The Calabi invariant of Hamiltonian diffeomorphisms of
the unit disk

Benoit Joly

Abstract

In this article, we study the Calabi invariant on the unit disk usually defined on
compactly supported Hamiltonian diffeomorphisms of the open disk. In particular we
extend the Calabi invariant to the group of C! diffeomorphisms of the closed disk which
preserves the standard symplectic form. We also compute the Calabi invariant of some
diffeomorphisms of the disk which satisfies some rigidity hypothesis.
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1 Introduction

Let us begin with some basic definitions of symplectic geometry.

Let us consider (M?",w) a symplectic manifold, meaning that M is an even dimen-
sional manifold equipped with a closed non-degenerate differential 2-form w called the
symplectic form. We suppose that mo(M) = 0 and that w is exact, meaning that there
exists a 1-form A, called a Liouville form, which satisfies dA = w.



Let us consider a time-dependent vector field (X;)r defined by the equation:
dHt :w(Xta')¢ (1>

where
H:RxM->R

(t, ) — Hi(z)

is a smooth function one periodic in ¢, meaning that Hy;y1 = Hy for every t € R. The func-
tion H is called a Hamiltonian function. If the vector field (Xy)er is complete, it induces
a family (f¢)wer of diffeomorphisms of M that preserve w, also called symplectomorphisms
or symplectic diffeomorphisms, satisfying the following equation

0
aft(z) = Xi(fe(2)).

In particular the family I = (f;)e[o,1] defines an isotopy from id to fi. The map f1 is
called a Hamiltonian diffeomorphism. It is well known that the set of Hamiltonian diffeo-
morphisms of a symplectic manifold M is a group which we denote Ham(M,w), we refer
to [28] for more details.

Let us consider (M,w) a symplectic manifold which is boundaryless, m2() = 0 and w
is exact. We say that H is a compactly supported Hamiltonian function if there exists a
compact set K < M such that H; vanishes outside K for every t € R. A compactly sup-
ported Hamiltonian function induces a compactly supported Hamiltonian diffeomorphism
f. Such a map is equal to the identity outside a compact subset of M. Let us consider a
compactly supported Hamiltonian diffeomorphism f and A a Liouville form on M. The
form f*X — X is closed because f is symplectic but we have more, It is exact. More pre-
cisely there exists a unique compactly supported function Ay : M — R, also called action
function, such that

dAy = f* A=A

In the literature the Calabi invariant Cal(f) of f is defined as the mean of the function
Ay and we have

cal(f) = | A, 2)
M
where w™ = w A ... Aw is the volume form induced by w, see [28] for more details. We will

prove later that the number Cal(f) does not depend on the choice of \.

Let us give another equivalent definition of the Calabi invariant of a compactly sup-
ported Hamiltonian diffeomorphism f. We note H a compactly supported Hamiltonian
function defining f. The Calabi invariant of f can also be defined as follows:

1
Cal(f) = (n+ 1)J0 jM Hyw"dt. (3)

To prove that § 1 Ayw™ does not depend on the choice of the Liouville form A, one may
use the fact that the action function A satisfies

1

As(z) = J (L(Xs)\ + Hy) o fs(2)ds, (4)
0

where (X )ser is the time dependent vector field induced by H by equation (1) and (fs)ser

is the isotopy induced by the vector field (Xs)ser. Moreover, S(l) §,; Hew"dt does not de-

pend on the compactly supported Hamiltonian function H defining f.



The function Cal defines a real valued morphism on the group of compactly supported

Hamiltonian diffeomorphisms of M and thus it is an invariant of conjugacy. It is an im-
portant tool in the study of difficult problems such as the description of the algebraic
structure of the groups Ham(M,w): A.Banyaga proved in [3] that the kernel of the Calabi
invariant is always simple, which means that it does not contain nontrivial normal sub-
groups.
a In this article, we study the case of the dimension two and more precisely the case of the
closed unit disk which is a surface with boundary. We denote by |[|.|| the usual Euclidian
norm on R?, by I the closed unit disk and by $! its boundary. The group of C'* orientation
preserving diffeomorphisms of I will be denoted by Diff} (D). We consider Diff, (D) the
group of C'' symplectomorphisms of ID which preserve the normalized standard symplectic
form w = Ldu A dv, written in Cartesian coordinates (u,v). In the case of the disk, the
group Diff (D) is contractile, see [20] for a proof, and coincides with the group of Hamil-
tonian diffeomorphisms of ID. Moreover, the 2-form w induces the Lebesgue probability
measure denoted by Leb and the symplectic diffeomorphisms are the C! diffeomorphisms
of D which preserve the Lebesgue measure and the orientation.

Let us begin by the case of the unit open disk D. The open disk is boundaryless hence
we already have two equivalent definitions of the Calabi invariant given by equations 2
and 3 on the set of compactly supported symplectic diffeomorphisms of D. Let us give a
third one. A. Fathi in his thesis [12| gave a dynamical definition which is also described
by J.-M. Gambaudo and E. Ghys in [16]: if we consider an isotopy I = ( ft)iefo,17 from
id to f, there exists an angle function Ang; : D x ]D)\A — R where A is the diagonal of
D x I such that for each (z,y) € D x D\A, 2rAng;(x,y) is the variation of angle of the
vector f;(y) — fi(x) between t = 0 and t = 1. If f is a compactly supported C'* symplectic
diffeomorphism then this angle function is integrable (see section 3) and it holds that

Cal(f) = J]ﬁ)x]f))\A Ang;(x,y)dLeb(x)dLeb(y), (5)

where the integral does not depend on the choice of the isotopy.

In this article we will give an answer to the following question.
Question 1. How to define an extension of the Calabi invariant to the group Diffl (D) ?

M. Hutchings [23] extended the definition given by equation 3 to the C! symplectic
diffeomorphisms which are equal to a rotation near the boundary. In another point of
view, V. Humiliére |22] extended the definition given by equation 3 to certain group of
compactly supported symplectic homeomorphisms of an exact symplectic manifold (M, w)
where a compactly supported symplectic homeomorphism f of M is a C° limit of a se-
quence of Hamiltonian diffeomorphisms of M supported on a common compact subset of
M.

In the case of the open disk, for a compactly supported symplectomorphism f, the
choice of the isotopy class of f is natural but if f is a symplectic diffeomorphism of the
closed disk such that its restriction is not compactly supported then there is no such nat-
ural choice of an isotopy from id to f.

The rotation number is a well-known dynamical tool introduced by Poincaré in [31]
on the group Homeo, ($') of homeomorphisms of $' which preserve the orientation. Let
us consider the set of homeomorphisms g : R — R such that g(x + 1) = g(z), denoted
MO+(S1). One may prove that there exists a unique p € R such that for each z € R
and n € Z we have |§g"(z) — z — np| < 1. The number p = p(g) is called the rotation
number of §. Let us consider g € Homeo ($') and two lifts § and §’ of ¢ in ﬁ(—)r\nzoJr(Sl),
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there exists k € Z such that § = ¢’ + k and so p(g) = p(g’) + k. Consequently we can
define a map p : Homeo, ($1) — T*! such that p(g) = p(§) + Z where § is a lift of g. The
number p(g) is called the rotation number of g. We give further details about the rotation
number in the next section.

We now state the results of this article. The following proposition allows us to consider
a natural choice of an action function of a symplectomorphism of the closed disk.

Proposition 1.1. Let us consider f € Diff (D), Ay : D — R a C' function such that
dAy = f*A=X and pv an f invariant Borel probability measure supported on S'. Then the
number Ssl Ardu does not depend on the choice of 1 and .

The first theorem follows.

Theorem 1.1. For each f € Diffl (D) there exists a unique function Ap D — R such
that dAy = f*X — X and SSI Ardp = 0 where X is a Liouville form and p a f-invariant
probability measure on $'. The application Cal; : Diﬂ"}u(D) — R defined by

Caly (f) = jD A5(2)w(2)

does not depend on the choice of X\ and u. Moreover the map Caly is a homogeneous
quasi-morphism that extends the Calabi invariant.

In another direction, the definition given by the equation 3 and the definition given
by equation 5 are based on isotopies. Then we consider the universal cover If)Tfin(]D)) of
Diff! (D) which is composed of couples f = (f,[I]) where f € Diff} and [I] is an homotopy
class of isotopies from id to f where f € DiffL (D). We will prove that for f € Diff} (D)
and I an isotopy from id to f, the angle function Ang; does not depend on the choice of
I € [I]. Hence, for f = (f,[I]) € Iﬁi}(ﬂ)) we can denote Angf = Ang; for I € [I].
Moreover, for a diffeomorphism f € Diff*(ID) two isotopies I = (f)eefoa) and I' = (f)sefo,1]
from id to f are homotopic if and only if there restriction I|g1 and I’|g: to $! are homo-
topics and so define the same lift % of flg1 to the universal cover ove $'. Hence it is
equivalent to consider ]iffi (D) as the set of couples f = (f, ) where f € Diff'(D) and ¢
a lift of f|g1 to the universal cover of $!.

~ o~
Theorem 1.2. Let us consider an element f of Diff ,(D) and an isotopy I = (ft)sefo,1]

from id to f such that gz~5 is the time one-map of the lift of the isotopy (fils1)iwejo,1]- The
number

~

Gala(f) = | | Avpte plotaty)

defines a morphism Caly : ]if/fi(ﬂ)) — R which induces a morphism Caly : DiffL (D) — T*
defined for every f e Diff (D) by

~

Caly(f) = Caly(f) +Z,
where f s a lift of [ in fﬂﬁ"i}(ﬂ))
Along the same lines, we have the following result:

~ ~1
Theorem 1.3. Let us consider an element (f, ¢) of Diff (D). There exists a Hamiltonian
function (Hy)yeqo,1] such that Hy is equal to 0 on S! for everyt € R which induces an isotopy

(Dt)seq0,1]



form id to f where the lifted isotopy (it)te[o,l] satisfies 51 = qg . The number

Gais1,9) = [ [ Atape)

does not depend on the choice of the Hamiltonian function H. Moreover the map @3 :
~ 1 —~ o~
Diff ,(D) — R is a morphism and induces a morphism Cals : Diff ,(D) — R defined by

Caly(f) = Cals(f, ) + Z.

Remark 1.1. We have the following commutative diagram:

Diff. (D) —~ Diff!, (D)

R i T!

where i € {2, 3}.

The link between these three extensions is given by the following result:

—~ ~ ~ ~ o~
Theorem 1.4. The morphisms Caly and Cals are equal and for f = (f, ¢) € Diff ,(D) we
have the following equality

Caly(f) = Cali (f) + p(6).

Moreover the applications Caly, 6\34/12, Cals, 6\513 and Calz are continuous in the C topol-
0gy.

In the following, 67;12 and @3 will be denoted Cal. Since the morphism Cal and the
quasi-morphism Caly are not trivial we obtain the following corollary about the perfectness

—~1
of the groups Diff (D) and Diff] (D). Recall that a group G is said to be perfect if
it is equal to its commutator subgroup [G,G] which is generated by the commutators
[f,9] = ftg~'fg where f and g are elements of G

—~ 1
Corollary 1.1. The groups Diff (D) and DiffL (D) are not perfect.

The non simplicity of those groups were already known since the group of compactly
supported Hamiltonian diffeomorphisms is a non trivial normal subgroup of Diff}u(D).
The questions of the simplicity and the perfectness of groups of diffeomorphisms and
Hamiltonian diffeomorphism have a long story, especially the case of the group of area-
preserving and compactly supported homeomorphisms of the disk ). The question appears

on McDuff and Salamon’s list of open problems in [28] and we can refer for example to
[3, 6, 10, 11, 27, 26, 29, 30]. Recently D. Cristofaro-Gardiner, V. Humiliére, S. Seyfad-
dini in [9] proved that the connected composant of id in the group of area-preserving

homeomorphisms of the unit disk D is not simple. The proof requires the study of the
Calabi invariant on the group of compactly supported Hamiltonian of D but also strong
arguments of symplectic geometry as Embedded Contact Homology (also called ECH)
developed by M. Hutchings and D. Cristofaro-Gardiner in [9].

To give an illustration of the extension we compute the Calabi invariant Cal; of non
trivial symplectomorphisms in sections 5 and 6. We study the Calabi invariant Caly
of some irrational pseudo rotations. An irrational pseudo-rotation of the disk is an area-
preserving homeomorphism f of D that fixes 0 and that does not possess any other periodic
point. To such a homeomorphism is associated an irrational number @ ¢ Q/Z, called the
rotation number of f that measures the rotation number of every orbit around 0 and



consequently is equal to the rotation number of the restriction of f on $'. We refer to the
next section for more details.

The following results of this paper are well-inspired by M. Hutchings’s recent work.
M. Hutching proved as a corollary in [23] that the Calabi invariant Cals of every C'®
irrational pseudo rotation f of the closed unit disk D such that f is equal to a rotation
near the boundary is equal to the rotation number of f. This means that for an irrational
pseudo rotation f which is equal to a rotation near the boundary, Cal;(f) is equal to 0.
The proof uses strong arguments of symplectic geometry such as the notion of open-books
introduced by Giroux (see 18] for example) and the Embedded Contact Homology. We
want to adopt a more dynamical point of view and we partially answer the following
question:

Question 2. Let f be a C' irrational pseudo rotation of . Is the Calabi invariant
Caly(f) equal to 07

With the continuity of Cal in the C! topology, we can deduce the first result of C''-
rigidity as the following result.

Theorem 1.5. Let f be a C! irrational pseudo rotation of D. If there exists a sequence
(gn)nen in DiffL (D) of C' diffeomorphisms of finite order which converges to f for the C!
topology, then

Caly(f) = 0.

Corollary 1.2. Let f be a C' irrational pseudo rotation of D. If there exists a sequence
(nk)ren such that f™ converges to the identity in the C topology, then we have

Caly(f) = 0.

The morphisms Cal and Cal are not continuous in the C? topology, see proposition
4.3. Nevertheless, by a more precise study of the definition of Cal we obtain a C°-rigidity
result as follows:

Theorem 1.6. Let f be a C! irrational pseudo rotation of D. If there exists a sequence
(nk)ren of integers such that (f™)ren converges to the identity in the C° topology, then
we have

Caly (f) = 0.

There are already general results of CC-rigidity of the pseudo-rotations. Bramham
proved [7] that every C® irrational pseudo-rotation f is the limit, for the C° topology, of
a sequence of periodic C* diffeomorphisms. Bramham [3] also proved that if we consider
an irrational pseudo-rotation f whose rotation number is Super Liouville (we will define
what it means later) then f is C’-rigid. That is, there exists a sequence of iterates f™
that converge to the identity in the C°-topology as nj — 0. Le Calvez |25] proved similar
results for C! irrational pseudo-rotation f whose restriction to $' is C' conjugate to a
rotation.

Then for f a C' pseudo-rotation of the disk D the results of Bramham and Le Calvez
provide a sequence of periodic diffeomorphisms (g, )neny Which converges to f, the diffeo-

morphism g, may not be area-preserving but let us hope to completely answer question
2.

In a last section we give some examples where if the rotation number of a pseudo-
rotation satisfy some algebraic properties, then the hypothesis of Theorem 1.6 and Corol-

lary 1.2 are satisfied.

Organization



We begin to give some additional preliminaries in section 1. In a second section we
give the formal definitions of the Calabi invariant of equations 2, 3 and 5 and their natural
extensions given by Theorems 1.1, 1.2 and 1.3. In section 3 we give the proof the link
betweens these extension given by Theorem 1.4. The last section concerns the results
about the computation of the Calabi invariant of pseudo rotations.

2  Preliminaries

Invariant measures: Let us consider f a homeomorphism of a topological space X. A
Borel probability measure p is f-invariant if for each Borel set A we have

p(fHA) = n(A).

In other terms, the push forward measure f.u is equal to u. We denote by M(f) the
set of f-invariant probability measures on X. It is well-known that the set M(f) is not
empty if X is compact.

For a probability measure p on DD we will note Diffllt (D) the subgroup of Diff} (D) that
is the set of orientation preserving C' diffeomorphisms which preserve .

Quasi-morphism: A function F' : G — R defined on a group G is a homogeneous
quasi-morphism if

1. there exists a constant C' = 0 such that for each couple f, g in G we have |F(fog)—
F(f) = Fl9l <,

2. for each n € Z we have F(f™) = nF(f).

Rotation numbers of homeomorphisms of the circle: The rotation number is de-
fined on the group Homeo ($') of homeomorphisms of $* which preserve the orientation.
We begin to give the definition of the rotation number on the lifted group mo+($1)
which is the set of homeomorphisms g : R — R such that g(z + 1) = g(z) + 1. There
exists p € R such that for each z € R and n € Z we have [§"(z) — z — np| < 1, see |24] for
example. The number p is called the rotation number of g and denoted p(g). It defines a
map p : moJr(Sl) — R.

We denote by 4 : R — R the displacement function of § where 6(z) = §(z) — z is
one-periodic and lifts where for every § € Homeo (S')

i~ o 1g i

P = | odu = lim o ;6(9 (2).
The map p is the unique homogeneous quasi-morphism from f)?ffi(Sl) to R which takes
the value 1 on the translation by 1, see [17] for example. More precisely for each ]? ,J €
ﬁoEe/OJr(Sl) it holds that \,5(]?) — p(9)] < 1 and for each n € Z we have (™) = np(f).

Moreover, p(§) naturally lifts a map p : Homeo, ($!) — T!. Indeed, if we consider

g € Homeo (S') and two lifts § and §’ of g there exists k € Z such that §’ = § hence
we have p(¢') = p(9) + k. By the Birkhoff ergodic theorem for every z € R and every
g-invariant measure p we have

p@) = | b
Sl

Let us describe why g is not a morphism and only a quasi-morphism. A homeomor-
phism of the circle has a fixed point if and only if its rotation number is zero, see [2]
chapter 11 for more details. Below we give an example of two homeomorphisms ¢ and v



of 8! of rotation number zero such that the composition ¢ o1 give us a homeomorphism
as in Figure 2 without fixed point and so the rotation number of the composition is not
equal to 0.

Let us consider the two homeomorphisms of rotation number 0 with one fixed point
as in Figures 1 and 2.

-

Figure 1

-

poy

Figure 2

For g € Homeo™ (S') there is a bijection between the lifts of g to R and the isotopies
from id to g as follows. Let I = (g¢)se[0,1] be an isotopy from id to g, the lifted isotopy

I= (91)tefo,1) of I defines a unique lift g; of g. Then for an isotopy I from id to g, let us

denote g the time-one map of the lifted isotopy T on R, we can define the rotation number
p(I) € R of I to be the rotation number p(g) of g. If we consider f a homeomorphism of
the disk isotopic to the identity and I = (f;)e[0,1] an isotopy from id to f then we will
denote p(I|g1) € R the rotation number of the restriction of the isotopy I to $!. If we con-
sider another isotopy I’ from id to g one may prove that there exists an integer k € Z such
that I’ is homotopic to R*I where the isotopy R = (Rt)tefo,1] satisfies Ry(z) = ze?™it for
every z € $! and every t € [0,1]. We consider I the lifted isotopy of I’ and we denote ¢’ its
time-one map. Hence § and g are two lifts of g such that ¢ = g+k and p(g') = p(§)+k and
so the number p(I) does not depend on the choice of the isotopy in the homotopy class of I.

Irrational pseudo rotation: An irrational pseudo-rotation is an area-preserving
homeomorphism f of I that fixes 0 and that does not possess any other periodic point.
To such a homeomorphism is associated an irrational number o € R/Z\Q/Z, called the
rotation number of f, characterized by the following : every point admits « as a rotation
number around the origin. To be more precise, choose a lift f of f |D\{0} to the universal

covering space D =R x (0,1]. There exists & € R such that @ + Z = « and for every



compact set K < D\{0} and every ¢ > 0, one can find N > 1 such that

~

Vn=N, er Y(K)n [ "(rY(K)) = pr(fn(z)) —r() al <e,

n

where 7 : (r,0) — (rcos(2m0), rsin(276) is the covering projection and py : (r,0) — 6 the
projection on the second coordinate. If moreover f is a C* diffeomorphism 1 < k < +00
we will call f a C* irrational pseudo-rotation.

Notice that for the rotation number « of an irrational pseudo-rotation f is equal to

p(flst)-

One can construct irrational pseudo-rotations with the method of fast periodic ap-
proximations, presented by Anosov and Katok [I]. One may see [13, 11, 15, 19, 32]
for further developments about this method and see |5, 4| for other results on irrational
pseudo-rotations.

3 Three extensions

In this section we will explain why the functions Caly, @Zlg and E]\a/lg are well-defined on

—~ 1
Diff ,(D) and we will establish the relations between them. The full statement like the
continuity or the quasi-morphism property will be proved in the next section.

3.1 Action function

Let us consider f € Diff} (D) and X\ a Liouville 1-form such that d\ = w. The fact that
Hy(D,R) = 0 implies that the continuous 1-form f*\ is exact: its integral is zero along
each loop v < D. Consequently the application (r,6) — S% f*A = Xis a C! primitive of
f*A — A, equal to 0 at the origin, where for every z € D the path ~, : [0,1] — D is such
that v,(t) = tz.

If we suppose that f is compactly supported on D then it is natural to consider the
unique C' function A : D — R that is zero near the boundary of D and that satisfies

dA = f*X— . (6)
Without the compact support hypothesis we have the following proposition.

Proposition 3.1. If we consider a C' function A : D — R such that dA = f*\ — X then

the number
f Alapdp
Sl

does not depend on the choice of u in M(f|g1).

Proof. To prove the independence over u there are two cases to consider.

e If there exists only one f|g1-invariant probability measure on $! the result is obvious.
In this case fl|g is said to be uniquely ergodic.

o If f|g1 is not uniquely ergodic then by Poincaré’s theory p(f|g1) = g + Z is rational
with p A ¢ = 1. The ergodic decomposition theorem, see [24]| for example, tells us that
an f|g invariant measure is the barycenter of ergodic f|gi-invariant measures. Moreover,



each ergodic measure of f|g1 is supported on a periodic orbit as follows. For z a g-periodic
point of f|g1, we define the probability measure p, supported on the orbit of z by

Z 8 i)

ko

where 0, is the Dirac measure on the point z € $'. Hence it is sufficient to prove that
§p A(f, A, piz)w does not depends of the choice of a periodic point z € St

Let us consider two periodic points z and w of f|g1. We consider an oriented path
v < 8! from z to w. We compute

LS A(FR (=) — A ()
720

199
- dA
ZJk( )

ko

qk off’c
J —JA
fa() ¥

-0

Adps — j Adji
g1l gl

where the last equality is due to the fact that f9(v) is a reparametrization of the path
V- =

Proposition 3.1 allows us to make a natural choice of the action function to define an
extension of the Calabi invariant as follows:

Theorem 3.1. For each f € DiffL (D) we consider the unique C' function Ay of [ such
that dAy = f*A—X\ and SSI Ayrdp = 0 where X is a Liouville form of w and p an f-invariant
probability measure on $*. The number

Caly (f) = fD Ap(2)w(2)

does not depend on the choice of \ or p.

Proof. The independence of the measure p comes from Proposition 3.1 and it remains to
prove the independence of A.

Let us consider another primitive \' of w. We denote A and A’ the two functions such
that dA = f*A — X and dA" = f*) — X and such that for each p € M(f|g1) we have
§o1 Adp = o1 A'dp = 0.

The 1-form A — ) is closed because d\ — d\ = w — w = 0. So there exists a smooth
function u : D — R such that N = A + du. We obtain:

A= f*(\+ du) — (X + du)
=f*A=A+duo f—u)
=dA+d(uo f—u).

Thus there exists a constant ¢ such that

Al=A+uof—u+ec

10



For a measure 1 € M(f|s1) the condition {¢; A'dp =0 = (¢ Adp implies that

f A'd,uzJ Ad,u—i—J (uo flg —u)du+c=f Adp,
gL $1 Ssl $1

Howeover (¢, (uo flg1 —u)dp = 0 since f|g1 preserves p hence
c=0.

Finally f preserves w hence we have {j(uo f —u)w = 0 and we can conclude that
j Alw = J Aw.
D D

We compute the extension Cal; of the rotations of the disk:

Proposition 3.2. For 6 € R the rotation Ry of angle 6 satisfies :
Call(Rg) =0.

Proof. For the Liouville form A = %d@ of w we have RjA— A = 0 thus the action function
A is constant. So it is equal to 0 and we obtain the result. O

3.2 Angle function

The following interpretation is due to Fathi in his thesis [12] in the case of compactly
supported symplectic diffeomorphisms of the unit disk. This interpratation is also devel-
opped by Ghys and Gambaudo in see [10].

Let us consider f € Diff! (D) and I = (ft)iefo,1] an isotopy from id to f. For z,y € D
distinct we can consider the vector v, from fi(x) to fi(y) and we denote by Ang;(x,y)
the angle variation of the vector v, for t € [0, 1] defined as follows.

We have the polar coordinates (r,6) and a differential form

udv — vdu
df = ————
u? 4+ 0?2’

where (u,v) are the cartesian coordinates. For every couple (z,y) € D*\A we define

Ang;(z,y) = f 6, (7)
Y

where v : t — fi(x) — fi(y).

The function Ang; is continuous on the complement of the diagonal of D x D. More-
over, if f is at least C! then the function Ang; can be extended on the diagonal into a
bounded function on D x D. Indeed, we consider K the compact set of triplets (x,y,d)
where (z,y) € D x D and d a half line in R? containing = and y and oriented by the vector
joining x to y ifx # y. If x and y are distincts, the half line d is uniquely determined and
D x D\A can be embedded in K as a dense and open set. We define Ang;(z,x,d) as the
variation of angle of the half lines dfy(d) for t € [0,1]. This number is well-defined and
extends Ang; into a continuous function on K.

11



~ ~ ~1
For f = (f,¢) € Diff (D) and two Hamiltonian isotopies I = (f;)eo,1] and I' =
(f} )te[()’l] from id to f associated to QNS The isotopies I’ and I are homotopic so for every
couple (z,y) € D*\A we have
j dg = J de,

where v : t — fi(z) — fi(y) and v : t — f/(x) — f{(y). Hence, we can define the angle
function Ang 7 of f by
Angf = Ang;.

We have the following lemma.

Lemma 3.1. Let us consider fz (f, 5) € f)}?fi(ﬂ])) For every (z,y) € D2\A the number
Ang(z,y) — p(¢) only depends on f.

Proof. Let us consider I’ another isotopy from id to f.

There exists k € Z such that I’ is homotopic to R I and by definition of Ang,, given
by equation 10 we have AngR§ ; = Ang; + k. Moreover I’ is in the same homotopy

class of R§ I and we obtain Ang;, = Ang; + k. Since the rotation number also satisfies
p(I'|g1) = p(I|g1) + k, the result follows. O

1
Lemma 3.1 allows us to extend the Calabi invariant on the lifted group Diff (D) as
follows.

~ e~ 1
Theorem 3.2. Let us consider f = (f,¢) € Diff ,(D). The number

Gilaf) = | | | Awpto lotaty)

defines a morphism Caly : f)?f/fi(]]])) — R and induces a morphism on DiffL (D) defined by
Caly(f) = Calsy(f) + 2,
where f € f)\lffi(]D)) is a lift of f.

Proof. First, Cal is well-defined since the angle function Ang 7 is integrable on D?\A.

Let us consider f = (f, 5) and g = (g, ¢ ) two elements of ﬁfi (D) and two isotopies
I = (ft)te[o1] € [1] from id to f associated to ¢ and I" = (g¢)se[o,1] from id to g associated
to ¢’. We consider the concatenation I - I’ of the isotopy I and I’ which gives an isotopy
from id to fog associated to aoa’ and we define the element fN‘og = (fog, (7505’) € f);Ffi (D).
For each (x,y) € D*\A we have

Ang;.p(z,y) = Angp(z,y) + Ang;(g(x), g(v))-

Hence we obtain
Angj o (2,y) = Angg(z,y) + Ang(g(x), 9(y))-

We integrate the previous equality and since g preserves w we deduce that 6\2;12 is a mor-
—~ 1
phism from Diff (D) to R.

Moreover, Lemma 3.1 assures that Caly induces the morphism Caly from Diffl (D) to

T O

12



Notice that the morphisms 67&412 and Cals satisfy the following commutative diagram

DIt (D) — Diff. (D)

6\13,12 l LCalg

R T!

where the horizontal arrows are the covering maps.

This interpretation allows us to generalize the definition to others invariant measures

~ ~ o~
of the disk. Let us consider f = (f, $) € Diff (D) and an isotopy I from id to f associated
to ¢. We consider a probability measure y on D without atom which is f-invariant. We
define the number C,(I) by

~ o~

CP) = [ | Angjay)duta)duty).
D2\A
By Lemma 3.1 we obtain the following corollary.

~ ~ o~
Corollary 3.1. Let us consider f = (f,¢) € Diff (D). For every (z,y) € DA\A the
number C,,(f) — p(¢) only depends on f.

o~ ~ ~ o~
Birkhoff ergodic theorem gives another way to compute C,,(f) for f = (f, ¢) € Diff (D).
Let us consider an Isotopy I = (ft)se[o,1] from id to f associated to ¢. For (z,y) € DxD\A

we have

Angpn(z,y) = Ang;(z,y) + Ang; (f(2), f(y)) + ... + Ang (f" "} (2), [ (2)).  (8)

The function Ang; is bounded so the function

— 1
Ang;(z,y) = 7}520 EAngI" (x,9),

is defined p x p almost everywhere and depends only on the homotopy class of I. Hence
we can define Ang F= Ang; . Thus we obtain the following equality

0 = | Rngyepdut)duty). (9)
DxD
We state the proposition of topological invariance, see [10].

Proposition 3.3. Let us consider two probability measures p1 and ps of D without atom
and two compactly supported elements of Diﬂ?i1 (D) and Diff}t2 (D) denoted ¢y and ¢2 such
that there exists a homeomorphism h € DiffS. (D) satisfying ¢s = hogroh™" and hy (1) =
wa. We have that

Cur (91) = Cpiy (92).

For a probability measure p of the disk, there is the equivalent result to extend the
invariant C,,.

~ o~
Theorem 3.3. Let us consider an element f € Diff, (D). The number
CT) = |, Angjle.p)dua)dn(y).
D2\A

|
defines a morphism Cy, : Diff ,(D) — R which induces a morphism C, : DiHL(D) — T!
defined for every f € Difflll(ID)) by

Culf) = Culf) + Z,
where fe ﬁfi(]D)) is a lift of f.

13



The proof of the previous theorem is basically the same as Theorem 3.2 and if we
consider the Lesbegue measure Leb then we have

5Leb = /C\/aIQ-
We have the following computation in the case of the rotations :

~ ~ 1
Lemma 3.2. For 0 € R we consider Ry = (Ry, ) € Diff ,(D) where Ry is the rotation
D — D of angle 8. We have o

Caly(R) = p(7).

Proof. Let us consider R = (Rt)te[o,l] the isotopy from id to Ry given in section 2. For a
couple (z,y) € D x D\A we consider the complex z = x —y and we have for each ¢ € [0, 1]
Ri(z) = ze"® and we can compute Angp(z,y) = 6. By integration on D x D\A we obtain

Cala(Rg) = 0 = p(7).

3.3 Hamiltonian function

In this section, the goal is to state the construction of the Calabi invariant given by equa-
tion 3 in the case of compactly supported diffeomorphisms of the disk. This construction
leads to Theorem 1.3 and we explain the definition of Calg given by this theorem but we
refer to the next section for the proofs of certain results.

Let us consider f e Diff} (D) and a Hamiltonian isotopy I = ( ft)iefo,1) from id to f.
We consider the Hamiltonian function (H)wer which induces the isotopy I. We denote
(X¢)ter the associated vector field. We have that for every t € R, X; is tangent to $!.
So each H; is constant on $! and we can consider (Hy)ter the associated Hamiltonian
function such that

Hilg1 = 0.

We have the following lemma.

Lemma 3.3. The integral

2[ [ et~ i),

depends only on f.

Proof. The result will be a corollary of Theorem 1.4. O

~ ~ —~ 1
Theorem 3.4. Let us consider an element f = (f,¢) € Diff (D) and a Hamiltonian
function H : 8 x D — R of f which induces the flow (At)iefo,1] such that the lift of ¢1]g

1s equal to gz~5 and such that Hy is equal to 0 on S' for every t € R. The number
. 1
Gila(7) = | | 2o
0 Jp

~ 1
does not depend on the choice of H. Moreover the map Cals : Diff (D) — R is a morphism
and Cal(f) + Z depends only on f. It induces a morphism

1
Calz(f) = fo JD Hi(z)w(z) + Z,
defined on Diff} (D).

14



The proof comes from the equality between @2 and 6\2;13 which will be proven in
the next section. Moreover, the definition of Cals comes from Lemma 3.3 and we obtain
the following commutative diagram where the horizontal arrows are the universal covering
maps.

Diff. (D) — Diff (D)

(Taﬁgl LCalg

R T!

4 Proof of Theorem 1.4.

In this section, we prove Theorem 1.4.

Theorem 4.1. The morphisms Caly and 67;13 are equal. For ]? = (f, QNS) € ﬁfi(]]])) we
have the following equality L N
Galy () = Caly (£) + (3.

Moreover Caly, 6\&;12 and 67{13 are continuous in the C* topology.

We separate the proof into two subsections, in the first one > we establish the links
between the previous definitions then we prove the continuity of Caly and Cals.

4.1 Equality between 6?512 and 6\:{13.

Proposition 4.1. The morphisms @2 and 67{13 are equal.

Proof. The proof is essentially the same as in [33], the only difference is that our sym-
plectic form is normalized and the Hamiltonian diffeomorphisms that we consider is not
compactly supported in the open unit disk. Nevertheless, we verify that the proof is still
relevant in our case.

~ ~ o~
Let us consider f = (f,¢) € Diff ,(D) and an Hamiltonian isotopy I = (ft)se[o,1] from
id to f associted to 5 For the proof we will give a definition of the angle function Ang;
in the complex coordinates as follows. We define a 1-form « by

1 d(z1 — 22)
2T oz — 29

The imaginary part satisfies
df = Im(«),

where 6 is the angle coordinate in the radial coordinates. For an element Z = (z1,22) €
D\ A of we consider the curve Iz < D x D\A defined by

t e Iz(t) = (fi(z1), fi(22)),

for each ¢ € [0, 1] and that for every element Z = (21, 22) € D x D\A(ID) we have

Ang;(z1,22) = J do (10)
Iz

Let us consider the Hamiltonian (Ht)te[o,l] which induces the flow of the isotopy I and
which is equal to 0 on the boundary of . We consider the symplectic form w = %dz ANZ
written in the complex coordinates on D. We define & = dz(X;) and then it satisfies

, { _ i -
1X, (27sz AN Z) = %gtdz — %ftdz.

15



By definition

_oH, _  oH,
dHt = *sz — gdz

so we have
= —2imr——r 11
&t m 0z (11)
We compute the integral of the angle function

JDXD\A Ang;(z1, 29)w(z1)w(z2) = JDXD\A L dOw(z1)w(z2)

(21,22)

(], o)

The following computation is well-inspired by the proof in [33].

JID’XD\AL ) = o J]DJX]D)\A Lz z>d(;11—_522) wiz)w(z2)

_ 1 f ! &(ft(zl) &(fi(22))
27 Jpxp\a fi(z1) = fi(22)
(

) — &(

) — fil
J J &(fi(z1)) — &(fi(22))
t—0Joxma  fi(z1) = fi(22)
=2 x L OJ emj -y }Zit(_zgzw(m)w(m)dt
1 B maHtid”Zl A dsz B
; J f JD\{ZQ} ? 0z 2m 21— 22 (z2)dt

1 0H
_ 2ZJ j J OHeda Nz vt
D\{z2} 2171’ 6z Z1 — %9

The third equality is obtained by Fubini because the integral is absolutely integrable
by Lemma 4.1. The fourth equality is due to the absolutely integrability of both terms.
We established the penultimate with equation 11 and the definition of w.

(21,22)

dtw(z1)w(z2),

w(z1)w(z2)dt,

We use the Cauchy formula for smooth functions (see [21]) : for any C!-function
g: DD — C, we have

1 g(z)d+i of dz ndz

2im Jg1 z —w 2im Jp 02 z—w

g(w) =

Moreover H; is equal to zero on the boundary $! and we have

tl;D><HD\zk ;';

1
JDXD\A Ang;(z1, 29)w(z1)w(z2) = 2f0 JD Hy(2)w(z)dt,

To obtain the result it remains to prove the absolute integrability we used in the compu-
tation.

(e )w(ze) = 2i J f Hy(20)w(z0) dt

(21,22)

It leads to

Lemma 4.1. We have the following inequality

oo Lo

w(z1)w(zg)dt < 0.
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Proof. The total measure of D x D\A for w and [0, 1] for the Lebesgue measure is finite
so by Tonnelli’s theorem it is sufficient to have the following inequalities

&(fi(z1)) — &(fe (22))‘ §i(z1) — &i(22)
ft OJ]D)XIDJ\A fe(z1) = fe(z2) Wl Jolz)dt _L OJIDJX]D\A 21— 23

w(z1)w(z2)dt

1
2 j f &(a)] e w(z)dt
=0 Jz1ep 2eD\{z1) |21 — 22

1
< 87 LO LIGD 1620w (1) dt

< Q0.

To prove the second last inequality one may prove that
1
—————w(z9) < 4m.
zeD\(z1) |21 — 22

O

Remark 4.1. The number /C\Jalg( 7 gg) does not depend on the choice of the isotopy in the
homotopy class of I, we obtain the same result for the construction of Cals(f, ¢) which
completes the proof of Lemma 3.3.

Proposition 4.2. For each element f = (f,) € ﬁﬁfi}(ﬂ)) we have
Caly(f) = Cali (f) + p(9).

~ ~ ~1

Proof. Let us consider an element f = (f,¢) € Diff,(D) and a Hamiltonian isotopy
I=( ft)te[o,l] from id to f associated to ¢. There exists a unique Hamiltonian function
(Hy)ier which induces the isotopy I and such that H; is zero on the boundary $! of D for
each t € R.

We know that Cal; does not depend on the choice of the primitive of w. We consider
the Liouville 1-form A = 7—df in the radial coordinates. We consider a probability mea-

sure p1 € M(f|g1).

We describe the link between the action function of the first definition and the Hamil-
tonian of the third definition. We consider a C' family of functions (At)te[0,1], Where
A; : D — R satisfies for each ¢ € [0, 1]

dA; = fFA— A,

and such that the map A; is equal to A(f, A, 1). So the isotopy (A¢)se[o,1] satisfies

d

S0
= ft*‘CXt
= [ (ix, (dX) + d(A(Xy)))
=d(Hyo fi + M(X3t) o fi).

Then there exists a constant ¢; : [0,1] — R such that
Ay = Hyo fi + X(Xy) 0 fi + cx,

and the map A : D — R satisfies for each z € D :

1

1
Aq(z) = f (Hy +ix,\)(fe(2))dt + J cedt.

0 0
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We denote by C' the constant Sé cydt. Since the restriction of A to $' is equal to %dﬁ then
for every z € $! we have

[ it = oL [ ao o

Notice that the last integral is equal to the displacement function ¢ : R — R of gg

Moreover, the rotation number ﬁ(gg) of the isotopy I satisfies for each z € $!.

The map z +— §(z) is p integrable and the Birkhoff ergodic theorem gives us

|, @t = | s1aute)

1 ~
f‘qu%@WMM@=JZWMM@=M%ﬁ
st Jo L

Moreover, the Hamiltonian Hy is equal to zero on $!. So if z € $! it holds that A;(z) =
d(z) + C and consequently

We obtain

ym@MM@:C+M@

So the condition on A implies that
C =—p(¢).
Thus

LA@M@:fme+u»mmmwma—m@

J f Hy(f(2))dtw(z f f ix, (N (fr(2))dtw(z) — §(9)

We compute { Sé ix,(A\)(ft(z))dtw(z). Each 3-form is zero on the disk so we have

O
.
Eﬁ
>
>
£

=ix,(Nw + d(H\) — Hiw.
We deduce that

fmﬂz’xt(x)( Vdteo(z f J (Hyw — d(H,N))dt
f J Hywdt — L | Hdi
f J Hywdt,

where the last equality is due to the fact that f; preserves w. Moreover H; is equal to zero
on the boundary $'. We obtain

gA@ma=zg£muw@ﬁm@
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We know that p is a homogeneous quasi-morphism, it gives us the following corollary.

Corollary 4.1. The application Caly : Diffi(]D)) — R is a homogeneous quasi-morphism.

Proof. The result is straightforward because Cal; is equal to the sum of a morphism and
a homegeneous quasi-morphism. O

Notice that Lemma 3.2 ensures that the morphisms Cal (resp. Cal) is not zero, then

—~ 1
its kernel is a normal non trivial subgroup of Diff_, (D) (resp. Diff} (D) and we obtain the
following corollary

Corollary 4.2. The groups ]Siffi(]D)) and DiffL (D) are not perfect.

4.2  Continuity of Cal.

For every continuous map f from D to C we set || f||oo = maxzep | f(x)].
We denote dy the distance between two maps f and g of Diff’(D) defined by

do(f,9) = max(||f = glloo, [/~ = g7 ]o0)-
We denote d; the distance between two maps f and g of Diff* (D) defined by
di(f,9) = max(do(f, 9), |IDf = Dglleo, [|Df " = Dg™*|u0),

where for every C! diffeomorphism f of D, ||Df]||s = maxyep || Dz f]|.

~ ~ —~ 1
The distances dy and d; define naturally two distances, denoted dy and dy, on Diff ,(ID)
~ ~ ~ —~ 1
defined as follows. Let us consider f = (f,¢) and § = (g,%) in Diff (D), we have

) = max(do(f, 9), |6 = Plloo, |67 = & ]oo),
) = max(di(f,9), |6 = Pl |67 =& [oo).

~

do(F.
di(f,

ﬂQ? QZ

~ ~ 1
We denote id = (idp, idg) € Diff (D). In this section we prove the following result:

—~ 1
Theorem 4.2. The map Diff (D) — R is continuous in the C' topology.
We need some results about the angle function.
Lemma 4.2. Let us consider f = (f,¢) € Diff} (D) such that di(f,id) < e < 1/2, then
for every (z,y) € D?\A, it holds that
|cos(27rAngf(a;,y)) — 1] < 2e.

Proof of Lemma 4.2. The proof is a simple computation. Let us consider z,y € D such
that x # y. One can write f = id + h where ||h||x < € and ||Dhl|, < e. By the mean
theorem we have

‘h(y) — h(z)

y—z <e (12)

We have

RN () e ACORN
cos(2rAng3(z,y)) <!f(y) _f(;);)My—:r\

where (.|.) is the canonical scalar product on R?. We compute

| cos(2mAng p(z,y)) — 1| = ‘<|sz ;g; |ly/:i| |y_x|>‘
‘|f§§ Ei;_y_x

19
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We compute

fly) —fl=) y-—= fly) = f@) = (y — =) 1
o) 7@ = g‘ v 3] ‘*‘f( ‘If @l
<‘h(y)—h ‘!y—x! \’

T ly—af \y—ﬂ
_o|F) ~ h@)
y—x
< 2e.
Il

From Lemma 4.2, we deduce the following result.

~ ~—1 ~ ~
Corollary 4.3. Let us consider f € Diff (D) such that di(f,id) < € < 1/2. The angle
function satisfies

1Ang;llos < v/r.

Proof. For every couple (x,7y) € D?\A there exists a unique k € Z such that Ang f(x, y) —
€ [—1/2,1/2). So by Lemma 4.2 we have

\Y

1> cos(|27TAngf(:U,y) —kl)=1-2e=0.

The function arccos is decreasing so we obtain
0 < arccos(cos(|2rAng §(x,y) — k[)) < arccos(1 — 2e).

Moreover the function arccos is defined on [0, 1] and of class C! on [0, 1) such that for
every z € (0, 1] we have

(arccos(l — 2)) = —— < —

20 — x? \f

We obtain that for every x € [0, 1] we have
arccos(l — ) < 24/x.

Hence we have
27| Ang x(z, y) — k| < 24/2€.

And so

vV 2e€
[Angj(x,y) — k| < Y25 <12,
™

Moreover D?\A is path connected. Indeed, let us prove that every couple (z,y) € D*\A
is path connected to ((0,0),(1,0)). We can consider an isotopy (gt )se[o,1] of diffeomor-
phisms from id such that g1(x) = 0. Moreover D?\{(0,0)} is path connected so there
exists a path v < D?\{(0,0)} from g1(y) to (1,0). the concatenation of the paths
(9¢(2), 9:(y))te[o.1] and 7 is a path from (z,y) to ((0,0),(1,0)) in DH\A.

Moreover Ang i is continuous on D*\A we deduce from the last inequality that & does not
depends on the choice of (z,y). The fact that Jl(f, 1?1) implies that ¥ = 0 and we obtain
that for every (z,y) € D*\A

|Ang p(z,y)| < Ve/m.
We now prove the continuity of Cal; for the C! topology.
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Proof of theorem 4.2. By Theorem 3.2 we know that Cal is a group morphism. So it is

~ ~ o~
sufficient to prove the continuity at the identity. Let us consider f = (f,¢) € Diff, (D)
such that di(f,id) < € < 1/2. By Corollary 4.3 we have for every couple (z,y) € D*\A

|Ang p(z, y)| < Ve/.

By integration on D*\A we obtain that

Cal(f)| <

[
.m

Hence Cal is continuous at the identity. O
. . ~ g — T . .
Moreover, it is well-known that the rotation number p : Homeo ($') — R is continuous

and we deduce from Theorem 4.1 the following corollary.

Corollary 4.4. The application Cal; : DiffL (D) — R is continuous in the C* topology.
Let us prove that the Calabi is not continuous in the CY toplogy.

Proposition 4.3. The morphism Cal is not continuous in the C° topology.

We give a counterexample which also prove that the Calabi invariant defined in the
introduction is also not continuous in the C° topology, this counterexample can be find
in [16]

Proof. Let us consider a sequence (hy)p>1 of smooth functions h,, : [0, 1] — R such that

1. h, is constant near the origin,

2. hy(r) is zero for r > 1/n,
3. Sé hy (r)2mrdr = 1.

We consider the Hamiltonian functions Hy, : D — R by H,(z) = h,(|z|). Each function
H,, defines a time independant vector fild X,,, whose induced flow is denoted ¢!,. We have
the following property [16] about the computation of the Calabi invariant of compactly
supported and autonomous Hamiltonian function

Proposition 4.4. Let us consider H : D — R a Hamiltonian function with compact
support. We denote ¢ the induced Hamiltonian flow and we have

Cal(6) = —2rt fD H(2)w(z),

where Cal is the Calabi invariant define by equation 3.

This result allows us to compute the Calabi invariant of ¢. and we obtain for each
n=1
Cal(¢l) = —27.

For each n > 1 we consider (¢?,id) € ]/)YTi (D) and we have
Caly((¢),id)) = —2m.

Moreover, ¢l converges to the identity in the C° topology and we obtain the result. [

5 Computation of Cal; in some rigidity cases

In this section, we prove several results about the Calabi invariant of irrational pseudo-
rotations.
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5.1 A simple case : C! rigidity.

Let us begin by the simple computation of the Calabi invariant for periodic symplectic
maps.

Lemma 5.1. If f € Diff} (D) has a finite order, then we have
Call(f) = 0.

Proof. By assumption there exists p > 1 such that f? = id and so Cal; (fP) = p Cal;(id) =
0. O

We deduce the following properties

Proposition 5.1. Let us consider f € DiffL (D). If there exists a sequence of periodic
diffeomorphisms (gi)ren in DiffL (D) which converges to f for the C' topology, then we
have

Caly (f) = 0.

Proof. By Lemma 5.1 for each n € N we have Cal;(g,) = 0 and we obtain the result by
the continuity of the application Cal; for the C'! topology. O

Proposition 5.2. Let us consider f € Diffl (D). If there exists a sequence (qy)ren such
that f3 converges to the identity in the C' topology then we have

Call(f) = 0.
Proof. We have Cal;(f%*) = ¢,Cali(f) and Cal;(f%) converges to Cal;(id) = 0 so
Cal(f) = 0. O
5.2 (O'-rigidity

The following theorem is a stronger version of Corollary 5.2 :

Theorem 5.1. Let us consider f € DiffL (D). If there exists a sequence (qi)ren of integers
such that (f%)ren converges to the identity for the C° topology then we have

Caly(f) = 0.

To prove the previous statement we will give an estimation of the angle function of
fa for a given isotopy I from id to f. For that we will consider two cases, the first one
if x is close to y and the other if x is not close to y. The following lemma gives us an
evaluation of what close means.

Lemma 5.2. Let us consider f a C' diffeomorphism of the unit disc D, I an isotopy
from id to f. If do(f,id) < € < 1/4 then for every couple (z,y) € D x D which satisfies
| — y| = /€, we have

| cos(2mrAng;(z,y)) — 1| < 44/e.

Proof. Let (z,y) € D x D be a couple such that |z — y| = y/e. Once can write f = id + h
where h : D — R? satisfies ||h||s < € and we have

<2— =2/ (13)

We use the equation

fly) = flx),y —x)
1) @) Iy ] (14)

cos(2mAng;(z,y))
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Moreover, if we write 1 = <ﬁ, f;%ﬁ> we obtain :

fy)—fl@) y—z y—u
fly) = @)y -zl |y — =

cos(Angr(z,y)) —1 =< ) (15)

Equation 15 becomes :

fly) —fl@)  y—= _ te 1 1 fly) — fl@) — (y — =)
@) —f@] Ty S @I ”‘If(y)—f(fv)l v—a *’ -3
=) — S| ’h<y> ~ h(a)
ly — x| ly — x|
<2‘h<y;: o)

We obtain the following lemma.

Lemma 5.3. Under the same hypothesis, there exists an integer k € 7, uniquely defined,
such that for every couple (xz,y) € D x D such that |x — y| = +/€, we have

|Ang;(x,y) — k| < 24/e/r < 1/2. (16)

Proof. We consider € € (0,1/16) and a couple (z,y) € D such that |y — z| > \/e. By
definition of the floor function there exists a unique k € Z such that 2w Ang;(z,y) — 27k €
[—7, ) and we have

1 = cos(|2mAng;(z,y) — 27k|) = 1 — 44/ = 0.
The function arccos is decreasing so we obtain
0 < arccos(cos(|2rAng;(z,y) — 27k|)) < arccos(1 — 4+/¢).

The function arccos is defined on [0, 1] and of class C! on [0,1). Moreover we have for

every z € [0,1)
1

1
- <
V2 — 22 T

(arccos(1l — x)) =
We obtain that for every z € [0, 1]
arccos(l — ) < 24/x.

Hence we have

|2 Ang;(z,y) — 27k| < arccos(1 — 4+/)

<
<4

Thus we have

|Ang;(z,y) — k| < 23/e/m < 1/2.

Now we prove that k does not depend of (x,7). Indeed the set of couples (x,7y) € D?
such that |z — y| = /e is connected in D?. Indeed for a couple (x,y) € D? such that
|z — y| = +/€, let us construct a path from (z,y) to ((—1,0), (1,0)).
We set d the line of D? passing through 2 and y. The line d intersects $' in two points
which we denote Z and g such that & is closer to  than y and ¢ is closer to y than = as
in figure 3.

Let us consider the path 7, : [0,1] — D defines by v;(t) = t(& — z) + « from z to
% and the path v, : [0,1] defines by v,(t) = t¢(y —y) + y from y to §. So the path
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I':t— (v2(t),7y(t)) defined on [0, 1] sends the coupe (z,y) to (Z,7).

Now we consider R, the rotation of D of angle a = arg(#). Notice that the rotation
R sends & to (1,0). We denote (Ry)se[o,1] the isotopy from id to R such that for every

«

t € [0,1] Ry is the rotation of angle to. Notice that & = —g and so ¢ is send to (—1,0) by
RL

Hence the composition of the path T' and the path t — (R;'(2), Ry *()) sends (z,%)
to ((1,0), (—1,0)).

Moreover, 23/e¢/m < 1/2 hence k does not depend on the choice of (x,y) € D such that |z — y| >

Je. O

With these two lemmas we can give a proof of Theorem 5.1

Proof of Theorem 5.1. We can consider I = (f;);e[o,1] an isotopy from id to f which fixes

a point of D. Up to conjugacy we can suppose that I fixes the origin and we denote I g1
the restriction of I on $'. We lift I|g: to an isotopy (¢t)iefo,1] on the universal covering

space R of $! such that ¢y = id and set ¢ = ¢,. We will prove that Eisflg(f7 qg) = 5(5) and
from Theorem 4.1 we will obtain

Caly(f, ) — p(¢) = Caly(f) = 0.

For ¢ € N we define the isotopy I? from id to f? as follows. We write I9 = (ff)te[o,l]

and for every ze D and t € [%, g] we set

ftq(z) = f—ky10(fo..of).
—

k—1 times

We will denote €, = do(f9,id). For every k € Z we can separate the difference between
the integral of the angle function of f% and k into two parts as follows

f Angmx,y)w(y)w(a:)—k:f ( f Ang,qn@,y)w(y)—k) w(x)
DxD D B /e (x)

’ fm <J < (@) Angran (2, 9)w(y) = k) w(x),

Ven

(17)

where Bf/a(as) is the complementary of B, /e (z) in D.

We can suppose that €, < 1/16 and by Lemma 5.3, there exists a unique k,, € Z such
that for each couple (z,y) € D x D such that |y — x| > \/¢,, we have

‘Angl% (x,y) — k'n‘ < 2% . (18)
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Moreover, by definition there exists a sequence (&, )nen of 1-periodic functions &, : R — R
such that ||¢1||c < 1 for every n € N and such that for every y € $! and every lift 7 € R
of y we have

Angyo, (0,9) = 07 () = § = uP() + Eu(D).
So, for every y € $! we have

~

|Ang an (0,y) = kn| = |gnp(®) + &n () — kn| < 23/en/m,

where 7 is a lift of y. Hence we obtain

lgn (P(3) — k)| < 2 4/en/m + 1.

Thus we have

By the equation 18 we obtain

f (f <Angm<x,y>—kn>w<y>> w(z)
D \JBe_(2)

Ve

<4 4fen/m. (19)

We know that for every couple (z,y) € D®\A and for every n € N we have

Angpq, (2,y) = Ang;(w,y) + Ang; (f (), f(y)) + .. + Ang (f" " (2), 7" (y)  (20)

Hence for every n € N the angle function satisfies

|Angran || < gnl[Angy|lo- (21)

We can estimate the first integral of the equation 17 as follows

j ( f (Angge. (z,y) - kn>w<y>> w(z)
D B /e ()

So we can deduce from the previous equations a new estimation of the Calabi invariant

< €n(qnl|Ang;||co + |Fnl) (22)

U g, (@ )W) () o] < 24/6/7+ ealaallAngy e k). (23)
X

By definition we obtain

— ~ kn, 24/, kn,
Gulo(1,8) — 2| < 2V 4 iAng [l + e (21)
dn qnT qn
Hence we have
—~ ~ o~ ~ o~k o~ kn
Gala(£,6) = p(8)] < |Gal(F,6) = 22|+ |(3) — .
" " (25)
4 ¢/, 1 kn,
< 2V gl + e,
qnT dn n
By taking the limit on n € N, we conclude that
Caly(f. 6) = p(9).
O
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~ ~1
Remark 5.1. If we consider a sequence (g, = (gn, Pn))nen € Diff ,(ID) which converges to

~ 1
f(f,¢) € Diff (D) in the C° topology where for each n € N, g, is a periodic diffeomorphism
of thefﬁisk amd~ fisan irrationalfl)dseudo;rotation, then the previous method fails to prove
that Caly(gn, ¢n) converges to Cala(f,®). It is easy to see that Angf is close to Angy,

but if we compute the difference 6\51(9”, an) — @(f, 5), as we did in the equation 17, we
do not have a control of [|Angy ||oo so we cannot estimate properly the integral

L JyeBﬁ(z) Angg, (2, y)w(@)w(y),

where €, = ||gn — f]|w0-

6 Examples

In this section, we will be interested in irrational pseudo rotations with specific rotation
numbers.

Best approximation: Let Any irrational number o € R\Q can be written as a
continued fraction where (a;);>1 is a sequence of integers < 1 and ag = |a]. Conversely,
any sequence (a;)ien corresponds to a unique number a. We define two sequences (py, )nen
and (gn)nen as follows

Dn = QnPp—1 + Pp, for n =2, po = ag, p1 = apa; +1
Gn = QnQn-1 +qn—o2forn>=2, q =1, q = ar.

The sequence (pn/qn)nen is called the best approzimation of o and for every n > 1 we
have
{gn—10a} < {ka}, VE < qp

where {z} is the fractional part of z € R. And for every n € N we have

1 1
———— < (-D)™a—pn/gn,) < .
qn(Qn + qn+1) ( ) ( n/ " ) dndn+1

The numbers ¢, are called the approzimation denominators of c.

6.1 An example of O rigidity : the super Liouville type.

In this section, we show that a C'! irrational pseudo rotation with a super Liouville rota-
tion number satisfies the assumptions of Theorem 5.1.

Super Liouville. A real number o € R/Z\Q is called super Liouville if the sequence
(gn)nen of the approximation denominators of « satisfies

limsup g, ' log(gn+1) = +o0. (27)
n

If we consider a real o € R which has super Liouville type then for each k € Z the real
a + k is also super Liouville and to simplify the notations we will say that an element
a e T is super Liouville.

Bramham already showed in [3]| that any C® irrational pseudo-rotation f of the disk
with super Liouville rotation number is CY rigid, meaning that f is the C%-limit of a
sequence of periodic diffeomorphisms. More recently Le Calvez [25] proved that any C*
irrational pseudo-rotation which is C' conjugated to a rotation on the boundary is C°
rigid. These results go as follows.
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Theorem 6.1. Let us consider either a C* irrational-pseudo rotation or a C' irrational
pseudo rotation f of rotation number o which is C' conjugated to a rotation on the bound-
ary. For a sequence of rationals (q”)neN which converges to « there exists a sequence
(gn)nen : D — D of qn-periodic diffeomorphims of the unit disk which converges to f for
the C° topology.

Moreover, if f is a C irrational pseudo rotation of rotation number o which is C* con-
jugated to a rotation on the boundary there exists a constant C' determined by f such that
for every n € N we have

N

do(f;9n) < Clane — pn)?2.
We deduce the following corollary.

Corollary 6.1. Let us consider a C*® irrational pseudo-rotationan or an irrational pseudo
rotation f € Diffi(]D)) which is C' conjugated to a rotation on the boundary. If the rotation
number of f is super Liouville then we have

Cah (f) = 0.

Proof of Corollary 6.1. If f is a C*® irrational-pseudo rotation then the result of Bramham
[3] assures that f satisfies the hypothesis of Theorem 5.1 and we obtain the result.

For the remaining of the proof, let us consider f a C' pseudo rotation which is con-
jugated to a rotation on the boundary, we will prove that f satisfies the hypothesis of
Theorem 5.1. We consider a € R such that a + Z is equal to the rotation number of f
and we consider a sequence of rationals (py/qn)neny Which converges to « such that g,
satisfies equation 26. Let (gy,)nen be the sequence of g, periodic diffeomorphisms given by
Theorem 6.1 associated to f and the sequence (pn/¢n)nen. We denote by K the C'* norm
of f and we set €, = C(g o0 — pn)l/ 2 where C' is the constant given by Theorem 6.1.

For all £k € N and each n € N the following inequality holds
do(fk7 gn) < KPe, (28)

By equation 26 we can majorate €, by - to obtain for k = g, the inequality

d(fi,id) < K‘ML1 (29)
(qn+1)?
Since K > 1, equation 27 assures that
. Kn
lim nsup W = 0.
Thus we obtain that
lim sup do(f,id) = 0.
n
Hence up to a subsequence we can suppose that
do(f®,id) — 0.
So f satisfies the hypothesis of Theorem 5.1 and we conclude
Caly(f) =
O
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6.2 An example of C'l-rigidity : the non Bruno type

Bruno type. A number o € R\Q will be said to be Bruno type if the sequence (¢ )nen
of the approximation denominators of « satisfies

< +00.

i log(Qn+1)

dn

n=0

If we consider o € R which is not Bruno type then for each k € Z the real a + k is also
not Bruno type and to simplify the notations we will say that an element & € T' is non
Bruno type.

A. Avila, B. Fayad, P. Le Calvez, D. Xu and Z. Zhang proved in [2| that if we consider a
number o € R\Q which is not Bruno type, for H > 1 there exists a subsequence gy, of the
sequence of the approximation denominators of a such that for every n e N q,, , > H nj
and there exists an infinite set J < N such that for every j € J we have

_Inj

{gn,a} <e 7. (30)
We can also find the following result in the same paper.
Proposition 6.1. Let us consider a C? irrational pseudo rotation f € Diffi)(]D)). Suppose
that p(f|s1) is not Bruno type, then the sequence qy, satisfies

di(f™i, Id) — 0.

Hence a C? irrational pseudo rotation f € Diff. (D) satisfies the hypothesis of Corollary

5.2 and we obtain the following corollary.
Corollary 6.2. Let us consider a C? irrational pseudo rotation f € Diffi(]D)). Suppose
that p(f) is not Bruno type, then we have

Cah (f) = 0.
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