 of
(1−ιη)
1−ιη/2τI < τI ,

 tI+
4(1−ιη)

3(2−ιη)
τI

tI+
2(1−ιη)

3(2−ιη)
τI

|{u(t, ·) < 1} ∩Brη | dt ≤ (1− ιη
2
)|Brη |.

We conclude that there exists t∗ ∈ I∗ such that |{u(t∗, ·) < 1} ∩Brη | ≤ (1− ιη/2)|Brη |.

The next step is to propagate during a time τη the pointwise-in-time bound we got from the
previous lemma. The price to pay for propagation is that we deteriorate the lower bound from
1 to mη and the fraction of the ball occupied by the level set changes from ιη to ιη/2.

Remark 26 (Beyond technicalities, again). Following closely the dependence of τη and mη with
respect to all parameters is important to us because we want to make sure that neither the
time interval τη nor the lower bound mη become too small as we iterate the use of these three
lemmas.

Lemma 3.4.5 (Short time propagation). Let η ∈ (0, 1). There exist τη ∈ (0, 1) (only depending
on d, λ,Λ, η) and mη ∈ (0, 1) (only depending on ιη) such that for all u ∈ pDG−(Qext, S) with
∥S∥L∞(Qext) ≤ 1, if

∃t∗ ∈ (−1− η2, 0], |{u(t∗, ·) ≥ 1} ∩Brη | ≥
ιη
2
|Brη |,

then

∀t ∈ Iτη , |{u(t, ·) ≥ mη} ∩Brη | ≥
ιη
4
|Brη |

where Iτη := (t∗, t∗ + τη] ∩ (−1− η2, 0].

Proof. On the one hand, we know from the definition of pDG−(Qext, S) – see (3.8) with κ = 1,
x0 = 0, ρ ∈ (0, 1) – that for all t ∈ (t∗, t∗ + τ ] ∩ (−1− η2, 0], we have,

ˆ
Bρrη

(u− 1)2−(t) dx ≤
ˆ
Bρrη

(u− 1)2−(t∗) dx+
CpDG−

(1− r)2

ˆ
Iτη

ˆ
Brη

(u− 1)2− dt dx

+ CpDG−

ˆ
Iτη

ˆ
Brη

|S|(u− 1)− dtdx

≤(1− ιη
2
)|Brη |+

CpDG−

(1− r)2
τη|Brη |+ CpDG−τη|Brη |.

On the other hand, we have for all m ∈ (0, 1),

ˆ
Bρrη

(u− 1)2−(t) dx ≥
ˆ
{u<m}∩Bρrη

(u− 1)2−(t) dx

≥ (1−m)2|{u < m} ∩Bρrη |
≥ (1−m)2|{u < m} ∩Brη | − (1−m)2(1− ρd)|Brη |.
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3.4 The parabolic De Giorgi’s class pDG– & expansion of positivity

Combining the resulting inequalities leads for all ρ,m ∈ (0, 1) to,

|{u(t, ·) < m} ∩Brη | ≤
{
(1−m)−2

(
(1− ιη

2
) +

CpDG−

(1− ρ)2
τη + CpDG−τη

)
+ (1− ρd)

}
|Brη |.

We first pick ρ = ρη ∈ (0, 1) such that (1− ρd)|Brη | ≤
ιη
16 |Brη |,

|{u(t, ·) < m} ∩Brη | ≤ (1−m)−2

(
(1− ιη

2
) +

CpDG−

(1− ρη)2
τη + CpDG−τη

)
|Brη |+

ιη
16

|Brη |.

We then pick m = mη ∈ (0, 1) such that (1−m)−2(1− ιη
2 )|Brη | ≤ (1− 7

16 ιη)|Brη |

|{u(t, ·) < mη}∩Brη | ≤ (1− 7

16
ιη)|Brη |+(1−mη)

−2

(
CpDG−

(1− ρη)2
τη + CpDG−τη

)
|Brη |+

ιη
16

|Brη |.

We finally impose to τη to satisfy,

(1−mη)
−2

(
CpDG−

(1− ρη)2
τη + CpDG−τη

)
|Brη | ≤

ιη
8
|Brη |.

This leads to

|{u(t, ·) < mη} ∩Brη | ≤ (1− 7

16
ιη)|Brη |+

ιη
8
|Brη |+

ιη
16

|Brη | = (1− ιη
4
)|Brη |

as desired.

We now want to get a lower bound on a very large proportion of the unit ball in order to be
able to apply the upside down local maximum principle (Corollary 3.3.6). While we improve
as much as we want the proportion of the truncated cylinder Iτη × Brη where we have a lower
bound, we pay it by further deteriorating the lower bound.

Lemma 3.4.6 (Spreading). Let η ∈ (0, 1) and τη,mη ∈ (0, 1) be given by Lemma 3.4.5 (short
time propagation).
Suppose that u ∈ pDG−(Qext, S) and that there exists t∗ ∈ (−1− η2 + δη, 0] such that

∀t ∈ Iτη , |{u(t∗, ·) ≥ 1} ∩Brη | ≥
ιη
4
|Brη |

with Iτη := (t∗, t∗ + τη] ∩ (−1− η2, 0].
For all α ∈ (0, 1), there exists m̄ ∈ (0, 1) (only depending on d, λ,Λ and η, α and on any lower

bound on |Iτη |) such that if ∥S∥L∞(Q2) ≤ m̄, then

|{u ≥ m̄} ∩ Iτη ×Brη | ≥ α|Iτη ×Brη |.

Proof. Let N ∈ N with N ≥ 2, to be chosen.

Sequence of truncated functions. For all k ∈ {0, . . . , N}, we consider

κk = mk
η and uk = (κk −max(u(t, ·), κk+1))+ =


κk − κk+1 if u(t, ·) ≤ κk+1,

κk − u if κk+1 < u(t, ·) < κk,

0 if u(t, ·) ≥ κk.

By assumption and the fact that κk ≤ 1, we know that for all t ∈ Iτη = (t∗, t∗+τη]∩ (−1−η2, 0]
and all k ≥ 1,

|{u(t, ·) ≥ κk} ∩Brη | ≥
ιη
4
|Brη |. (3.10)
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3 Parabolic equations

Estimate for the truncated gradient. We use next the fact that −u ∈ pDG+(Qext, S) with
∥S∥L∞(Qext) ≤ mN

η ≤ κk and an intermediate cylinder ùQmid such that

Iτη ×Brη ⊂ (−1− η2 + δη, 0]×Brη ⊂ Qmid ⊂ Qext = (−1− η2, 0]×B√
1+η2

to estimate ∥∇x(u− κk)−∥L2(Iτη×Brη )
as follows,

∥∇x(u− κk)−∥2L2(Iτη×Brη )
≤ CpDG+

((
1

δη
+

1

(rη − 1)2

) ˆ
Qext

(u− κk)
2
− +

ˆ
Qext

|S|(u− κk)−

)
≤ Cηκ

2
k (3.11)

for some constant Cη depending on d, λ,Λ and η.

Intermediate values. We note that uk = Tk(u) where Tk is a Lipschitz function. In particular,
we can apply Poincaré-Wirtinger’s inequality from Proposition 2.2.6 to uk and argue like in the
proof of the elliptic intermediate value lemma 2.2.7. Recalling that ūk = |Brη |−1

´
Brη

uk dx, we

have ˆ
Brη

|uk − ūk| dx ≤ CPW

ˆ
Brη

|∇xuk| dx

= CPW

ˆ
Brη

|∇x(u− κk)−|1{κk+1<u<κk} dx.

Integrating with respect to t ∈ Iτη = (t∗, t∗ + τη] ∩ (−1, 0], we get

ˆ
Iτη×Brη

|uk − ūk|dtdx ≤ CPW

ˆ
Iτη×Brη

|∇x(u− κk)−|1{κk+1<u<κk} dt dx

≤ CPW∥∇x(u− κk)−∥L2(Iτη×Brη )

∣∣{κk+1 ≤ u < κk} ∩ Iτη ×Brη
∣∣ 12

≤ CPWC
1
2
η κk

∣∣{κk+1 ≤ u < κk} ∩ Iτη ×Brη
∣∣ 12

where we used (3.11) to get the last line.
We now get a lower bound on the left hand side of the first inequality. Keeping in mind that

uk ≥ 0 (and consequently ūk ≥ 0),
ˆ
Brη

|uk − ūk| dx ≥
ˆ
{uk=0}∩Brη

(ūk) dx

= (ūk)|{uk = 0} ∩Brη |

=
1

|Brη |

(ˆ
Brη

uk dx

)
|{uk = 0} ∩Brη |

≥ κk − κk+1

|Brη |
|{u(t, ·) < κk+1} ∩Brη | · |{u(t, ·) ≥ κk} ∩Brη |

≥ (1−mη)κk
ιη
4
|{u(t, ·) < κk+1} ∩Brη |

where we used (3.10) to get the last line. Integrating with respect to t ∈ Iτη , we get

ˆ
Iτη×Brη

|uk − ūk|dtdx ≥ (1−mη)κk
ιη
4
|{u < κk+1} ∩ Iτη ×Brη |.
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3.4 The parabolic De Giorgi’s class pDG– & expansion of positivity

We thus deduce that we have

(1−mη)κk
ιη
4
|{u(t, ·) < κk+1} ∩ Iτη ×Brη | ≤ CPWC

1
2
η κk

∣∣{κk+1 ≤ u < κk} ∩ Iτη ×Brη
∣∣ 12

and we write this under the following form,

|{u < κk+1} ∩ Iτη ×Brη | ≤ Cexp

∣∣{κk+1 ≤ u < κk} ∩ Iτη ×Brη
∣∣ 12

for some constant Cexp depending on η, η and d, λ,Λ (dimension and ellipticity constants).

Iteration. By considering Ak = |{u < κk+1}∩ Iτη ×Brη |, we can write the previous inequality,

A2
k+1 ≤ C2

exp[Ak −Ak+1].

We remark that Ak ≥ AN and A1 ≤ τη|Brη |. We then can sum the previous inequalities over
k ∈ {1, . . . , N − 1} and get,

(N − 1)A2
N ≤

N−1∑
k=1

A2
k+1 ≤ C2

expA1 ≤ C2
expτη|Brη |.

In particular, we can pick N (only depending on d, λ,Λ and η, α and any lower bound on |Iτη |)
such that

|{u < mN
η } ∩ Iτη ×Brη | = AN ≤ (1− α)|Iτη ×Brη |.

The precise condition is N ≥ 1 +
C2

expτη
(1−α)2|Iτη |2

. Then we pick m̄ = mN
η .

The proof of expansion of positivity proceeds basically in two steps. We first extend easily
the initial information we have from the small ball Bη to the “large” ball Brη . We then use the
three previous lemmas:

(i) to get a time for which we have a lower bound on the measure on a super-level set of f ;

(ii) to propagate this lower bound for some short time τη;

(iii) to spread the information and restore the proportion of the truncated cylinder I ×Brη on
which f is bounded from below.

Proof of Proposition 3.4.3 (expansion of positivity). Let ε1 be given by the upside down maxi-
mum principle from Corollary 3.3.6.

Initialization of the iteration. We observed earlier that the assumption of the proposition
implies that (3.9) holds true. This corresponds to the assumption of Lemma 3.4.4. The lemma
implies that there exists t∗ ∈ (−1− η2 + δη,−1] (see Remark 25) such that

|{u(t∗, ·) ≥ 1} ∩Brη | ≥
ιη
2
|Brη |.

Now Lemma 3.4.5 implies that

∀t ∈ Iτη , |{u(t, ·) ≥ mιη} ∩Brη | ≥
ιη
4
|Brη |

with Iτη = (t∗, t∗ + τιη) ∩ (−1− η2, 0]. The parameter τιη only depends on d, λ,Λ, η.
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3 Parabolic equations

We next apply Lemma 3.4.6 with α = ιη, we get m̄ιη such that

|{u ≥ m̄ιη} ∩ Iτη ×Brη | ≥ ιη|Iτη ×Brη |.

The parameter m̄ιη only depends on d, λ,Λ, η and a lower bound of the length interval |Iτη |.

Time iteration. In the case where t∗ + τιη < 0, we can apply again Lemmas 3.4.4, 3.4.5 and
3.4.6: we construct of sequence of times tk such that tk+1 ∈ (tk +

1
3τ, tk +

2
3τ) where

τ =
2(1− ιη)

(2− ιη)
τη

only depends on d, λ,Λ, η (we recall that τη comes from Lemma 3.4.5). We can proceed till the
rank K ≥ 1 for which (tK , tK + τ) leaks out (−1− η2, 0]. This translates into,

if K = 1,

{
tK ∈ (−1− η2/2, 0),

tK + τ > 0,

if K ≥ 2,


tK ∈ (tK−1 +

1
3τ, tK−1 +

2
3τ),

tK−1 + τ ≤ 0,

tK + τ > 0.

Such a maximal rank K exists because tk+1 ≥ tk +
1
3τ for all k ≥ 2. At the last rank K ≥ 2,

we have tK ∈ (−τ,−1
3τ) with τ only depending on d, λ,Λ, η. At this final rank, either K = 1

or K ≥ 2, the time interval Iτη is given by (tK , 0), whose length is bounded from below by a
constant only depending on d, λ,Λ, η.

Collecting the information. By applying iteratively Lemma 3.4.5, we proved that there
exists a lower bound ℓ1 > 0 only depending on d, λ,Λ, η and time intervals Ik = (tk, tk + τk)
such that

∀k ∈ {1, . . . ,K},∀t ∈ Ik, |{u ≥ ℓ1} ∩ Ik ×Brη | ≥
ιη
2
|Brη |. (3.12)

Moreover, Ik ∩ Ik+1 ̸= ∅ and ∩k≥1Ik ∩ (−1 − η2, 0] = (t∗, 0] ⊃ (−1 − η2/2, 0] (see Remark 25).
We conclude that,

∀t ∈ (−1− η2/2, 0], |{u(t) ≥ ℓ1} ∩Brη | ≥
ιη
2
|Brη |.

We now see that it is convenient to pick rη =
√
1 + η2/2. Applying one last time Lemma 3.4.6

leads to,

|{u ≥ 2ℓ0} ∩Qrη | ≥ (1− ε1)|Qrη |.

The previous reasoning works by choosing ε̄0 = 2ℓ0 for the upper bound for source terms.

Now the upside down maximum principle from Corollary 3.3.6 yields the result.

3.5 Improvement of oscillation

We defined two De Giorgi’s classes for parabolic equations: pDG+ and pDG−. The intersection
of these two classes contains all weak solutions of the parabolic equations we deal with in this
chapter.
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3.5 Improvement of oscillation

Definition 11 (The parabolic De Giorgi’s class pDG). Let I = (a, b] with a, b ∈ R and B be an
open ball of Rd and S ∈ L2(I ×B). A function u : I ×B → R lies in the parabolic De Giorgi’s
class pDG(I ×B,S) if it lies both in pDG+(I ×B,S) and in pDG−(I ×B,S).

We can now establish that the oscillation of elements of this parabolic class improves when
zooming in.

Proposition 3.5.1 (Improvement of oscillation). Let ε̄0 be given by Proposition 3.4.3 about
expansion of positivity. There exists a universal constant µ ∈ (4−1, 1) such that for all u ∈
pDG(Q2, S) with S ∈ L∞(Q2) with ∥S∥L∞(Q2) ≤ ε̄0 and u ∈ L∞(Q2),

oscQ2 u ≤ 2 ⇒ oscQ1 u ≤ 2µ.

Proof. Without loss of generality, we can assume that 0 ≤ u ≤ 2 a.e. in Q2 by considering
ũ = u − inf Q2u. We still have an essentially bounded source term S and the upper essential
bound is not modified. We consider Qpos = Q1(−1, 0, 0) and distinguish two cases.

• We assume first that |{u ≥ 1} ∩ Qpos| ≥ 1
2 |Qpos|. Then expansion of positivity from

Proposition 3.4.3 implies that u ≥ ℓ0 a.e. in Q1. In particular, oscQ1 u ≤ 2− ℓ0.

• In the other case, |{u ≥ 1} ∩ Qpos| < 1
2 |Qpos|, so that the function v = 2 − u satisfies

|{v ≤ 1}∩Qpos| < 1
2 |Qpos|. Equivalently, we have |{v > 1}∩Qpos| > 1

2 |Qpos|. In particular,
|{v ≥ 1} ∩Qpos| ≥ 1

2 |Qpos|. The source term |S| in the definition of pDG±(Qpos, S) is not
changed and we can apply Proposition 3.4.3 as in the first case and deduce that v ≥ ℓ0
a.e. in Q1. This translates into u ≤ 2 − ℓ0 a.e. in Q1, yielding in this case too that
oscQ1 u ≤ 2− ℓ0.

In both cases, we proved that oscQ1 u ≤ 2 − ℓ0, reaching the desired conclusion with µ =
max(4−1, (1− ℓ0)/2).

Proof of (De Giorgi & Nash’s) theorem 3.2.3. The theorem is a consequence of the local max-
imum principle (Proposition 3.3.5) and of the improvement of oscillation (Proposition 3.5.1).
The local maximum principle applied to u and −u with X0 = 0 and r = 3

4 and R = 1 implies
that

sup
Q 3

4

|u| ≤ CLMP

(
∥u∥L2(Q1) + ∥S∥L∞(Q1)

)
. (3.13)

As far as the Hölder semi-norm is concerned, we shall prove that there exists α ∈ (0, 1] and
C0 ≥ 1 (both universal) such that for all X0 ∈ Q 1

2
, and all r > 0,

oscQr(X0)∩Q 1
2

u ≤ C0

(
∥u∥L∞(Q 3

4
) + ∥S∥L∞(Q1)

)
rα.

This implies that [u]Cα
par(Q 1

2
) ≤ C0

(
∥u∥L∞(Q 3

4
) + ∥S∥L∞(Q1)

)
(see Proposition 3.1.1).

We then consider such a point X0 ∈ Q 1
2
. We infer from (3.13) that u ∈ L∞(Q 1

4
(X0)). In

order to apply the improvement of oscillation (Proposition 3.5.1), we consider

ũ(X) =
u(X0 +

X
8 )

∥u∥L∞(Q 3
4
) + ε̄−1

0 ∥S∥L∞(Q1)

.
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3 Parabolic equations

Then ∥ũ∥L∞(Q2) ≤ 1 and the source term S̃(X) = ε̄08
−2 S(X0+8−1X)

∥S∥L∞(Q1)
satisfies ∥S̃∥L∞(Q2) ≤ ε̄0

(see Lemmas 3.3.1 and 3.4.1). We thus get from Proposition 3.5.1 that oscQ1 ũ ≤ 2µ. We now
scale recursively the function ũ and consider,

∀X ∈ Q2, ũk(X) = µ−kũ((1/2)kX)

whose source term S̃k(X) = (1/(4µ))kS̃((1/2)kX). We remark that ∥S̃k∥L∞(Q1) ≤ ∥S̃∥L∞(Q1) ≤
ε̄0 since µ ≥ 1/4. We conclude that oscQ2 ũk ≤ 2 for all k ≥ 1. This translates into,

oscQrk
ũ ≤ 2µk = 21−αrαk with rk = 2

1

2k
and (1/2)α = µ.

Now for r ∈ (0, 2], there exists k ≥ 0 such that rk+1 ≤ r ≤ rk. This implies that

oscQr ũ ≤ oscQrk
ũ ≤ 21−αrαk = 2rαk+1 ≤ 2rα.

In terms of the function u, this implies that for all r ∈ (0, 2],

oscQ r
8
(X0) u ≤ 8α2

(
∥u∥L∞(Q 3

4
) + ε̄−1

0 ∥S∥L∞(Q1)

)
(r/8)α.

Since for s ≥ 1
4 , we have

oscQs(X0)∩Q 1
2

u ≤ 2∥u∥L∞(Q 3
4
)(4s)

α,

we conclude that

[u]Cα
par(Q 1

2
) ≤ 24α+1

(
∥u∥L∞(Q 3

4
) + ε̄−1

0 ∥S∥L∞(Q1)

)
.

3.6 (Weak) Harnack’s inequality

In this section, we show that elements of the parabolic De Giorgi’s class kDG− satisfies a weak
Harnack’s inequality. We state it at unit scale.

Theorem 3.6.1 (Weak Harnack’s inequality). There exists a (small) universal constant ω ∈
(0, 1) and two positive universal constants Cwhi and p0 such that for Qpast = Qω(−1 + ω2, 0, 0)
and Qfuture = Qω, and u ∈ pDG−(Q1, S) with S ∈ L∞(Q1) and f ≥ 0 a.e. in Q1, we have

∥u∥Lp0 (Qpast) ≤ Cwhi

(
inf

Qfuture

u+ ∥S∥L∞(Q1)

)
.

Remark 27 (About the Lp0-“norm” for p ∈ (0, 1)). We let ∥u∥Lp0 (Qpast) denote
(´

Qpast
up0
)1/p

even if p could be smaller than 1.

It is then possible to combine the weak Harnack’s inequality with the local maximum principle
in order to get Harnack’s inequality for solutions of parabolic equations, and more generally for
all elements in the parabolic De Giorgi’s class of the domain with essentially bounded source
terms.

Theorem 3.6.2 (Harnack’s inequality). There exist two universal constants R0 > 1 and ω ∈
(0, 1) and a positive constant CH such that for Qharn = (−1, 0] × BR0 × BR0 and Q∗

past =
Qω/2(−1 + ω2, 0, 0) and Qfuture = Qω, and u ∈ pDG(Qharn, S) with S ∈ L∞(Qharn) and u ≥ 0
a.e. in Qharn, we have

sup
Q∗

past

u ≤ CH

(
inf

Qfuture

u+ ∥S∥L∞(Qharn)

)
.
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3.6 (Weak) Harnack’s inequality

Proof. Apply first Corollary 3.3.7 between Q∗
past and Qpast (from the statement of the weak

Harnack’s inequality). Thanks to Lemma 3.3.1, it can be scaled and translated in time by
considering f̃(t, x) = f(−1 + ω2 + (t/ω2), x/ω). We can then combine the resulting estimate
with the one given by Theorem 3.6.1.

Remark 28. The fact that Qpast is replaced with Q∗
past in the statement of Harnack’s inequality

is irrelevant since infQfuture
f ≤ infQ∗

future
f with Q∗

future = Qω/2.

3.6.1 Generating and propagating a lower bound

The proof combines the expansion of positivity from Proposition 3.4.3 with a covering argument.
We aim at estimating ∥u∥Lp0 (Qpast) by the infimum of f in Qfuture. By linearity, we can reduce to
infQfuture

u ≤ 1. Establishing the estimate amounts to proving that there exists ε > 0 (universal)
such that for all t ≥ 1,

|{u > t} ∩Qpast| ≤ Ct−ε.

A further reduction is to prove that there exists M > 1 and µ ∈ (0, 1) such that for all integers
k ≥ 1, we have

|{u > Mk} ∩Qpast| ≤ C(1− µ)k.

In order to prove this, we consider Uk+1 = {u > Mk+1} ∩ Qpast and we want to prove that
|Uk+1| ≤ (1−µ)|Uk|. In order to prove this inequality, we cover the set Uk+1 with small cylinders
Q where we have a lower bound on f in measure. By using the expansion of positivity once, we
generate a lower bound on a cylinder in the future, with a larger radius. By applying iteratively
this expansion of positivity, we propagate this lower bound in the future, till the final time.
Since we know that f takes values smaller than 1 in Qfuture, this gives us some information on
the radius of the initial cylinder Q.

3.6.2 Covering sets with ink spots

In order to state the covering result that we need in order to establish the weak Harnack’s
inequality, we need to introduce the notion of stacked cylinders. Given an integer m ≥ 1 and a
cylinder Q = Qr(X0), the stacked cylinder Q̄m equals {(t, x) : 0 < t− t0 < mr2, |v − v0| < r}.

Theorem 3.6.3 (Leaking ink spots in the wind). Let E ⊂ F be measurable and bounded sets
of R×Rd and E ⊂ F ∩Q1. We assume that there exist two constants r0 ∈ (0, 1) and an integer
m ≥ 1 such that for any cylinder Q = Qr(X0) ⊂ Q1 such that |Q∩E| > 1

2 |Q|, we have Q̄m ⊂ F
and r < r0. Then |E| ≤ m+1

m (1 − c)
(
|F ∩Q1|+ Cmr20

)
. The constants c ∈ (0, 1) and C > 1

only depend on dimension d.

Remark 29 (About the mental picture). The two sets E and F are seen as ink spots. They
stand in the wind because of the time variable (time delay). And the ink spot E can leak out
of the reference cylinder Q1.

Remark 30 (About the factor 1/2). The factor 1
2 in both assumptions can be replaced with an

arbitrary parameter µ ∈ (0, 1). In this case, the conclusion is |E| ≤ m+1
m (1−cµ)(|F∩Q1|+Cmr20)

for some c ∈ (0, 1) and C > 1 only depending on dimension.

We postpone the proof until the next section.
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3 Parabolic equations

3.6.3 Expansion of positivity for stacked cylinders and for large times

In this subsection, we derive the two results that will allow us to use the covering argument from
Theorem 3.6.3. There are two assumptions on cylinders intersecting E in a good proportion:
after stacking them, they should lie in F , and their radius should be under control.

• On the one hand, we check that if we choose η depending on the integer m (from the
statement of Theorem 3.6.3) then Proposition 3.4.3 yields a lower bound in the stacked
cylinder Q̄m1 from an information in measure in Q1.

• On the other hand, we apply iteratively Proposition 3.4.3 with η = 1/2 in order to estimate
how the lower bound that is generated for small times deteriorates for large ones.

Expansion of positivity for a staked cylinder. We first scale and translate in time the result
from Proposition 3.4.3 in order to get a statement with Qpos replaced with Q1. We notice that
the stacked cylinder Q̄m1 equals (0,m]×Bm+2 ×B1.

Proposition 3.6.4 (Expansion of positivity for a stacked cylinder). Let m ≥ 1 be an integer
and let Rm > 1 be given by Proposition 3.4.3 for η = 1/

√
m. Let Qstack = (−1,m]×B√

2.

There exists a constant M > 1, depending on d, λ,Λ and m, such that, if u ∈ pDG−(Qstack, 0)
and u ≥ 0 a.e. Qstack, then,

|{u ≥M} ∩Q1| ≥
1

2
|Q1| ⇒ {u ≥ 1 a.e. in Q̄m1 }.

Iteratively stacked cylinders. We are going to apply iteratively Proposition 3.4.3 to control
the lower bound generated after applying it once. We need to make sure that the iterated
cylinders do not exhibit the spatial domain and that their union captures the cylinder Qfuture,
see Figure 3.2. Recall that Qpast = Qω(−1 + ω2, 0) and Qfuture = Qω.

Lemma 3.6.5 (Iteratively stacked cylinders). Let ω ∈ (0, 5−1/2). Given Q = Qr(X0) ⊂ Qpast,

we define for all k ≥ 1, Tk =
∑k

j=1(2
jr)2 and pick N ≥ 1 the largest integer such that t0+TN ≤

0. In particular 2Nr ≤ 1.
If R denotes |t0 + TN |1/2, we consider RN+1 = max(R, ρ) with ρ = 2ω and

∀k ∈ {1, . . . , N}, Xk = X0 + (Tk, 0) and XN+1 =

{
XN + (R, 0) if R ≥ ρ,

0 if R < ρ.

We finally define Rk = 2kr for k ∈ {1, . . . , N} and Q[k] = QRk
(Xk) for k ∈ {1, . . . , N + 1}.

These cylinders Q[k] are such that

Q[k] ⊂ (−1, 0]×B2 and Q[N + 1] ⊃ Qfuture and Q[N ] ⊃ Q̃[N ]

where Q̃[N ] = QRN+1
2

(XN+1 + (−R2
N+1, 0)).

Proof. We first check that the sequence of cylinders is well defined for ω < 5−1/2. Since r ≤ ω,
we have t0 + T1 ≤ −1 + ω2 + 4r2 < −1 + 5ω2 < 0. Let N ≥ 1 be the largest integer such that
t0 + TN < 0.

We check next that Qfuture ⊂ Q[N + 1].
If R < ρ, then Q[N +1] = Qρ and we simply remark that ω ≤ ρ and recall that Qfuture = Qω

to conclude.
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3.6 (Weak) Harnack’s inequality

−ω2

t0 + TN

(x, v)

t

Qpast

Qfuture

Q[N ]

Q[N + 1]

Figure 3.2: Stacking iteratively cylinders above an initial one contained in Q−. We see that the
stacked cylinder obtained after N + 1 iterations by doubling the radius leaks out of
the domain. This is the reason why Q[N +1] is chosen in a way that it is contained
in the domain and its “predecessor” is contained in Q[N ]. Notice that the cylinders
Q[k] are in fact slanted since they are not centered at the origin. We also mention
that Q[N +1] is choosen centered if the time t0+TN is too close to the final time 0.

In the other case, that is to say when R ≥ ρ, we have Q[N + 1] = QR(XN+1) with XN+1 =
XN + (R, 0) = (t0 + TN + R2, x0) = (0, x0). We have to check that Qω ⊂ QR(0, x0). We have
ω ≤ ρ ≤ R and ω + |x0| ≤ ω + r ≤ 2ω ≤ ρ ≤ R.

Let us now check that for all k ∈ {1, . . . , N + 1}, we have Q[k] ⊂ Q1.

By definition of N , we have −(2N+1r)2 < t0+TN < 0. In particular, R = |t0+TN |
1
2 ≤ 2N+1r

and R ≤ 1 (because t0 + TN ∈ (−1, 0]) (2Nr)2 ≤ TN ≤ −t0 ≤ 1. This implies that for all
k ∈ {1, . . . , N}, rk ≤ 1. Recalling that Xk = (t0 + Tk, x0) and x0 ∈ Br ⊂ Bω, we thus gat
Q[k] ⊂ (−1, 0]×B2.

As far as Q[N + 1] is concerned, we have RN+1 = max(R, ρ) ≤ 1. Moreover, xN+1 = x0 ∈
Bω ⊂ B1· So we do have Q[N + 1] = QRN+1

(0, xN+1) ⊂ (−1, 0]×B2.

We are left with proving that Q̃[N ] ⊂ Q[N ].

If R ≥ ρ, then Q̃N = QR/2(0, x0) and XN = (0, x0) and R/2 ≤ 2Nr = RN .

If now R < ρ, we have to check that Qρ/2(−ρ2, 0) ⊂ Q2Nr(0, x0). This inclusion holds true if

(2Nr)2 ≥ ρ2/4 + ρ2 = 5ρ2/4 and ρ/2 + |x0| ≤ 2Nr.

Because x0 ∈ Br ⊂ Bω ⊂ Bρ, the second condition holds if 3ρ/2 ≤ 2Nr. And in this case,
the first condition is also satisfied. In order to prove this inclusion, we first estimate 2Nr from
below. Since t0+TN+1 > 0 and −t0 ≥ 1−ω2, we have TN+1 = (4/3)(4N+1− 1)r2 ≥ 1−ω2 and
in particular 4Nr2 ≥ (3/16)(1− ω2) ≥ 1/8 (because ω2 ≤ 2/3). We conclude that

2Nr ≥ 1/(2
√
2).

We finally remark that we do have 3/2ρ ≤ 1/(2
√
2) because ρ ≤ 1.
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3 Parabolic equations

3.6.4 Iterated expansion of positivity

Proposition 3.6.6 (Iterated expansion of positivity). There exists a universal constant γ0 > 0
such that for all u ∈ pDG−(Q1, 0), all A > 0 and all cylinder Qr(X0) ⊂ Qpast,

|{u > A} ∩Qr(X0)| >
1

2
|Qr(X0)| ⇒

{
u ≥ A(r/2)γ0 a.e. in Qfuture

}
.

Proof. We first apply Proposition 3.4.3 to the function v = u/A after scaling it. This implies
that v ≥ Aℓ0 in Q[1]. We then apply it iteratively and get v ≥ Aℓk0 in Q[k] for all k ∈ {1, . . . , N}.
In particular, v ≥ AℓN0 in Q̃[N ]. This cylinder is the “predecessor” of Q[N + 1] and we thus
finally get v ≥ AℓN+1

0 in Q[N +1]. Becauce Q[N +1] contains Qfuture, we finally get v ≥ AℓN+1
0

in Qfuture. Now we remember that 2Nr ≤ 1 (see Lemma 3.6.5). We pick γ0 such that ℓ0 = 2−γ0

and we write ℓN+1
0 =

(
2−(N+1)

)γ0 ≥ (r/2)γ0 .

Proof of Theorem 3.6.1 (weak Harnack’s inequality). The proof proceeds in several steps.

Reduction. We first reduce to the case S = 0 by considering ũ = u+ ∥S∥L∞(Q1)(t+ 1).

Second, we reduce to the case infQfuture
u ≤ 1 by considering ũ = u/max(1, infQfuture

u).
Indeed, u ≤ ũ ≤ u+ ∥S∥L∞(Q1) and it is in pDG−(Q1, 0).

Parameters. We now aim at proving that there exist two universal constants p > 0 and
C > 0 such that ∥u∥Lp0 (Qpast) ≤ Cwhi. This is equivalent to prove that there exists three

universal constants M > 1 and µ̃ ∈ (0, 1) and C̃ > 1 such that

∀k ≥ 1, |{u > Mk} ∩Qpast| ≤ C̃(1− µ̃)k.

For k = 1, we simply pick µ̃ ≤ 1/2 and C̃ ≥ 2|Qpast|. We then argue by induction. We are going
to apply Theorem 3.6.3 (about covering with ink spots) for some integer m ≥ 1 large enough so
that m+1

m (1− c) < 1− c/2. The parameter m only depends on c = c(d), it is therefore universal.

We are going to use Proposition 3.6.4 (propagation of positivity for stacked cylinders) with
m universal as above. Then we obtain another universal parameter Rm from Proposition 3.4.3,
see the statement of Proposition 3.6.4. We will also use Proposition 3.6.6 (iterated expansion
of positivity) from which we get yet another universal parameter R1/2. Now we choose R0 =
max(R1/2, 23m

3Rm).

The coverging argument. We are going to apply the ink spots theorem to the sets E0 =
{u > Mk+1}∩Qpast and F0 = {u > Mk}∩Q1 after tranforming Qpast into Q1. We thus consider
a cylinder Q ⊂ Qpast such that |E0 ∩ Q| > 1

2 |Q|. We have to check that the stacked cylinder
Q̄m is a subset of F0 and that the radius of Q is controlled by some constant rk.

We start with checking that Q̄m ⊂ F0 for Q such that |E0 ∩Q| > 1
2 |Q|, that is to say

|{u > Mk+1} ∩Q| > 1

2
|Q|.

If Q = Qr(X0), we consider for z ∈ Q1 the scaled function v(X) = M−ku(r(X0 +X)), so that
|{v > M}∩Q1| > 1

2 |Q1|. We have v ∈ pDG−(Qstack, 0). We deduce from Proposition 3.6.4 that
v ≥ 1 a.e. in Q̄m1 . This means that u ≥Mk a.e. in Q̄m. We thus proved that Q̄m ⊂ F0.

We now estimate r from above for Q = Qr(X0) ⊂ Qpast such that |{u > Mk+1} ∩Q| > 1
2 |Q|.

Proposition 3.6.6 implies that u ≥Mk+1(r/2)γ0 in Qfuture. This implies that Mk+1(r/2)γ0 ≤ 1

that is to say r ≤ 2M
− k+1

γ0 =: rk.
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3.7 Proof of the ink spots theorem

Conclusion. Now Theorem 3.6.3 implies that

|{u > Mk+1} ∩Qpast| ≤ (1− c/2)
(
|{u > Mk} ∩Qpast|+ Cm4M

−2 k+1
γ0

)
.

We use the induction assumption and get

|{u > Mk+1} ∩Qpast| ≤ (1− c/2)
(
C̃(1− µ̃)k + Cm4M

−2 k+1
γ0

)
.

Recall that M > 1 and γ0 > 0 are universal. We now choose µ̃ so that (1 − µ̃) ≥ M−2/γ0 and
(1− µ̃)2 ≥ 1− c/2. We get

|{u > Mk+1} ∩Qpast| ≤ (1− µ̃)2
(
C̃(1− µ̃)k + Cm4(1− µ̃)k+1

)
≤
(
(1− µ̃)C̃ + 4Cm

)
(1− µ̃)k+1.

We thus pick C̃ such that (1− µ̃)C̃ + 4Cm ≤ C̃ that is to say C̃ ≥ 4Cmµ̃−1.

3.7 Proof of the ink spots theorem

The assumption of the ink spots theorem asserts that the set E can be covered by cylinders
and if more than half the cylinder lies in E, then the corresponding stacked cylinder Q̄m is
contained in F . The conclusion asserts that the volume of E is bounded from above (up to
some multiplicative constant) by the volume of F . In order to relate these two volumes, it is
necessary to extract from the original covering another one made of disjoint cylinders, and to
make sure that we do not lose too much by doing so. This is made possible thanks to a parabolic
variation of Vitali’s lemma with Euclidian balls.

3.7.1 A parabolic Vitali’s covering lemma

As explained in the previous paragraph, Vitali’s lemma asserts that a countable disjoint family
of cylinders can be extracted from any covering of a set. We make sure that we do not lose too
much by doing so is by imposing that the whole set is recovered if the radii of cylinders of the
sub-covering are multiplied by 5.

For an arbitrary cylinder Q ⊂ R1+d, if Q = Qr(X0) with X0 = (t0, x0), then 5Q denotes
Q5r(t0+12r2, x0). It is necessary to update the top of the cylinder in order to extract a disjoint
sub-cover, see in particular Lemma 3.7.2.

Lemma 3.7.1 (Vitali). Let {Qj}j∈J be a family of parabolic cylinders whose radii rj satisfy
supj∈J rj < +∞. There exists a countable sub-family {Qji}i∈N of disjoint cylinders such that

∪j∈JQj ⊂ ∪i∈N5Qji .

In order to prove this lemma, we first deal with two overlaping cylinders.

Lemma 3.7.2 (Overlaping parabolic cylinders). Let Qi = Qri(Xi) for i = 1, 2 such that
Q1 ∩Q2 ̸= ∅ and r2 ≤ 2r1. Then Q2 ⊂ 5Q1.
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3 Parabolic equations

Proof. We first reduce to the case X1 = 0 by translating both cylinders. By assumption, there
exists X1,2 ∈ Q1 ∩Q2. This means that there exists t1,2 ∈ (−r21, 0] and x1,2 ∈ Br1 such that

t2 − r22 ≤ t1,2 ≤ t2 and |x1,2 − x2| < r2.

The fact that Q2 ⊂ 5Q1 is equivalent to the following condition

−13r21 < t2 − r22 ≤ t2 ≤ 12r21 and |x2|+ r2 < 5r1.

We check these inequalities one after the other. First, t2 ≥ t1,2 > −r21 ≥ r22 − 13r21. Second,
t2 ≤ t1,2 + r22 ≤ r22 ≤ 4r21. Third, |x2| ≤ |x1,2|+ |x1,2 − x2| < r1 + r2 ≤ 3r1.

Proof of Lemma 3.7.1 (Vitali). Let R = supj∈J rj where rj denotes the radius of the parabolic
cylinder Qj . Let F denote the family of cylinders {Qj}j∈J and consider for all n ≥ 1 the
sub-family,

Fn =

{
Qj : j ∈ J,

R

2n
< rj ≤

R

2n−1

}
.

We now construct families Gn by induction as follows: let G1 be any maximal disjoint sub-family
of F1. Such a sub-family exists because of Zorn’s lemma from set theory. If now n ≥ 1 and
G1, . . . ,Gn are already constructed, then Gn+1 is a maximal sub-family of

{Qj ∈ Fn+1 : Qj ∩Ql = ∅ for all Ql ∈ G1 ∪ · · · ∪ Gn} .

Roughly speaking, we add cylinders with smaller and smaller radii by making sure that they
do not intersect the ones we already collected. We finally consider

G = ∪∞
n=1Gn.

We now verify that this sub-family satisfies the conclusion of the lemma. We consider the
sequence of cylinders Qji for i = 1, . . . , n such that G = {Qji}i∈N. Then for Qj ∈ F , there exists
n ≥ 1 such that Qj ∈ Fn. Assume first that n ≥ 1. By maximality of F1, there exists Ql ∈ F1

such that Qj ∩Ql ̸= ∅. Assume now that n ≥ 2. Because Gn is maximal, there exists Ql ∈ Gm
with m ∈ {1, . . . , n− 1} such that Qj ∩Ql ̸= ∅. By definition of Fn and Gm, we have rj ≤ R

2n−1

and rl ≥ R
2m with either m = n = 1 or 1 ≤ m ≤ n − 1. In both cases, rj ≤ 2rl. Lemma 3.7.2

then implies that Qj ⊂ 5Ql.

3.7.2 Lebesgue’s differentiation theorem with parabolic cylinders

Theorem 3.7.3 (Lebesgue’s differentiation). Let u ∈ L1(R1+d). Then for a.e. X ∈ R1+d,

lim
r→0+

 
Qr(X)

|u− u(X)| = 0

where
ffl
Q v = 1

|Q|
´
Q v for any cylinder Q ⊂ Rd+1 and v ∈ L1(Q).

The proof of this theorem relies on a functional inequality involving the maximal function.
For v ∈ L1(R1+d), it is defined by,

Mv(X) = sup
Q∋X

 
Q
|v|.
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3.7 Proof of the ink spots theorem

Lemma 3.7.4 (The maximal inequality). For all κ > 0,

|{Mv > κ} ∩ R1+d| ≤ C

κ
∥v∥L1

for some constant C only depending on dimension.

Proof. For every X ∈ R1+d such that Mv(X) > κ, there exists a cylinder Q containing X such
that ˆ

Q
|v| ≥ κ

2
|Q|.

This means that the set {Mv > κ} is covered with cylinders {Qj} satisfying the previous
inequality. We know from Vitali’s lemma 3.7.1 that there exists a finite sub-family {Qji}i∈N
such that

{Mv > κ} ⊂ ∪i∈NQji .

With such a covering in hand, we can estimate the L1-norm of v as follows:
ˆ
R1+d

|v| ≥
∑
i∈N

ˆ
Qji

|v|

≥ κ

2

∑
i∈N

|Qji |

=
κ

51+d2

∑
i∈N

|5Qji |

≥ κ

51+d2
|{Mv > κ}|.

We thus get the maximal inequality with C = 51+d2.

Proof of Theorem 3.7.3 (Lebesgue’s differentiation). Let un be continuous on R1+d and such
that

∥un − u∥L1 ≤ 1

2n
.

We can also assume that un → u almost everywhere in R1+d [8, Theorem 4.9]. Let N0 denote
the negligible set outside which pointwise convergence holds. The maximal inequality from
Lemma 3.7.4 tells us that,

|{M(un − u) > κ}| ≤ C

κ
2−n.

This is implies that the non-negative function
∑

n∈N 1{M(un−u)>κ} is integrable on R1+d. It is

thus finite outside of a neglible set N1 ⊂ R1+d. This implies that there exists nκ ∈ N such that
for all n ≥ nκ,

M(un − u) ≤ κ outside N1.

For all i ∈ N , we now we pick κ = 1/i and construct an increasing sequence ni such that

M(uni − u) ≤ 1

i
outside N1.

With such a sequence of functions in hand, we can write for X ∈ R1+d \ (N0 ∪N1) and i ∈ N,
 
Qr(X)

|u− u(X)| ≤
 
Qr(X)

|u− uni |+
 
Qr(X)

|uni − uni(X)|+ |uni(X)− u(X)|.

59



3 Parabolic equations

In the right hand side, the first term in bounded from above by 1/i because X /∈ N1 and the
third term goes to 0 as i → ∞ because X /∈ N0. As far as the second term is concerned, the
continuity of uni implies that it converges to 0 too as i → ∞. We thus proved that the left
hand side tends to 0 as i→ ∞.

3.7.3 Proof of the ink spots theorem

The first step of the proof of Theorem 3.6.3 is to address the case where the two sets E and F
are contained in the cylinder Q1 and in which there is no time delay (no stacked cylinder).

Lemma 3.7.5 (Crawling ink spots). Let E ⊂ F ⊂ Q1 be measurable sets of R1+d. We assume
that |E| ≤ 1

2 |Q1| and that for any cylinder Q = Qr(z0) ⊂ Q1 such that |Q∩E| > 1
2 |Q|, we have

Q ⊂ F . Then |E| ≤ (1− c)|F |. The constant c ∈ (0, 1) only depends on dimension d.

Remark 31 (The factor 1/2). The factor 1
2 in both assumptions can be replaced with an arbitrary

parameter µ ∈ (0, 1). In this case, the conclusion is |E| ≤ (1 − cµ)|F | for some c ∈ (0, 1) only
depending on dimension.

Proof. By applying Lebesgue’s differentiation theorem 3.7.3 to the indicator function 1E , we
know that for a.e. x ∈ E, there exists a cylinder Qx such that |E ∩ Qx| ≥ (1 − ι)|Qx|. Let us
now choose a maximal cylinder Qxmax ⊂ Q1 satisfying |E ∩Qx| ≥ (1− ι)|Qx|. It is of the form
Qxmax = Qr̄(t̄, x̄). By assumption, we know that Qxmax ̸= Q1 and Qxmax ⊂ F .

We now claim that |E ∩Qxmax| = 1
2 |Q

x
max|. If the claim does not hold, then Qxmax ̸= Q1 and

there would be a cylinder Qx and a δ > 0 such that Qxmax ⊂ Qx ⊂ (1 + δ)Qxmax with Qx ⊂ Q1

and |E ∩Qx| > 1
2 |Q

x|, contradicting the maximality of Qxmax.

The set E is covered by cylinders Qxmax. By Vitali’s lemma 3.7.1, there exists a countable
subcollection of nonoverlapping cylinders Qj = Qrj (zj), j ≥ 1, such that E ⊂ ∪∞

j=15Q
j . Since

Qj ⊂ F and |Qj ∩ E| = 1
2 |Q

j |, this implies that |Qj ∩ (F \ E)| = 1
2 |Q

j |.

|F \ E| ≥
∞∑
j=1

|Qj ∩ (F \ E)| = 1

2

∞∑
j=1

|Qj | = 1

2
5−1−d

∞∑
j=1

ι|5Qj | ≥ 1

2
5−1−d|E|.

We conclude that |F | ≥ (1 + 5−1−d2−1)|E|, from which we get |E| ≤ (1 − c)|F | with c =
5−1−d2−2.

We need two preparatory lemmas beforing proving the ink spot theorem with time delay
(wind) and/or leakage. The first one concerns the measure of a union of time intervals (ak −
hk, ak] compared to the measure of the union of their stacked versions (ak, ak +mhk).

Lemma 3.7.6 (Sequence of time intervals). For all k ≥ 1, let ak ∈ R and hk > 0. Then,∣∣∣∣∣⋃
k

(ak, ak +mhk)

∣∣∣∣∣ ≥ m

m+ 1

∣∣∣∣∣⋃
k

(ak − hk, ak]

∣∣∣∣∣ .
Proof. We consider the open set

⋃N
k=1(ak, ak +mhk) of R. Its connected components are open

intervals and we can write
N⋃
k=1

(ak, ak +mhk) = ∪lIl
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3.7 Proof of the ink spots theorem

for some disjoint open intervals Il. Each interval Il is a union of a finite number of intervals
(ak, ak +mhk). Let a− − h− be the minimum of the corresponding ak − hk’s and a+ +mh+ be
the maximum of the corresponding ak +mhk’s.

We have in particular Il ⊃ (a−, a− +mh−) ∪ (a+, a+ +mh+) with a+ +mh+ ≥ a− +mh−.
On the one hand this implies in particular that,

|Il| ≥ a+ +mh+ −min(a−, a+) ≥ a+ +mh+ − a−.

On the other hand, the fact that a− +mh− ≤ a+ +mh+ implies that

a+ +mh+ − a− ≥ m

m+ 1
(a+ +mh+ − (a− − h−)).

We thus have

|Il| ≥
m

m+ 1
(a+ +mh+ − (a− − h−)).

We remark next that for all k such that (ak, ak +mhk) ⊂ Il, we have

a+ +mh+ − (a− − h−) ≥ ak +mhk − (a− − h−) ≥ ak − (a− − h−).

Taking the supremum over k yields,

a+ +mh+ − (a− − h−) ≥

∣∣∣∣∣∣
⋃

k:(ak,ak+mhk)⊂Il

(ak − hk, ak]

∣∣∣∣∣∣ .
We thus reach the intermediate conclusion that,

∣∣∣∣∣
N⋃
k=1

(ak, ak +mhk)

∣∣∣∣∣ =
∣∣∣∣∣⋃
l

Il

∣∣∣∣∣ ≥∑
l

|Il| ≥
m

m+ 1

∑
l

∣∣∣∣∣∣
⋃

k:(ak,ak+mhk)⊂Il

(ak − hk, ak]

∣∣∣∣∣∣
Because the intervals Il are disjoint, this implies that∣∣∣∣∣

N⋃
k=1

(ak, ak +mhk)

∣∣∣∣∣ ≥ m

m+ 1

∣∣∣∣∣
N⋃
k=1

(ak − hk, ak]

∣∣∣∣∣ .
Letting N go to ∞ allows us to conclude.

We can now use this lemma about sequences of intervals to deal with sequence of stacked
cylinders.

Lemma 3.7.7 (Overlaping stacked parabolic cylinders). Let {Qj} be a family of parabolic
cylinders and let Q̄mj be the corresponding stacked cylinders as defined on page 53. We have,∣∣∣∣∣∣

⋃
j

Q̄mj

∣∣∣∣∣∣ ≥ m

m+ 1

∣∣∣∣∣∣
⋃
j

Qj

∣∣∣∣∣∣ .
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3 Parabolic equations

Proof. We use successively Fubini’s theorem, the definition of Q̄mj and Lemma 3.7.6 in order to
get, ∣∣∣∣∣∣

⋃
j

Q̄mj

∣∣∣∣∣∣ =
ˆ
Rd

∣∣∣∣∣∣
t ∈ R : (t, x) ∈

⋃
j

Q̄mj


∣∣∣∣∣∣ dx

=

ˆ
Rd

∣∣∣∣∣∣
⋃

j:x∈Brj (xj)

(tj , tj +mr2j )

∣∣∣∣∣∣ dx
≥ m

m+ 1

ˆ
Rd

∣∣∣∣∣∣
⋃

j:x∈Brj (xj)

(tj − rj , tj ]

∣∣∣∣∣∣ dx
=

m

m+ 1

∣∣∣∣∣∣
⋃
j

Qj

∣∣∣∣∣∣ .
Our next task is to get the ink spot theorem in the case where E and F are contained in the

cylinder Q1. In other words, we postpone the treatment of cylinders leaking out of Q1.

Theorem 3.7.8 (Ink spots in the wind). Let E ⊂ F ⊂ Q1 be measurable sets of R × Rd. We
assume that |E| ≤ 1

2 |Q1| and that there exists an integer m ≥ 1 such that for any cylinder
Q = Qr(z0) ⊂ Q1 such that |Q∩E| > 1

2 |Q|, we have Q̄m ⊂ F . Then |E| ≤ (1− c)m+1
m |F |. The

constant c ∈ (0, 1) only depends on dimension d.

Proof. We consider the family Q of parabolic cylinders Q contained in Q1 such that |Q ∩E| >
1
2 |Q|. We let G denote their union: G =

⋃
Q∈QQ. We know from Lemma 3.7.5 (crawling ink

spots) that E ≤ (1 − c)|G|. Moreover, the assumption of the theorem implies that F contains
the union of the corresponding stacked cylinders: F ⊃

⋃
Q∈Q Q̄

m. Using Lemma 3.7.7 about
overlaping stacked cylinders, we obtain the following chain of inequalities,

|F | ≥

∣∣∣∣∣∣
⋃
Q∈Q

Q̄m

∣∣∣∣∣∣ ≥ m

m+ 1

∣∣∣∣∣∣
⋃
Q∈Q

Q

∣∣∣∣∣∣ = m

m+ 1
|G| ≥ m

(m+ 1)(1− c)
|E|.

We finally prove the covering result that was used in the derivation of the weak Harnack’s
inequality.

Proof of Theorem 3.6.3. The assumption of the theorem implies that |E| ≤ 1
2 |Q1|. Indeed, if

this does not true, then 1 ≤ r0, contradicting the fact that r0 ∈ (0, 1).
We consider again the family Q of parabolic cylinders Q contained in Q1 such that |Q∩E| >

1
2 |Q|. We let F̄ denote the union of the corresponding stacked cylinders: F̄ =

⋃
Q∈Q Q̄

m.
Theorem 3.7.8 implies that

|E| ≤ m+ 1

m
(1− c)|F̄ | = m+ 1

m
(1− c)

[
|F̄ ∩Q1|+ |F̄ \Q1|

]
.

Moreover, the assumptions of Theorem 3.6.3 imply that F̄ ⊂ F . We are thus left we estimating
|F̄ \Q1|. We claim that for all Q ∈ Q, we have Q̄m ⊂ (−1,mr20]×B1. Indeed, Q = Qr(z0) for
some z0 ∈ Q1 and r < r0 and Q̄

m = (t0, t0+mr
2)×Br(x0). In particular, Q̄m\Q1 ⊂ (0,mr20)×B1

and thus F̄ \Q1 ⊂ (0,mr20)×B1. This implies that |F̄ \Q1| ≤ |Q1|mr20. We thus proved,

|E| ≤ m+ 1

m
(1− c)

[
|F ∩Q1|+ |Q1|mr20

]
as desired.
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3.8 Bibliographical notes

3.8 Bibliographical notes

Parabolic De Giorgi’s classes. We refer the reader to Section 2.6 of the previous chapter
(concerned with elliptic equations) for first definitions of parabolic De Giorgi’s classes and first
proofs of Hölder continuity and weak Harnack’s inequality for weak solutions and for elements
de pDG classes. The difference between pDG+ and pDG− only lies in the propagation in time
of L2-norms. We will have to strengthen this assumption in the kinetic setting by imposing
a local Poincaré-Wirtinger’s inequality. This is the reason why we present in this chapter the
original proof by G. L. Wang [65] (see below).

Kruzhkov’s method. We already mentioned that S. N. Kruzhkov [44] gave an alternative
proof of Moser’s Harnack inequality for elliptic and parabolic equations. In particular, is used
a different Poincaré inequality, due to S. L. Sobolev and V. P. Il′in, see [44, Theorem 1.1.] for
references. He follows J. Moser by considering the logarithm of the solution. He replaces the
logarithm by a smooth approximation of it. His proof is described in [29] with the notation
and techniques from this book. We draw the attention of the reader towards the fact he applies
his Poincaré’s inequality in the x variable for fixed times t. He thus have to prove a (time
propagation) result in the spirit of Lemma 3.4.5.

Degenerate equations. Let us come back to the techniques built on De Giorgi’s original ideas
(iterative truncation, gain of integrability, improvement of oscillation). They were used in many
subsequent works and we will give just a few references in this paragraph. Degenerate elliptic
equations like the porous medium one can be handled. This was first observed by L. Caffarelli
and A. Friedman [12]: they prove the continuity of global solutions. A local version of this result
can be found in [19] by E. DiBenedetto. Then E. DiBenedetto and A. Friedman addressed in
[21] the case of degenerate parabolic systems. All these articles build on De Giorgi’s techniques.
E. DiBenedetto contributed to this field by numerous articles, dealing in particular with p-
Laplace operators. His book [20] from 1993 was influential. He wrote another book with
U. Gianazza and V. Vespri [22] about equations of p-Laplace and porous media type.

Expansion of positivity. The wording “Expansion of positivity” first appears in a paper written
by E. DiBenedetto [20]. He gave a useful and meaningful name to a phenomena exhibited in
most of the works dealing with De Giorgi’s methods that are mentioned in the book you have
in hand (or on your screen). In other contexts, it is called the doubling property. It is related to
growth lemmas by E. Landis, N. V. Krylov, M. V. Safonov, among other authors. In this book,
the starting point of the proof of expansion of positivity is the one by G. L. Wang contained in
[65] and also presented in [52]. But the geometric setting is different, and we argue by following
the path that the kinetic proof will traverse.

Ink spots in the wind. We quicky come back to the measure result used in the covering
argument to derive the weak Harnack’s inequality, see Theorem 3.6.3. It differs from the crawling
ink spots lemma for elliptic equations (see Lemma 2.5.3 and Section 2.6) in the sense that
its statement involves so called stacked cylinders. Such cylinders are obtained by stacking
a finite number of copies of an original cylinder above it, in the future. They have to be
considered because of the time variable. Indeed, the expansion of positivity takes place in the
future. Moreover, it is necessary to consider cylinders that are going to leak out of the domain.
E. Landis [50] refers to this type of result as crawling ink spots “in the wind”, see for example
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3 Parabolic equations

[45, Lemma 2.3]. The proof that is presented in this chapter is the parabolic counterpart of the
one contained in [37] about the kinetic case.
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4 Kinetic Fokker-Planck equations

In this chapter, we prove that weak solutions of a class of kinetic equations with rough coefficients
are locally Hölder continuous, in the spirit of De Giorgi’s theorem for elliptic equations and
Nash’s theorem for parabolic equations. In order to do so, we will proceed as in the two previous
chapters about elliptic and parabolic equations: we shall first show that these solutions lie in
an appropriate kinetic De Giorgi’s class, and then derive a local Hölder estimate for elements
of this class.

4.1 Kinetic Fokker-Planck equations

Let us first define the kinetic equations that we are going to work with throughout this chapter.
Let I be a bounded interval of R of the form (a, b] with a, b ∈ R, let Ωx and Ωv be two open
sets of Rd, and let

Ω = I × Ωx × Ωv.

Let λ,Λ be two positive constants with λ ≤ Λ. We consider

E(λ,Λ) = {A ∈ L∞(Ω,Sd(R)), a.e. in Ω, ∀ξ ∈ Rd, λ|ξ|2 ≤ Aξ · ξ ≤ Λ|ξ|2}.

For A ∈ E(λ,Λ) and B ∈ L∞(Ω) such that

∥B∥L∞(Ω) ≤ Λ,

and S ∈ L1(Ω), we consider the following equation,

∂tf + v · ∇xf = divv(A∇vf) +B · ∇vf + S in Ω. (4.1)

In the left hand side of the equation, the differential operator is known as the free transport
operator. The right hand side contains the diffusion operator that was considered for (local)
elliptic and parabolic equations, together with drift and source terms. The diffusion operator
acts on the velocity variable v only.

Kolmogorov’s equation

When A is constant and equal to the identity matrix and B is constant and equal to zero, (4.1)
is called the Kolmogorov equation,

∂tf + v · ∇xf = ∆vf + S. (4.2)

Degenerate ellipticity & hypoellipticity

The key difficulty to be adressed in order to get a regularity result à la De Giorgi for this class of
equations is the lack of uniformly elliptic in (x, v). They are only elliptic in the velocity variable
v. The equation is thus degenerate elliptic (parabolic), in the sense that some eigenvalues (the
ones corresponding to the x diffusion) equal zero.
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4 Kinetic Fokker-Planck equations

But these degenerate parabolic equations enjoy a specific structure: the free transport oper-
ator knows how to talk to the diffusion operator in velocity. More precisely, the free transport
operator (∂t + v · ∇x) does not commute with the vector field ∇v and their commutator is
precisely ∇x: for a smooth function f , we have

[(∂t + v · ∇x),∇v] := (∂t + v · ∇x)∇vf −∇v(∂t + v · ∇x)f = ∇xf.

The vector field ∇v represents the diffusion since one can write divv(A∇vf) = (
√
A∇v)

∗(
√
A∇v)

where (
√
A∇v)

∗ denotes the adjoint (in L2) of the differential operator (
√
A∇v).

In Hörmander’s hypoelliptic theory [34], the map z 7→ A(z) is assumed to be smooth. We
do not want to make such an assumption on coefficients because we aim at getting regularity
estimates for non-linear problems.

When proving the kinetic De Giorgi & Nash’s result (Theorem 4.4.1), the regularity in the x
variable will not be recovered by a commutator argument. It will take the form of a transfer of
regularity result, saying that any regularity in v can be transfered in some regularity in x. Such
a phenomenon was first discovered by establishing averaging lemmas: given a smooth function
φ, the transport operator ensures that any mean

´
Rd f(t, x, v)φ(v) dv in v is more regular than

the solution f itself. It was then possible to use these lemmas to prove transfer of regularity
results, resulting in the translation of v regularity into some regularity in x of the function itself
(and not only its mean). See the bibliographical section 4.12 for references.

In order to prove such a transfer of regularity result, we will use a trick due to A. Pascucci
and S. Polidoro [57] that will described in due time (see Section 4.5).

Kinetic scaling

Let R > 0. For z = (t, x, v) ∈ R× Rd × Rd, we define the scaling operator σR by

σR(z) = (R2t, R3x,Rv).

If f is a solution of the kinetic Fokker-Planck equation (4.1) for some A ∈ E(λ,Λ), then the
function fR(z) = f(σR(z)) satisfies (4.1) with A is replaced with AR(z) = A(σR(z)). Notice
that AR ∈ E(λ,Λ).
We will some time abuse notation by simply writing Rz for σR(z).

Galilean invariance

In contrast with elliptic and parabolic equations, the class of kinetic Fokker-Planck equations is
not invariant by translation: given z0 = (t0, x0, v0) and a solution f of (4.1), the function g(z) =
f(z0 + z) is not a solution of (4.1) for another A0 ∈ E(λ,Λ). Since kinetic equations encode a
law from statistical physics, it is expected to be invariant under Galilean transformations. More
precisely, we define

z0 ◦ z = (t0 + t, x0 + x+ tv0, v0 + v).

Times and velocities are just translated while the position variable is corrected by tv0, encoding
the fact that we look at the equation in a frame moving at constant speed v0 relatively to the
reference frame. It is useful to compute for z = (t, x, v) and zi = (ti, xi, vi), i = 1, 2,

z−1 = (−t,−x+ tv,−v) and z−1
1 ◦ z2 = (t2 − t1, x2 − x1 − (t2 − t1)v1, v2 − v1).
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4.2 Kinetic geometry: cylinders, distance and Hölder regularity

Kinetic cylinders

In order to define a kinetic distance, we first introduce cylinders respecting the kinetic scaling
and Galilean invariance: for R > 0 and z0 ∈ R1+2d,

Q1 = (−1, 0]×B1 ×B1,

QR = (−R2, 0]×BR3 ×BR,

QR(z0) = {z0 ◦ z : z ∈ QR}.

We will use next a more explicit definition of QR(z0),

QR(z0) = {(t, x, v) ∈ R1+2d : −R2 < t− t0 ≤ 0, |x− x0 − (t− t0)v0| < R3, |v − v0| < R}.

The following lemma is useful.

Lemma 4.2.1. If zi ∈ Qri for i = 1, 2, then z1 ◦ z2 ∈ Qr1+r2.

Proof. We recall that z1 ◦ z2 = (t1 + t2, x1 + x2 + t2v1, v1 + v2).

|t1 + t2| ≤ r21 + r22 ≤ (r1 + r2)
2

|v1 + v2| ≤ r1 + r2

|x1 + x2 + t2v1| ≤ r31 + r32 + r22r1 ≤ (r1 + r2)
3.

Let B̄1 denote the closed unit ball. We also consider the closed cylinders Q̄R(z0), associated
with Q̄1 = [−1, 0]× B̄1 × B̄1.

Kinetic distance

We now define a kinetic distance on the space R1+2d.

Definition 12 (kinetic distance). For z1, z2 ∈ R1+2d, the kinetic distance dkin(z1, z2) is the
infimum of the set of real numbers r > 0 such that there exists z ∈ R1+2d such that z1, z2 ∈ Qr(z).

It is not clear from this definition that dkin satisfies the triangle inequality. Before justify-
ing it, we start with collecting elementary properties immediately obtained from the previous
definition.

Lemma 4.2.2 (Elementary properties of dkin). The kinetic distance satisfies:

(i) (Symmetry) for all z1, z2 ∈ R1+2d, dkin(z1, z2) = dkin(z2, z1);

(ii) (Left invariance) for all z1, z2, z ∈ R1+2d, dkin(z1, z2) = dkin(z
−1 ◦ z1, z−1 ◦ z2);

(iii) (Scaling) for all z1, z2 ∈ R1+2d, R > 0, we have dkin(σR(z1), σR(z2)) = Rdkin(z1, z2).

The triangle inequality will follow from the following lemma, that is of independent interest.

Lemma 4.2.3 (Formula for the kinetic distance). Let z1, z2 ∈ R1+2d. Then

dkin(z1, z2) = min
w∈Rd

max
(
|t1 − t2|

1
2 , |v1 − w|, |v2 − w|, 2−1/3|(x1 − x2)− (t1 − t2)w|1/3

)
.

In particular, there exists z such that z1, z2 ∈ Q̄ρ(z) for ρ = dkin(z1, z2). More precisely,
z = (s, y, w) with s = max(t1, t2), y = x1+x2

2 − w and w realizes the minimum in the previous
formula.
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4 Kinetic Fokker-Planck equations

Proof. We first remark that there exists z = (t, x, v) ∈ R1+2d such that z1, z2 ∈ Q̄ρ(z) with
ρ = dkin(z1, z2). Indeed, if one considers a sequence rn > 0 realizing the infimum from the
definition of the kinetic distance, and if zn denotes the corresponding centers for cylinders, then
rn and zn are bounded sequences, in particular, they converge up to a subsequence.
The fact that z1, z2 ∈ Q̄ρ(z) with z = (s, y, w) is equivalent to,

for i = 1, 2,


−ρ2 ≤ ti − s ≤ 0,

|vi − w| ≤ ρ,

|xi − y − (ti − s)w| ≤ ρ3.

This is equivalent to s ≥ max(t1, t2) and,

ρ ≥ max
(
(s− t1)

1
2 , (s− t2)

1
2 , |v1 − w|, |v2 − w|, |x1 − y − (t1 − s)w|

1
3 , |x2 − y − (t2 − s)w|

1
3

)
.

Since ρ is as small as possible, this inequality is in fact an equality. Moreover, this equality
holds for any z such that z1, z2 ∈ Q̄ρ(z). This implies that

ρ = min
i,s,y,w

{
max

(
(s− ti)

1
2 , |vi − w|, |xi − y − (ti − s)w|

1
3

)
: i = 1, 2, s ≥ max(t1, t2)

}
.

We next remark that the minimum in y of maxi=1,2 |xi − y − (ti − s)w|
1
3 is reached for y =

1
2

∑
i=1,2(xi − (ti − s)w) = sw + 1

2

∑
i=1,2(xi − tiw). It is then equal to

2−1/3 |(x1 − x2)− (t1 − t2)w|
1
3 .

We deduce from this observation that

ρ = min
i,s,w

{
max

(
(s− ti)

1
2 , |vi − w|, 2−

1
3 |(x1 − x2)− (t1 − t2)w|

1
3

)
: i = 1, 2, s ≥ max(t1, t2)

}
.

We conclude the proof of the lemma by finally remarking that the infimum in s is reached for
s = max(t1, t2).

We are now ready to prove that dkin satisfies the triangle inequality.

Lemma 4.2.4 (Distance property). Let z1, z2, z3 ∈ R × Rd × Rd. We have: dkin(z1, z2) ≤
dkin(z1, z3) + dkin(z3, z2).

Proof. By the left invariance property (Lemma 4.2.2-(ii)), we can assume that z3 = 0. For
i = 1, 2, let ri denote dkin(zi, 0) (recall the symmetry property). By Lemma 4.2.3, we know that

there exists wi ∈ Rd such that ri = max(|ti|
1
2 , |vi − wi|, |wi|, 2−

1
3 |xi − tiwi|

1
3 ) for i = 1, 2. We

now remark that,

|t1 − t2|
1
2 ≤ (|t1|+ |t2|)

1
2 ≤ |t1|

1
2 + |t2|

1
2 ≤ r1 + r2,

|vi − (w1 + w2)| ≤ |vi − wi|+ |wj | ≤ r1 + r2, (j ̸= i),

and

|(x1 − x2)− (t1 − t2)(w1 + w2)|
1
3 ≤ ||x1 − t1w1|+ |x2 − t2w2|+ |t1||w2|+ |t2||w1||

1
3

≤
∣∣2r31 + 2r32 + r21r2 + r22r1

∣∣ 13
≤ 2

1
3 (r1 + r2).

Then the result follows from the characterization of dkin given by Lemma 4.2.3.
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4.2 Kinetic geometry: cylinders, distance and Hölder regularity

We finally give upper and lower bounds of the kinetic distance in terms of a supremum norm
of kinetic type. For z ∈ R1+2d, we define

|z|∞ = max
(
|t|

1
2 , |x|

1
3 , |v|

)
.

Remark 32. We notice that for z1, z2 ∈ R1+2d, we have z1 ∈ Qr1,2(z2) with r1,2 = |z−1
2 ◦ z1|∞.

Lemma 4.2.5 (Upper and lower bounds). For all z1, z2 ∈ R1+2d, we have: 1
2 |z

−1
2 ◦ z1|∞ ≤

dkin(z1, z2) ≤ |z−1
2 ◦ z1|∞. The constants 1 and 1

2 are optimal.

Proof. By left invariance, see Lemma 4.2.2-(ii), we reduce to the case z2 = 0. Let d1 denote
dkin(z1, 0) and D1 = |z1|∞. Let also w1 denote the w realizing the minimum in the explicit
formula of the kinetic distance,see Lemma 4.2.3 From this lemma, we can pick w = 0 and get
that d1 ≤ D1. Let us prove the lower bound. If D1 = |t1|

1
2 , then d1 ≥ D1 thanks to the explicit

form of dkin, see Lemma 4.2.3.

If D1 = |v1|, then we distinguish two subcases. If |w1| ≤ |v1|/2, then d1 ≥ |v1−w1| ≥ |v1|/2 =
D1/2. If now |w1| ≥ |v1|/2, then d1 ≥ |w1| ≥ |v1|/2 = D1/2.

We are left with assuming that D1 = |x1|
1
3 . We also distinguish two subcases. If |w1| ≤

|x1|
1
3 /2, then |t1w1| ≤ D2

1|x1|
1
3 ≤ |x1|/2. In turn, |x1− t1w1| ≥ |x1|/2 and d1 ≥ 1

4
1
3
|x1|

1
3 ≥ 1

2D1.

If |w1| ≥ |x1|
1
3 /2, then d1 ≥ |w1| ≥ |x1|

1
3 /2 = D1/2.

The optimality of the constant 1
2 in the lower bound is obtained by choosing t1 = 0 and

x1 = 0. In this case, d1 = |v1|/2 = D1/2. The optimality of the constant 1 in the upper bound
is easily obtained for instance with x1 = x2 = w1 = w2 and t1 ̸= t2.

Kinetic Hölder regularity

We now characterize the Hölder regularity of a function by its oscillation. It is convenient to
use osc(f | E) for oscE f when the writing of E is too long to be written as a subscript.

Proposition 4.2.6 (Hölder regularity and oscillation). Let f ∈ L∞(QR(z0)) be such that for all
z ∈ QR(z0) and all r > 0, we have osc(f | Qr(z)∩QR(z0)) ≤ C0r

α. Then for all z1, z2 ∈ Q̄R(z0),
we have |f(z1)− f(z2)| ≤ C0dkin(z1, z2)

α.

Remark 33. If z /∈ QR(z0), then for r > 0 small enough, Qr(z) ∩QR(z0) is empty.

Proof. We first prove the result by further assuming that f is continuous. Let z1, z2 ∈ Q̄R(z0)
and ρ = dkin(z1, z2). The definition of the kinetic distance implies that there exists z ∈ R1+2d

such that z1, z2 ∈ Q̄R(z). The assumption implies that

|f(z2)− f(z1)| ≤ osc(f | Qρ(z1) ∩QR(z0))
≤ C0ρ

α.

We now address the case where f is only essentially bounded in QR(z0). We regularize it by
a convolution procedure respecting the Lie group structure: for ε > 0, we consider a mollifier
ρε(z) = ε−2−4dρ(S1/ε(z

−1)) with ρ smooth, non-negative, supported in Q1 and
´
R1+2d ρ(z) dz =

1, and we define for z ∈ QR−ε(z0),

f ε(z) =

ˆ
R1+2d

f(ζ−1 ◦ z)ρε(ζ) dζ.
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4 Kinetic Fokker-Planck equations

This function f ε is continuous in QR−ε0(z0) because f is essentially bounded. We now verify
that f̄ ε inherits the property satisfied by the oscillation of f . Let ε0 > 0 and ε ∈ (0, ε0) and
z ∈ R1+2d. Then for z1 ∈ QR−ε0(z0) and ζ

−1 ∈ Qε, we have ζ
−1◦z1 ∈ QR(z0) (see Lemma 4.2.1).

In particular,

osc(f ε | Qr(z) ∩QR−ε0(z0)) ≤
ˆ
R1+2d

osc(f | Qr(ζ−1 ◦ z) ∩QR(z0))ρε(ζ) dζ

≤ C0r
α.

From the continuous case, we deduce that for all z1, z2 ∈ QR−ε0(z0), we have

|f ε(z2)− f ε(z1)| ≤ Cα0 dkin(z1, z2)
α.

By dominated convergence, we see that f ε → f a.e. in QR−ε0(z0). We thsu conclude that for
a.e. z1, z2 ∈ QR−ε0(z0),

|f(z2)− f(z1)| ≤ Cα0 dkin(z1, z2)
α.

In particular, f can be extended into a (Hölder) continuous function in QR−ε0(z0). Since ε0 > 0
is arbitrarily small, the proof is complete.

Kinetic Young’s inequality

We now introduce the kinetic convolution of two functions f and g defined in R1+2d,

f ∗kin g(z) =
ˆ
R1+2d

f(ζ−1 ◦ z)g(ζ) dζ =

ˆ
R1+2d

f(ζ)g(z ◦ ζ−1) dζ.

It can be useful to write the formula with z = (t, x, v) and ζ = (s, y, w),

f ∗kin g(t, x, v) =
ˆ
R1+2d

f(t− s, x− y − (t− s)w, v − w)g(s, y, w) ds dy dw. (4.3)

Notice that we used it in the previous proof to regularize f by considering a mollifier ρ. The
following elementary lemma will be useful in the sequel.

Lemma 4.2.7 (kinetic convolution and L2 duality). For f, g, h : R1+2d → R, we have
ˆ
R1+2d

(f ∗kin g)h =

ˆ
R1+2d

g(f̌ ∗kin h) =
ˆ
R1+2d

f(h ∗kin ǧ)

where f̌(z) = f(z−1) and ǧ(z) = g(z−1).

The group (R1+2d, ◦) equiped with the Lebesgue measure is unimodular and the classical
Young’s inequality holds [5].
In order to state it, we letM+

1 (R1+2d) denote the set of non-negative measures on R1+2d. For
m ∈M+

1 (R1+2d), the total mass m(R1+2d) is denoted by ∥m∥M+
1 (R1+2d).

We also consider weak Lebesgue spaces Lp,weak(RN ). It is the set of functions f : RN → R
such that their weak Lp-norm is finite,

∥f∥Lp,weak(RN ) := sup
α>0

α|{ξ ∈ RN : f(ξ) > α}|
1
p .

Remark 34. The reader that is unfamiliar with this notion can check that Bienaymé-Chebyshev’s
inequality implies that classical Lp functions are in Lp,weak and that their weak Lp norm is
bounded by their classical Lp norm. See also [7, p. 25].
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4.3 The Kolmogorov equation

Lemma 4.2.8 (Young’s inequality for the kinetic convolution). (i) For f ∈ Lp(R1+2d) and
g ∈ Lq(R1+2d), with p, q ∈ [1,∞], we have f ∗kin g ∈ Lr(R1+2d) with 1 + 1

r = 1
p +

1
q , and

the following estimate holds,

∥f ∗kin g∥Lr(R1+2d) ≤ ∥f∥Lp(R1+2d)∥g∥Lq(R1+2d).

(ii) For m ∈M+
1 (R1+2d) and f ∈ Lp(R1+2d) with p ∈ (1,∞) and g ∈ Lp,weak(R1+2d),

∥f ∗kin m∥Lp(R1+2d) ≤ ∥f∥Lp(R1+2d)∥m∥M+
1 (R1+2d),

∥g ∗kin m∥Lp,weak(R1+2d) ≤ ∥g∥Lp,weak(R1+2d)∥m∥M+
1 (R1+2d).

4.3 The Kolmogorov equation

In order to study the regularity of solutions f and their truncation (f −κ)±, we use a trick due
to A. Pascucci and S. Polidoro [57] and write the kinetic Fokker-Planck equation (∂t+v ·∇x)f =
divv(A∇vf) +B · ∇vf + S as

(∂t + v · ∇x)f −∆vf = divv((A− I)∇vf) +B · ∇vf + S

where I denotes the d×d identity matrix. We thus turn the kinetic Fokker-Planck equation into
the Kolmogorov equation with a singular source term. We remark that local energy estimates
ensure that ∇vf is square integrable. In particular, the source term in the Kolmogorov equation
can be written as divvS+ S̄ for some S, S̄ ∈ L2.

It is convenient to write the Kolmogorov operator K,

Kf = (∂t + v · ∇x)f −∆vf.

4.3.1 Fundamental solution

A. Kolmogorov computed in [42] solutions of the linear Fokker-Planck equation in the case
where the diffusion matrix A is constant and equal to the identity. They can be represented
thanks to the counterpart of the heat kernel,

Γ(t, x, v) =


(

3
4π2

) d
2 1
t2d

exp

[
−3|x+ t

2
v|2

t3
− |v|2

4t

]
if t > 0,

0 if t ≤ 0.

Such a function is referred to as the fundamental solution of the Kolmogorov equation.

Proofs will use the following functions associated with Γ: for t > 0 and x, v ∈ Rd,

Γ1(x, v) = Γ(1, x, v)

Γ(x)(t, x, v) = t∇xΓ(t, x, v) =
1

t2d+
1
2

∇xΓ1

(
x

t
3
2

,
v

t
1
2

)
,

Γ(v)(t, x, v) = ∇vΓ(t, x, v) =
1

t2d+
1
2

∇vΓ1

(
x

t
3
2

,
v

t
1
2

)
.

The second formulas for Γ(x) and Γ(v) are consequences of the scale invariance stated in the
next proposition.
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4 Kinetic Fokker-Planck equations

Proposition 4.3.1 (Properties of the fundamental solution). Let Γ be the fundamental solution
of the Kolmogorov equation.
(i) (Scale invariance) If Γ1(x, v) denotes Γ(1, x, v), then Γ(t, x, v) = t−2dΓ1(t

− 3
2x, t−

1
2 v)

and
´
R2d Γ1(x, v) dx dv = 1.

(ii) (Solution of the equation) For any τ > 0, the function Γ is smooth in all variables
in [τ,+∞)× Rd × Rd and its partial derivatives satisfy the Kolmogorov equation.

(iii) (Integrability) For all T > 0, the function Γ is in Lp((0, T )×R2d) for any p ∈ [1, 1+ 1
2d)

and it is in L1+ 1
2d
,weak((0, T )×R2d). The functions Γ(x) and Γ(v) are in Lq((0, T )×R2d)

for any q ∈ [1, 1 + 1
4d+1) and they are in L1+ 1

4d+1
,weak((0, T )× R2d).

In order to prove this proposition, we need the following lemma.

Lemma 4.3.2 (Integrability of a time-scaled function). Let F (t, x, v) = t−2d−β0G(t−3/2x, t−1/2v)
with G ∈ L1 ∩ L∞(R2d). Then for all T > 0, we have F ∈ Lp((0, T ) × R2d) for p ∈ [1, 1+2d

2d+β0
)

and F ∈ L
1+2d
2d+β0

,weak
((0, T )× R2d).

Proof.
ˆ T

0

ˆ
R2d

F p(t, x, v) dtdx dv =

ˆ T

0

1

t(2d+β0)p−2d

{ˆ
R2d

Gp
( x

t3/2
,
v

t1/2

)
t−2d dx dv

}
dt

= ∥G∥p
Lp(R2d)

ˆ T

0

1

t(2d+β0)p−2d
dt.

This integral is finite if and only if (2d+ β0)p− 2d < 1.
For the end point case, we write

|{F (t, x, v) > α} ∩ (0, T )× R2d}| = |{G(t−3/2x, t−1/2v) > αt2d+β0} ∩ (0, T )× R2d}|

=

ˆ T

0
|{G(t−3/2x, t−1/2v) > αt2d+β0}}|dt

=

ˆ T

0
|{G(y, w) > αt2d+β0}|t2d dt

=

ˆ α

0
|{G(y, w) > s}|

( s
α

) 2d
2d+β0 1

2d+ β0

( s
α

) 1
2d+β0

−1 ds

α

= α
− 1+2d

2d+β0 (2d+ β0)
−1

ˆ α

0
|{G(y, w) > s}|s

1
2d+β0 ds.

We conclude that supα>0 α
1+2d
2d+β0 |{F (t, x, v) > α} ∩ (0, T )× R2d}| < +∞.

Proof of Proposition 4.3.1. The scale invariance stated in (i) is straightforward. The constant
appearing in the formula of Γ (or equivalently, the fact that Γ1 has mass 1 in (x, v)) will be
justified together with (ii).

Proof of (ii). We compute the Fourier transform in (x, v) of the Schwartz function Γ(t, ·, ·),

g(t, φ, ξ) =

ˆ
R2d

Γ(t, x, v)e−i2πφ·x−i2πξ·v dx dv

= t−2d

ˆ
R2d

Γ1(t
−3/2x, t−1/2v)e−i2πt

3/2φ·t−3/2x−2πit1/2ξ·t−1/2v dx dv

=

ˆ
R2d

Γ1(x̄, v̄)e
−i(t3/2φ)·x̄−i(t1/2ξ)·v̄ dx̄ dv̄.
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4.3 The Kolmogorov equation

We can write

g(t, φ, ξ) = Γ̂1(t
3/2φ, t1/2ξ).

We remark that Γ1 can be written as,

Γ1(x, v) = CΓe
− 1

2
C(x,v)·(x,v)

with CΓ = ( 3
4π2 )

d/2 and where the 2d × 2d real symmetric matrix C, its determinant and its
inverse are given by

C =

(
6I 3I
3I 2I

)
and | detC| = 3d and C−1 =

(
2
3I −I
−I 2I

)
.

In particular,

Γ̂1(φ, ξ) = CΓ

ˆ
R2d

e−
1
2
C(x,v)·(x,v)e−2πi(x,v)·(φ,ξ) dx dv

=
(2π)dCΓ

|detC|1/2

ˆ
R2d

(2π)−de−
1
2
|(x̄,v̄)|2e−2πi(x̄,v̄)·

√
C

−1
(φ,ξ) dx dv.

We now remark that (2π)dCΓ

| detC|1/2 = 1 and Γ̂1(φ, ξ) coincides with the Fourier transform µ̂ of

the Gaussian µ = (2π)−de−
1
2
|(x̄,v̄)|2 at

√
C

−1
(φ, ξ). We know that µ̂(φ, ξ) = e−

1
2
(|φ|2+|ξ|2) [5,

Eq. (1.20)]. We thus conclude that,

g(t, φ, ξ) = Γ̂1(t
3/2φ, t1/2ξ) = e−

1
2
C−1(t3/2φ,t1/2ξ)·(t3/2φ,t1/2ξ) = e−(

1
3
t3|φ|2−t2φ·ξ+t|ξ|2).

In particular,

g(t, φ, ξ) = exp

(
−
ˆ t

0
(s2|φ|2 − 2sφ · ξ + |ξ|2) ds

)
= exp

(
−
ˆ t

0
|sφ− ξ|2 ds

)
.

We now check that g satisfies the differential equation,

∂tg + φ · ∇ξg = −|ξ|2g.

In order to do so, we simply compute the right hand side as follows,

∂tg + φ · ∇ξg =

(
−|tφ− ξ|2 −

ˆ t

0
2[(ξ − sφ) · φ] ds

)
g.

Thanks to the inverse Fourier transform,

Γ(t, x, v) =

ˆ
R2d

g(t, φ, ξ)e2πi(x,v)·(φ,ξ) dφdξ,

we finally deduce that (∂t + v · ∇x −∆v)Γ = 0 in (0,+∞)× R2d.

Proof of (iii). We only prove the integrability of Γ since the cases of Γ(x) and Γ(v) are treated
similarly. Now Lemma 4.3.2 leads to the result.

The following lemma will be used in order to represent solutions by the fundamental solution.
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4 Kinetic Fokker-Planck equations

Lemma 4.3.3 (Kinetic convolution of Γ̌ with smooth functions). Let φ ∈ C∞
c (R1+2d). Then

Γ̌ ∗kin (∂t + v · ∇x +∆v)φ = −φ

where Γ̌(z) = Γ(z−1).

Proof. Let us consider the adjoint of the Kolmogorov operator K∗φ = (∂t + v · ∇x +∆v)φ. We
then write for z = (t, x, v),

(
Γ̌ ∗kin K∗φ

)
(z) =

ˆ
Γ̌(ζ−1 ◦ z)K∗φ(ζ) dζ

=

ˆ
Γ(z−1 ◦ ζ)K∗φ(ζ) dζ

=

ˆ +∞

t

¨
R2d

Γ(s− t, y − x− (s− t)v, w − v)K∗φ(s, y, w) ds dy dw.

The integral being singular at s = t, we consider ε > 0 and write(
Γ̌ ∗kin K∗φ

)
(z) = Iε(z) +Rε(z)

with

Iε(z) =
ˆ +∞

t+ε

¨
R2d

Γ(s− t, y − x− (s− t)v, w − v)K∗φ(s, y, w) ds dy dw,

Rε(z) =

ˆ t+ε

t

¨
R2d

Γ(s− t, y − x− (s− t)v, w − v)K∗φ(s, y, w) ds dy dw.

We first deal with Iε(z). We can integrate by parts in time ∂tφ and integrate by parts in
space v · ∇xφ and in velocity ∆vφ. If we let KΓ denote (∂t + v · ∇x −∆v)Γ, this leads to,

Iε(z) =
ˆ +∞

t+ε

¨
R2d

KΓ(s− t, y − x− (s− t)v, w − v)φ(s, y, w) ds dy dw

−
ˆ
R2d

Γ(ε, y − x− εv, w − v)φ(t+ ε, y, w) dy dw.

We now use that KΓ = 0 in (0,+∞) × R2d and Γ(t, x, v) = t−2dΓ1(t
−3/2x, t−1/2v) in order to

get,

Iε(z) = −
ˆ
R2d

Γ(ε, y − x− εv, w − v)φ(t+ ε, y, w) dy dw

= −
ˆ
R2d

Γ(ε, ȳ, w̄)φ(t+ ε, x+ ȳ + εv, v + w̄) dy dw

= −
ˆ
R2d

ε−2dΓ1(ε
−3/2ȳ, ε−1/2w̄)φ(t+ ε, x+ ȳ + εv, v + w̄) dȳ dw̄

= −
ˆ
R2d

Γ1(ỹ, w̃)φ(t+ ε, x+ ε3/2ỹ + εv, v + ε1/2w̃) dỹ dw̃.

The constant in Γ is chosen such that
˜

R2d Γ1(x, v) dx dv = 1. This allows us to prove that

Iε(z) → −φ(z) as ε→ 0.
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4.3 The Kolmogorov equation

We now prove that Rε(z) vanishes at the limit.

Rε(z) =

ˆ ε

0

¨
R2d

Γ(τ, y − x− τv, w − v)(K∗φ)(t+ τ, y, w) ds dy dw

=

ˆ ε

0

¨
R2d

Γ(τ, ȳ, w̄)(K∗φ)(t+ τ, x+ ȳ + τv, v + w̄) ds dȳ dw̄

=

ˆ ε

0

¨
R2d

Γ1(ỹ, w̃)(K∗φ)(t+ τ, x+ τ3/2ỹ + τv, v + τ1/2w̃) ds dỹ dw̃.

This implies that
|Rε(z)| ≤ ∥K∗φ∥L∞(R1+2d)ε.

In particular, Rε(z) → 0 as ε→ 0.

4.3.2 Uniqueness

In order to obtain the representation of sub-solutions (including truncated solutions), the fol-
lowing uniqueness result is used for the Kolmogorov equation in Lebesgue spaces.

Proposition 4.3.4 (Uniqueness for Kolmogorov). Assume that a function F : R1+2d → R
is supported in (0,+∞) × R2d, that there exists p ∈ (1,+∞) such that for all T > 0, F ∈
Lp((−T, T )×R2d), and that it is a distributional solution of (∂t + v · ∇x −∆v)F = 0 in R1+2d.
Then F ≡ 0 in R1+2d.

Proof. The formal argument is very simple. It is enough to mutliply the equation by p|F |p−2F
and integrate in (x, v) to get,

d

dt

ˆ
R2d

|F |p(t, x, v) dx dv = −p
ˆ
R2d

∇vF · ∇v|F |p−2F dx dv ≤ 0.

The non-negative function t 7→
´
R2d |F |p(t, x, v) dx dv lies in L1((−T, T )), vanishes for t < 0 and

is decreasing: it has to be 0 for almost every t.

In what follows, given F ∈ R and q > 0, we write F q for |F |q−1F in order to clarify computation.

Difficulties and sketch of proof. To make the previous formal argument rigourous, we
shall mollify F . We do it by using the kinetic convolution in order to simplify integration by
parts. Since we may have p−1 ∈ (0, 1), the function r 7→ rp−1 is not Lipschitz and the meaning
of ∇vF

p−1 is to be made precise when F vanishes. We circumvent this difficulty by mollifying
by a function ρ that is positive everywhere, so that F ε is also positive and smooth everywhere.
Then we have to truncate the test function to ensure that it is compactly supported. We use
two smooth functions φ and ψ: we will first let ψ converge to 1; second, we will integrate by
parts, rearrange terms and discard dissipation. Third, we will let φ converge to a function only
depending on time and conclude that the aforementioned L1 function of the time variable is
non-increasing.

Mollification and truncation. It is convenient to use the fundamental solution Γ at time
ε as a mollifier, even if this is not mandatory. Let ρε = Γ(ε, x, v) and let F ε = F ∗kin ρε. This
function F ε is C∞, positive everywhere if F is not identically equal to 0, and converges to F
in Lp((−T, T ) × R2d) as ε → 0 for all T > 0. We then consider two smooth and compactly
supported functions φ,ψ ∈ C∞

c (R1+2d) and define,

Gψ =
[[
(F ε)p−1φ

]
∗kin ρ̌ε

]
ψ
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4 Kinetic Fokker-Planck equations

where ρ̌ε(z) = ρε(z
−1). We are going to use that

´
R1+2d(f ∗kin g)h =

´
R1+2d f(h ∗kin ǧ) (see

Lemma 4.2.7). Taking Gψ as a test function, we haveˆ
R1+2d

F (∂t + v · ∇x)Gψ = −
ˆ
R1+2d

F∆vGψ.

Limit as ψ → 1. We now write Gψ = G1ψ where G1 denotes Gψ with ψ ≡ 1. For ε > 0
fixed, all functions in the weak formulation are smooth and we can pass to the limit by using
dominated convergence in order to get,ˆ

R1+2d

F (∂t + v · ∇x)G1 = −
ˆ
R1+2d

F∆vG1.

Integrations by parts. We now consider the smooth and compactly supported function,

f ε = (F ε)p−1φ

that allows us to write G1 = f ε ∗kin ρ̌ε. In particular,

(∂t + v · ∇x)G1 = [(∂t + v · ∇x)f
ε] ∗kin ρ̌ε and ∆vG1 = [∆vf

ε] ∗kin ρ̌ε.

We use these formulas and
´
R1+2d(f ∗kin g)h =

´
R1+2d f(h ∗kin ǧ) from Lemma 4.2.7 and get,ˆ

R1+2d

F ε(∂t + v · ∇x)f
ε = −

ˆ
R1+2d

F ε∆vf
ε =

ˆ
R1+2d

∇vF
ε · ∇vf

ε.

In view of the definition of f ε, this leads toˆ
R1+2d

φF ε(∂t + v · ∇x)(F
ε)p−1 +

ˆ
R1+2d

(F ε)p(∂t + v · ∇x)φ

=

ˆ
R1+2d

φ∇vF
ε · ∇v(F

ε)p−1 +

ˆ
R1+2d

(F ε)p−1∇vF
ε · ∇vφ.

Since F ε is smooth and positive, we have that

F ε(∂t + v · ∇x)(F
ε)p−1 = p−1(∂t + v · ∇x)|F ε|p,

(F ε)p−1∇vF
ε = p−1∇v|F ε|p.

We then integrate by parts and get,

− p−1

ˆ
R1+2d

|F ε|p(∂t + v · ∇x)φ+

ˆ
R1+2d

|F ε|p(∂t + v · ∇x)φ

= (p− 1)

ˆ
R1+2d

φ|F ε|p−2∇vF
ε · ∇vF

ε − p−1

ˆ
R1+2d

|F ε|p∆vφ.

Conclusion. We next remark that the first term in the right hand side is non-negative if
φ ≥ 0: it corresponds to dissipation. We thus get,

(1− p−1)

ˆ
R1+2d

|F ε|p(∂t + v · ∇x)φ ≥ −p−1

ˆ
R1+2d

|F ε|p∆vφ.

We finally consider φ(t, x, v) = Φ(x, v)Θ(t). Since F ε → F in Lp(R1+2d), we can pass to the
limit Φ → 1 and get, ˆ

R

{ˆ
R2d

|F ε|p dx dv
}
Θ′(t) dt ≥ 0.

This means that the integrable function t 7→
´
R2d |F ε|p(t, x, v) dx dv is non-increasing. It is thus

equal to 0 for almost every time t. This implies that F ε = 0 as a function of Lp((−T, T )×R2d)
for all T > 0. Letting ε→ 0 allows us to conclude that F ≡ 0.
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4.4 Weak solutions and the kinetic De Giorgi & Nash’s theorem

4.4 Weak solutions and the kinetic De Giorgi & Nash’s theorem

In order to state the kinetic counterpart of De Giorgi & Nash’s theorem, the notion of weak
solutions is first made precise. The rest of the section is then devoted to the derivation of the
local energy estimates.

4.4.1 Weak solutions of kinetic Fokker-Planck equations

We recall that I is a bounded interval of R of the form (a, b] with a, b ∈ R and that Ωx and Ωv
are two open sets of Rd.
Definition 13 (Weak solutions). Let S ∈ L2(Ω). A function f : Ω → R is a weak solution of
(∂t + v · ∇x)f = divv(A∇vf) +B · ∇vf + S in Ω if f,∇vf ∈ L2(Ω) and for all φ ∈ C∞

c (Ω),ˆ
Ω
f(∂t + v · ∇x)φ =

ˆ
Ω
(A∇vf · ∇vφ)−

ˆ
Ω
(B · ∇vf + S)φ.

It is also useful to introduce the notion of weak sub-solutions (resp. weak super-solutions).
Their a priori regularity coincides with the one of weak solutions, but the equation is only
satisfied (in the sense of distributions) with a non-negative (resp. non-positive) measure in the
right hand side.

Definition 14 (Weak sub/super-solutions). Let S ∈ L2(Ω). A function f : Ω → R is a weak
sub-solution (resp.weak super-solution) of (∂t + v · ∇x)f = divv(A∇vf) + B · ∇vf + S in Ω if
f,∇vf ∈ L2(Ω) and for all φ ∈ C∞

c (Ω) with φ ≥ 0 in Ω,ˆ
Ω
f(∂t + v · ∇x)φ ≥

ˆ
Ω
A∇vf · ∇vφ−

ˆ
Ω
(B · ∇vf + S)φ(

resp.

ˆ
Ω
f(∂t + v · ∇x)φ ≤

ˆ
Ω
A∇vf · ∇vφ−

ˆ
Ω
(B · ∇vf + S)φ

)
.

4.4.2 Kinetic De Giorgi & Nash’s theorem

The goal of this chapter is to establish the counterpart of De Giorgi & Nash’s theorem for
kinetic Fokker-Planck equations by following the general strategy presented in Chapter 1.

Theorem 4.4.1 (kinetic De Giorgi & Nash). Let A ∈ E(λ,Λ) with Ω = Q1 and λ,Λ > 0.
There exist two universal constants α ∈ (0, 1] and CDG > 0 such that any weak solution f of
(∂t + v · ∇x)f = divv(A∇xf) +B · ∇vf + S in Ω with S ∈ L∞(Ω) satisfies,

∥f∥Cα
kin(Q1/2) ≤ CDG

(
∥f∥L2(Q1) + ∥S∥L∞(Q1)

)
.

Remark 35 (Local maximum principle, intermediate value principle and expansion of positivity).
Like in the elliptic and parabolic cases, the proof of this theorem consists in establishing first
a local maximum principle and then proving that the oscillation of solutions improves by a
universal factor when zooming in with a universal factor. This improvement of oscillation
derives from the expansion of positivity of solutions. Such a property is established thanks to
an intermediate value principle, that can be seen as the kinetic counterpart of the elementary
intermediate value lemma 2.2.7.

Remark 36 (Kinetic De Giorgi’s class). We state the theorem for weak solutions but we will
prove it for functions that are in a De Giorgi’s class of kinetic type. More precisely, the local
maximum principle holds for functions in a class kDG+ while expansion of positivity holds for
functions in a class kDG−. Finally, the kinetic class kDG is made of the intersection of these
two classes kDG±.
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4 Kinetic Fokker-Planck equations

4.4.3 Local energy estimates

We recall that I is a bounded interval of R of the form (a, b] with a, b ∈ R and that Ωx and Ωv
are two open sets of Rd.

Proposition 4.4.2 (Local energy estimates). Let f be a weak sub-solution of (∂t + v · ∇x)f =
divv(A∇vf) + B · ∇vf + S in Ω. There exists a set N ⊂ I of null measure such that for all
x0, v0 ∈ Rd and 0 < rx < Rx and 0 < rv < Rv, for all t1, t2 ∈ (t0 − r2, t0] \ N with t1 < t2 and
all κ ∈ R,

¨
Brx (x0)×Brv (v0)

(f − κ)2+(t2, x, v) dx dv +
λ

4

ˆ
Qint

|∇v(f − κ)+|2

≤
¨
Brx (x0)×Brv (v0)

(f − κ)2+(t1, x, v) dx dv

+

[
8Λ

(Rv − rv)2
+

4Rv
Rx − rx

+
Λ2

λ

]ˆ
Qext

(f − κ)2+ + 2

ˆ
Qext

S(f − κ)+

with Qint = [t1, t2]×Brx(x0)×Brv(v0) and Qext = [t1, t2]×BRx(x0)×BRv(v0).

In order to derive the local energy estimates, we need to use (u − κ)+φ as a test function
in the definition of weak solutions, for any smooth and compactly supported function φ. The
following lemma allows us to do so.

Lemma 4.4.3 (A non-smooth test function). Let f be a weak sub-solution of (∂t + v · ∇x)f =
divv(A∇vf) +B · ∇vf + S in Ω. Then for all φ ∈ C∞

c (Ω),

−
ˆ
Ω
(f − κ)2+(∂t + v · ∇x)φ

2 +
λ

2

ˆ
Ω
|∇v(f − κ)+|2φ2

≤
ˆ
Ω

(
4Λ|∇vφ|2 + 2

Λ2

λ
φ2

)
(f − κ)2+ + 2

ˆ
Ω
|S|(f − κ)+φ

2.

Proof. We consider ρ ∈ C∞
c (R1+2d) with ρ ≥ 0 and

´
R1+2d ρ(z) dz = 1. Then for any ε ∈ (0, 1),

we define ρε(z) := ε−4d−2ρ(ε−1z) where ε−1z is a short hand notation for σε−1(z) (scaling
operator, see page 66). We also define f ε := f ∗kin ρε.
We next consider another smooth function γ ∈ C∞

c (R) with γ ≥ 0 and
´
R γ(r) dr = 1 and

supp γ ∈ [−1, 0]. Then for any ν ∈ (0, 1), we define the function Pν(r) := (r − κ)2+ ∗ γν .
We finally define ρ̌ε(z) = ρε(z

−1) and use ψ = (P ′
ν(f

ε)φ2) ∗kin ρ̌ε as a test function,

−
ˆ
R1+2d

Pν(f
ε)(∂t + v · ∇x)φ

2 =

ˆ
R1+2d

(
(∂t + v · ∇x)f

ε

)(
P ′
ν(f

ε)φ2

)
= −

ˆ
R1+2d

f(∂t + v · ∇x)

[(
P ′
ν(f

ε)φ2

)
∗kin ρ̌ε

]
.

We now use the fact that f is a weak sub-solution in the sense of Definition 14 in order to get,

−
ˆ
Ω
Pν(f

ε)(∂t + v · ∇x)φ
2 ≤−

ˆ
Ω

(
A∇vf

ε · ∇vP
′
ν(f

ε)

)
φ2 −

ˆ
Ω

(
A∇vf

ε · ∇vφ
2

)
P ′
ν(f

ε)

+

ˆ
Ω

[
(B · ∇vf) ∗kin ρε

]
P ′
ν(f

ε)φ2 +

ˆ
Ω
(S ∗kin ρε)P ′

ν(f
ε)φ2.
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4.4 Weak solutions and the kinetic De Giorgi & Nash’s theorem

Because Pν is a convex function, we remark that the first term in the right hand side is non-
positive and we move it to the left,

−
ˆ
Ω
Pν(f

ε)(∂t+v·∇x)φ
2+

ˆ
Ω
P ′′
ν (f

ε)

(
A∇vf

ε·∇vf
ε

)
φ2 ≤ −2

ˆ
Ω

(√
A∇vf

ε·
√
A∇vφ

)
P ′
ν(f

ε)φ

+

ˆ
Ω

[
(B · ∇vf) ∗kin ρε

]
P ′
ν(f

ε)φ2 +

ˆ
Ω
(S ∗kin ρε)P ′

ν(f
ε)φ2.

In the two next lines, we use that supp γ ⊂ [−1, 0] so that we have P ′′
ν (r) ≥ 21r≥κ and we

estimate P ′
ν(r) from above in a rough way,

∀r ≥ κ, P ′′
ν (r) = 2(1r≥κ) ∗ γν = 2

ˆ ∞

κ
γν(r − s) ds = 2

ˆ (r−κ)

−∞
γν(τ) dτ = 2,

∀r ∈ R, P ′
ν(r) = 2(r − κ)+ ∗ γν = 2

ˆ ∞

0
(s− κ)+γν(r − s) ds

≤ 2

ˆ ∞

0
((r − κ)+ + ν)γν(t− s) ds = 2((r − κ)+ + ν).

We can use these estimates to deduce from the weak formulation the following inequality,

−
ˆ
Ω
Pν(f

ε)(∂t + v · ∇x)φ
2 + 2

ˆ
Ω
1{fε≥κ}

(
A∇vf

ε · ∇vf
ε

)
φ2

≤ 4

ˆ
Ω

∣∣∣∣√A∇vf
ε ·

√
A∇vφ

∣∣∣∣ [(f ε − κ)+ + ν] |φ|

+ 2

ˆ
Ω

(
|(B · ∇vf) ∗kin ρε|+ |S ∗kin ρε|

)
[(f ε − κ)+ + ν]φ2.

We now use dominated convergence to pass to the limit in the left hand side as ν → 0 and we
finally get,

−
ˆ
Ω
(f ε − κ)2+(∂t + v · ∇x)φ

2 + 2

ˆ
Ω
1{fε≥κ}

(
A∇vf

ε · ∇vf
ε

)
φ2

≤ 4

ˆ
Ω

∣∣∣∣√A∇vf
ε ·

√
A∇vφ

∣∣∣∣(f ε − κ)+|φ|

+ 2

ˆ
Ω

(
|(B · ∇vf) ∗kin ρε|+ |S ∗kin ρε|

)
(f ε − κ)+φ

2.

Like in the elliptic and parabolic cases, we use next the fact that ∇v(f
ε − κ)+ = 1{fε≥κ}∇xf

ε

and 1{fε≥κ} = 1{fε≥κ}1{fε≥κ},

−
ˆ
Ω
(f ε − κ)2+(∂t + v · ∇x)φ

2 + 2

ˆ
Ω

(
A∇v(f

ε − κ)+ · ∇v(f
ε − κ)+

)
φ2

≤ 4

ˆ
Ω

∣∣∣∣√A∇v(f
ε − κ)+ ·

√
A∇vφ

∣∣∣∣(f ε − κ)+|φ|

+ 2

ˆ
Ω

(
|(B · ∇v(f − κ)+) ∗kin ρε|+ |S ∗kin ρε|

)
(f ε − κ)+φ

2.
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4 Kinetic Fokker-Planck equations

We continue following what we did in the parabolic case by using Cauchy-Schwarz’s inequality
to get rid of the first error term in the right hand side,

−
ˆ
Ω
(f ε − κ)2+(∂t + v · ∇x)φ

2 +

ˆ
Ω

(
A∇v(f

ε − κ)+ · ∇v(f
ε − κ)+

)
φ2

≤ 4

ˆ
Ω

∣∣∣∣√A∇vφ

∣∣∣∣2(f ε − κ)2+

+ 2

ˆ
Ω

(
|(B · ∇v(f − κ)+) ∗kin ρε|+ |S ∗kin ρε|

)
(f ε − κ)+φ

2.

We finally use ellipticity constants and |B| ≤ Λ and get,

−
ˆ
Ω
(f ε − κ)2+(∂t + v · ∇x)φ

2 + λ

ˆ
Ω
|∇v(f

ε − κ)+|2φ2

≤ 4Λ

ˆ
Ω
|∇vφ|2(f ε − κ)2+

+ 2

ˆ
Ω

(
Λ |∇v(f − κ)+| ∗kin ρε + |S ∗kin ρε|

)
(f ε − κ)+φ

2.

We can now use the fact that (f ε−κ)2+ converges to (f−κ)2+ in L2(I×Ωx, H
1(Ωv)) and obtain,

−
ˆ
Ω
(f − κ)2+(∂t + v · ∇x)φ

2 + λ

ˆ
Ω
|∇v(f − κ)+|2φ2

≤ 4Λ

ˆ
Ω
|∇vφ|2(f − κ)2+ + 2

ˆ
Ω

(
Λ |∇v(f − κ)+|+ |S|

)
(f − κ)+φ

2.

We conclude by using one more time Cauchy-Schwarz’s inequality.

With this technical lemma in hand, we can establish the local energy estimates.

Proof of Proposition 4.4.2. The proof proceeds in two steps. We first localize the estimate in
(x, v), we then get the result for rational r,R, κ’s and conclude by a monotonicity argument.

Step 1. Let ρ be the truncation function from Lemma 2.3.3 that is supported in BR and equal
1 in Br. Similarly, we consider ρ̄ be the truncation function from Lemma 2.3.3 that is supported
in BR3 and equal 1 in Br3 . In particular, |∇xρ̄| ≤ 2(R3 − r3)−1. Given t1, t2 ∈ I with t1 < t2,
we consider a 1D mollifier θ : R → R (smooth and of unit mass) that is supported in [−1, 0],
and the smooth function Θε : (0,+∞) → R such that Θε(0) = 0 and for all t ∈ R, we have
Θ′
ε(t) = θε(t− t1)− θε(t− t2). We choose ε > 0 small enough so that t1 − ε ∈ I.
We now use Lemma 4.4.3 with φ(t, x, v) = Θ2

ε(t)ρ̄
2(x)ρ2(v) = (Θε ⊗ ρ̄⊗ ρ)2(t, x, v). Since

∂tφ(t, x, v) = 2(−θε(t− t2) + θε(t− t1))Θε(t)ρ̄
2(x)ρ2(v),

we can rearrange terms and get,

2

ˆ
Ω
(f − κ)2+(ρ̄⊗ ρ)2Θε(t)θε(t− t2) +

λ

2

ˆ
Ω
|∇v(f − κ)+|2(Θε ⊗ ρ̄⊗ ρ)2

≤ 2

ˆ
Ω
(f − κ)2+(ρ̄⊗ ρ)2Θε(t)θε(t− t1)

+ 2

ˆ
Ω
(f − κ)2+(v · ∇xρ̄(x))ρ̄(x)(Θε ⊗ ρ)2

+

ˆ
Ω

(
4Λ|∇vρ|2 + 2

Λ2

λ
ρ2
)
(Θε ⊗ ρ̄)2(f − κ)2+ + 2

ˆ
Ω
|S|(f − κ)+(Θε ⊗ ρ̄⊗ ρ)2.
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We use next that ρ̄ ⊗ ρ = 1 in Br3 × Br and |∇vρ| ≤ 2(Rv − rv)
−1 and |∇xρ̄| ≤ 2(Rx − rx)

−1

and ρ̄⊗ ρ ≤ 1BR3×BR
and get

ˆ
I×Br3×Br

(f − κ)2+Θε(t)θε(t− t2) +
λ

4

ˆ
I×Br3×Br

|∇v(f − κ)+|2Θ2
ε

≤
ˆ
Ω
(f − κ)2+(ρ̄⊗ ρ)2Θε(t)θε(t− t1) +

ˆ
I×BR3×BR

|S|(f − κ)+Θ
2
ε

+

ˆ
I×BR3×BR

(
8Λ

(Rv − rv)2
+

4Rv
Rx − rx

+
Λ2

λ

)
(f − κ)2+Θ

2
ε.

We can now pass to the limit ρ̄⊗ ρ→ 1Br3
⊗ 1Br by dominated convergence and get,

ˆ
I×Br3×Br

(f − κ)2+Θε(t)θε(t− t2) +
λ

4

ˆ
I×Br3×Br

|∇v(f − κ)+|2Θ2
ε

≤
ˆ
I×Br3×Br

(f − κ)2+Θε(t)θε(t− t1) +

ˆ
I×BR3×BR

|S|(f − κ)+Θ
2
ε

+

ˆ
I×BR3×BR

(
8Λ

(Rv − rv)2
+

4Rv
Rx − rx

+
Λ2

λ

)
(f − κ)2+Θ

2
ε.

Step 2. For r,R, κ fixed, we consider Lebesgue points of the L1 function

t 7→
ˆ
Br3×Br

(f(t, x, v)− κ)2+ dx dv.

This provides a set Nr,R,κ ⊂ I of null measure such that for all t1, t2 ∈ I \Nr,R,κ, the announced
inequality holds (after passing to the limit as ε→ 0).

We then consider the set of null measure N corresponding to rational r,R, κ’s. For other
r,R, κ, we remark that all integrals are non-increasing in κ and non-decreasing in r and R. We
thus consider an increasing sequence κn of rational numbers and decreasing sequences rn, Rn
or rational numbers, write the corresponding inequality, and pass to the limit thanks to the
monotone convergence theorem.

4.5 Gain of integrability of sub-solutions

This section is devoted to the key estimate yielding the local maximum principle for sub-
solutions: their gain of integrability. They are various ways to establish this property. We
choose to follow A. Pascucci and S. Polidoro [57] by representing sub-solutions with the help of
the fundamental solution of the Kolmogorov equation.

4.5.1 Representation of sub-solutions

The goal of this subsection is to prove that truncated solutions (f − κ)+, and more generally
weak sub-solutions, can be represented thanks to the kernel of the Kolmogorov equation. The
definition of weak sub-solutions is given on page 77 and the reader is reminded that M+

1 (Ω)
denotes the set of non-negative measures on the set Ω.

81



4 Kinetic Fokker-Planck equations

Proposition 4.5.1 (Representation of sub-solutions). Let S ∈ L2(Ω) and f : Ω → R be a weak
sub-solution of (∂t+v ·∇x)f = divv(A∇vf)+B ·∇vf+S in Ω and let φloc be C

∞ and compactly
supported in Ω. Then for all κ ∈ R,

fφloc = (Γ(x) + Γ(v)) ∗kin Sloc + Γ ∗kin (Sloc −mloc)

with mloc = φlocm for some m ∈M+
1 (R1+2d) and Sloc, Sloc ∈ L2(R1+2d) are given by,

Sloc =φloc(A− I)∇vf,

Sloc =(Bφloc − (A+ I)∇vφloc) · ∇vf + Sφloc + f(∂t + v · ∇x −∆v)φloc.

We write an equation for the product of a local sub-solution with a cut-off function.

Lemma 4.5.2 (Localization of solutions). Let f be a weak sub-solution of (∂t + v · ∇x)f =
divv(A∇vf) + S in Ω with S ∈ L1(Ω) and m ∈M+

1 (Ω) be given by

m = divv(A∇vf) + S − (∂t + v · ∇x)f.

Let Q be a kinetic cylinder QR(z0) contained in Ω and let φloc : R1+2d → R be C∞ (in all
variables) and compactly supported in Q. Then the function floc = fφloc satisfies

(∂t + v · ∇x −∆v)floc = divvSloc + Sloc −mloc in R× Rd × Rd

(in the sense of distributions) where mloc = φlocm and

Sloc = Sφloc − (A+ I)∇vf · ∇vφloc + f(∂t + v · ∇x −∆v)φloc,

Sloc = φloc(A− I)∇vf.

Proof. Given φ ∈ C∞
c (R1+2d), we use φφloc as a test function for the equation satisfied by f

and reach the desired conclusion for floc.

Lemma 4.5.3 (Representation formula). Let S, S ∈ L2(R1+2d) and m ∈ M+
1 (R1+2d). We

assume that S, S and m are compactly supported in (0,+∞) × R2d. Then for all T > 0, the
function

F = Γ ∗kin (divvS+ S −m)

is supported in (0,+∞) × R2d, it is in Lp((−T, T ) × R2d) for any p ∈ (1, 1 + 1
2d) and in

L1+ 1
2d
,weak((−T, T )×R2d).

Moreover, (∂t + v · ∇x)F = ∆vF + divvS+ S −m in R1+2d (in the sense of distributions).

Proof. The function F can be written as follows,

F = (Γ(x) + Γ(v)) ∗kin S+ Γ ∗kin (S −m)

Thanks to Young’s inequality (Lemma 4.2.8) and the integrability properties of the functions
Γ,Γ(x),Γ(v) established in Proposition 4.3.1-(iii), we deduce that: for all p ∈ (1, 1 + 1

2d), all
σ ∈ [1, 2 + 4

2d−1) and all τ ∈ [1, 2 + 1
d),

Γ∗kinm ∈ Lp((−T, T )×R2d), Γ∗kinS ∈ Lσ((−T, T )×R2d), (Γ(x)+Γ(v))∗kinS ∈ Lτ ((−T, T )×R2d).

In particular, F ∈ Lp((−T, T ) × R2d) for all p ∈ [1, 1 + 1
2d) and all T > 0. The end point case

is treated similarly since the convolution of a finite Radon measure with a function in Lp,weak

is in Lp,weak.
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4.5 Gain of integrability of sub-solutions

Moreover,

(∂t + v · ∇x −∆v)F = ((∂t + v · ∇x −∆v)Γ) ∗kin (divvS+ S −m) = divvS+ S −m in R1+2d

in the sense of distributions. Indeed, consider a smooth and compactly supported test function
φ ∈ C∞

c and write,ˆ
R1+2d

F (∂t + v · ∇x +∆v)φ

=

ˆ
R1+2d

[
(Γ(x) + Γ(v)) ∗kin S+ Γ ∗kin (S −m)

]
(∂t + v · ∇x +∆v)φ

=

ˆ
R1+2d

S

[
( ˇΓ(x) + ˇΓ(v)) ∗kin (∂t + v · ∇x +∆v)φ

]
+

ˆ
R1+2d

(S −m)

[
Γ̌ ∗kin (∂t + v · ∇x +∆v)φ

]
.

We conclude thanks to Lemma 4.3.3.

We can now prove the representation formula.

Proof of Proposition 4.5.1 (representation of sub-solutions). Without loss of generality, we can
assume that Ω ⊂ (0,+∞) × R2d. By Lemmas 4.5.2, we know that fφloc is a distributional
solution of

(∂t + v · ∇x −∆v)g = divvSloc + Sloc −mloc in R1+2d (4.4)

with Sloc, Sloc,mloc given in the statement of the proposition. Now Lemma 4.5.3 ensures that
F = Γ ∗kin (divvSloc + Sloc − mloc) is Lp((−T, T ) × R2d) for all p ∈ (1, 1 + 1

2d) and all T > 0,
and is a distributional solution of (4.4) in R1+2d. In particular, the function h = fφloc − F lies
in Lp((−T, T ) × R2d) for all T > 0, it is a distributional solution of (∂t + v · ∇x − ∆v)h = 0
in R1+2d, and it is supported in (0,+∞) × R2d. Uniqueness for the Kolmomgorov equation
(Proposition 4.3.4) implies that h = 0, leading to the representation formula.

4.5.2 Gain of integrability for sub-solutions

We are now ready to prove that sub-solutions are locally better than square integrable.

Proposition 4.5.4 (Gain of integrability of sub-solutions). Let f be a weak sub-solution of
(∂t + v · ∇x)f = divv(A∇vf) + B · ∇vf + S in Ω with A ∈ E(λ,Λ) and B ∈ L∞(Ω) and
S ∈ L2(Ω). For all pc ∈ (2, 2 + 1

d), there exists Cc (only depending on Λ, d and pc) such that
for all Qr(z0) ⊂ QR(z0) ⊂ Ω,

∥(f − κ)+∥Lpc (Qr(z0)) ≤ Cτ

(
Λ + 1

R− r
∥∇v(f − κ)+∥L2(QR(z0))

+
1

R2 − r2
∥(f − κ)+∥L2(QR(z0)) + ∥S1{f≥κ}∥L2(QR(z0))

)
.

This gain of integrability is in particular true for truncated solutions (f − κ)+.

Lemma 4.5.5 (Truncated sub-solutions are sub-solutions). Let S ∈ L2(Ω) and f : Ω → R be
a weak sub-solution of (∂t + v · ∇x)f = divv(A∇vf) + B · ∇vf + S in Ω and κ ∈ R. Then the
truncated function (f − κ)+ satisfies

(∂t + v · ∇v)(f − κ)+ = divv(A∇v(f − κ)+) + Sκ+ −mκ
+ in Ω

(in the sense of distributions) with Sκ+ = B · ∇v(f − κ)+ + S1{f>κ} and some non-negative

measure mκ
+ ∈M+

1 (Ω).
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4 Kinetic Fokker-Planck equations

Proof. Let us first construct a 1-Lipschitz approximation of the function r+. Given ε ∈ (0, 1),
we consider the function P ε+(r) such that (P ε+)

′′(r) = θε(r) for some mollifier θ : R → [0,+∞)
and P ε+(0) = (P ε+)

′(0) = 0.
Arguing as in the proof of Lemma 4.4.3 with P ε+ instead of r2+/2, we get,

−
ˆ
Ω
P ε+(f)(∂t + v · ∇x)φ dt dx dv

≤
¨
I×Ωx

⟨(∂t + v · ∇x)f, (P
ε
+)

′(f)φ⟩H−1,H1
0
dt dx

=−
ˆ
Ω
(P ε+)

′′(f)

[
A∇vf · ∇vf

]
φ−

ˆ
Ω

[
A∇vf · ∇vφ

]
(P ε+)

′(f)

+

˚
Ω
B · ∇vf(P

ε
+)

′(f) +

ˆ
Ω
S(P ε+)

′(f)φ

≤−
ˆ
Ω

[
A∇vf · ∇vφ

]
(P ε+)

′(f) +

˚
Ω
(B · ∇vf)(P

ε
+)

′(f) +

ˆ
Ω
S(P ε+)

′(f)φ.

Passing to the limit as ε→ 0 by dominated convergence yields

−
ˆ
Ω
(f − κ)+(∂t + v · ∇x)φ dt dx dv

≤ −
ˆ
Ω

[
A∇vf · ∇vφ

]
1{f≥κ} +

˚
Ω
(B · ∇vf)1{f≥κ} +

ˆ
Ω
S1{f≥κ}φ.

We conclude by using that ∇v(f − κ)+ = 1{f≥κ}∇vf (Proposition 2.2.4) and by recalling that
a non-negative distribution is a Radon measure. Such a fact is an easy consequence of Riesz’s
representation theorem [25, Theorem 1.25, p. 39].

The proof of the gain of integrability uses the (easy) construction of a cut-off function.

Lemma 4.5.6 (Cut-off function). For r,R > 0 such that r < R, there exists a smooth function
φloc such that φloc = 1 in Qr and φloc = 0 outside QR. Moreover,

|(∂t+v·∇x)φloc| ≤ 4(R2−r2)−1 and |∇vφloc| ≤ 2(R−r)−1 and |∆vφloc| ≤ 2d(R−r)−2.

Proof. On the one hand, we consider ρ̄(x) supported in BR3 and equal to 1 in Br3 whose
gradient satisfies |∇ρ̄| ≤ 2(R3 − r3)−1. On the other hand, we consider ρ(v) supported in BR
and equal to 1 in Br, whose gradient satisfies |∇ρ| ≤ 2(R− r)−1. As far as the time variable is
concerned, we simply take Θ non-decreasing, equal to 1 in (−r2, 0] and vanishes in (−∞,−R2].
Its derivative satisfies 0 ≤ Θ′ ≤ 2(R2 − r2)−1. Then we consider φloc(z) = (Θ⊗ ρ̄⊗ ρ)(z).

|(∂t + v · ∇x)φloc| ≤ 2(R2 − r2)−1 + (2R)(R3 − r3)−1

≤ 4(R2 − r2)−1

The bound on ∇vφloc corresponds to the bound on ∇ρ.

We can now prove the gain of integrability for sub-solutions.

Proof of Proposition 4.5.4. We first deal with the case z0 = 0. Let φloc be given by Lemma 4.5.6.
We use the representation formula from Proposition 4.5.1 and use mloc ≥ 0 to get,

0 ≤ fφloc ≤ (Γ(x) + Γ(v)) ∗kin Sloc + Γ ∗kin Sloc.
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4.6 The kinetic De Giorgi’s class kDG+ and the maximum principle

We now can repeat the computations from the proof of Lemma 4.5.3 and get that for all
τ ∈ (1, 2 + 1

d), there exists Cτ (only depending on dimension and τ),

∥fφloc∥Lτ (R1+2d) ≤ Cτ

(
∥Sloc∥L2(R1+2d) + ∥Sloc∥L2(R1+2d)

)
where Sloc and Sloc are given by the following formulas, see Proposition 4.5.1,

Sloc =φloc(A− I)∇vf,

Sloc =(Bφloc − (A+ I)∇vφloc) · ∇vf + S1{f≥κ}φloc + f(∂t + v · ∇x −∆v)φloc.

∥Sloc∥L2(R1+2d) ≤(Λ + 1)∥∇vf∥L2(QR)

∥Sloc∥L2(R1+2d) ≤(Λ + 2(Λ + 1)(R− r)−1)∥∇vf∥L2(QR) + ∥S1{f≥κ}∥L2(QR)

+ (4 + 2d)(R− r)−2∥f∥L2(QR).

Combining the estimates leads to

∥f∥Lτ (Qr(z0)) ≤ Cτ

([
2Λ + 1 + 2(Λ + 1)(R− r)−1

]
∥∇vf∥L2(QR(z0))

+ (4 + 2d)(R2 − r2)−1∥f∥L2(QR(z0)) + ∥S1{f≥κ}∥L2(QR(z0))

)
.

Now we reduce to the case z0 = 0 by considering g(z) = f(z0◦z) and by applying the previous
reasoning to g.

4.6 The kinetic De Giorgi’s class kDG+ and the maximum principle

In this section, we introduce the kinetic De Giorgi’s class kDG+ that ensures that the local
maximum principle holds. This class contains in particular all sub-solutions of kinetic Fokker-
Planck equations. It is made of functions satisfying the gain of integrability (from 2 to pc > 2)
in the three variables (t, x, v).

4.6.1 The kinetic De Giorgi’s class kDG+

Definition 15 (The kinetic De Giorgi’s class kDG+). Let I = (a, b] with a, b ∈ R and Ωx,Ωv
be open sets of Rd and S ∈ L2(Ω).

A function f : Ω → R lies in the kinetic De Giorgi’s class kDG+(Ω, S) if f ∈ L∞(I, L2(Ωx ×
Ωv)) and ∇vf ∈ L2(Ω) and there exist pc > 2 and CkDG+ ≥ 1 such that for all for all z0 ∈ Ω,
all κ ∈ R and all r,R > 0 such that r < R < 1 and QR(z0) ⊂ Ω,

∥(f − κ)+∥2Lpc (Qr(z0))
≤ CkDG+(R− r)−4

ˆ
QR(z0)

(f − κ)2+

+ CkDG+(R− r)−2

ˆ
QR(z0)

|S|21{u≥κ}.
(4.5)

Remark 37 (Restriction to small radii). We restrict ourselves to radii r,R ∈ (0, 1) to get cleaner
formulas. We do not lose generality by doing so because we can always reduce to this case by
scaling.
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4 Kinetic Fokker-Planck equations

Remark 38 (Universal constants). We recall again that a constant is universal if it only depends
on dimension and the constants CkDG+ , CkDG− appearing in the definition of the De Giorgi’s
classes kDG±.

By definition, this class of functions is invariant by scaling and left composition with z0 ∈
R1+2d.

Lemma 4.6.1 (Invariance by scaling and translation of the De Giorgi’s class). If u ∈ kDG+(Ω, S)
and Qr(z0) ⊂ Ω and r ∈ (0, 1), then the function v = λu(σr−1(z−1

0 ◦ z)) lies in kDG+(Q1,S)
with S(z) = λ

r2
S(σr−1(z−1

0 ◦ z)).

The integrability estimate from Proposition 4.5.4 and local energy estimates from Proposi-
tion 4.4.2 can be combined to prove that weak solutions of kinetic Fokker-Planck equations in
a domain Ω are in the kinetic De Giorgi’s class kDG+(Ω, S).

Proposition 4.6.2 (Sub-solutions are in the kinetic De Giorgi’s class). Let f be a weak sub-
solution of (∂t+v ·∇x)f = divv(A∇vf)+B ·∇vf+S in Ω with A ∈ E(λ,Λ) and B,S ∈ L∞(Ω).
Then f ∈ kDG+(Ω, S) for some universal pc > 2 and a constant CkDG+ depending on the largest
R such that there exists z0 ∈ Ω such that QR(z0) ⊂ Ω.

Proof. On the one hand, Lemma 4.5.5 and Proposition 4.5.4 can be combined in order to get
the following estimate,

∥(f − κ)+∥Lpc (Qr(z0)) ≤ Cτ

([
(Λ + 1 + Λ)R+ 2Λ

R− r

]
∥∇v(f − κ)+∥L2(QR(z0))

+ 4

[
(Λ + 1)R+ 1

R2 − r2

]
∥(f − κ)+∥L2(QR(z0)) + ∥S1{f≥κ}∥L2(QR(z0))

)
for pc ∈ (2, 2 + 1

d). In particular,

∥(f − κ)+∥2Lpc (Qr(z0))
≤ C1

(R+ 1)2

(R− r)2
∥∇v(f − κ)+∥2L2(QR(z0))

+ C1
(R+ 1)2

(R2 − r2)2
∥(f − κ)+∥2L2(QR(z0))

+ C1∥S1{f≥κ}∥2L2(QR(z0))
(4.6)

with C1 only depending on Λ, Λ and pc.
On the other hand, we know from Proposition 4.4.2 with t2 = t0 and t1 ∈ (t0 − R2, t0 − r2]

that the following local energy estimate hold,

λ

2
∥∇v(f − κ)+∥2L2(Qr(z0))

≤
¨
Br3 (x0)×Br(v0)

(f − κ)2+(t1, x, v) dx dv + 2

ˆ
QR(z0)

S(f − κ)+

+

[
32Λ + 4

(R− r)2
+

Λ2

λ

]
∥(f − κ)+∥2L2(QR(z0))

.

Taking a mean in t1 yields

λ

2
∥∇v(f − κ)+∥2L2(Qr(z0))

≤
[

1

R2 − r2
+

32Λ + 4

(R− r)2
+

Λ2

λ

]
∥(f − κ)+∥2L2(QR(z0))

+ 2

ˆ
QR(z0)

S(f − κ)+

≤
[
32Λ + 5

(R− r)2
+

Λ2

λ
+ 1

]
∥(f − κ)+∥2L2(QR(z0))

+

ˆ
QR(z0)

|S|21{f≥κ}.
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4.6 The kinetic De Giorgi’s class kDG+ and the maximum principle

We write the last inequality as

∥∇v(f −κ)+∥2L2(Qr(z0))
≤ C2((R− r)−2+1)∥(f −κ)+∥2L2(QR(z0))

+C2∥S1{f≥κ}∥2L2(QR(z0))
(4.7)

for some constant C2 only depending on λ,Λ and pc.

Combining (4.6) and (4.7) yields

∥(f − κ)+∥2Lpc (Qr(z0))

≤ C1
(R+ 1)2

(R− r)2

(
C2((R− r)−2 + 1)∥(f − κ)+∥2L2(QR(z0))

+ C2∥S1{f≥κ}∥2L2(QR(z0))

)
+ C1

(R+ 1)2

(R2 − r2)2
∥(f − κ)+∥2L2(QR(z0))

+ C1∥S1{f≥κ}∥2L2(QR(z0))

≤ C3

(
(R+ 1)2

(R− r)2

(
1

(R− r)2
+ 1

)
+

(R+ 1)2

(R2 − r2)2

)
∥(f − κ)+∥2L2(QR(z0))

+ C3

(
(R+ 1)2

(R− r)2
+ 1

)
∥S1{f≥κ}∥2L2(QR(z0))

.

In particular, for R < 1, we get (R− r) < 1 and the previous inequality simplifies into,

∥(f −κ)+∥2Lpc (Qr(z0))
≤ C4(R− r)−4∥(f −κ)+∥2L2(QR(z0))

+C4(R− r)−2∥S1{f≥κ}∥2L2(QR(z0))
.

4.6.2 The local maximum principle

We are now ready to state and prove the local maximum principle for kinetic Fokker-Planck
equations and the associated kinetic De Giorgi’s class.

Proposition 4.6.3 (Local maximum principle). Let Q ⊂ R1+2d be a kinetic cylinder and pc > 2
and CkDG+ ≥ 1 defining a class kDG+(Q,S). There exists CLMP, only depending on pc and
CkDG+, such that for all f ∈ kDG+(Q,S), all QR(z0) ⊂ Q and all r < R < 1,

∥f+∥L∞(Qr(z0)) ≤ CLMP

(
(R− r)−ω0∥f+∥L2(QR(z0)) + ∥S∥L∞(QR(z0))

)
with ω0 =

pc(3pc−2)
2(pc−1)2

.

Remark 39 (Universal constants). We recall again for the reader’s convenience that a constant
is universal if it only depends on dimension d and the constants CkDG+ , CkDG− appearing in
the definition of the De Giorgi’s classes kDG±.

Proof. We first assume that z0 = 0 and prove that there exists some universal constant δ0 ∈
(0, 1) such that, if ∥S∥L∞(QR) ≤ 1 and if ∥f+∥L2(QR) ≤ δ0, then f ≤ 2 a.e. in Qr.

Iterative truncation. We follow the reasoning from the elliptic and parabolic cases by consid-
ering an increasing sequence κk and by integrating (f − κk)

2 on shrinking cylinders Qk = Qrk .
Precisely, we consider

Ak =

ˆ
Qk

(f − κk)
2
+ dz

with

∀k ≥ 0, κk = 2− 2−k, rk = r + (R− r)2−k.
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4 Kinetic Fokker-Planck equations

In order to obtain an upper bound on f in Qr, we have to find two constants β > 1 and
C > 0 such that, for all k ≥ 0, we have Ak+1 ≤ Ck+1Aβk . Indeed, in this case, Lemma 2.3.5

implies that Ak → 0 as soon as A0 < C
− β

β−1 . Since

A0 =

ˆ
QR

(f − 1)2+ dx ≤ ∥f+∥2L2(B1)
≤ δ20 ,

we see that we can choose δ0 = (1/2)C
− β

2(β−1) . And because the limit of Ak as k → +∞ is
∥(f − 2)+∥2L2(Qr)

, the fact that Ak → 0 yields f ≤ 2 almost everywhere in Qr.

Local gain of integrability. We use the definition of the kinetic De Giorgi’s class to write the
local energy estimate for f with z0 = 0, R = rk and r = rk+1. In particular, the difference of
radii is rk − rk+1 = (R− r)2−k−1, and recalling that ∥S∥L∞(B1) ≤ 1, we obtain,

∥(f − κk+1)+∥2Lpc (Qk+1) ≤ CkDG+(R− r)−424(k+1)

ˆ
Qk

(f − κk+1)
2
+

+ CkDG+(R− r)−222(k+1)|{f ≥ κk+1} ∩Qk|.

Use Bienaymé-Chebyshev’s inequality to get |{f ≥ κk+1}∩Qk| ≤ (κk+1−κk)−2Ak ≤ 22(k+1)Ak,

≤ CkDG+(R− r)−424(k+1)Ak + CkDG+(R− r)−224(k+1)Ak

≤ CkDG+(R− r)−424k+5Ak

since (R− r) ≤ R ≤ 1.

Nonlinear iteration. We now estimate Ak+1 from above by using Hölder’s inequality with
qc ∈ (1, 2) such that 1

2 = 1
pc

+ 1
qc
,

Ak+1 ≤ ∥(f − κk+1)+∥2Lpc (Qk+1)

∥∥1{f≥κk+1}
∥∥2
Lqc (Qk+1)

≤ ∥(f − κk+1)+∥2Lpc (Qk+1)

∣∣∣{(f − κk) ≥ κk+1 − κk} ∩Bk
∣∣∣ 2
qc

≤
(
CkDG+(R− r)−424k+5Ak

)(
22(k+1)Ak

) 2
qc

= 2
5+ 4

qcCkDG+(R− r)−4
(
2
4+ 4

qc

)k
A

1+ 2
qc

k .

This implies in particular that Ak+1 ≤ Ck+1(R − r)−4(k+1)Aβk with the universal exponent
β = 1 + 2

qc
= 3− 2p−1

c > 1 and the universal constant C ≥ 1 only depending on qc and CkDG+ .

In particular, Lemma 2.3.5 implies that Ak converges to 0 as soon as A0 <
[
C(R− r)−4

]− β

(β−1)2 .
Since A0 ≤ δ20 (see the beginning of the proof) we pick δ0 ∈ (0, 1) such that

δ20 =
1

2

[
C(R− r)−4

]− β

(β−1)2 =
1

2
C

− β

(β−1)2 (R− r)
4β

(β−1)2 .
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The general case. We now remark that if we do not assume anymore that ∥S∥L∞(QR) ≤ 1
and ∥f+∥L2(QR) ≤ δ0, either f ≤ 0 a.e. in Q1 or ∥f+∥L2(QR) > 0. In the latter case, we consider

f̃ =
f

δ−1
0 ∥f+∥L2(QR) + ∥S∥L∞(QR)

.

This function f̃ ∈ kDG+(QR, S) with S replaced with

S̃ =
S

δ−1
0 ∥f+∥L2(QR) + ∥S∥L∞(QR)

≤ 1.

Since ∥f̃+∥L2(QR) ≤ δ0, we conclude that ∥f̃+∥L∞(Qr) ≤ 2, that is to say

∥f+∥L∞(Qr) ≤ 2δ−1
0 ∥f+∥L2(QR) + 2∥S∥L∞(QR).

Since δ−1
0 =

√
2C

β

2(β−1)2 (R− r)
− 2β

(β−1)2 , we have ω0 =
2β

(β−1)2
= qc(qc+2)

2 = pc(3pc−2)
2(pc−1)2

.

Corollary 4.6.4 (Upside down local maximum principle). Let r,R ∈ (0, 1]. There exist uni-
versal constants ε0,1, ε1 ∈ (0, 1), ε0,1 only depending on CkDG+ and pc and ε1 also depending on
R− r, such that if −f ∈ kDG+(QR, S) with ∥S∥L∞(QR) ≤ ε0,1 and f ≥ 0 a.e. in QR, then

|{f ≥ 1} ∩QR| ≥ (1− ε1)|QR| ⇒
{
f ≥ 1

2
a.e. in Qr

}
.

Proof. The function g = 1 − f also belongs to kDG+(QR, S) and g ≤ 1 a.e. in QR. The local
maximum principle from Proposition 4.6.3 applied to g implies that

for a.e. z ∈ Qr, 0 ≤ g(z) ≤ CLMP

(
(R− r)−ω0ε1|Q1|+ ε0,1

)
.

We now simply pick ε0,1 and ε1 such that (R−r)−ω0ε1|Q1| ≤ (4CLMP)
−1 and ε0,1 ≤ (4CLMP)

−1

and deduce that g ≤ 1/2 a.e. in Qr. This means that f ≥ 1/2 in the small cylinder Qr.

Corollary 4.6.5 (Local maximum principle - again). Given a (universal) constant p ∈ (0, 2),
there exists a (universal) constant CLMP,p > 0, only depending on d, λ,Λ and p, such that for
any f ∈ pDG+(Q1, S), then

∥f+∥L∞(Q1/2) ≤ CLMP,p

(
∥f+∥Lp(Q1) + ∥S∥L∞(Q1)

)
where ∥f+∥Lp(Q1) = ∥fp+∥

1
p

L1(Q1)
.

Proof. We argue like we did in the elliptic setting. We give details for the reader’s convenience.
The result is a consequence of the interpolation of L2 between Lε and L∞. If ε < 1, we interpo-
late L2/ε between L1 and L∞. Let us make this precise. We start by applying Proposition 4.6.3
for r,R ∈ (0, 1),

∥f+∥L∞(Qr) ≤ CLMP

(
(R− r)−ω0∥f+∥L2(QR) + ∥S∥L∞(QR)

)
≤ CLMP

(
(R− r)−ω0∥f+∥ε/2Lε(QR)∥f+∥

1−ε/2
L∞(QR) + ∥S∥L∞(BR)

)
≤ 1

2
∥f+∥L∞(QR) +Kε(R− r)−ωε
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4 Kinetic Fokker-Planck equations

with

Kε = 2
2−ε
ε C

2
ε
LMP∥f+∥Lε(Q1) + CLMP∥S∥L∞(Q1)

and ωε =
2ω0
ε . We now consider r0 =

1
2 and rn+1 = rn+ δ(n+1)−2 with δ = 1

2

(∑∞
k=1 k

−2
)−1

=
3
π2 . In particular, 1

2 ≤ rn ≤ 1 for all n ≥ 0. Letting Nn denote ∥f+∥L∞(Qrn )
, we thus have,

Nn ≤ 1

2
Nn+1 +Kε(δ

−1(n+ 1)2)ωε ≤ 1

2
Nn+1 +Kεδ

−ωε(n+ 1)2ωε .

By induction, we thus get for all n ≥ 1,

N0 ≤
1

2n
Nn +Kεδ

−ωε

(
n∑
k=1

k2ωε

2k−1

)
.

Letting n→ ∞, we conclude that

∥f+∥L∞(Q1/2) = N0

≤ Kεδ
−ωε

( ∞∑
k=1

k2ωε

2k−1

)
= CLMP,ε

(
∥f+∥Lε(B1) + CLMP∥S∥L∞(B1)

)
with CLMP,ε = δ−

2ω0
ε

(∑∞
k=1

k
4ω0
ε

2k−1

)(
2

2−ε
ε C

2
ε
LMP + CLMP

)
and δ = 3

π2 . Since ω0 and CLMP are

universal, the constant CLMP,ε only depends on d, λ,Λ and ε.

4.7 The De Giorgi’s class kDG– & the intermediate value principle

4.7.1 The kinetic De Giorgi’s class kDG–

We introduce next the kinetic De Giorgi’s class corresponding to DG– and pDG–. The elements
of this class satisfies the intermediate value principle, that is key to reach Hölder continuity and
to prove the weak Harnack’s inequality.

Definition 16 (The kinetic De Giorgi’s class kDG−). Let I = (a, b] with a, b ∈ R and Ωx,Ωv
be open sets of Rd and S ∈ L∞(Ω).

A function f : Ω → R lies in the kinetic De Giorgi’s class kDG−(Ω, S) if

• (Local gain of integrability) −f ∈ kDG+(Ω, S);

• (Local gradient estimate) For any (not necessarily kinetic) cylinders Qint = (T −
τ−, T ]×Brx ×Brv , Qext = (T − τ+, T ]×BRx ×BRv and Qint ⊂ Qext, and any κ ∈ R,

∥∇v(f − κ)−∥L2(Qint) ≤ CkDG−
(
e−1∥(f − κ)−∥L2(Qext) + ∥S1{f≤κ}∥L2(Qext)

)
where e = min((τ+ − τ−)

1/2, R
−1/2
v (Rx − rx)

1/2, Rv − rv).

• (local Poincaré-Wirtinger’s inequality) For any radius R > 1 and η ∈ (0, 1) and
Tmid ∈ (−1− 2η2,−1− η2), let Qmid = (Tmid, 0]×B8R×B2R and Q− = Qη(−1− η2, 0, 0)
and Q+ = Q1. For any z0, ρ such that z0 ◦ σρ(Qmid) ⊂ Ω and any κ ∈ R, the function
g = (f − κ)−

(
ρ−1(z−1

0 ◦ z)
)
satisfies,∥∥∥(g − ⟨g⟩Q− + ω(R)
)
−

∥∥∥
L1(Q+)

≤ CkDG−
(
∥∇vg∥L1(Qmid) + ∥S∥L∞(Qmid)

)
where ⟨g⟩Q− = Γ ∗kin

(
g1Q−∩Qmid

)
and ω(R) → 0 as R→ ∞.
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Remark 40 (Universal constants). We recall again that a constant is called universal if it only
depends on the constant appearing in the definition of the De Giorgi’s classes kDG±.

By definition, this class is invariant under scaling and left composition with any z0 ∈ R1+2d.

Lemma 4.7.1 (Invariance by scaling and translation of the De Giorgi’s class). If u ∈ kDG−(Ω, S)
and Qr(z0) ⊂ Ω and r ∈ (0, 1), then the function v = λu(σr−1(z−1

0 ◦ z)) lies in kDG−(Q1,S)
with S(z) = λ

r2
S(σr−1(z−1

0 ◦ z)).

We will prove in the next subsection that weak super-solutions of kinetic Fokker-Planck
equations are in the kinetic De Giorgi’s class kDG–.

Proposition 4.7.2 (Weak super-solutions are in kDG–). Let f be a weak super-solution of
(∂t + v · ∇x)f = divv(A∇vf) + B · ∇vf + S in Ω with S ∈ L∞(Ω) and A ∈ E(λ,Λ) and
∥B∥L∞(Ω) ≤ Λ. Then f ∈ kDG−(Ω, S).

4.7.2 Weak super-solutions are in the kinetic De Giorgi’s class kDG–

Because we alreay derived local energy estimates for super-solutions (see Proposition 4.4.2) that
provides the local gradient estimate (through a mean in time, see the proof of Proposition 3.3.2
from Chapter 3), and that we can deduce the gain of integrability (Proposition 4.6.2) from them,
the proof of Proposition 4.7.2 reduces to establishing the weak Poincaré-Wirtinger’s inequality
for weak super-solutions. Let us state it.

Proposition 4.7.3 (Weak Poincaré-Wirtinger’s inequality for weak super-solutions). Let Tmid ∈
(−1−22η,−1−η2) and Qmid = (Tmid, 0]×B8R×B2R and Q− = Qη(−1−η2, 0, 0) and Q+ = Q1.
Let f be a weak super-solution of (∂t + v · ∇x)f ≥ divv(A∇vf) + B · ∇vf + S in Qmid with
S ∈ L∞(Qmid). Then∥∥∥(f − ⟨f⟩Q− + ω(R)

)
−

∥∥∥
L1(Q+)

≤ CkDG−
(
∥∇vf∥L1(Qmid) + ∥S∥L∞(Qmid)

)
where ⟨f⟩Q− = Γ ∗kin

(
f1Q−∩Qmid

)
and ω(R) = CR−2 for some constant C only depending on

dimension d.

The proof of the weak Poincaré-Wirtinger’s inequality starts with establishing a local estimate
by using the representation of weak sub-solutions.

Lemma 4.7.4 (A local estimate). Let Ψ: R1+2d → [0, 1] be C∞, supported in Qmid and iden-
tically equal to 1 in Q+. Let f ∈ L2(Qmid) such that ∇vf ∈ L2(Qmid) and (∂t + v · ∇x)f ≥
divv(A∇vf) +B · ∇vf + S in D′(Qmid). Then

∥(f − f̄)−∥L1(Q+) ≤ C

(
∥∇vf∥L1(Qmid) + ∥S∥L1(Qmid)

)
where C = C(d,Λ) and

f̄ = Γ ∗kin (fKΨ).

Proof. We first use the representation of sub-solutions (Proposition 4.5.1 applied to −floc) in
order to get that

floc = fΨ = (Γ(x) + Γ(v)) ∗kin Sloc + Γ ∗kin (Sloc +mloc)
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with {
Sloc = Ψ(A− I)∇vf,

Sloc = (BΨ− (A+ I)∇vΨ) · ∇vf + SΨ+ fKΨ.

We then consider g = floc − f̄ with f̄ = Γ ∗kin (fKΨ) and define

S̄loc = (BΨ− (A+ I)∇vΨ) · ∇vf + SΨ.

Then
−g ≤ (Γ(x) + Γ(v)) ∗kin (−Sloc) + Γ ∗kin (−Sloc).

In particular,
g− = max(0,−g) ≤ |(Γ(x) + Γ(v)) ∗kin Sloc|+ |Γ ∗kin Sloc|.

We now repeat the reasoning from the proof of Lemma 4.5.3. Thanks to Young’s inequal-
ity (Lemma 4.2.8) and the integrability properties of the functions Γ,Γ(x),Γ(v) established in
Proposition 4.3.1-(iii), we deduce that for all T > 0,

Γ ∗kin S̄loc and (Γ(x) + Γ(v)) ∗kin Sloc are in L1((−T, T )× R2d).

Moreover, there exists Cd only depending on dimension such that,

∥g−∥L1(Q+) ≤ Cd

(
∥Sloc∥L1(R1+2d) + ∥S̄loc∥L1(R1+2d)

)
.

The constant Cd only depends on dimension because it is related to Lebesgue norms of Γ on a
time interval that is related Q+ and Qmid, both contained in (−1, 0]. We conclude by using the
formulas for Sloc and S̄loc.

The next step in the derivation of the weak Poincaré-Wirtinger’s inequality from Propo-
sition 4.7.3 is to construct a cut-off function whose free transport part is non-negative, and
bounded from below by 1 in the past. Here is a precise statement. Recall that Tmid =
−1− 2η2

2 + e with e = δ1η2
2/2.

Lemma 4.7.5 (Cut-off function). Given δ1, η2 ∈ (0, 1), there exists a C∞ function Ψ1 : [Tmid, 0]×
R2d that is supported in [Tmid, 0] × B8 × B2, identically equal to 1 in Q+, and such that
(∂t + v · ∇x)Ψ1 ≥ 0 and (∂t + v · ∇x)Ψ1 ≥ 1 in [Tmid,−1− η2

2]×B1 ×B1.

Proof. Consider Ψ1(t, x, v) = φ1(t)φ2(x− tv)φ3(v) for C
∞ functions φi valued in [0, 1] and such

that

• φ1(Tmid) = 0, φ′
1 ≥ 0 in [Tmid, 0], φ

′
1 = 1 in [Tmid,−1− η2

2] and φ1 ≡ 1 in [−1, 0];

• φ2 is supported in B4 and equal to 1 in B3;

• φ3 is supported in B2 and equal to 1 in B1.

Let us check that the conditions are satisfied. As far as the free transport is concerned, we
remark that (∂t + v · ∇x)(φ2(x− tv)) = 0 and get,

(∂t + v · ∇x)Ψ1(t, x, v) = φ′
1(t)φ2(x− tv)φ3(v).

In particular, for (t, x, v) ∈ [Tmid,−1− η2
2]×B1 ×B1, we have |x− tv| ≤ 2 and

(∂t + v · ∇x)Ψ1(t, x, v) = φ′
1(t) ≥ 1.

Moreover, for v ∈ B2 and t ∈ [Tmid, 0] and |x| ≥ 8, we have |x−tv| ≥ 4 so that φ2(x−tv) = 0.
This implies that Ψ1 is supported in [Tmid, 0] × B8 × B2. To finish with, when (t, x, v) ∈ Q+,
we have |x− tv| ≤ 3 and we conclude that Ψ1(t, x, v) = 1.

92



4.7 The De Giorgi’s class kDG– & the intermediate value principle

We can now study the local mean f̄ associated with this test function Ψ1, after rescaling it.

Lemma 4.7.6 (Control of the local mean). Let f : Qext → [0, 1] and Ψ1 be the cut-off function
from Lemma 4.7.5. There exist R > 1 and θ ∈ (0, 1), only depending on d, η2, δ1, δ2, such that
the local mean

f̄ = Γ ∗kin (fKΨ) with Ψ(t, x, v) = Ψ1(t, x/R, v/R)

satisfies,

f̄ ≥ Γ ∗kin
(
f1Q−∩Qmid

)
− CR−2

for some constant C only depending on the dimension.

Proof. We remark that the scaling implies that for all (t, x, v) ∈ (Tmid,−1− η2
2)×B8R ×B2R,

(∂t + v · ∇x)Ψ(t, x, v) ≥ 1 and ∆vΨ(t, x, v) = R−2∆vΨ1(t, x/R, v/R).

We split f̄ into two pieces: f̄ = f̄(1) + f̄(2) with

f̄(1) = Γ ∗kin (f(∂t + v · ∇x)Ψ) and f̄(2) = −Γ ∗kin (f∆vΨ).

We first estimate f̄(1)(z) from below for z = (t, x, v) ∈ Q+ = Q1. In order to do so, we first
remark that for ζ = (s, y, w) ∈ Q− ∩Qmid ⊂ (−2,−1]×B1 ×B1, we have

|t− s| < 3, |x− y − (t− s)w| ≤ 5, |v − w| ≤ 2.

This means that ζ−1 ◦ z ∈ (−2, 2)×B5 ×B2.

Keeping this remark in mind and using (4.8), we write,

f̄(1)(z) =

ˆ
Γ(ζ−1 ◦ z)f(ζ)(∂t + v · ∇x)Ψ(ζ) dζ.

Remark that the three terms in the product forming the integrand are non-negative,

f̄(1)(z) ≥
ˆ
Q−∩Qmid

Γ(ζ−1 ◦ z)f(ζ) dζ.

We now turn our attention to f̄(2). Since we have ∆vΨ(t, x, v) = R−2∆vΨ1(t, x/R, v/R) and
f ∈ [0, 1] in Qext and Ψ is supported in Qext, we can write

|f̄(2)| ≤
∥∆vΨ1∥∞

R2
(Γ ∗kin 1Qext) ≤

∥∆vΨ1∥∞
R2

(
Γ ∗kin 1{−1−2η22≤t≤0}

)
≤ 3∥∆vΨ1∥∞

R2
.

We used that 1 + 2η22 ≤ 3 and the fact that for t fixed, Γ(t, ·, ·) has mass 1 to get the last
inequality.

Then the weak Poincaré-Wirtinger’s inequality follows from the combination of the three
previous lemmas.

Proof of Proposition 4.7.2. Combine Lemmas 4.7.4, 4.7.5 and 4.7.6.
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t

Qext

Q+

Q−

(x, v)

Figure 4.1: Geometric setting of the intermediate value principle.

4.7.3 The intermediate value principle

Proposition 4.7.7 (Intermediate value principle). Given δ1, δ2, η2 ∈ (0, 1), there exist R > 2
and θ, δ1,2, ε0,2 ∈ (0, 1), only depending on d, λ,Λ, δ1, δ2, η2, such that for Qext = (−1− 2η22, 0]×
B8R × B2R and Q− = Qη2(−1 − η2

2, 0, 0) and Q+ = Q1, for any f ∈ kDG−(Qext, S) with
∥S∥L∞(Qext) ≤ ε0,2, if

|{f ≥ 1} ∩Q−| ≥ δ1|Q−| and |{f ≤ θ} ∩Q+| ≥ δ2|Q+|,

then |{θ < f < 1} ∩Qext| ≥ δ1,2|Qext|.

Proof. We choose Tmid = −1 − 2η2
2 + e with e = δ1η2

2/2. The proof proceed in three short
steps.

Cropping the cylinder Q−. We start with proving that the cropped cylinder Q− ∩ Qmid

satisfies

|{f ≥ 1} ∩Q− ∩Qmid| ≥
δ1
2
|Q−|. (4.8)

Recall that e = δ1η2
2/2 and Tmid = −1− 2η2

2 + e and that we have by assumption that

ˆ −1−η22

−1−2η22
|{f(t) ≥ 1} ∩Bη23 ×Bη2 |dt ≥ δ1|Q−|.

This implies that

|{f ≥ 1}∩Q−∩Qmid| =
ˆ −1−η22

−1−2η22+e
|{f(t) ≥ 1}∩Bη23×Bη2 | dt ≥ δ1|Q−|−eη2−2|Q−| =

δ1
2
|Q−|.

Lower bound on the local mean if f ∈ [0, 1]. We next assume that f takes values in [0, 1]
(recall that it is only assumed to be non-negative). We claim that, if |{f = 1} ∩Q−| ≥ δ1|Q−|,
then there exists θ > 0 and R > 1 such that the local mean appearing in the definition 16 of
the kinetic De Giorgi’s class kDG−(Qext, S) satisfies,

⟨f⟩Q− − ω(R) ≥
√
θ in Q+. (4.9)
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Indeed, we can use the definition of kDG−(Qext, S) and estimate the local mean ⟨f⟩Q− as follows,

⟨f⟩Q− =

ˆ
Q−∩Qmid

Γ(ζ−1 ◦ z)f(ζ) dζ

≥
(

inf
(0,2)×B5×B2

Γ

)
|{f = 1} ∩Q− ∩Qmid|

≥ C̄d
δ1
2
|Q−|

≥ C̄d
δ1
2
η2

4d+2|Q1|

with C̄d = inf(0,2)×B5×B2
Γ. We now choose R > 1 such that

ω(R) ≤ C̄d
δ1
4
η2

4d+2|Q1|

and we obtain the claim by choosing
√
θ = C̄d

δ1
4 η2

4d+2|Q1|.

Reaching the conclusion when f ∈ [0, 1]. We combine the local estimate from Lemma 4.7.4
with the lower bound on the local mean from (4.9) in order to write,

(
√
θ − θ)δ2|Q+| ≤ (

√
θ − θ)|{f ≤ θ} ∩Q+|

≤ ∥(
√
θ − f)+∥L1(Q+)

≤ ∥(f̄ − f)+∥L1(Q+)

≤ C

(
∥∇vf∥L1(Qmid) + ∥S∥L1(Qmid)

)
.

We now make appear the intermediate value set. We use that f ∈ [0, 1] and ∇vf = 0 in {f = 1}
(see Proposition 2.2.4) in order to write

∇vf = 1{θ<f<1}∇v(f − 1)− +∇v(f − θ)−.

This decomposition leads to the following estimate,

∥∇vf∥L1(Qmid) ≤|{θ < f < 1} ∩Qmid|
1
2 ∥∇v(f − 1)−∥L2(Qmid) + |Qmid|

1
2 ∥∇v(f − θ)−∥L2(Qmid)

we use now the local energy estimate for f from Qmid to Qext,

≤CkDG− |{θ < f < 1} ∩Qext|
1
2
(
e−1∥(f − 1)−∥L2(Qext) + ∥S∥L2(Qext)

)
+ CkDG−

(
e−1∥(f − θ)−∥L2(Qext) + ∥S∥L2(Qext)

)
≤(1 + e−1)CkDG− |Qext|

1
2 |{θ < f < 1} ∩Qext|

1
2 + CkDG−(|Qext|

1
2 θ + ε0,2)

where we recall that we chose e = δ1η2
2/2.

We now combine the consequence of the local estimate with the estimate of the gradient and
we get,(√

θ − θ
)
δ2|Q+| ≤ (1 + e−1)CkDG− |Qext|

1
2 |{θ < f < 1} ∩Qext|

1
2 + CkDG−(|Qext|

1
2 θ + ε0,2).

We now pick θ and ε0,2 such that

CkDG−(|Qext|
1
2 θ + ε0,2) ≤

1

2

(√
θ − θ

)
δ2|Q+|
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and we get the result with δ1,2 =
(
√
θ−θ)δ2

2(1+e−1)CkDG− |Qext|
1
2
.

Removing the upper bound condition on f . If now f takes values larger than 1, we
replace it with f̃ = min(f, 1) = 1 − (1 − f)+. Thanks to Lemma 4.5.5, we know that it is a
super-solution of (∂t + v · ∇x)f ≥ divv(A∇vf) + B · ∇vf + S̃ in D′(Qext) with S̃ = S1{f̃=1}.

Since their intermediate value and sub-level sets coincide and {f̃ = 1} = {f ≥ 1}, the previous
conclusion for f̃ implies the conclusion from the statement for f .

4.8 Expansion of positivity and improvement of oscillation

4.8.1 Expansion of positivity

In this subsection, we prove that if {f ≥ 1} is of positive measure in the cylinder Qpos lying
in the past, a pointwise lower bound is generated in the future (in Q1), see Figure 4.2. The

t

Qexp

Q1

Qpos

(x, v)

Figure 4.2: Geometric setting of the expansion of positivity.

parameter η0 ∈ (0, 1) is useful when proving weak Harnack’s inequality. We will use η0 = 1/2
and η0 = 1/

√
m where m is an integer related to the covering argument, see Theorem 4.9.3 and

Proposition 4.9.4. In order to get De Giorgi & Nash’s theorem, η0 = 1/2 is enough.

Proposition 4.8.1 (Expansion of positivity). Let η0 ∈ (0, 1). There exist constants ℓ0, ε0 ∈
(0, 1) and R > 1, depending on d, λ,Λ and η0, such that for all f ∈ kDG−(Qexp, S) with
S ∈ L∞(Qexp) such that ∥S∥L∞(Qexp) ≤ ε0 and f ≥ 0 a.e. Qexp,

|{f ≥ 1} ∩Qpos| ≥
1

2
|Qpos| ⇒ {f ≥ ℓ0 a.e. in Q1}

where Qpos = Qη0(−1, 0, 0) and Qexp = (−1− η20, 0]×B23R ×B3R.

Proof. The proof consists in applying Corollary 4.6.4 to the function f after scaling it. The
intermediate value principle from Proposition 4.7.7 ensures that one of the scaling functions
fk = θ−kf necessarily satisfies the assumption of the corollary.

Geometric setting. Because we want to get the lower bound on Q1, we need to get an
information in measure from Proposition 4.7.7 in a cylinder Qη1 slightly bigger than Q1. In
order to do so, we first produce a time lap between Q1 and Qpos (changing the latter in Qcrop

pos ),
to the cost of a factor 2 on the lower bound on the measure of the super-level set of f . Then we
adjust the scaling factor η1 in the intermediate value principle so that, after scaling, we recover
the geometric setting of the expansion of positivity: Q− coincides with Qcrop

pos .
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Qexp Qη1
(Q+ after scaling)

Qcrop
pos (Q− after scaling)

Figure 4.3: Geometric setting: from expansion of positivity to intermediate values.

We now make this precise. We first pick η1 ∈ (0, η0), only depending on η0, such that
|Qη0 | − |Qη1 | = 1

4 |Qη0 |. Such a choice ensures that

|{f ≥ 1} ∩Qcrop
pos | ≥

1

4
|Qcrop

pos | (4.10)

with Qcrop
pos = Qη1(−1− η20 + η21, 0, 0).

Then we consider η2 such that the scaling of Q− from the intermediate value principle (Propo-
sition 4.7.7) coincides with Qcrop

pos .

1 + η20 = 2η21 +
η21
η22

⇔ η2 =
η1√

1 + η20 − η21
.

The scaling factor η1/η2 is less than
√
2, then Qexp contains Qext after scaling. In particular,

2
√
2 ≤ 3 and 8

√
2
3 ≤ 23.

We next consider f̃k(z) = fk((η1/η2)z) = θ−kf((η1/η2)z) where rz = σr(z) is the kinetic
scaling, see page 66. We still have to fix the scaling parameter θ ∈ (0, 1). Now f̃k can be
studied in the geometric setting of the intermediate value principle (see Proposition 4.7.7).

Parameters from the local maximum and intermediate value principles. We have
to fix a parameter ε0 measuring the size of source terms in such a way that all scaled functions
fk are in a kinetic De Giorgi’s class with a source term Sk = θ−kS satisfying Conditions from
Corollary 4.6.4 and Proposition 4.7.7. In order to do so, we first get ε1 from Corollary 4.6.4
with R = 1, r = η2/η1 < 1. Then we get δ1,2 from Proposition 4.7.7 for δ1 = 1

4 and δ2 =
ε1. We consider next the largest integer N ≥ 1 such that Nδ1,2 ≤ 1. We finally take ε0 =
θN+1min(ε0,1, ε0,2).

Finite iteration. We remark that for all k ∈ {1, . . . , N + 1}, we have

|{f̃k ≥ 1} ∩Q−| ≥ |{f̃ > 1} ∩Q−| ≥
1

4
|Q−|

because f̃k ≥ f̃1 and (4.10) corresponds to the previous estimate with k = 1.

Moreover, we consider the set E ⊂ {1, . . . , N + 1} of integers k such that |{f̃k ≤ θ} ∩Q1| ≥
ε1|Q1|. For those k’s, the intermediate value principle implies that |{θ < f̃k < 1} ∩ Qext| ≥
δ1,2|Qext|. This means that |{θk+1 < f̃ < θk} ∩ Qext| ≥ δ1,2|Qext|. The sets {θk+1 < f̃ <
θk} ∩Qext are disjoint in Qext and we conclude that

|Qext| ≥
∑
k∈E

|{θk+1 < f̃ < θk} ∩Qext| ≥ (#E)δ1,2|Qext|.

In particular, (#E)δ1,2 ≤ 1 and this implies that #E ≤ N .
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Conclusion. We thus proved that there exists k0 ∈ {1, . . . , N + 1} \ E. This means that
|{f̃k0 ≤ θ} ∩Q1| < ε1|Q1| or equivalently,

|{f̃k0+1 > 1} ∩Q1| > (1− ε1)|Q1|.

The upside down maximum principle from Corollary 4.6.4 with R = 1 and r = η2/η1 then
implies that f̃k0+1 ≥ 1

2 almost everywhere in Qr, that is to say f ≥ 1
2θ
k0+1 in Q1. We thus get

the desired estimate with ℓ0 =
1
2θ
N+1.

4.8.2 Improvement of oscillation

An easy consequence from the progation of positivity is the improvement of oscillation and, in
turn, De Giorgi & Nash’s theorem.

Proposition 4.8.2 (Improvement of oscillation). Let ε0 be given by Proposition 4.8.1 about
expansion of positivity. There exists a universal constant µ ∈ (0, 1) such that for all f ∈
kDG+(Q2, S) ∩ kDG−(Q2, S) with S ∈ L∞(Q2) with ∥S∥L∞(Q2) ≤ ε̄0 and u ∈ L∞(Q2),

oscQ2 f ≤ 2 ⇒ oscQω f ≤ 2µ.

Proof. We first embed Qexp from Proposition 4.8.1 into a large kinetic cylinder. Since η0 ∈ (0, 1)
and R > 2, we see that Qexp ⊂ Q6R. Then we consider for z ∈ Q6R,

f̃(z) = f((3R)−1z)− ess-infQ2 f.

The function f̃ takes values in [0, 2] and the corresponding source term S̃ is such that

∥S̃∥L∞(Q6R) ≤ ε0.

We distinguish two cases.

• If |{f̃ ≥ 1} ∩ Qpos| ≥ 1
2 |Qpos|, then expansion of positivity from Proposition 4.8.1 yields

that f̃ ≥ ℓ0 a.e. in Q1.

• If |{f̃ ≥ 1} ∩Qpos| < 1
2 |Qpos|, then we consider g = 2− f̃ and we have |{g ≤ 1} ∩Qpos| <

1
2 |Qpos| or equivalently, |{g > 1} ∩ Qpos| > 1

2 |Qpos|. In particular, |{g ≥ 1} ∩ Qpos| ≥
1
2 |Qpos|. Then expansion of positivity from Proposition 4.8.1 yields that g ≥ ℓ0 a.e. in
Q1, or equivalently f ≤ 2− ℓ0 a.e. in Q1.

In both cases, we obtain that oscQ1 f̃ ≤ 2 − ℓ0, that is to say oscQω f ≤ 2 − ℓ0 with ω =
(6R)−1.

4.8.3 Proof of the kinetic De Giorgi & Nash’s theorem

Proof of Theorem 4.4.1 (De Giorgi & Nash’s theorem). The theorem is a consequence of the
local maximum principle (Proposition 4.6.3) and of the improvement of oscillation (Proposi-
tion 4.8.2). The local maximum principle applied to f and −f with z0 = 0 and r = 3

4 and
R = 1 implies that

sup
Q 3

4

|f | ≤ CLMP

(
4ω0∥f∥L2(Q1) + ∥f∥L∞(Q1)

)
. (4.11)
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As far as the Hölder semi-norm is concerned, we prove that there exists α ∈ (0, 1] and C0 ≥ 1
(both universal) such that for all z0 ∈ Q 1

2
, and all r > 0,

oscQr(z0)∩Q 1
2

f ≤ C0

(
∥f∥L∞(Q 3

4
) + ∥f∥L∞(Q1)

)
rα.

This implies that [f ]Cα
par(Q 1

2
) ≤ C0

(
∥f∥L∞(Q 3

4
) + ∥S∥L∞(Q1)

)
(see Proposition 4.2.6).

We thus consider an arbitrary point z0 ∈ Q 1
2
. We infer from (4.11) that f ∈ L∞(Q 1

4
(z0)). In

order to invoke the improvement of the oscillation of f (Proposition 4.8.2), we introduce

f̃(z) =
f(z0 ◦ 8−1z)

∥f∥L∞(Q 3
4
) + ε̄−1

0 ∥S∥L∞(Q1)

.

Then ∥f̃∥L∞(Q2) ≤ 1 and the source term S̃(z) = ε̄08
−2 S(z0◦8−1z)

∥S∥L∞(Q1)
satisfies ∥S̃∥L∞(Q2) ≤ ε0. We

thus get from Proposition 4.8.2 that oscQω f̃ ≤ 2µ. We now scale recursively the function f̃ and
consider,

∀z ∈ Q2, f̃k(z) = µ−kf̃((ω/2)kz)

whose source term S̃k(z) = (ω2/(4µ))kS̃((ω/2)kz). We remark that ∥S̃k∥L∞(Q1) ≤ ∥S̃∥L∞(Q1) ≤
ε̄0 if we assume (without loss of generality) that µ ≥ ω2/4. We conclude that oscQ2 f̃k ≤ 2 for
all k ≥ 1. This translates into,

oscQrk
f̃ ≤ 2µk = 21−αrαk with rk = 2

ωk

2k
and (ω/2)α = µ.

Now for r ∈ (0, 2], there exists k ≥ 0 such that rk+1 ≤ r ≤ rk. This implies that

oscQr f̃ ≤ oscQrk
f̃ ≤ 21−αrαk = 2rαk+1 ≤ 2rα.

In terms of the function f , this implies that for all r ∈ (0, 2],

oscQ r
8
(z0) f ≤ 8α2

(
∥f∥L∞(Q 3

4
) + ε̄−1

0 ∥S∥L∞(Q1)

)
(r/8)α.

Since for s ≥ 1
4 , we have

oscQs(z0)∩Q 1
2

f ≤ 2∥f∥L∞(Q 3
4
)(4s)

α,

we conclude that

[f ]Cα
par(Q 1

2
) ≤ 24α+1

(
∥f∥L∞(Q 3

4
) + ε̄−1

0 ∥S∥L∞(Q1)

)
.

4.9 (Weak) Harnack’s inequality

In this section, we show that elements of the kinetic De Giorgi’s class kDG− satisfies a weak
Harnack’s inequality. We state it at unit scale. We already saw when deriving the expansion of
positivity that it is necessary to have some room in (x, v) around the unit cylinder if the time
interval is constrained to be (−1, 0]. This impacts the geometric setting of the weak Harnack’s
inequality as well.
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4 Kinetic Fokker-Planck equations

Theorem 4.9.1 (Weak Harnack’s inequality). There exists two universal constants R0 > 1
and ω ∈ (0, 1) and two positive universal constants Cwhi and p such that for Qwhi = (−1, 0] ×
BR0 × BR0 and Qpast = Qω(−1 + ω2, 0, 0) and Qfuture = Qω, and f ∈ kDG−(Qwhi, S) with
S ∈ L∞(Qwhi) and f ≥ 0 a.e. in Qwhi, we have

∥f∥Lp(Qpast) ≤ Cwhi

(
inf

Qfuture

f + ∥S∥L∞(Qwhi)

)
.

Remark 41. We let ∥f∥Lp(Qpast) denotes
(´

Qpast
fp
)1/p

even if p could be smaller than 1.

It is then possible to combine the weak Harnack’s inequality with the local maximum principle
in order to get Harnack’s inequality for solutions of kinetic Fokker-Planck equations.

Theorem 4.9.2 (Harnack’s inequality). There exists two universal constants R0 > 1 and
ω ∈ (0, 1) and a positive constant CH such that for Qharn = (−1, 0] × BR0 × BR0 and Q∗

past =
Qω/2(−1 + ω2, 0, 0) and Qfuture = Qω, and f ∈ kDG−(Qharn, S) ∩ kDG+(Qharn, S) with S ∈
L∞(Qharn) and f ≥ 0 a.e. in Qharn, we have

sup
Q∗

past

f ≤ CH

(
inf

Qfuture

f + ∥S∥L∞(Qharn)

)
.

Proof. Apply first Proposition 4.6.5 between Q∗
past and Qpast (from the statement of the weak

Harnack’s inequality). Then combine the estimate with the one given by Theorem 2.5.2.

Remark 42. The fact that Qpast is replaced with Q∗
past in the statement of Harnack’s inequality

is irrelevant since infQfuture
f ≤ infQ∗

future
f with Q∗

future = Qω/2.

4.9.1 Generating and propagating a lower bound

The proof combines the expansion of positivity from Proposition 4.8.1 with a covering argument.
We aim at estimating ∥f∥Lp(Qpast) by the infimum of f in Qfuture. By linearity, we can reduce to
infQfuture

f ≤ 1. Establishing the estimate amounts to proving that there exists ε > 0 (universal)
such that for all t ≥ 1,

|{f > t} ∩Qpast| ≤ Ct−ε.

A further reduction is to prove that there exists M > 1 and µ ∈ (0, 1) such that for all integers
k ≥ 1, we have

|{f > Mk} ∩Qpast| ≤ C(1− µ)k.

In order to prove this, we consider Uk+1 = {f > Mk+1} ∩ Qpast and we want to prove that
|Uk+1| ≤ (1−µ)|Uk|. In order to prove this inequality, we cover the set Uk+1 with small cylinders
Q where we have a lower bound on f in measure. By using the expansion of positivity once,
we generate a lower bound on a cylinder in the future, with a larger radius. Then by applying
iteratively this expansion of positivity, we propagate this lower bound in the future, till the
final time. Since we know that f takes values smaller than 1 in Qfuture, this gives us some
information on the radius of the initial cylinder Q.
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4.9 (Weak) Harnack’s inequality

4.9.2 The Ink spots theorem in the kinetic geometric setting

We first review the covering result that we will be using in the derivation of the weak Harnack’s
inequality.
In order to state the covering result that we need in order to establish the weak Harnack’s

inequality, we need to introduce the notion of stacked cylinders. Given an integer m ≥ 1 and a
cylinder Q = Qr(z0), the stacked cylinder Q̄m equals {(t, x, v) : 0 < t− t0 < mr2, |x− x0 − (t−
t0)v0| < (m+ 2)r3, |v − v0| < r}.

Theorem 4.9.3 (Leaking ink spots in the wind). Let E and F be two bounded measurable sets
of R1+2d such that E ⊂ F ∩ Q1. We assume that there exist two constants r0 ∈ (0, 1) and an
integer m ≥ 1 such that for any cylinder Q = Qr(z0) ⊂ Q1 such that |Q ∩ E| > 1

2 |Q|, we have
Q̄m ⊂ F and r < r0. Then |E| ≤ m+1

m (1 − c)
(
|F ∩Q1|+ Cmr20

)
. The constant c ∈ (0, 1) and

C > 1 only depend on dimension d.

The proof of this theorem is an easy adaptation of the parabolic one. We postpone it until
Section 4.10.

4.9.3 Expansion of positivity for stacked cylinders and for large times

In this subsection, we derive the two results that will allow us to use the covering argument from
Theorem 4.9.3. There are two assumptions on cylinders intersecting E in a good proportion:
after stacking them, they should lie in F , and their radius should be under control.

• On the one hand, we check that if we choose η depending on the integer m (from the
statement of Theorem 4.9.3) then Proposition 4.8.1 yields a lower bound in the stacked
cylinder Q̄m1 from an information in measure in Q1.

• On the other hand, we apply iteratively Proposition 4.8.1 with η = 1/2 in order to estimate
how the lower bound that is generated for small times deteriorates for large ones.

Expansion of positivity for a staked cylinder. We first scale and translate in time the result
from Proposition 4.8.1 in order to get a statement with Qpos replaced with Q1. We notice that
the stacked cylinder Q̄m1 equals (0,m]×Bm+2 ×B1.

Proposition 4.9.4 (Expansion of positivity for a stacked cylinder). Let m ≥ 1 be an integer
and let Rm > 1 be given by Proposition 4.8.1 for η = 1/

√
m. Let Qstack = (−1,m]×B23m3Rm

×
B3mRm.
There exists a constant M > 1, depending on d, λ,Λ and m, such that, if f ∈ kDG−(Qstack, 0)

and f ≥ 0 a.e. Qstack, then,

|{f ≥M} ∩Q1| ≥
1

2
|Q1| ⇒ {f ≥ 1 a.e. in Q̄m1 }.

Iteratively stacked cylinders. We are going to apply iteratively Proposition 4.8.1 to control
the lower bound generated after applying it once. We need to make sure that the iterated
cylinders do not exhibit the domain in (x, v) and that their union captures the cylinder Qfuture,
see Figure 4.4. Recall that Qpast = Qω(−1 + ω2, 0, 0) and Qfuture = Qω.

Lemma 4.9.5 (Iteratively stacked cylinders). Let ω ∈ (0, 10−2). Given Q = Qr(z0) ⊂ Qpast, we

define for all k ≥ 1, Tk =
∑k

j=1(2
jr)2 and pick N ≥ 1 the largest integer such that t0+TN ≤ 0.

In particular 2Nr ≤ 1.
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4 Kinetic Fokker-Planck equations

−ω2

t0 + TN

(x, v)

t

Qpast

Qfuture

Q[N ]

Q[N + 1]

Figure 4.4: Stacking iteratively cylinders above an initial one contained in Q−. We see that the
stacked cylinder obtained after N + 1 iterations by doubling the radius leaks out of
the domain. This is the reason why Q[N +1] is chosen in a way that it is contained
in the domain and its “predecessor” is contained in Q[N ]. Notice that the cylinders
Q[k] are in fact slanted since they are not centered at the origin. We also mention
that Q[N +1] is choosen centered if the time t0+TN is too close to the final time 0.

If R denotes |t0 + TN |1/2, we consider RN+1 = max(R, ρ) with ρ = (4ω)1/3 and

∀k ∈ {1, . . . , N}, zk = z0 ◦ (Tk, 0, 0) and zN+1 =

{
zN ◦ (R, 0, 0) if R ≥ ρ,

0 if R < ρ.

We finally define Rk = 2kr for k ∈ {1, . . . , N} and Q[k] = QRk
(zk) for k ∈ {1, . . . , N + 1}.

These cylinders Q[k] are such that

Q[k] ⊂ (−1, 0]×B2 ×B2 and Q[N + 1] ⊃ Qfuture and Q[N ] ⊃ Q̃[N ]

where Q̃[N ] = QRN+1
2

(zN+1 ◦ (−R2
N+1, 0, 0)).

Proof. We first check that the sequence of cylinders is well defined for ω < 10−2. Since r ≤ ω,
we have t0 + T1 ≤ −1 + ω2 + 4r2 < 0. Let N ≥ 1 be the largest integer such that t0 + TN < 0.

We check next that Qfuture ⊂ Q[N + 1].
If R < ρ, then Q[N + 1] = Qρ and we simply remark that ω ≤ ρ = (4ω)1/3 to conclude.
In the other case, that is to say when R ≥ ρ, we have Q[N + 1] = QR(zN+1) with zN+1 =

zN ◦ (R, 0, 0) = (t0 + TN + R2, x0, v0) = (0, x0, v0). In particular, z−1
N+1 = (0,−x0,−v0) with

z0 = (t0, x0, v0) ∈ Qpast = Qω(−1 + ω2, 0, 0). We have to check that Qω(z
−1
N+1) ⊂ QR. In this

case, for z = (t, x, v) ∈ Qω,

z−1
N+1 ◦ z = (t,−x0 + x− tv0, v − v0) ∈ QR

if ω2 ≤ R2 and if ω3+ω3+ω3 ≤ R3 and if 2ω ≤ R. This is true as soon as 4ω ≤ R3, that holds
true because we are dealing with the case ρ ≤ R.

Let us now check that for all k ∈ {1, . . . , N + 1}, Q[k] ⊂ (−1, 0]×B2 ×B2.
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4.9 (Weak) Harnack’s inequality

As far as Q[N+1] is concerned, we use the fact that R = |t0+TN |
1
2 ≤ 1 and ρ = (4ω)

1
3 ≤ 1 to

get RN+1 ≤ 1. Moreover zN+1 ∈ Q1 (because it is obtained by translating in time z0 ∈ Qpast)
and thus Q[N + 1] ⊂ (−1, 0]×B2 ×B2.

We remark (2Nr)2 ≤ TN ≤ −t0 ≤ 1. If z̄k = (tk, xk, vk) ∈ Q[k] for k ≤ N then there
exists (t, x, v) ∈ Q1 such that z̄k = z0 ◦ (Tk, 0, 0) ◦ ((2kr)2t, (2kr)3x, 2krv). This implies that
xk = x0 + Tkv0 + (2kr)2tv0 + (2kr)3x and vk = v0 + 2krv and since z0 ∈ Qpast,

|xk| ≤ |x0|+ |v0|+ |v0|+ |x| ≤ ω3 + 2ω + 1 ≤ 2 and |vk| ≤ ω + 1 ≤ 2.

In particular Q[k] ⊂ (−1, 0]×B2 ×B2.

We are left with proving that Q̃[N ] ⊂ Q[N ].

If R ≥ ρ, then Q̃N = QR/2(zN+1) and zN+1 = (0, x0 − R1/2v0, v0). We remark that R/2 ≤
2Nr ≤ 1 (since TN+1 > 0). In particular |xN+1| ≤ ω3 +R1/2ω ≤ ω3 +

√
2ω ≤ 1 and |vN+1| ≤ 1

and Q̃N ⊂ Q1(zN+1) ⊂ (−1, 0]×B2 ×B2.

Let us deal with the case R ≤ ρ. In view of the definitions of these cylinders, this is equivalent
to

Qρ/2(z̄) ⊂ Q2Nr with z̄ = (−TN , 0, 0) ◦ z−1
0 ◦ (−ρ2, 0, 0).

In order to prove this inclusion, we first estimate 2Nr from below. Since t0 + TN+1 > 0
and −t0 ≥ 1 − ω2, we have TN+1 = (4/3)(4N+1 − 1)r2 ≥ 1 − ω2 and in particular 4Nr2 ≥
(3/16)(1− ω2) ≥ 1/8 (since ω2 ≤ 10−4 ≤ 2/3). We conclude that

2Nr ≥ 1/(2
√
2). (4.12)

With such a lower bound in hand, we now compute z̄ = (R2− ρ2,−x0+(t0+ ρ
2)v0,−v0) and

get for z ∈ Qρ/2,

z̄ ◦ z = (R2 − ρ2 + t,−x0 + (t0 + ρ2)v0 + x− tv0, v − v0) ∈ Q2ρ.

Indeed, recalling that ρ3 = 4ω = 0, 04, we have −2ρ2 < R2 − ρ2 + t ≤ 0 and | − x0 + (t0 + ρ2 −
t)v0 + x| ≤ ω3 + 3ω + (ρ/2)3 ≤ (2ρ)3 and |v − v0| ≤ (ρ/2) + ω ≤ 2ρ.

4.9.4 Iterated expansion of positivity

Proposition 4.9.6 (Iterated expansion of positivity). Let R1/2 be the universal constant given
by Proposition 4.8.1 with η0 = 1/2 and let R0 ≥ R1/2 and Qwhi = (−1, 0]× BR0 × BR0. There
exists a universal constant γ0 > 0 such that for all f ∈ kDG−(Qwhi, 0), all A > 0 and all
cylinder Qr(z0) ⊂ Qpast,

|{f > A} ∩Qr(z0)| >
1

2
|Qr(z0)| ⇒

{
f ≥ A(r/2)γ0 a.e. in Qfuture

}
.

Proof. We first apply Proposition 4.8.1 to the function g = f/A after scaling it. This implies
that g ≥ Aℓ0 in Q[1]. We then apply it iteratively and get g ≥ Aℓk0 in Q[k] for all k ∈ {1, . . . , N}.
In particular, g ≥ AℓN0 in Q̃[N ]. This cylinder is the “predecessor” of Q[N + 1] and we thus
finally get g ≥ AℓN+1

0 in Q[N +1]. Becauce Q[N +1] contains Qfuture, we finally get g ≥ AℓN+1
0

in Qfuture. Now we remember that 2Nr ≤ 1 (see Lemma 4.9.5). We pick γ0 such that ℓ0 = 2−γ0

and we write ℓN+1
0 =

(
2−(N+1)

)γ0 ≥ (r/2)γ0 .
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Proof of Theorem 4.9.1 (weak Harnack’s inequality). The proof proceeds in several steps.

Reduction. We first reduce to the case S = 0 by considering f̃ = f + ∥S∥L∞(Qwhi)(t+ 1).

Second, we reduce to the case infQfuture
f ≤ 1 by considering f̃ = f/max(1, infQfuture

f).
Indeed, f ≤ f̃ ≤ f + ∥S∥L∞(Qwhi) and it is in kDG−(Qwhi, 0).

Parameters. We now aim at proving that there exist two universal constants p > 0 and
C > 0 such that ∥f∥Lp(Qpast) ≤ Cwhi. This is equivalent to prove that there exists three universal

constants M > 1 and µ̃ ∈ (0, 1) and C̃ > 1 such that

∀k ≥ 1, |{f > Mk} ∩Qpast| ≤ C̃(1− µ̃)k.

For k = 1, we simply pick µ̃ ≤ 1/2 and C̃ ≥ 2|Qpast|. We then argue by induction. We are going
to apply Theorem 4.9.3 (about covering with ink spots) for some integer m ≥ 1 large enough so
that m+1

m (1− c) < 1− c/2. The parameter m only depends on c = c(d), it is therefore universal.
We are going to use Proposition 4.9.4 (propagation of positivity for stacked cylinders) with

m universal as above. Then we obtain another universal parameter Rm from Proposition 4.8.1,
see the statement of Proposition 4.9.4. We will also use Proposition 4.9.6 (iterated expansion
of positivity) from which we get yet another universal parameter R1/2. Now we choose R0 =
max(R1/2, 23m

3Rm).

The coverging argument. We are going to apply the ink spots theorem to the sets E0 =
{f > Mk+1} ∩ Qpast and F0 = {f > Mk} ∩ Qwhi after tranforming Qpast into Q1. We thus
consider a cylinder Q ⊂ Qpast such that |E0 ∩ Q| > 1

2 |Q|. We have to check that the stacked
cylinder Q̄m is a subset of F0 and that the radius of Q is controlled by some constant rk.
We start with checking that Q̄m ⊂ F0 for Q such that |E0 ∩Q| > 1

2 |Q|, that is to say

|{f > Mk+1} ∩Q| > 1

2
|Q|.

We recall that σr denotes the scaling operator. If Q = Qr(z0), we consider for z ∈ Q1 the scaled
function g(z) =M−kf(σr(z0◦z)), so that |{g > M}∩Q1| > 1

2 |Q1|.We have g ∈ kDG−(Qstack, 0).
We deduce from Proposition 4.9.4 that g ≥ 1 a.e. in Q̄m1 . This means that f ≥Mk a.e. in Q̄m.
We thus proved that Q̄m ⊂ F0.
We now estimate r from above for Q = Qr(z0) ⊂ Qpast such that |{f > Mk+1} ∩Q| > 1

2 |Q|.
Proposition 4.9.6 implies that f ≥Mk+1(r/2)γ0 in Qfuture. This implies that Mk+1(r/2)γ0 ≤ 1

that is to say r ≤ 2M
− k+1

γ0 =: rk.

Conclusion. Now Theorem 4.9.3 implies that

|{f > Mk+1} ∩Qpast| ≤ (1− c/2)
(
|{f > Mk} ∩Qpast|+ Cm4M

−2 k+1
γ0

)
.

We use the induction assumption and get

|{f > Mk+1} ∩Qpast| ≤ (1− c/2)
(
C̃(1− µ̃)k + Cm4M

−2 k+1
γ0

)
.

Recall that M > 1 and γ0 > 0 are universal. We now choose µ̃ so that (1 − µ̃) ≥ M−2/γ0 and
(1− µ̃)2 ≥ 1− c/2. We get

|{f > Mk+1} ∩Qpast| ≤ (1− µ̃)2
(
C̃(1− µ̃)k + Cm4(1− µ̃)k+1

)
≤
(
(1− µ̃)C̃ + 4Cm

)
(1− µ̃)k+1.

We thus pick C̃ such that (1− µ̃)C̃ + 4Cm ≤ C̃ that is to say C̃ ≥ 4Cmµ̃−1.
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4.10 Proof of the ink spots theorem

This section is devoted to the proof of the ink spots theorem for kinetic cylinders. The proof
follows very closely the one presented for parabolic cylinders. Still, we repeat every reasoning
for the reader’s convenience, and to allow them to read both chapters independently.

The assumption of the ink spots theorem asserts that the set E can be covered by cylinders
and if more than half the cylinder lies in E, then the corresponding stacked cylinder Q̄m is
contained in F . The conclusion asserts that the volume of E is bounded from above (up to
some multiplicative constant) by the volume of F . In order to relate these two volumes, it is
necessary to extract from the original covering another one made of disjoint cylinders, and to
make sure that we do not lose too much by doing so. This is made possible thanks to a kinetic
variation of Vitali’s lemma with Euclidian balls.

4.10.1 A kinetic Vitali’s covering lemma

As explained in the previous paragraph, Vitali’s lemma asserts that a countable disjoint family
of cylinders can be extracted from any covering of a set. We make sure that we do not lose too
much by doing so is by imposing that the whole set is recovered if the radii of cylinders of the
sub-covering are multiplied by 5.

For an arbitrary cylinder Q ⊂ R1+2d, if Q = Qr(z0) with z0 = (t0, x0, v0), then 5Q denotes
Q5r(t0 + 12r2, x0, v0). It is necessary to update the top of the cylinder in order to extract a
disjoint sub-cover, see in particular Lemma 4.10.2.

Lemma 4.10.1 (Vitali). Let {Qj}j∈J be a family of kinetic cylinders whose radii rj satisfy
supj∈J rj < +∞. There exists a countable sub-family {Qji}i∈N of disjoint cylinders such that

∪j∈JQj ⊂ ∪i∈N5Qji .

In order to prove this lemma, we first deal with two overlaping cylinders.

Lemma 4.10.2 (Overlaping kinetic cylinders). Let Qi = Qri(zi) for i = 1, 2 such that Q1∩Q2 ̸=
∅ and r2 ≤ 2r1. Then Q2 ⊂ 5Q1.

Proof. We first reduce to the case z1 = 0 by translating both cylinders. By assumption, there
exists z1,2 ∈ Q1 ∩Q2. This means that there exist t1,2 ∈ (−r21, 0] and x1,2 ∈ Br31 and v1,2 ∈ Br1
such that

t2 − r22 ≤ t1,2 ≤ t2 and |x1,2 − x2 − (t1,2 − t2)v2| < r32 and |v1,2 − v2| < r2.

The fact that Q2 ⊂ 5Q1 is equivalent to the following condition

−13r21 < t2 − r22 ≤ t2 ≤ 12r21 and |x2|+ r22|v2|+ r32 ≤ (5r1)
3 and |v2|+ r2 < 5r1.

We check these inequalities one after the other. First, t2 ≥ t1,2 > −r21 ≥ r22 − 13r21. Second,
t2 ≤ t1,2 + r22 ≤ r22 ≤ 4r21. Third, |v2| ≤ |v1,2|+ |v1,2 − v2| < r1 + r2 ≤ 3r1. This implies directly
the last inequality and it also allows us to justify the third one because we also have:

|x2| < |x1,2|+ |t1,2 − t2||v2|+ r32 ≤ r32 + r22r2 + r32 = 3r32.

These estimates for x2 and v2 imply that |x2|+ r22|v2|+ r32 ≤ (5r1)
3 ≤ 5r32 ≤ 25r32.
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The proof of Vitali’s lemma is copied/pasted from the previous chapter but we include it here
for the reader’s convenience.

Proof of Lemma 4.10.1 (Vitali). Let R = supj∈J rj where rj denotes the radius of the kinetic
cylinder Qj . Let F denote the family of cylinders {Qj}j∈J and consider for all n ≥ 1 the
sub-family,

Fn =

{
Qj : j ∈ J,

R

2n
< rj ≤

R

2n−1

}
.

We now construct families Gn by induction as follows: let G1 be any maximal disjoint sub-family
of F1. Such a sub-family exists because of Zorn’s lemma from set theory. If now n ≥ 1 and
G1, . . . ,Gn are already constructed, then Gn+1 is a maximal sub-family of

{Qj ∈ Fn+1 : Qj ∩Ql = ∅ for all Ql ∈ G1 ∪ · · · ∪ Gn} .

Roughly speaking, we add cylinders with smaller and smaller radii by making sure that they
do not intersect the ones we already collected. We finally consider

G = ∪∞
n=1Gn.

We now verify that this sub-family satisfies the conclusion of the lemma. We consider the
sequence of cylinders Qji for i = 1, . . . , n such that G = {Qji}i∈N. Then for Qj ∈ F , there exists
n ≥ 1 such that Qj ∈ Fn. Assume first that n ≥ 1. By maximality of F1, there exists Ql ∈ F1

such that Qj ∩Ql ̸= ∅. Assume now that n ≥ 2. Because Gn is maximal, there exists Ql ∈ Gm
with m ∈ {1, . . . , n− 1} such that Qj ∩Ql ̸= ∅. By definition of Fn and Gm, we have rj ≤ R

2n−1

and rl ≥ R
2m with either m = n = 1 or 1 ≤ m ≤ n − 1. In both cases, rj ≤ 2rl. Lemma 4.10.2

then implies that Qj ⊂ 5Ql.

4.10.2 Lebesgue’s differentiation theorem with kinetic cylinders

We now turn to Lebesgue’s differentiation theorem in the kinetic geometry. Because we have
Vitali’s lemma, proofs are exactly the same as in the parabolic chapter. Only notation slightly
changes.

Theorem 4.10.3 (Lebesgue’s differentiation). Let f ∈ L1(R1+2d). Then for a.e. z ∈ R1+2d,

lim
r→0+

 
Qr(z)

|f − f(z)| = 0

where
ffl
Q g = 1

|Q|
´
Q g for any cylinder Q ⊂ R1+2d and g ∈ L1(Q).

The proof of this theorem relies on a functional inequality involving the maximal function.
For g ∈ L1(R1+2d), it is defined by,

Mg(t, x) = sup
Q∋(t,x)

 
Q
|g|.

Lemma 4.10.4 (The maximal inequality). For all κ > 0,

|{Mg > κ} ∩ R1+2d| ≤ C

κ
∥g∥L1

for some constant C only depending on dimension.
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Proof. For every z ∈ R1+2d such that Mg(t, x) > κ, there exists a cylinder Q containing z such
that ˆ

Q
|g| ≥ κ

2
|Q|.

This means that the set {Mg > κ}∩R1+2d is covered with cylinders {Qj} satisfying the previous
inequality. We know from Vitali’s lemma 4.10.1 that there exists a finite sub-family {Qji}i∈N
such that

{Mg > κ} ⊂ ∪i∈NQji .

With such a covering in hand, we can estimate the L1-norm of g as follows:
ˆ
R1+2d

|g| ≥
∑
i∈N

ˆ
Qji

|g|

≥ κ

2

∑
i∈N

|Qji |

=
κ

51+2d2

∑
i∈N

|5Qji |

≥ κ

51+2d2
|{Mg > κ}|.

We thus get the maximal inequality with C = 51+2d2.

Proof of Theorem 4.10.3 (Lebesgue’s differentiation). Let fn be continuous on R1+2d and such
that

∥fn − f∥L1 ≤ 1

2n
.

We can also assume that fn → u almost everywhere in R1+2d [8, Theorem 4.9]. Let N0 denote
the negligible set outside which pointwise convergence holds. The maximal inequality from
Lemma 4.10.4 tells us that,

|{M(fn − f) > κ}| ≤ C

κ
2−n.

This is implies that the non-negative function
∑

n∈N 1{M(fn−f)>κ} is integrable over R1+2d

(Borel-Cantelli). It is thus finite outside of a neglible set N1 ⊂ R1+2d. This implies that there
exists nκ ∈ N such that for all n ≥ nκ,

M(fn − f) ≤ κ outside N1.

For all i ∈ N , we now we pick κ = 1/i and construct an increasing sequence ni such that

M(fni − f) ≤ 1

i
outside N1.

With such a sequence of functions in hand, we can write for z ∈ R1+2d \ (N0 ∪N1) and i ∈ N,
 
Qr(z)

|f − f(z)| ≤
 
Qr(z)

|f − fni |+
 
Qr(z)

|fni − fni(z)|+ |fni(z)− f(z)|.

In the right hand side, the first term in bounded from above by 1/i because z /∈ N1 and the
third term goes to 0 as i → ∞ because z /∈ N0. As far as the second term is concerned, the
continuity of fni implies that it converges to 0 too as i→ ∞. We thus proved that the left hand
side tends to 0 as i→ ∞.
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4 Kinetic Fokker-Planck equations

4.10.3 Proof of the ink spots theorem

We continue following the reasoning from the parabolic chapter. The first step of the proof of
Theorem 4.9.3 is to address the case where the two sets E and F are contained in the cylinder
Q1 and in which there is no time delay (no stacked cylinder). Again, the proof of this lemma
is copied/pasted from the parabolic chapter but parabolic cylinders are replaced with kinetic
cylinders.

Lemma 4.10.5 (Crawling ink spots). Let E ⊂ F ⊂ Q1 be measurable sets of R1+2d. We
assume that |E| ≤ 1

2 |Q1| and that for any cylinder Q = Qr(z0) ⊂ Q1 such that |Q ∩E| > 1
2 |Q|,

we have Q ⊂ F . Then |E| ≤ (1− c)|F |. The constant c ∈ (0, 1) only depends on dimension d.

Remark 43 (The factor 1/2). The factor 1
2 in both assumptions can be replaced with an arbitrary

parameter µ ∈ (0, 1). In this case, the conclusion is |E| ≤ (1 − cµ)|F | for some c ∈ (0, 1) only
depending on dimension.

Proof. By applying Lebesgue’s differentiation theorem 4.10.3 to the indicator function 1E , we
know that for a.e. x ∈ E, there exists a cylinder Qx such that |E ∩ Qx| ≥ (1 − ι)|Qx|. Let us
now choose a maximal cylinder Qxmax ⊂ Q1 satisfying |E ∩Qx| ≥ (1− ι)|Qx|. It is of the form
Qxmax = Qr̄(t̄, x̄). By assumption, we know that Qxmax ̸= Q1 and Qxmax ⊂ F .

We now claim that |E ∩Qxmax| = 1
2 |Q

x
max|. If the claim does not hold, then Qxmax ̸= Q1 and

there would be a cylinder Qx and a δ > 0 such that Qxmax ⊂ Qx ⊂ (1 + δ)Qxmax with Qx ⊂ Q1

and |E ∩Qx| > 1
2 |Q

x|, contradicting the maximality of Qxmax.
The set E is covered by cylinders Qxmax. By Vitali’s lemma 4.10.1, there exists a countable

subcollection of nonoverlapping cylinders Qj = Qrj (zj), j ≥ 1, such that E ⊂ ∪∞
j=15Q

j . Since

Qj ⊂ F and |Qj ∩ E| = 1
2 |Q

j |, this implies that |Qj ∩ (F \ E)| = 1
2 |Q

j |.

|F \ E| ≥
∞∑
j=1

|Qj ∩ (F \ E)| = 1

2

∞∑
j=1

|Qj | = 1

2
5−1−d

∞∑
j=1

ι|5Qj | ≥ 1

2
5−1−d|E|.

We conclude that |F | ≥ (1 + 5−1−d2−1)|E|, from which we get |E| ≤ (1 − c)|F | with c =
5−1−d2−2.

We need two preparatory lemmas beforing proving the ink spot theorem with time delay
(wind) and/or leakage. The first one was proved in the parabolic chapter and it concerns the
measure of a union of time intervals (ak−hk, ak] compared to the measure of the union of their
stacked versions (ak, ak +mhk).

Lemma 4.10.6 (Sequence of time intervals). For all k ≥ 1, let ak ∈ R and hk > 0. Then,∣∣∣∣∣⋃
k

(ak, ak +mhk)

∣∣∣∣∣ ≥ m

m+ 1

∣∣∣∣∣⋃
k

(ak − hk, ak]

∣∣∣∣∣ .
We can now use this lemma about sequences of intervals to deal with sequence of stacked

kinetic cylinders. The proof of this lemma has to be adapted to take into account the x variable.
Here, there is a substantial difference with the parabolic proof.

Lemma 4.10.7 (Overlaping stacked kinetic cylinders). Let {Qj} be a family of kinetic cylinders
and let Q̄mj be the corresponding stacked cylinders as defined on page 101. We have,∣∣∣∣∣∣

⋃
j

Q̄mj

∣∣∣∣∣∣ ≥ m

m+ 1

∣∣∣∣∣∣
⋃
j

Qj

∣∣∣∣∣∣ .
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4.10 Proof of the ink spots theorem

Proof. We use Fubini’s theorem in order to write,∣∣∣∣∣∣
⋃
j

Q̄mj

∣∣∣∣∣∣ =
ˆ
Rd

∣∣∣∣∣∣
(t, x) ∈ R1+d : (t, x, v) ∈

⋃
j

Q̄mj


∣∣∣∣∣∣ dv.

We are thus left with proving that for v fixed,∣∣∣∣∣∣
(t, x) ∈ R1+d : (t, x, v) ∈

⋃
j

Q̄mj


∣∣∣∣∣∣ ≥ m

m+ 1

∣∣∣∣∣∣
(t, x) ∈ R1+d : (t, x, v) ∈

⋃
j

Qj


∣∣∣∣∣∣ .

Let rj > 0 and zj = (tj , xj , vj) ∈ R1+2d be such that Qj = Qrj (zj). If |v − vj | < rj , then{
(t, x) ∈ R1+d : (t, x, v) ∈ Q̄mj

}
=
{
(t, x) ∈ R1+d : 0 < t− tj < mr2j , |x− xj − (t− tj)vj | < (m+ 2)r3j

}
.

If |v− vj | ≥ rj , then the set in the left hand side is empty. In the other case, |(t− tj)(vj − v)| <
mr3j . In particular, the right hand side contains the set{

(t, x) ∈ R1+d : 0 < t− tj < mr2j , |x− xj − (t− tj)v| < 2r3j

}
.

Because v is fixed, we can make the change of variables (t, x) 7→ (t, x+ tv). It has Jacobian 1.
Let zj = xj − tjv. We thus have,∣∣∣∣∣∣

(t, x) ∈ R1+d : (t, x, v) ∈
⋃
j

Q̄mj


∣∣∣∣∣∣ ≥

∣∣∣∣∣∣
⋃

j:|vj−v|<rj

(tj , tj +mr2j )×B2r3j

∣∣∣∣∣∣ .
We use Fubini’s theorem again,∣∣∣∣∣∣

(t, x) ∈ R1+d : (t, x, v) ∈
⋃
j

Q̄mj


∣∣∣∣∣∣ ≥

ˆ
Rd

∣∣∣∣∣∣∣
⋃

j:|vj−v|<rj ,|z−zj |<r3j

(tj , tj +mr2j )

∣∣∣∣∣∣∣ dz.
We now use Lemma 4.10.6 and the change of variables (t, z) 7→ (t, z − tv) (of Jacobian 1) in
order to get,∣∣∣∣∣∣
(t, x) ∈ R1+d : (t, x, v) ∈

⋃
j

Q̄mj


∣∣∣∣∣∣ ≥ m

m+ 1

ˆ
Rd

∣∣∣∣∣∣∣
⋃

j:|vj−v|<rj ,|z−zj |<2r3j

(tj − r2j , tj)

∣∣∣∣∣∣∣ dz
≥ m

m+ 1

ˆ
Rd

∣∣∣∣∣∣∣
⋃

j:|vj−v|<rj ,|x−xi−(t−tj)v|<2r3j

(tj − r2j , tj)

∣∣∣∣∣∣∣ dz
≥ m

m+ 1

ˆ
Rd

∣∣∣∣∣∣∣
⋃

j:|vj−v|<rj ,|x−xi−(t−tj)vj |<r3j

(tj − r2j , tj ]

∣∣∣∣∣∣∣ dz
where we used in the last line again that |(t− tj)(v − vj)| < r3j . We now recognize in the right
hand side the desired lower bound.
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4 Kinetic Fokker-Planck equations

Our next task is to get the ink spot theorem in the case where E and F are contained in the
cylinder Q1. In other words, we postpone the treatment of cylinders leaking out of Q1. Once
again, no change for this proof compared to the parabolic setting.

Theorem 4.10.8 (Ink spots in the wind). Let E ⊂ F ⊂ Q1 be measurable sets of R1+2d. We
assume that |E| ≤ 1

2 |Q1| and that there exists an integer m ≥ 1 such that for any cylinder
Q = Qr(z0) ⊂ Q1 such that |Q∩E| > 1

2 |Q|, we have Q̄m ⊂ F . Then |E| ≤ (1− c)m+1
m |F |. The

constant c ∈ (0, 1) only depends on dimension d.

Proof. We consider the family Q of kinetic cylinders Q contained in Q1 such that |Q∩E| > 1
2 |Q|.

We let G denote their union: G =
⋃
Q∈QQ. We know from Lemma 4.10.5 (crawling ink spots)

that E ≤ (1−c)|G|. Moreover, the assumption of the theorem implies that F contains the union
of the corresponding stacked cylinders: F ⊃

⋃
Q∈Q Q̄

m. Using Lemma 4.10.7 about overlaping
stacked cylinders, we obtain the following chain of inequalities,

|F | ≥

∣∣∣∣∣∣
⋃
Q∈Q

Q̄m

∣∣∣∣∣∣ ≥ m

m+ 1

∣∣∣∣∣∣
⋃
Q∈Q

Q

∣∣∣∣∣∣ = m

m+ 1
|G| ≥ m

(m+ 1)(1− c)
|E|.

We finally prove the covering result that was used in the derivation of the weak Harnack’s
inequality. The parabolic proof is slightly changed because kinetic cylinders can leak out not
only on the top (times after t = 0) but also in the spatial variable (x outside B1).

Proof of Theorem 4.9.3. The assumption of the theorem implies that |E| ≤ 1
2 |Q1|. Indeed, if

this does not true, then 1 ≤ r0, contradicting the fact that r0 ∈ (0, 1).
We consider again the family Q of kinetic cylinders Q contained in Q1 such that |Q ∩ E| >

1
2 |Q|. We let F̄ denote the union of the corresponding stacked cylinders: F̄ =

⋃
Q∈Q Q̄

m.
Theorem 4.10.8 implies that

|E| ≤ m+ 1

m
(1− c)|F̄ | = m+ 1

m
(1− c)

[
|F̄ ∩Q1|+ |F̄ \Q1|

]
.

Moreover, the assumptions of Theorem 4.9.3 imply that F̄ ⊂ F .
We are thus left we estimating |F̄ \ Q1|. We first remark that because |E| < 1

2 |Q1|, the
conclusion of the theorem is trivial if mr20 ≥ 1 (take C = 1

2). We now assume that mr20 ≤ 1.
We claim that for all Q ∈ Q, we have Q̄m ⊂ (−1,mr20] × B1+mr20

× B1. Indeed, Q = Qr(z0)

for some z0 ∈ Q1 and r < r0 and Q̄m = {(t, x, v) : t0 < t < t0 +mr2, |x − x0 − (t − t0)v0| <
(m + 2)r3, |v − v0| < r}. For (t, x, v) ∈ Q̄m, we have t < mr20 because t0 ≤ 0. We also have
|x| ≤ |x0|+ |t− t0||v0| ≤ 1 +mr20.
We thus proved that for all Q ∈ Q,

Q̄m \Q1 ⊂ (0,mr20)×B1 ×B1 ∪ (−1,mr20)× (B1+mr20
\B1)×B1.

This implies that

F̄ \Q1 ⊂ (0,mr20)×B1 ×B1 ∪ (−1,mr20)× (B1+mr20
\B1)×B1.

We deduce from this inclusion that

|F̄ \Q1| ≤ |B1|2mr20 + 2
[
(1 +mr20)

d − 1
]
|B1|2

≤ (1 + 2d2d−1)|B1|2mr20.
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4.11 Transfer of regularity & regularity of sub-solutions

In turn, this leads to,

|E| ≤ m+ 1

m
(1− c)

[
|F ∩Q1|+ Cmr20

]
with C = (1 + d2d)|B1|2m.

4.11 Transfer of regularity & regularity of sub-solutions

The main goal of this section is to study the regularity with respect to the spatial variable of
sub-solutions of kinetic Fokker-Planck equations. This spatial regularity is obtained from the
natural energy estimates for sub-solutions. Indeed, these estimates ensure that sub-solutions are
H1 in the variable v. The free transport operator transfers this regularity in v into regularity
in x.

4.11.1 Regularity of the fundamental solution of the Kolmogorov equation

In order to state a regularity property of the fundamental solution of the Kolmogorov equation,
we first give the definition of the fractional Laplacian. This singular integral operator is helpful
when measuring the regularity of fractional order of a function.

The fractional Laplace operator can be easily defined via Fourier transform, but it also has a
singular integral representation. We will use the latter definition.

Let α ∈ (0, 1). For f ∈ C2(Rd) and f bounded in Rd, the fractional Laplacian of f is defined
by the following singular integral,

(−∆)
α
2 f(x) = PV cd,α

ˆ
Rd

(f(x)− f(y))
dy

|y − x|d+α
,

it is understood in the principal value sense [61],

= lim
ε→0

cd,α

ˆ
|y−x|>ε

(f(x)− f(y))
dy

|y − x|d+α
.

The normalization constant cd,α only depends on dimension and α.
Here are some classical properties of the fractional Laplacian that we will use when studying

the integrability and the regularity of the fundamental solution of the Kolmogorov equation.

Proposition 4.11.1 (Fractional Laplacian). Let α ∈ (0, 1) and p ∈ [1, 2).

• For R > 0, if fR(x) = f(Rx), then

(−∆)
α
2 (fR)(x) = Rα(−∆)

α
2 (f)(Rx).

• There exist a constant Cα,p > 1, only depending on s, p and dimension d, such that the
norm and the semi-norm,

∥f∥Wα,p(Rd) := ∥f∥Lp(Rd) + ∥(−∆)
α
2 f∥Lp(Rd)

∥f∥Ẇα,p(Rd) :=

(¨
Rd×Rd

|f(x)− f(y)|p

|x− y|d+αp
dx dy

) 1
p

satisfy ∥f∥Ẇα,p(Rd) ≤ Cα,p∥f∥Wα,p(Rd).
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4 Kinetic Fokker-Planck equations

We are now ready to state the regularity properties of Γ.

Proposition 4.11.2 (Additional property of the fundamental solution). Let Γ be the funda-
mental solution of the Kolmogorov equation.
For all T > 0 and ε ∈ (0, 13), we have (−∆x)

ε
2Γ ∈ Lpε((0, T )×R2d) for pε ∈ [1, 1+ 2−3ε

4d+3ε) and

in L1+ 2−3ε
4d+3ε

,∞((0, T ) × R2d). The functions (−∆x)
ε
2Γ(x), (−∆x)

ε
2Γ(v) are in Lqε((0, T ) × R2d)

for qε ∈ [1, 1 + 1−3ε
4d+1+3ε) and in L1+ 1−3ε

4d+1+3ε
,weak((0, T )× R2d).

Proof. Thanks to the properties of the fractional Laplacian recalled in Proposition 4.11.1, we
know that

(−∆)
ε
2
xΓ(t, x, v) =

1

t2d+
3ε
2

[
(−∆)

ε
2
xΓ1

]( x

t
3
2

,
v

t
1
2

)
,

(−∆)
ε
2
xΓ

(x)(t, x, v) =
1

t2d+
1+3ε

2

[
(−∆)

ε
2
xΓ1

]( x

t
3
2

,
v

t
1
2

)
,

(−∆)
ε
2
xΓ

(v)(t, x, v) =
1

t2d+
1+3ε

2

[
(−∆)

ε
2
xΓ1

]( x

t
3
2

,
v

t
1
2

)
.

We now compute,

1 + 2d

2d+ 3ε
2

= 1 +
2− 3ε

4d+ 3ε
and

1 + 2d

2d+ 1+3ε
2

= 1 +
1− 3ε

4d+ 1 + 3ε
.

The conclusion follows from Lemma 4.3.2.

4.11.2 Regularity in the space variable of sub-solutions

In the next proposition, we obtain the regularity in the x variable of (f−κ)+, and more generally
of sub-solutions. Given a cylinder Q = QR(z0) with z0 = (t0, x0, v0), we define,

∥g∥Lp
t,vẆ

α,p
x (Q)

:=

(¨
(t0−R2,t0]×BR(v0)

{¨
Q(t,v)×Q(t,v)

|f(t, x, v)− f(t, y, v)|p

|x− y|d+αp
dx dy

}
dtdv

) 1
p

with Q(t,v) = {x ∈ Rd : (t, x, v) ∈ Q} = BR3(x0 + (t− t0)v0).

Proposition 4.11.3 (x-regularity of sub-solutions). Let f be a weak sub-solution of (∂t + v ·
∇x)f = divv(A∇vf) +B · ∇vf + S in Ω with A ∈ E(λ,Λ) and B ∈ L∞(Ω) and S ∈ L2(Ω). For
all ε ∈ (0, 13) and pε ∈ (1, 1 + 2−3ε

4d+3ε), all QR(z0) ⊂ Ω with R < 1 and r ∈ (0, R) and µκ+ ∈ R,

∥f∥Lpε
t,vẆ

ε,pε
x (Qr(z0))

≤Cc(R− r)−1∥∇vf∥L2(QR(z0))

+Cc(R− r)−2∥f∥L2(QR(z0)) + Cc∥S∥L2(QR(z0))

for some Cc that only depends on Λ and d.

Remark 44. For ε ≃ 1
3 , we conclude that (−∆)

(1/3−0)/2
x f ∈ Lpt,x,v with p = 1 + (4d + 1)−1 − 0.

This estimate is a slight improvement of the one obtained by J. Guerand and C. Mouhot in [30].

Remark 45. One could use the Sobolev’s inequality to gain some integrability in x from this
regularity estimate. But they do not provide integrability above L2. More precisely, for all ε
and pε as in the statement, W ε,pε(Rd) does not embed into L2(Rd).
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4.11 Transfer of regularity & regularity of sub-solutions

Proof of Proposition 4.11.3. Let us assume that z0 = 0. Let φloc be given by Lemma 4.5.6. We
use the representation formula from Proposition 4.5.1 in order to get

fφloc = (Γ(x) + Γ(v)) ∗kin Sloc + Γ ∗kin (Sloc −mloc)

with Sloc, Sloc ∈ L2(R1+2d) given by{
Sloc = φloc(A− I)∇vf,

Sloc = (Bφloc −A∇vφloc) · ∇vf + Sφloc + f(∂t + v · ∇x −∆v)φloc

and some measure mloc ∈ M+
1 (R1+2d). In particular, if |D|εx denotes (−∆x)

ε
2 , then we have

from Proposition 4.3.1 that for all ε ∈ (0, 1/3),

|D|εxfφloc = (|D|εxΓ(x) + |D|εxΓ(v))︸ ︷︷ ︸
Lqε

∗kin Sloc︸︷︷︸
L2

+ (|D|εxΓ)︸ ︷︷ ︸
Lpε

∗kin (Sloc −mloc)

with pε ∈ (1, 1 + 2−3ε
4d+3ε) and qε ∈ [1, 1 + 1−3ε

4d+1+3ε).

This implies that the first term is in Lrε(R1+2d) with rε such that 1 + 1
rε

= 1
2 + 1

qε
. If

qε = 1 + 1−3ε
4d+1+3ε , then rε =

4d+2
2d+3ε > 1 + 2−3ε

4d+3ε . We conclude that |D|εxfφloc ∈ Lpε(R1+2d) and

∥(−∆x)
pε
2 fφloc∥Lpε (R1+2d) ≤ C̄ε

(
∥Sloc∥L2(R1+2d) + ∥Sloc∥L2(R1+2d) + ∥mloc∥M1

+(R1+2d)

)
for some constant C̄ε ≥ 1 only depending on dimension d and ε. Moreover, from Lemma 4.5.3,
we have

∥fφloc∥Lpε (R1+2d) ≤ C̃ε

(
∥Sloc∥L2(R1+2d) + ∥Sloc∥L2(R1+2d) + ∥mloc∥M1

+(R1+2d)

)
for some constant C̃ε ≥ 1 only depending on dimension d and ε. Thanks to Proposition 4.11.1,
we conclude that,

∥fφloc∥Lpε
t,vẆ

ε,pε
x (R1+2d) ≤ Cε

(
∥Sloc∥L2(R1+2d) + ∥Sloc∥L2(R1+2d) + ∥mloc∥M1

+(R1+2d)

)
for some Cε ≥ 1 only depending on ε and d.

We now estimate ∥mloc∥M1
+(R1+2d) by simply integrating (4.4) against 1,

∥mloc∥M1
+(R1+2d) ≤ ∥Sloc∥L1(R1+2d) ≤ |QR|

1
2 ∥Sloc∥L2(R1+2d).

We finally obtain

∥fφloc∥Lpε
t,vẆ

ε,pε
x (R1+2d) ≤ Cε(1 + |QR|

1
2 )
(
∥Sloc∥L2(R1+2d) + ∥Sloc∥L2(R1+2d)

)
.

Arguing as in the proof of Proposition 4.5.4, we get estimates for Sloc and Sloc that leads to,

∥f∥Lpε
t,vẆ

ε,pε
x (Qr)

≤Cc(R− r)−1∥∇vf∥L2(QR)

+Cc(R− r)−2∥f∥L2(QR) + ∥S1{f≥κ}∥L2(QR).

In the case where z0 ̸= 0, we applying the previous reasoning to g(z) = f(z0 ◦ z).
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4 Kinetic Fokker-Planck equations

4.12 Bibliographical notes

Kinetic geometry. We explained in the introductory chapter (see page iii) that the regularity
theory for kinetic Fokker-Planck equations took a new direction with the work by E. Lanconelli
and S. Polidoro [47] about ultraparabolic equations. The geometric setting is the one obtained
from Hörmander’s hypoellipticity theory where non-smooth coefficients are considered. Roughly
speaking, the free transport operator equals a finite sum of squares of vector fields In particular,
in the papers mentioned in this chapter, the authors used systematically the geometry associated
with these ultraparabolic equations. Among other things, they introduced functional spaces
respecting this geometry, by studying for instance the Hölder regularity of solutions with respect
to the norm ∥z−1

2 ◦ z1∥∞ (see Lemma 4.2.5). The kinetic distance from Definition 12 was
introduced more recently by L. Silvestre and the author in [38]. Kinetic Hölder spaces where
introduced and used in the context of Schauder estimates. See in particular the definition of
kinetic Hölder spaces in [38, 35].

Kinetic De Giorgi & Nash’s theorem and Harnack inequalities. Theorem 4.4.1 was first
proved by W. Wang and L. Zhang [67]. The strong Harnack inequality was proved in [28]
by a compactness argument (for the intermediate value principle). Then constructive proofs
where given in [29] and [30], by Kruzhkov’s method [44] and through a trajectory argument,
respectively. The result was then extended in various directions, for instance by dealing with
ultraparabolic equations [3].

Weak solutions. Various notions of weak solutions were used in the works mentioned in this
section. In [57, 67], the authors impose that (∂t + v · ∇x)f is square integrable, which is too
strong. In [28], the definition imposes f ∈ L∞

t L
2
x,v because of the natural energy estimates.

In this book, we follow a point of view that aligns with the classical parabolic one [46, 52]
by replacing the condition f ∈ L∞

t L
2
x,v with f square integrable. More recently, P. Auscher,

L. Niebel and the author introduced in [4] an even weaker notion of solutions and showed that
time continuity with values in L2

x,v can be obtained, in the spirit of Lions’s embedding theorem.
It is worth pointing out that the study of weak sub- and super-solutions is out of the scope of
this study. This being said, the section dedicated to the representation of weak sub-solutions
borrows ideas coming from [4]. This is true in particular for the uniqueness proof, even if it
differs from the one contained in this work.

Functional analysis framework and kinetic Poincaré inequalities. In [2], D. Albritton, S. Arm-
strong, J.-C. Mourrat and M. Novack significantly clarified the functional analysis framework
for the study of kinetic (including Fokker-Planck) equations by introducing some kinetic coun-
terpart of the classical Sobolev space H1. They also also establish some functional inequalities,
including some of Poincaré and Hörmander types, and introduce new techniques to establish
them.

Pascucci-Polidoro’s trick. A. Pascucci and S. Polidoro [57] first obtained the local maximum
principle for ultraparabolic equations by a Moser iteration procedure. The gain of integrability
was obtained in three steps: by first deriving local v-gradient estimates à la Caccioppoli; second,
by artificially adding and substracting a Laplacian in v; third, by using the fundamental solution
of the Kolmogorov equation, the diffusion operator with rough coefficients being treated as a
source term. More generally, many of the papers of the Italian school and later of W. Wang
and L. Zhang [67] use this trick. In contrast, averaging lemmas were used in the article by
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F. Golse, C. Mouhot, A. F. Vasseur and the author [28] in order to gain integrability and
establish the intermediate value principle. This latter result is obtained by a compactness
argument. Pascucci-Polidoro’s trick was used by L. Silvestre and the author [37] when deriving
a local Hölder estimate for a class of kinetic equations with integral diffusion.

Weak Poincaré’s inequalities. Weak Poincaré’s inequalities are Poincaré’s inequalities where
the L2-norm of the function (minus its local mean) is replaced with the L2-norm of its positive
part. They are typically satisfied by sub-solutions. They first appeared in [67] where W. Wang
and L. Zhang established Hölder regularity of solutions of so-called ultraparabolic equations.
This class of equations contains in particular kinetic Fokker-Planck equations that are studied
in this chapter. J. Guerand and the author [29] established an inequality directly inspired from
[67], but relating the cylinder Q̄1 from the “past” to the cylinder Q1 in the “future”. At the
same time, J. Guerand and C. Mouhot [30] also established some weak Poincaré’s inequalities
by using the x-regularity of subsolutions and by relating points in the past to point in the future
by trajectories. Their trajectories are piecewise smooth and follow alternatively the vector field
associated with free transport (∂t + v · ∇x) and the one related to ∇v. It relies on the idea
coming from [35] that hypoellipticity with rough coefficients can be recovered by commuting
trajectories rather than vector fields (like in Hörmander’s far reaching hypoelliptic theory). A
key observation where then made by L. Niebel and R. Zacher [56]: it is possible to construct
directly kinetic trajectories, without trying to commute trajectories along vector fields. This
approach reached maturity with the paper [3] by further simplifying the construction from [56]
and by dealing with ultraparabolic equations and integral diffusion. We finally refer the reader
that is interested in this trend of research to the very recent contribution [23].

Gain of integrability. The proof of the gain of integrability (see Proposition 4.5.4) using the
fundamental solution originates from the work A. Pascucci and S. Polidoro [57] and it is also
inspired by the reasoning by J. Guerand and C. Mouhot [30]. In the former work, the authors
use the fundamental solution as a test function in the weak formulation while in the latter one,
the representation of subsolutions contained in Proposition 4.5.1 is used (without proof).

Intermediate value principle. The proof of the intermediate principle from Proposition 4.7.7
relies on ideas from various works. The idea of retrieving to the function f the function f̄ =
Γ ∗kin (fKψ) (where K denotes the Kolmogorov operator) comes from [67], while the control
of the mean slightly departs from this work and follows the reasoning from [29]. In particular,
information from the past is used in [29] while [67] followed the parabolic proof by propagating
for short times some bounds on the super-level set of f (see Lemma 3.4.5 from Chapter 3).

The kinetic ink spots theorem. For general comments about ink-spots covering results, the
reader is referred to the bibliographical section 3.8 of Chapter 3. Theorem 4.9.3 and its proof
are extracted from [37, Corollary 10.2]. They rely on ideas introduced in the parabolic setting
in [36]. This being said, the parabolic proof contained in this book makes use of a Caldéron-
Zygmund decomposition instead of a covering lemma à la Vitali. Such an approach seems
impossible to adapt to the kinetic setting because kinetic cylinders are slanted and overlap in
the spatial variable.

Regularity of subsolutions and transfer of regularity. The last section of this chapter contains
regularity results with respect to the space variable for sub-solutions of kinetic Fokker-Planck
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equations. A similar result where first proved in [28] by using classical transfer of regularity
properties due to F. Bouchut [6]. The use of the fundamental solution was used in [30]. The
reasoning contained in this book is new. In particular, the estimates that are obtained are
sharp in view of the sharpness of Young’s inequality on unimodular groups. Moreover, this
reasoning can be used to prove some sharp results from [6] by changing the diffusion in the
Kolmogorov operator. For instance, [6, Proposition 1.1] can be proved by considering K =

(∂t + v · ∇x) + (−∆v)
1
2 .

Kinetic De Giorgi’s classes. The notion of kinetic De Giorgi’s class (see Definitions 15 and
16) is new. Their definition can be modified in different ways. For instance the perturbed weak
Poincaré-Wirtinger’s inequality from Definition 16 can be proven without an error term ωR and
with ⟨f⟩Q− replaced with

ffl
Q−

f .

Conditional regularity program for Landau. An important motivation for the study of such a
class of equations is the one derived by Lev Landau – see [48]. The Landau equation is nonlinear
and describes the interaction between charged particles in a plasma, see for instance [49, § 4].
It can be written as follows,

∂tf + v · ∇xf = ∇v(Af∇vf − bff)

where Af (v) =
´
Rd f(v − w)a(v − w) dw with aij(z) = |z|γ(δij |z|2 − zizj) for some γ ∈ [−d, 1]

and bf = divv Af . Under some conditions on the following density functions,

ρ(t, x) =

ˆ
Rd

f(t, x, v) dv, E(t, x) =

ˆ
Rd

f(t, x, v)|v|2 dv, H(t, x) =

ˆ
Rd

f ln f(t, x, v) dv,

it has been known for a long time that the matrix Af is uniformly elliptic, see for instance the
article by L. Desvillettes and C. Villani [17] and more recently the contribution by L. Silvestre
[60]. It was conjectured in [28] that, as long as the three previous density functions are “under
control”, solutions of the Landau equation (at least for γ ≥ −2 in dimension 3) remain smooth.
The local Hölder estimate from [28] was the first step in this program. It was completed in [15]
and [32].
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