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Abstract. This paper investigates the question of stability for a class of Ricci flows
which start at possibly non-smooth metric spaces. We show that if the initial metric
space is Reifenberg and locally bi-Lipschitz to Euclidean space, then two solutions
to the Ricci flow whose Ricci curvature is uniformly bounded from below and whose
curvature is bounded by c · t−1 converge to one another at an exponential rate once
they have been appropriately gauged. As an application, we show that smooth three
dimensional, complete, uniformly Ricci-pinched Riemannian manifolds with bounded
curvature are either compact or flat, thus confirming a conjecture of Hamilton and
Lott.

Contents

1. Introduction 2
1.1. Overview 2
1.2. Outline of paper 6
1.3. Notation 6
1.4. Acknowldgements 7
2. Curvature decay 7
3. Existence of an adjustment map 9
4. Rough convergence rate 13
5. Polynomial convergence rate 17
6. Exponential convergence rate 25
7. Almost Ricci-pinched expanding gradient Ricci solitons 28
8. Compactness of Ricci-pinched manifolds in dimension three 30
Appendix A. Volume and distance convergence, for solutions to Ricci flow

with Ric ≥ −1 and curvature bounded by c0/t 35
Appendix B. A splitting theorem of R. Hochard for the Ricci flow in a singular

setting 38
References 39

Date: March 29, 2022.

1



2 ALIX DERUELLE, FELIX SCHULZE, AND MILES SIMON

1. Introduction

1.1. Overview. In this paper, we consider smooth solutions (Mn, g(t))t∈(0,T ) to Ricci
flow defined on smooth, connected manifolds satisfying for t ∈ (0, T ),

(1.1) |Rm(g(t))| ≤ c0

t
and Ric(g(t)) ≥ −g(t),

where c0 is a positive time-independent constant. This setting has been shown to occur
in many situations, one prominent one being that of expanding solitons with non-
negative curvature operator coming out of cones with non-negative curvature operator:
see for example [SS13], [Der16], [ST21], [BCRW19].

Using Lemma A.1 of Simon-Topping, we see that the above setting guarantees that
the distances dt := d(g(t)) on M converge locally in a strong sense. More explicitly,
assuming (1.1), we have:

for all x0 ∈M, there exists a connected open set Ux0 bM and S(x0) > 0 s.t.

et−sds ≥ dt ≥ ds − c0

√
t− s for 0 < s ≤ t < S(x0), on Ux0 ,

(1.2)

and hence there exists a unique limit d0 := limt↘0 dt on Ux0 , which is attained uniformly,
such that (Ux0 , d0) is a metric space. Note that if for different points x0, y0 ∈ M we

obtain d0 = limt↘0 dt on Ux0 and d̃0 = limt↘0 dt on Uy0 then we have d0 = d̃0 on
Ux0 ∩ Uy0 , since they both are obtained as the uniform limit of d(g(t)) as t → 0.
For this reason we do not include a quantifier depending on x0 in the definition of
d0 := limt↘0 dt on Ux0 . We are interested in the following problem:

Problem 1.1. Let (Mn
i , gi(t))t∈(0,T ), i = 1, 2 be two smooth, connected (possibly in-

complete) Ricci flows satisfying (1.1) and (1.2) and converging locally to the same
metric space, up to an isometry as t tends to 0, that is: limt↘0 d(g1(t)) = d0,1 on Up,1
limt↘0 d(g2(t)) = d0,2, on Up,2 and ψ0(Up,1) = Up,2, where ψ0 : Up,1 → Up,2 = ψ0(Up,1)
is a homeomorphism with ψ∗0(d0,2) = d0,1. Then we are concerned with the following
problems:

What further assumptions on the regularity of d0 ensure that

(1) there is a suitable gauge in which we can compare the solutions g1 and g2 effec-
tively?

(2) the solutions (g1(t))t∈(0,T ) and (g2(t))t∈(0,T ) remain close to one another for t
close to zero in this gauge?

Our fundamental regularity assumption on d0 is the following Reifenberg property:

(1.3) for all p ∈M, for all x ∈ Up, every tangent cone at x of (Up, d0) is (Rn, d(δ)),

where d(δ) stands for Euclidean distance. In fact, if (M,d0) is the local limit of a non-
collapsing sequence of complete, smooth Riemannian manifolds with bounded curvature
and Ricci curvature uniformly bounded from below, this condition can be turned into
a uniform Reifenberg condition (see Lemma 2.1),

for all p ∈M and for all ε > 0, there exist r > 0 and a neighborhood Up bM
such that dGH(Bs−1d0

(x, 1),B(0, 1)) < ε, for all s < r, and for all x ∈ Up
such that Bd0(x, s) b Up.

(1.4)
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Assumption (1.3) is infinitesimal and means that there are no singular points in
(Up, d0) for any p ∈ M . However, it does not necessarily mean that the distance is
induced by a Hölder continuous Riemannian metric, let alone a Lipschitz Riemannian
metric: see [CN13, Theorem 1.2] for such a counterexample. The same paper does
however show, under the assumption that (Up, d0) is a complete, uniformly Reifenberg,
non-collapsed Ricci limit space, that there does exist a bi-Lipschitz embedding into RN
for a sufficiently large N around each point x ∈ Up.

The Reifenberg condition allows us to show that a uniform Pseudolocality estimate
holds: see Lemma 2.2. In the case that the solution is complete and has bounded
curvature, we use Perelman’s Pseudolocality and the uniform Reifenberg result from
Lemma 2.1 to prove this. In the general case, we use Lemma A.2, which is valid in the
setting we consider here.

We assume as a further regularity assumption on d0 that there is a bi-Lipschitz chart
around each point in (Up, d0) given by distance coordinates, and that the Lipschitz
constant is ε0 close to 1:

For any x0 ∈ Up, there is a radius R = R(x0) > 0 such that Bd0(x0, 4R) b Up
and points a1, . . . , an ∈ Bd0(x0, 3R) such that the map

D0 :

{
Bd0(x0, 4R) → Rn

x → (d0(a1, x)− d0(a1, x0), . . . , d0(an, x)− d0(an, x0)),

is a (1 + ε0) bi-Lipschitz homeomorphism on Bd0(x0, 2R).

(1.5)

Assumption (1.5) is local and always holds true in the case that (Up, d0) is an Alexan-
drov space with curvature bounded from below satisfying (1.3): see [BBI01, Theorem
10.8.4]. For example, this would be the case, if we assume (1.3) and replace the lower
bound on the Ricci curvature in (1.1), by secg(t) ≥ −1, t ∈ (0, T ), where sec refers to
sectional curvature.

We establish the following initial stability estimate which addresses the question
posed in Problem 1.1.

Theorem 1.2. Let (Mn
i , gi(t))t∈(0,T ), i = 1, 2, be smooth solutions to Ricci flow (not

necessarily complete) both satisfying (1.1) and (1.2), such that the locally well de-
fined metrics at time zero agree (up to an isometry), that is for arbitrary p ∈ M1,
limt↘0 d(g1(t)) = d0,1 on Up,1, and limt↘0 d(g2(t)) = d0,2, on Uψ0(p),2 for an isome-
try ψ0 : (Up,1, d0,1) → (Up̂,2 = ψ0(Up,1), d0,2), p̂ := ψ0(p), that is ψ0 : Up,1 → Up̂,2 =
ψ0(Up,1) is a homeomorphism with ψ∗0(d0,2) = d0,1. We assume (1.3) and for fixed but
arbitrary p ∈M1, and x0 ∈ Up,1 that (1.5) holds true for the locally defined metric d0,1

on Up,1 (and hence also d0,2 on Up̂,2). Then there exists an R0 ∈ (0, 1) and T0 > 0
depending on n, ε0 and x0 and solutions (g̃1(t))t∈(0,T0) and (g̃2(t))t∈(0,T0) to δ-Ricci-
DeTurck flow defined on B(0, R0)× (0, T0) satisfying the following:

(1) The metrics g̃1(t) and g̃2(t) are (1± ε0) close to the δ-metric for t ∈ (0, T0),

(2) there exist C0 > 0 depending on n, ε0 and x0 such that if t ∈ (0, T0]:

(1.6) |g̃1(t)− g̃2(t)|δ ≤ exp
(
−C0

t

)
, on B(0, R0).

(3) Moreover, g̃1(t) = (F1(t))∗g1(t) and g̃2(t) = (F2(t))∗g2(t), where (F1(t))t∈(0,T0)

and (F2(t))t∈(0,T0) are smooth families of bi-Lipschitz maps on Bd0,1(x0,
3
2R0)
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respectively Bd0,2(ψ0(x0), 3
2R0) that satisfy the following:

(a) The family of maps (F1(t))t∈(0,T0) (respectively (F2(t))t∈(0,T0)) is a solu-
tion to the Ricci-harmonic map flow with respect to the Ricci flow solution
(g1(t))t∈(0,T0) (respectively (g2(t))t∈(0,T0)).

(b) The initial value for F1 is D0 and for F2 is D0 ◦ (ψ0)−1 and the convergence
rate at t = 0 is

|F1(t)−D0| ≤ C0

√
t, t ∈ (0, T0), on Bd0,1

(
x0,

3
2R0

)
,

|F2(t)−D0 ◦ (ψ0)−1| ≤ C0

√
t, t ∈ (0, T0), on Bd0,2

(
ψ0(x0), 3

2R0

)
,

(1.7)

where D0 are the distance coordinates on Bd0,1(x0,
3
2R0) coming from (1.5).

(c) The distances d̃1(t) := d(g̃1(t)) and d̃2(t) := d(g̃2(t)) converge, uniformly
to the same distance (D0)∗d0,1 on B(0, R0) as t approaches 0.

The convergence rate obtained in Theorem 1.2 is expected to be sharp when com-
paring with the behavior at t = 0 of solutions to the heat equation on Euclidean space
coming out of initial data vanishing on a ball: see Proposition 6.1 in Section 6.

As an application of this result, we show that the approach of Lott [Lot19] leads to
a full resolution of a conjecture posed by Hamilton [CLN06, Conjecture 3.39] and Lott
[Lot19, Conjecture 1.1].

Recall that a Riemannian manifold (Mn, g) is uniformly Ricci pinched if Ric(g) ≥ 0
and there exists a constant c > 0 such that on M ,

Ric(g) ≥ cRgg,

in the sense of quadratic forms where Rg denotes the scalar curvature of the metric g.
Notice that such a condition is invariant under rescalings.

Theorem 1.3. Let (M3, g) be a smooth complete Riemannian manifold with bounded
and uniformly pinched Ricci curvature. Then (M3, g) is either smoothly isotopic to a
spherical space form or flat. In particular, if M is non-compact then (M3, g) is flat.

Hamilton introduced the Ricci flow in [Ham82], and in the case that (M3, g) is
compact with non-negative uniformly pinched Ricci curvature and the scalar curvature
is positive at least at one point, the paper shows that the volume preserving Ricci flow
of (M3, g) exists for all time and converges smoothly to a spherical space form. In the
case that (M3, g) is compact and has non-negative uniformly pinched Ricci curvature
and the scalar curvature is zero everywhere, then M3 is Ricci-flat and hence flat. That
is, the results of Hamilton imply Theorem 1.3 immediately in the case that M3 is
compact.

In case (M3, g) is non-compact with bounded curvature, Lott has proven Theorem
1.3 under the assumption that the sectional curvature of g has a lower bound decaying
at least quadratically in the distance from a fixed point, improving a result of Chen-
Zhu [CZ00] where it is assumed that the metric g has non-negative sectional curvature.
Finally, Theorem 1.3 can be interpreted as an extension of Myers’ theorem in dimension
3.

Lott’s approach to Hamilton’s conjecture has two major parts, which we briefly
explain here. The proof is by contradiction and the first part deals with Ricci flow and
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it does not use the lower bound on the sectional curvature. Lott shows the following
crucial result:

Theorem 1.4 ([Lot19]). Let (M3, g0) be a smooth, complete non-compact Riemannian
3-manifold which is uniformly Ricci pinched with bounded curvature. Then there exists
a complete Ricci flow solution (M3, g(t)) that exists for all t ≥ 0 with g(0) = g0 such
that:

(1) the solution is Type III, i.e. |Rm(g(t))| ≤ C
t for all t > 0 and some uniform

positive constant C,
(2) the solution is uniformly c-pinched, i.e. there exists c > 0 such that for t > 0,

Ric(g(t)) ≥ cRg(t)g(t) on M ,
(3) If Rg0(x0) > 0 at some point, then the solution is uniformly non-collapsed for

all positive time, i.e.

AVR(g(t)) := lim
r→+∞

r−3Volg(t)(Bg(t)(x0, r)) = v0 > 0,

for some (hence any) x0 ∈ M , t > 0 and some time-independent positive con-
stant v0.

See Section 8 for details.
The second part of Lott’s work does not use the Ricci flow. In the following expo-

sition, we only consider solutions from Theorem 1.4 where (3) holds. If one further
assumes that the sectional curvature of the initial space is bounded from below by − A

r2

with r being the distance, and one blows down the solution, one obtains a solution
having the same properties, in some weak sense, coming out of any asymptotic cone of
(M3, g0). Based on results of Lebedeva-Petrunin [LP22] using methods of Alexandrov
geometry, it is then a static problem to show that such asymptotic cones must be flat
which leads to a contradiction.

This is where our approach differs, as we will now explain. After blowing down Lott’s
Ricci flow solution, we first notice that the initial condition is a metric cone with no
cone points outside the apex. This follows from a splitting theorem due to Hochard, see
Proposition B.1, for Type III non-collapsed solutions to the Ricci flow with non-negative
Ricci curvature coming out of a metric space splitting a line. This result holds in any
dimension. In particular, assumption (1.3) is satisfied. Invoking results on RCD spaces
(see Section 8 for references), the initial metric cone turns out to be an Alexandrov
space with non-negative curvature. Therefore, Assumption (1.5) is satisfied as well. In
particular, the link of the cone is a two dimensional Alexandrov space with curvature
not less than one, and may be approximated by smooth spaces with curvature larger
than one, in view of results from the theory of Alexandrov spaces: See the references
in Section 8. Now, a consequence of the work of the first author [Der16] (alternatively
the second two authors [SS13], after approximating the cone by a smooth space with
non-negative curvature operator, as in [Sch14, Section 3.2]) ensures the existence of a
self-similarly expanding solution coming out of the same initial metric cone that will
serve as a comparison solution. This solution is an expanding gradient Ricci soliton
with non-negative curvature operator which is not necessarily Ricci-pinched. If this
would have been the case, we would be done by the work of [CZ00]. Using Theorem
1.2 to compare this solution with the original Ricci pinched solution, we see that this
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non-negatively curved expanding soliton solution is almost Ricci pinched. The error to
be an exact Ricci-pinched expander is shown to be exponentially decaying at infinity:
see Section 7 for details. This allows us to conclude that the expander is Euclidean
which implies that the initial metric cone is flat, leading to a contradiction.

Notice that in Lott’s approach and that of the present paper, the main difficulty lies
in the problem that one lacks regularity on any of the asymptotic cones of (M3, g0),
which is partially due to the fact that such an asymptotic cone does not a priori satisfy
any kind of (elliptic) equation, and thus one struggles to make sense of the pinching
on the initial metric cone. To circumvent this issue, we work directly with Lott’s Ricci
flow solution coming out of the cone, and we use the parabolic nature of the Ricci flow
equation to derive geometric properties for the initial condition.

Based on this result, a higher dimensional counterpart to Hamilton and Lott’s con-
jecture would be:

Question 1.5. Let (Mn, g) be a connected non-compact complete Riemannian manifold
with 2-non-negative curvature operator. Assume (Mn, g) is 2-pinched. Is it true that
(Mn, g) is flat?

Recall that a Riemannian manifold (Mn, g) has 2-non-negative curvature operator
if the sum of the two lowest eigenvalues λi(g), i = 1, 2, of the curvature operator is
non-negative, i.e. λ1(g) + λ2(g) ≥ 0 on M . Similarly, a Riemannian manifold (Mn, g)
is 2-pinched if there exists a constant c > 0 such that λ1(g) + λ2(g) ≥ cRg on M .

An attempt to tackle Question 1.5 with the help of the Ricci flow, would most likely
require one to first answer the following question:

Question 1.6. Let (Mn, g(t))t∈(0,+∞) be a complete non-compact Type III Ricci flow
with 2-non-negative curvature operator. Assume (Mn, g(t))t∈(0,+∞) is uniformly 2-
pinched and uniformly non-collapsed at all scales, i.e. there exists c > 0 such that for
t > 0, λ1(g(t)) + λ2(g(t)) ≥ cRg(t) on M and there exists V0 > 0 such that for t > 0,
AVR(g(t)) ≥ V0. Is it true that (Mn, g(t))t>0 is isometric to Euclidean space?

1.2. Outline of paper. Sections 2 to 6 are devoted to the proof of the main result of
this paper, Theorem 1.2. Section 2 explains how one improves the curvature decay as t
approaches 0 in the setting of Theorem 1.2. Section 3 is purely static, i.e. it is indepen-
dent of the Ricci flow and describes how to adjust two Riemannian metrics originally
close in the Gromov-Hausdorff topology with the help of a suitable diffeomorphism in
order to make them coincide at the level of metrics. Based on Section 3, Section 4
is devoted to the adjustment of two solutions to δ-Ricci-DeTurck flow coming out of
the same metric space so that they are comparable at the level of Riemannian metrics
along a sequence of times approaching 0, this is Corollary 4.3. Sections 5 and 6 are
the core of this paper and they establish a polynomial (respectively exponential) decay
rate for the difference of the two (adjusted) solutions to δ-Ricci-DeTurck flow obtained
in the previous section, thereby ending the proof of Theorem 1.2. Section 7 proves a
rigidity result on expanding gradient Ricci soliton with non-negative Ricci curvature
and almost Ricci pinched curvature. Section 8 gives a proof of Theorem 1.3.

1.3. Notation. We collect notation used throughout this paper.
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(1) For a connected Riemannian manifold (Mn, g), x, y ∈M, r ∈ R+:

(1a) (M,d(g)) refers to the associated metric space,

d(g)(x, y) = inf
γ∈Gx,y

Lg(γ),

where Gx,y refers to the set of smooth regular curves γ : [0, 1]→ M, with
γ(0) = x, γ(1) = y, and Lg(γ) is the length of γ with respect to g.

(1b) Bg(x, r) := Bd(g)(x, r) := {y ∈M | d(g)(y, x) < r}.
(1c) If g is locally in C2: Ric(g) is the Ricci Tensor, Rm(g) is the Riemannian

curvature tensor, and Rg is the scalar curvature.

(2) For a one parameter family (g(t))t∈(0,T ) of Riemannian metrics on a manifold
M , the distance induced by the metric g(t) is denoted either by d(g(t)) or dt
for t ∈ (0, T ).

(3) For a metric space (X, d), A ⊆ X, r ∈ R+, Bd(A, r) := {y ∈ X | d(y,A) < r}.
(4) B(x, r) refers to an Euclidean ball with radius r > 0 and centre x ∈ Rn.

(5) For a metric space (X, d), Hnd (V ) refers to the n-dimensional Hausdorff measure
of a subset V of X with respect to d.

(6) For a Riemannian manifold (Mn, g), A ⊆M , Volg(A) stands for the Riemann-
ian volume of A with respect to the metric g.

1.4. Acknowldgements. The first author is supported by grants ANR-17-CE40-0034
of the French National Research Agency ANR (Project CCEM) and ANR-AAPG2020
(Project PARAPLUI). The third author is supported by a grant in the Programm
‘SPP-2026: Geometry at Infinity’ of the German Research Council (DFG).

We thank Christian Ketterer, Alexander Lytchak and Stephan Stadler for answering
questions related to and explaining to us their results on Alexandrov and RCD spaces.

2. Curvature decay

To simplify the setup we will in addition to (1.1)-(1.3) fix x0 ∈ M and R > 0,
reducing T > 0 if necessary, such that

(2.1) Bd0(x0, 200R+ c0T ) bM .

From Lemma A.1, this implies that Bdt(x0, 200R) b M for all t ∈ (0, T ) and
Bd0(x0, 200R) bM , where dt := d(g(t)).

We record the following consequence of the Bishop-Gromov volume comparison,
volume and convergence, and that almost volume cone implies almost metric cone
structure.

Lemma 2.1. Let (Nn
i , gi, pi)i∈N, be a smooth sequence of complete manifolds, without

boundary, with Ric(gi) ≥ −gi on Ni and let (X, d, x0) be a non-collapsed Gromov-
Hausdorff limit of (Nn

i , gi, pi)i∈N. Assume K ⊆ X is compact and that all tangent
cones of X for p ∈ K are Euclidean. Then for every ε > 0, there exists rε > 0 such
that for any p ∈ K and 0 < r ≤ rε the ball Bd(p, r) is, after scaling r to one, ε-close in
Gromov-Hausdorff distance to a Euclidean ball B(0, 1) ⊆ Rn, i.e. (K, d) is uniformly
Reifenberg.
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Proof. Let δ1 > 0 be given. For all p ∈ K, there exists 0 < rp ≤ 1 such that for all
0 < r ≤ 2rp we have that Bd(p, r), after scaling r to one, is δ1/2-close in Gromov-
Hausdorff distance to B(0, 1), in view of the assumption that all tangent cones at
points in K of X are Euclidean. Since K is compact we can select finitely many
points p1, . . . , pN such that (Bd(pi, rpi))

N
i=1 cover K. Fix arbitrary i ∈ {1, . . . , N}

and let p be arbitrary in Bd(pi, ri). Then Bd(p, rpi) ⊆ Bd(pi, 2rpi). This implies that
Bd(p, rpi) is, after scaling rpi to one, δ1-close in Gromov-Hausdorff distance to B(0, 1).
Thus given δ2 > 0, by volume convergence under a uniform lower Ricci curvature
bound on smooth spaces ([CC97, Theorem 5.9]: See also [Che01, Theorem 9.31]), and
the fact that (Nn

i , gi, pi) GH-converges to (X, d, x0) as i → ∞ we can assume that
δ1 = δ1(δ2, n) > 0 is chosen sufficiently small so that

r−npi H
n
d (Bd(p, rpi)) ≥ (1− δ2)Volδ(B(0, 1)) .

Now given δ3 > 0 we can apply Bishop-Gromov volume comparison and choose
δ2 = δ2(δ3, n) > 0 sufficiently small so that

r−nHnd (Bd(p, r)) ≥ (1− δ3)Volδ(B(0, 1)),

for all 0 < r ≤ rpi , for arbitrary p ∈ Bd(pi, ri). Given ε > 0 we can thus apply [CC97,
Theorem 5.9] to the smooth approximating spaces followed by [CC96, Theorem 4.85]
(see also [Che01, Theorem 9.45]) to see that for δ3(ε, n) > 0 sufficiently small we have
that for all 0 < r ≤ rpi that Bd(p, r), after scaling r to one, is ε-close in Gromov-
Hausdorff distance to B(0, 1) for arbitrary p ∈ Bd(pi, ri).

Now we choose
rε := min

i∈{1,...,N}
rpi ,

to get the desired statement. �

The following Lemma shows a uniform Pseudolocality type result, in a Reifenberg
setting.

Lemma 2.2. Assume (Mn, g(t)) for t ∈ (0, T ) satisfy (1.1), (1.2), (1.3) and (2.1) for
a fixed x0 ∈M . Then there exists ε(t) = εx0(t) > 0 depending on x0 such that ε(t)→ 0
as t→ 0 and

|Rm(g(t))| ≤ ε(t)2/t on Bd0(x0, 150R) for all t ∈ (0, T ) .

Furthermore,

|∇g(t),kRm(g(t))|2 ≤ C(k, n, ε(t))/t2+k on Bd0(x0, 100R) for all t ∈ (0, T ),

where C(k, n, ε(t))→ 0 as ε(t)→ 0.

Proof. To illustrate the main idea, we present first a proof in the case that there is a
complete solution (N,h(t))t∈(0,T ) with bounded curvature and Ric(h(t)) ≥ −h(t) for
all t ∈ (0, T ) and M ⊆ N is open, with g(t) = h(t)|M . Let p ∈ M be fixed and ε > 0
be given. By scaling d0 by a constant λ sufficiently large, we see that (Up, dλ := λd0)
has the property that dGH(Bdλ(x, 1),B(0, 1)) ≤ ε2 for all x ∈ Bd0(x0, 199R), in view
of the uniform Reifenberg property, (1.4) which holds in view of (1.3) and Lemma 2.1.
Hence, using (1.2), we see that

dGH(Bd(gλ(t))(x, 1),B(0, 1)) ≤ ε,
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for all x ∈ Bd0(x0, 199R) for all t ≤ ε2, where gλ(t) = λ2g
(
t
λ2

)
.

Furthermore, Ric(gλ(t)) ≥ −εgλ(t) on Up if λ is large enough. Using the volume
convergence theorem of Cheeger-Colding for spaces with curvature bounded below,
we see that Volgλ(t)(Bgλ(t)(x, 1)) ≥ ωn(1 − ψ(ε)) for all x ∈ Bd0(x0, 199R) for all

t ≤ ε2, and [CM20, Corollary 1.3], then shows us that the isoperimetric profile of
Bgλ(t)(x, 1) is ψ(ε) close to the Euclidean isoperimetric profile of a ball of radius one

for all x ∈ Bd0(x0, 199R), for all 0 < t ≤ ε2, where ψ(ε)→ 0 as ε↘ 0.
Thus Perelman’s Pseudolocality theorem [Per02, Theorem 10.1] implies that given

ε > 0 we can choose λ sufficiently large such that

|Rm(gλ(1))|(x) ≤ ε2,

for all x ∈ Bd0(x0, 150R). Scaling back implies the first statement of the lemma. The
second statement follows as in [DSS19, Lemma 3.1].

In the general case, |Rm(g(t))| ≤ ε(t)
t on Bd0(x0, 150R) follows from Lemma A.2,

and the second statement follows as in [DSS19, Lemma 3.1]. �

Lemma 2.3. Assuming the setting of Lemma 2.2, one has for all t ∈ [r, T ) and 0 ≤
r < s < T ,

er−sdr ≥ dt ≥ dr − ε(t)
√
t− r, on Bd0(x0, 100R),

where ε(t)→ 0 as t↘ 0.

Proof. This follows from the previous lemma together with the scaling of the distance
estimates as in Lemma A.1. �

3. Existence of an adjustment map

The following lemma shows the existence of a so called adjustment map. If two
Riemannian metrics, and their derivatives on a ball in Euclidean space are uniformly
bounded with respect to the standard metric, and the distances are close to one an-
other, up to an isometry, then there is a diffeomorphism, a so called adjustment of
the isometry, such that the pull back of the Riemannian metric with respect to this
adjustment map is close in the C0 sense to the other.

Lemma 3.1 (cf. [Gro07] and [Fuk87]). Let c0 ≥ 1 and an integer n ≥ 1 be given. Then
for all ε > 0, there exists a constant c(ε, n, c0) > 0 with the property that c(ε, n, c0)→ 0
as ε ↘ 0 such that the following holds. Let K > 1 and let (Mn

i , gi), i = 1, 2, be two
connected Riemannian manifolds (not necessarily complete), with Mi ⊆ Rn (where Rn
is given the standard topology and differentiable structure) such that

1

c0
δ ≤ gi ≤ c0δ, i = 1, 2,

|Dk(g1)|2 + |Dk(g2)|2 ≤ c0K
k, ∀ k ∈ {1, 2, . . . , 8},

(3.1)

where here D refers to Euclidean derivatives. Let d(g1) be the metric on M1 induced
by g1 and d(g2) be the metric on M2 induced by g2. Assume furthermore that ϕ :

Bd(g1)(0, s) bM1 → ϕ(Bd(g1)(0, s)) bM2 for s ≥ 100K−
1
2 is a homeomorphism which

satisfies

(3.2) |ϕ∗d(g1)− d(g2)| ≤ εK−
1
2 .
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Then there exists a smooth bi-Lipschitz diffeomorphism

ϕ̃ : Bd(g1)

(
0, s

10c0

)
→ ϕ̃

(
Bd(g1)

(
0, s

10c0

))
b B(0, R),

such that

(1− c(n, ε, c0))g2 ≤ ϕ̃∗g1 ≤ (1 + c(n, ε, c0))g2,

|d(ϕ̃∗g1)(x, y)− d(g2)(x, y)| ≤ c(n, ε, c0)K−
1
2 ,

d(g2)(ϕ̃(z), ϕ(z)) ≤ c(n, ε, c0)K−
1
2 ,

(3.3)

for all x, y ∈ ϕ̃(Bd(g1)(0,
s

10c0
)), and all z ∈ Bd(g1)(0,

s
10c0

).

A proof of Lemma 3.1 can be adapted either from Gromov’s book [Gro07, Section
D, Chapter 8] or Fukaya [Fuk87]: there the setting is more general. We provide a
somewhat alternative proof in our setting based on the notion of almost isometries.

Before we prove Lemma 3.1, we define the notion of almost isometry which shall be
used in this paper.

Definition 3.2. Let (W,d) be a metric space. We call Z : (W,d) → Rn an ε0 almost
isometry if

(1− ε0)d(x, y)− ε0 ≤ |Z(x)− Z(y)| ≤ (1 + ε0)d(x, y) + ε0

for all x, y ∈W .

We state the following useful observation taken from [DSS19, Lemma 3.5]:

Lemma 3.3. For all σ > 0, there exists γ = γ(σ) ∈ (0, σ) small with the following
property: if L : (B(0, γ−1), d) → Rn is a γ almost isometry fixing 0, then there exists
an S ∈ O(n) such that |L− S|L∞(B(0,σ−1)) ≤ σ.

Proof of Lemma 3.1. Let α > 0 be given. Without loss of generality, 1
α ≥ c0 and

α ≤ 10−10. Assume ε ≤ α2. Rescaling ĝ1 = K
α g1 and ĝ2 = K

α g2 and h = K
α δ we are

now in the setting (denoting ĝ1 by g1 once again and ĝ2 by g2 once again) that

1

c0
h ≤ gi ≤ c0h,

|Dk(g1)|2 + |Dk(g2)|2 ≤ αk, ∀ k ∈ {1, 2, . . . , 8},(3.4)

|ϕ∗d(g1)− d(g2)| ≤ εα−
1
2 ≤ α,

on Bd(g1)(0, sα
− 1

2 ) where here now D refers to the covariant derivative with respect to h,

and |·| is the norm with respect to h. There is an isometry Zi : (Mi, h)→ (K
1
2α−

1
2Mi, δ)

given by x→ K
α x. Pushing everything forward by Zi, we see that we may assume that

we are in the setting above, with h = δ and D is the usual derivative in Rn and | · | is

the norm with respect to δ. Taking any p ∈ Bd(g1)

(
0, s2α

− 1
2

)
, let aij = (g1)ij(p) be the

metric at p. From the estimates (3.4) we see that

6∑
k=0

|Dk((g1)ij(·)− aij)|C0(B(p,γ−1)) ≤ γ,

where γ = γ(α, n, c0) → 0 as α → 0. Constants of this type shall be denoted by γ
and can change from line to line, but always satisfy γ(α, n, c0) → 0 as α → 0. By
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performing a linear transformation V1 : Rn → Rn, and setting T1(q) = V1(p − q) + p,
we see that in the coordinates T1, that is g̃1 := (T1)∗g1 we have, (g̃1)ij(0) = δij and

6∑
k=0

|Dk((g̃1)ij(·)− δij)|C0(B(0,γ−1)) ≤ γ,

for some γ = γ(α, n, c0) → 0. Similarly for g2 at ϕ(p) we find an affine map T2, such
that for g̃2 := (T2)∗g1, we have (g̃2)ij(0) = δij and

6∑
k=0

|Dk((g̃2)ij(·)− δij)|C0(B(0,γ−1)) ≤ γ,

for some γ = γ(α, n, c0)→ 0.
Defining L := T2 ◦ϕ ◦ (T1)−1, we see that L : (B(0, γ−1), d(g̃1)) → Rn is a γ almost

isometry fixing 0. Therefore, Lemma 3.3 ensures there must exist an S̃ ∈ O(n) such

that |S̃ − L|C0(B(0,γ−1)) ≤ γ(α, n, c0) where γ → 0 as α → 0. In particular, setting

Sp := (T2)−1 ◦ S̃ ◦T1, and using (T2)−1 ◦L ◦T1 = ϕ, we obtain

|ϕ− Sp|C0(B(p,γ−1)) ≤ γ(α, n, c0)→ 0,

as α→ 0, and for δ̃ := (T2)∗δ, (note 1
C(c0,n)δ ≤ δ̃ ≤ C(c0, n)δ ),

|(Sp)∗g1 − g2|C0(B(ϕ(p),200),δ)) = |S̃∗g̃1 − g̃2|C0(T2(B(ϕ(p),200)),δ̃))

≤ C(c0, n)|S̃∗(g̃1 − δ) + S̃∗δ − δ − (g̃2 − δ)|C0(B(0,R(c0,n)))

= C(c0, n)|S̃∗(g̃1 − δ)− (g̃2 − δ)|C0(B(0,R(c0,n)))

≤ C(c0, n)|S̃∗(g̃1 − δ)|C0(B(0,R(c0,n))) + |g̃2 − δ|C0(B(0,R(c0,n)))

= C(c0, n)|g̃1 − δ|C0(B(0,R(c0,n))) + |g̃2 − δ|C0(B(0,R(c0,n)))

≤ γ(α, n, c0)→ 0 as α→ 0,

where we used that fact that S̃∗δ = δ in the third line.
In particular,

(3.5) (1− c(α, n, c0))(Sp)∗g1 ≤ g2 ≤ (1 + c(α, n, c0))(Sp)∗g1, on B(ϕ(p), 100),

with c(α, n, c0)→ 0 as α→ 0.

From the definition of Sp, we have DSp = D(T2)−1 ◦DS̃ ◦DT1 = V −1
2 ◦ S̃ ◦V1 and

|V1|C0(Rn,Rn) + |(V1)−1|C0(Rn,Rn) + |V2|C0(Rn,Rn) + |(V2)−1|C0(Rn,Rn) ≤ C(n, c0),

so that |DSp|C0(Rn) ≤ c(c0, n). We are ready to define our adjustment map.

We take a covering by balls (B(pi, 1))i∈I of radius one of Bd(g1)

(
0, sα−

1
2

)
for which

(B(pi,
1
3))i∈I are pairwise disjoint and (B(pi,

2
3))i∈I still covers, and take a partition of

unity (ηi : M1 → R)i∈I subordinate to this covering: ηi = 1 on the balls of radius
B(pi,

1
3), supp(ηi) ⊂ B(pi,

2
3). We let Si := Spi and define

(3.6) ϕ̃ :=
∑
i∈I

ηiSi.
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As we saw above, |ϕ− Si|C0(B(pi,γ−1)) ≤ γ → 0. Furthermore,

|Si − Sj |C0(B(p,100)) ≤ |Si − ϕ|C0(B(p,100)) + |Sj − ϕ|C0(B(p,100)) ≤ γ(α, c0, n)→ 0,

if pi, pj ∈ B(p, 100) per construction. Hence

|DSj −DSi|2C0(B(p,100)) = |Sj − Si|2C0(B(p,100)) ≤ γ(α, c0, n)→ 0,

if pi, pj ∈ B(p, 100). Let x ∈ B(pi, 10), and let Ji denote the indices j ∈ N for which
B(pj , 1)∩B(pi, 10) 6= ∅. Note that we can assume that there exists a uniform constant
c(n) such that |Ji| ≤ c(n). Furthermore, ϕ̃|B(pi,10) =

∑
j∈Ji ηjSj and hence

|Dϕ̃−DSi|C0(B(pi,10)) =
∣∣∣∑
j∈Ji

D(ηj · Sj)−DSi

∣∣∣
C0(B(pi,10))

=
∣∣∣∑
j∈Ji

D(ηj · Sj)−D
(∑
j∈Ji

ηj

)
Si −

∑
j∈Ji

(ηj ·DSi)
∣∣∣
C0(B(pi,10))

=
∣∣∣∑
j∈Ji

(Dηj)(Sj − Si)− ηj(DSi −DSj)
∣∣∣
C0(B(pi,10))

≤ γ(α, n, c0)→ 0, as α→ 0.

That is

(3.7) |Dϕ̃−DSi|C0(B(pi,10)) ≤ γ(α, n, c0)→ 0, as α→ 0.

Using the fact that ϕ̃|B(pi,10) =
∑

j∈Ji ηjSj , we also obtain

|D2(ϕ̃− Si)|C0(B(pi,10)) + |D3(ϕ̃− Si)|C0(B(pi,10)) ≤ C(n, c0),

and hence, using standard interpolation inequalities, see for example [SSS11, Appendix
A, Lemma A.5 and A.6.], we see that

|D2(ϕ̃− Si)|2C0(B(pi,10)) ≤ |D(ϕ̃− Si)|C0(B(pi,10))|D3(ϕ̃− Si)|C0(B(pi,10)) ≤ γ(α, n, c0).

We perform a Taylor expansion in each component and obtain for x, y ∈ B(pi, 10) and
k = 1, ..., n,

(ϕ̃− Si)k(x) = (ϕ̃− Si)k(y) + Dα(ϕ̃− Si)k(x)(x− y)α + Ck(x, y),

where |Ck(x, y)| ≤ γ(α, n, c0)|x− y|2. Hence

|ϕ̃(x)− ϕ̃(y)| ≥ |Si(x)− Si(y)| − γ(α, c, c0)|x− y|

= |(T2,i)
−1 ◦ S̃i ◦T1,i(x)− (T2,i)

−1 ◦ S̃i ◦T1,i(y)| − γ(α, c, c0)|x− y|

= |(T2,i)
−1 ◦ S̃i ◦T1,i(x− y)| − γ(α, c, c0)|x− y|

≥ β(n, c0)|x− y|,
for x, y ∈ B(pi, 10), where β(n, c0) > 0.

In view of (3.5) and (3.7) we have

(1− c(α, n, c0))(ϕ̃)∗g1 ≤ g2 ≤ (1 + c(α, n, c0))(ϕ̃)∗g1, on B(pi, 1),

with c(α, c, c0)→ 0 as α→ 0, and hence on all of Bd(g1)

(
0, sα−

1
2

)
. Combining this with

the fact that ϕ̃ is a diffeomorphism on Euclidean balls of radius 10, we see

(1− c(α, n, c0))d(g1)(x, y) ≤ d(g2)(ϕ̃(x), ϕ̃(y)) ≤ (1 + c((α, n, c0))d(g1)(x, y),
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on any ball of radius 10. On the other hand, for x ∈ B(pi, 1) and using the notation
above, we know

|ϕ̃(x)− ϕ(x)| =
∣∣∣∑
j∈Ji

ηjSj(x)− ϕ(x)
∣∣∣ =

∣∣∣∑
j∈Ji

ηj(Sj − ϕ)(x)
∣∣∣ ≤ c(α, n, δ),

that is
|ϕ̃(x)− ϕ(x)| ≤ c(α, n, δ)→ 0, for α→ 0.

This implies for points x, y with |x− y| ≥ 10,

d(g2)(ϕ̃(x), ϕ̃(y)) ≤ d(g2)(ϕ(x), ϕ(y)) + d(g2)(ϕ(x), ϕ̃(x)) + d(g2)(ϕ(y), ϕ̃(y))

≤ d(g2)(ϕ(x), ϕ(y)) + c(α, n, δ)

≤ (1 + c(α, n, δ))d(g2)(ϕ(x), ϕ(y))

≤ (1 + c(α, n, δ))2d(g1)(x, y),

and similarly,
d(g2)(ϕ̃(x), ϕ̃(y)) ≥ (1− c(α, n, δ))2d(g1)(x, y).

Hence, the map ϕ̃ satisfies

(1− c(α, n, c0))d(g1)(x, y) ≤ d(g2)(ϕ̃(x), ϕ̃(y)) ≤ (1 + c((α, n, c0))d(g1)(x, y)

on Bd(g1)

(
0, s2α

− 1
2

)
. �

4. Rough convergence rate

We consider the following setup: (Mn, g(t))t∈(0,T ) is a smooth solution to Ricci
flow (not necessarily complete) such that (1.1), (1.2), and (1.3) hold, where d0 =
limt↘0 d(g(t)) is locally, uniquely, well defined on Up for all p ∈M by Theorem A.1, as
explained in the introduction. In particular: for any fixed x0 ∈ M , Lemmata 2.2 and
2.3 imply that there exists an R = R(x0, n) > 0, T = T (x0, n) ∈ (0, 1] such that:

|Rm(g(t))| ≤ ε(t)/t on Bd0(x0, 200R) b Up bM for all t ∈ (0, T ),(a)

Ric(g(t)) ≥ −g(t) on Bd0(x0, 200R) b Up bM for all t ∈ (0, T ),(b)

|dt − d0| ≤ ε(t)
√
t on Bd0(x0, 100R) for all t ∈ [0, T ),(c)

where 0 ≤ ε(t)→ 0 as t↘ 0. In the following we show that we can construct solutions
to the Dirichlet problem to the Ricci-Harmonic map heat flow for a suitable possibly
non-smooth class of initial data F0, where the background Ricci flows are of the type
considered above. More precisely, we consider initial data F0 satisfying

F0 :

{
Bd0(x0, 4R) → Rn

x → ((F0)1(x), . . . , (F0)n(x))
(d)

is a (1 + ε0) bi-Lipschitz homeomorphism on Bd0(x0, 2R).

We also consider the special case that F0 := D0 where D0 are (1 + ε0) bi-Lipschitz
distance coordinates, i.e.

there are points a1, . . . , an ∈ Bd0(x0, 3R), such that the map

D0 :

{
Bd0(x0, 4R) → Rn

x → (d0(a1, x)− d0(a1, x0), . . . , d0(an, x)− d0(an, x0))
(d̂)
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is a (1 + ε0) bi-Lipschitz homeomorphism on Bd0(x0, 2R).

We recall that we say that two metrics g, h on a set Ω ⊂ M are ε-close, for ε > 0,
provided

(1 + ε)−1g ≤ h ≤ (1 + ε)g

on Ω.
We recall from [DSS19, Theorem 3.11] the following existence result and estimates

for the δ-Ricci-DeTurck flow in these settings

Theorem 4.1. For α0 ∈ (0, 1), and an integer n ≥ 2, there exists ε̂0(n, α0) > 0 and
S = S(n, α0) > 0 such that the following holds. Let (Mn, g(t))t∈(0,T ], T ≤ 1, be a
smooth solution to Ricci flow, p ∈ M and d0 be the locally well defined metric coming
from Lemma A.1, with d0 : Up × Up → R+

0 satisfying (a), (b) and (c) for an R ≥ 201
and a fixed p ∈M and fixed arbitrary x0 ∈ Up. Let F0 : Bd0(x0, R)→ Rn be a (1 + ε0)
bi-Lipschitz map with respect to d0 as in (d), where ε0 ≤ ε̂0 and assume that one of the
following is satisfied:

(i) F0 = limi→∞ Fi uniformly on Bd0(x0, R) where Fi is a (1+ε0) bi-Lipschitz map
with respect to dti on Bd0(x0, R), for some sequence ti > 0 with ti → 0 ,

(ii) (Mn, g(t))t∈(0,T ] can be smoothly extended to (Mn, g(t))t∈[0,T ],

(iii) F0 = D0 with D0 as in (d̂).

Then, for any m0 ∈ Bd0(x0, R/2), there exist maps

F (t) : Bd0(m0, 3/2)→ Et := F (t)(Bd0(m0, 3/2)) ⊆ Rn,

which are solutions to the Ricci-harmonic map flow with initial condition the map
F0|Bd0 (m0,3/2), with B(m̃0, 1) ⊆ Et for m̃0 = F0(m0), which are smooth 1 + α0 bi-

Lipschitz diffeomorphisms for all 0 < t ≤ Ŝ := min(S, T ) and such that

∂tF (x, t) = ∆g(t)F (x, t), for all (x, t) ∈ Bd0(m0, 3/2)× (0, Ŝ),

(1− α0)dt(x, y) ≤ |F (x, t)− F (y, t)| ≤ (1 + α0)dt(x, y)

for all (x, t), (y, t) ∈ Bd0(m0, 3/2)× [0, Ŝ),

|F (x, t)− F0(x)| ≤ c(n)
√
t, for all (x, t) ∈ Bd0(m0, 3/2)× [0, Ŝ),

(4.1)

for some positive constant c(n). Setting g̃(t) = (F (t))∗(g(t)) for t ∈ (0, T ), on B(m̃0, 1),
we further have that (g̃(t))t∈(0,Ŝ) is a smooth family of metrics which solve the δ-Ricci-

DeTurck flow and are α0-close to the δ metric:

(4.2) (1 + α0)−1δ ≤ g̃(t) ≤ (1 + α0)δ ,

satisfying

(4.3) |Dkg̃(t)|2 ≤ c(k, n)

tk
, k ≥ 0,

for all t ∈ (0, Ŝ). The metric d̃t := d(g̃(t)) satisfies, d̃t → d̃0 := (F0)∗d0 uniformly on
B(m̃0, 1) as t→ 0.

Proof. Constants depending on n shall be denoted by c(n) and can change from line
to line within the proof.
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• (i) Fi is (1 + ε0) bi-Lipschitz with respect to g(ti) implies that |∇g(ti)Fi|g(ti) ≤
c(n). Let Zi : Bds(m0, 20)× [ti, T )→ Rn be the solution to the Dirichlet prob-
lem with initial and boundary data given by Zi(ti) = Fi and Zi|∂Bd0 (m0,20) =

Fi|∂Bd0 (m0,20) coming from [DSS19, Theorem 2.1] ∂tZi(x, t) = ∆g(t)Zi(x, t) for

all t ∈ [ti, T ]. The solution satisfies |∇g(t)Zi(t)| ≤ c(n) for all t ∈ [ti, T ] on
Bd0(x0, 20) as shown in [DSS19, Theorem 2.1]. Hence, all the conditions re-
quired to apply [DSS19, Theorem 3.8] are satisfied, and so the stated conse-
quences there (except for the inequalities (4.3)) hold: for example

(1− α0)dt(x, y) ≤ |Zi(x, t)− Zi(y, t)| ≤ (1 + α0)dt(x, y),

|∇2Zi(x, t)| ≤
c(n)√
t
,

|Zi(x, t)− Zi(x, ti)| ≤ c(n)
√
t,

(4.4)

for all t ∈ (2ti, T/2). Taking a limit i→∞ we obtain a smooth limit F (x, t) :=
limi→∞ Zi(x, t), F : Bd0(x0, 10)× (0, T ]→ Rn being a smooth solution to har-
monic map heat flow, ∂tF (x, t) = ∆g(t)F (x, t) for (x, t) ∈ Bd0(x0, 10) × (0, T ]
satisfying all the stated inequalities except (4.3). The inequalities (4.3) follow
from [Sim02, Lemma 4.2].

• (ii) Since (g(t))t∈[0,T ] is smooth, we know (1− ε0)g(s) ≤ g(0) ≤ (1 + ε0)g(s) for
all s ∈ [0, σ) for σ > 0 sufficiently small. Hence, since F0 is (1+ε0) bi-Lipschitz
with respect to g(0), we must have Fi := F0 is (1+2ε0) bi-Lipschitz with respect
to g(ti) for a sequence ti ↘ 0. Hence we may apply (i).

• (iii) The results in this setting are obtained in [DSS19, Theorem 3.11] and the
proof thereof: the α0-closeness of g̃(t) := F (t)∗g(t) to δ follow from [Sim02,
Lemma 4.2] as explained in the proof of [DSS19, Theorem 3.11]. The smooth-
ness of the solution F (for t > 0) to the harmonic map heat flow follows from
the smoothness of g̃ and g (for t > 0) and the fact that F (t) : Bd0(m0, 3/2)→
F (t)(Bd0(m0, 3/2)) is a C1 diffeomorphism: see [DSS19, Theorem 3.11] and the
proof thereof.

�

The main result of this section is Proposition 4.2, which is used in the proof of the
main theorem, Theorem 1.2.

Proposition 4.2. For α0 ∈ (0, 1) and an integer n ≥ 2, let ε̂0(n, α0) > 0 and Ŝ =

Ŝ(n, α0) > 0 be the constants from Theorem 4.1. Let (Mn
1 , g(t))t∈(0,T ], (Mn

2 , g(t))t∈(0,T ],
T ≤ 1, be two solutions to Ricci flow satisfying (a), (b) and (c) for an R ≥ 201,
and x0 ∈ Up,1, x̂0 ∈ Up̂,2, p ∈ M1, p̂ ∈ M2, (m0 from Theorem 4.1 equal to x0,
respectivley x̂0) and let d0,1, d0,2 be the locally well defined metrics at time zero given

by Lemma A.1. Assume (d̂) holds for d0,1, with ε0 ≤ ε̂0 and that there is an isometry

ψ0 : Up,1 → ψ0(Up,1) ⊆ Up̂,2, with ψ(x0) = x̂0. Let F1 : Bd0,1(x0,
3
2) × (0, Ŝ) → Rn,

F2 : Bd0,2(x̂0,
3
2)× (0, Ŝ)→ Rn, be the two smooth, 1 + α0 bi-Lipschitz solutions to the

Ricci-harmonic map heat flow provided by Theorem 4.1 with initial value the map D0,
respectively D0 ◦ (ψ0)−1, where D0 comes from (d̂) for d0,1. Denote the corresponding
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solutions to the δ-Ricci-DeTurck flow by g̃i(t), i = 1, 2. Let (tk)k be any sequence of
positive times with tk → 0 as k → ∞. Then there exists a family of diffeomorphisms
ϕ̃k defined on Bd(g̃1(tk))

(
E1
tk
,
√
tk
)

where E1
tk

:= F1(tk) (Bd0(x0, 3/2)) such that

(1− ε(tk))g̃2(tk) ≤ (ϕ̃k)∗(g̃1(tk)) ≤ (1 + ε(tk))g̃2(tk),(4.5)

|ϕ̃k − Id | ≤ c(n)
√
tk,(4.6)

where ε(tk)→ 0 as tk → 0.

Proof. Let (tk)k be any sequence of positive times with tk → 0 as k → ∞ that we fix
once and for all. Let ϕk := F2(tk) ◦ψ0 ◦ (F1(tk))

−1 defined on E1
k := F1(tk)

(
Bd0

(
x0,

3
2

))
.

We first note that if q = F1(tk)
−1(p),

d(g̃2(tk))(ϕk(p), Id(p)) = d(g̃2(tk))(F2(tk) ◦ ψ0(q), F1(tk)(q))

≤ d(g̃2(tk))(F2(tk) ◦ ψ0(q), D0(q))

+ d(g̃2(tk))(F1(tk)(q), D0(q))

≤ 2|F2(tk) ◦ ψ0(q)−D0(q)|+ 2|F1(tk)(q)−D0(q)|
≤ c
√
tk + 2|F2(0) ◦ ψ0(q)−D0(q)|

+ 2|F1(0)(q)−D0(q)|+ c
√
tk

= c
√
tk → 0 as tk → 0 ,

(4.7)

which yields
|ϕk(·)− Id |C0(B(0,1)) ≤ c

√
tk .

Define g̃k1 := g̃1(tk), and g̃k2 := g̃2(tk), k ≥ 0. Then, the sequences (g̃k1 )k≥0 and (g̃k2 )k≥0

satisfy the estimates (4.2) and (4.3) with t = tk. Also, the distance distortion estimates
(c) imply:∣∣∣(ϕk)∗d(g̃k1 )(x, y)− d(g̃k2 )(x, y)

∣∣∣ =
∣∣∣(F2(tk) ◦ψ0)∗d(g1(tk))(x, y)− d(g̃k2 )(x, y)

∣∣∣
= |d(g1(tk))((F2(tk) ◦ψ0)−1(x), (F2(tk) ◦ψ0)−1(y))

− d(g2(tk))((F2(tk))
−1(x), (F2(tk))

−1(y))|
≤
∣∣d0((F2(tk) ◦ψ0)−1(x), (F2(tk) ◦ψ0)−1(y))− ψ0∗d0((F2(tk))

−1(x), (F2(tk))
−1(y))

∣∣
+ ε(tk)

√
tk

=
∣∣ψ0∗d0((F2(tk))

−1(x), (F2(tk))
−1(y))− ψ0∗d0((F2(tk))

−1(x), (F2(tk))
−1(y))

∣∣
+ ε(tk)

√
tk

= ε(tk)
√
tk.

These facts let us apply Lemma 3.1 to the sequences of metrics g̃k1 , and g̃k2 , defined

on a Euclidean ball of radius 1, with K := 100t−1
k , c0 = 100/99, s = 1 and ϕ = ϕk.

We obtain the existence of a family of diffeomorphisms ϕ̃k defined on B(0, 1
2) having

the required properties: the estimate (4.6) follows from the third estimate of (3.3) and
(4.7). �

As a consequence of Proposition 4.2, we can measure the difference of the two cor-
responding solutions to δ-Ricci-DeTurck flow:
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Corollary 4.3. For α0 ∈ (0, 1), and an integer n ≥ 2, assume the setting and notation
of Proposition 4.2. In particular g̃i(t) := (Fi(t))∗gi(t), t ∈ (0, T ), i = 1, 2 are the
associated solutions to (gi(t))t∈(0,T ) to δ-Ricci-DeTurck flow coming out of (D0)∗d0,1 in

the distance sense provided by Theorem 4.1 (iii), where D0 is from (d̂). Let (tk)k∈N be
any sequence of positive times with tk → 0 as k →∞. Then there exists a β0(α0, n) > 0

such that β0(α0, n) → 0 as α0 ↘ 0, and a solution (ĝk1 (t) = (F̂ k1 (t))∗g1(t))t∈[tk,Ŝ) to

δ-Ricci-DeTurck flow associated to (g1(t))t∈[tk,Ŝ) which is β0-close to the δ metric on

B(0, R0) for some R0 ∈ (0, 1) and β0 = β0(α0, n) ∈ (0, 1) and such that

lim
tk→0+

|ĝk1 (tk)− g̃2(tk)|δ = 0, on B(0, R0),

|F̂ k1 (t)−D0| ≤ c(n)
√
t, on Bd0

(
x0,

3
2

)
, for t ∈ [tk, Ŝ).

(4.8)

Proof. Let F̂1(tk) := ϕ̃k ◦F1(tk) where the family of maps ϕ̃k is obtained from Proposi-

tion 4.2. Then (4.5) implies the first statement in (4.8). Furthermore, F̂1(tk) is (1+α0)
bi-Lipschitz with respect to g1(tk) in view of (4.2) and (4.5). Thus we can apply Theo-

rem 4.1 to F̂1(tk) and (Mn
1 , g1(t))t∈[tk,T ) to obtain solutions F̂ k1 (t) for t ∈ [tk, T ) to Ricci

harmonic map heat flow which are (1+β0) bi-Lipschitz and diffeomorphisms onto their

image. Hence (ĝk1 (t) := F̂ k1 (t)∗(g1(t)))t∈[tk,T/2] satisfy (1− β0)δ ≤ ĝk1 (t) ≤ (1 + β0)δ as
required. The second estimate in (4.8) is a direct consequence of previously established

estimates: if t ∈ [tk, Ŝ),

|F̂ k1 (t)−D0| ≤ |F̂ k1 (t)− F̂ k1 (tk)|+ |F̂ k1 (tk)−D0|

≤ c
√
t− tk + |F̂ k1 (tk)−D0|

≤ c
√
t+ |(ϕ̃k − Id)(F1(tk))|+ |F1(tk)−D0|

≤ c
√
t,

which is the second inequality of (4.8). Here we have used (4.1) from Theorem 4.1 in
the second and the last inequality, and (4.6) in the last inequality. �

5. Polynomial convergence rate

We start by establishing a (faster than) polynomial convergence rate for the difference
of two solutions to δ-Ricci-DeTurck flow in the L2

loc sense.

Lemma 5.1 (Faster-than-polynomial L2 convergence rate). Let n ≥ 2 be an integer.
Then there exists an ε(n) > 0 such that the following is true. Let (g̃i(t))t∈(0,T ), i = 1, 2,
be two smooth solutions to δ-Ricci-DeTurck flow on B(0, R)×(0, T ) which are ε(n)-close
to the Euclidean metric,

(1 + ε(n))−1δ ≤ g̃i(t) ≤ (1 + ε(n))δ on B(0, R)× (0, T ),

for i = 1, 2. Then for each k ∈ N, r > 0, there exists Ck(n) = C(n, k) > 0 and
V (n, k, r) which is non-decreasing in r, such that if |g̃2(0)− g̃1(0)|2δ ≤ τ0 on B(0, R),

−
ˆ
B(0,2−kR)

|g̃1(t)− g̃2(t)|2δ dx ≤ τ0 · V
(
n, k, t

R2

)
+
( t

R2

) k
2 · Ck(n) t ∈ (0, T ).
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Proof of Lemma 5.1. Following the statement and the proof of [DSS19, Lemma 6.1],
consider the function

v(t) := |h(t)|2
(
1 + λ(|g̃1(t)− δ|2 + |g̃2(t)− δ|2)

)
, λ > 0 ,

where h(t) = g̃1(t)− g̃2(t). Define

h̃ab(t) :=
1

2

(
g̃ab1 (t) + g̃ab2 (t)

)
and ĥab(t) :=

1

2

(
g̃ab1 (t)− g̃ab2 (t)

)
.

We record the fact that v satisfies the following differential inequality if λ−1 ∈ [c−1
√
ε(n), c

√
ε(n)]

for some universal positive constant c:

∂

∂t
v ≤ h̃ab∂a∂bv − λ|h|2

(
|Dg̃1|2 + |Dg̃2|2

)
− |Dh|2

+
(
1 + λ(|g̃1 − δ|2 + |g̃2 − δ|2)

) (
h ∗ ĥ ∗D2(g̃1 + g̃2)

)
+ λ|h|2

2∑
l=1

(
ĥ ∗ (g̃l − δ) ∗D2g̃l

)
.

(5.1)

Also, by choosing ε(n) > 0 smaller if necessary, we have 1
2 |h(t)|2 ≤ v(t) ≤ 2|h(t)|2.

Now, choose a smooth cut-off function η : B(0, R) → [0, 1] such that η ≡ 1 on
B(0, R/2) with support in B(0, R) and such that |Dη| ≤ c · R−1 for some positive
constant c. Then multiplying (5.1) by η and integrating over B(0, R) gives:

∂

∂t

ˆ
B(0,R)

ηv ≤
ˆ
B(0,R)

ηh̃ab∂a∂bv − λ
ˆ
B(0,R)

η|h|2
(
|Dg̃1|2 + |Dg̃2|2

)
−
ˆ
B(0,R)

η|Dh|2

+

ˆ
B(0,R)

η
(
1 + λ(|g̃1 − δ|2 + |g̃2 − δ|2)

)
(h ∗ ĥ ∗D2(g̃1 + g̃2))

+ λ

ˆ
B(0,R)

η
2∑
l=1

|h|2(ĥ ∗ (g̃l − δ) ∗D2g̃l).

Integrating the first and last two terms on the right hand side of the above inequality
by parts, we get:

∂

∂t

ˆ
B(0,R)

ηv ≤ −
ˆ
B(0,R)

∂a

(
ηh̃ab

)
∂bv − λ

ˆ
B(0,R)

η|h|2
(
|Dg̃1|2 + |Dg̃2|2

)
−
ˆ
B(0,R)

η|Dh|2

+

ˆ
B(0,R)

D
(
η
(
1 + λ(|g̃1 − δ|2 + |g̃2 − δ|2)

)
∗ h ∗ ĥ

)
∗D(g̃1 + g̃2)

+ λ

ˆ
B(0,R)

2∑
l=1

D
(
η|h|2(ĥ ∗ (g̃l − δ))

)
∗Dg̃l

=: A+B + C +D + E .

We can now mimick the estimates of each integral quantity as in the proof of [DSS19,

Lemma 6.1]: recalling that |Dg̃i| ≤ c(n)t−1/2 for i = 1, 2 and taking into account the
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additional presence of the cut-off function η, we see

|A| ≤ c(n)

ˆ
B(0,R)

η(|Dg̃1|+ |Dg̃2|)|h||Dh|+ λε(n)η|h|2(|Dg̃1|+ |Dg̃2|)2

+ c

ˆ
B(0,R)

|Dv||Dη|

≤ c(n)

ˆ
B(0,R)

η(|Dg̃1|+ |Dg̃2|)|h||Dh|+ λε(n)η|h|2(|Dg̃1|+ |Dg̃2|)2

+ c

ˆ
B(0,R)

[
2|h||Dh|+ |h|2λε(n)(|Dg̃1|+ |Dg̃2|)

]
|Dη|

≤ c(n)

ˆ
B(0,R)

η(|Dg̃1|+ |Dg̃2|)|h||Dh|+ λε(n)η|h|2(|Dg̃1|+ |Dg̃2|)2

+
c√
t

ˆ
B(0,R)

|Dη||h|2 + c

(ˆ
B(0,R)

|Dη||h|2
) 1

2
(ˆ

B(0,R)
|Dη||Dh|2

) 1
2

,

where constants c, for which the dependence is not explicitly noted, may depend on λ,
which itself depends on n. In particular, the first integral on the righthand side of the
previous estimate can be absorbed by the integrals B and C with the help of Young’s
inequality.

A similar analysis can be performed for the integrals D and E so that:

∂

∂t

ˆ
B(0,R)

ηv + c−1

ˆ
B(0,R)

λη|h|2
(
|Dg̃1|2 + |Dg̃2|2

)
+ η|Dh|2 ≤

c√
t

ˆ
B(0,R)

|Dη||h|2 + c

( ˆ
B(0,R)

|Dη||h|2
) 1

2
( ˆ

B(0,R)
|Dη||Dh|2

) 1
2

,

(5.2)

for some positive constant c which is uniform in time and space.
By dividing by Hnd(δ)(B(0, R)) and using the facts that

|Dη| ≤ cR−1, |h|2 ≤ ε(n), |Dh|2 ≤ c(n)

t
,

one gets a first rough convergence rate at t = 0:

∂

∂t
−
ˆ
B(0,R)

ηv+c−1−
ˆ
B(0,R)

λη|h|2
(
|Dg̃1|2 + |Dg̃2|2

)
+ η|Dh|2 ≤ cR−1

√
t
,(5.3)

for t ∈ (0, T ). By integrating in time (5.3) and by the assumption on the initial
condition:

−
ˆ
B(0,2−1R)

|h(t)|2+

ˆ t

0
−
ˆ
B(0,2−1R)

λ|h|2
(
|Dg̃1|2 + |Dg̃2|2

)
+ |Dh|2 ≤ cτ0 + cR−1

√
t,(5.4)

for t ∈ (0, T ), where we have used that 1
2 |h(t)|2 ≤ v(t) ≤ 2|h(t)|2, which is guaranteed

for our choice of ε(n), as we noted at the beginning of the proof.
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Claim: For every k ∈ N, we have

−
ˆ
B(0,2−kR)

|h(t)|2 +

ˆ t

0
−
ˆ
B(0,2−kR)

|Dh|2 ≤ V
(
n, k, t

R2

)
τ0 + CkR

−kt
k
2 ,

for t ∈ (0, T ), where V
(
n, k, t

R2

)
denotes a non-negative function which is non-decreasing

in the third variable.
This follows by induction, assuming that the statement holds for k, by using the

induction assumption in (5.2) applied to a cut-off function η such that η ≡ 1 on
B(0, 2−kR) with support in B(0, 2−k+1R), and |Dη| ≤ ck

R :

−
ˆ
B(0,2−k−1R)

|h(t)|2 +

ˆ t

0
−
ˆ
B(0,2−k−1R)

|Dh|2

≤ cτ0 +

ˆ t

0

ckR
−1

√
s
−
ˆ
B(0,2−kR)

|h|2 + ckR
−1

( ˆ t

0
−
ˆ
B(0,2−kR)

|h|2
) 1

2
(ˆ t

0
−
ˆ
B(0,2−kR)

|Dh|2
) 1

2

≤ cτ0 +

ˆ t

0

cR−1

√
s

(
ckV

(
n, k, s

R2

)
τ0 + ckCk

(
s
R2

) k
2

)
ds

+ ckR
−1

(ˆ t

0
V
(
n, k, s

R2

)
τ0 + Ck

(
s
R2

) k
2 ds

) 1
2 (
V
(
n, k, t

R2

)
τ0 + Ck

(
t
R2

) k
2

) 1
2

≤ cτ0 + ckR
−1
√
t V
(
n, k, t

R2

)
τ0 + ckCkR

−(k+1)

ˆ t

0
s
k−1

2 ds

+ ck

(
V
(
n, k, t

R2

) √
t
R

√
τ0 + Ck

(√
t
R

) k
2

+1
)(

V
(
n, k, t

R2

)√
τ0 + Ck

(√
t
R

) k
2

)
≤ cτ0 + ckR

−1
√
tV
(
n, k, t

R2

)
τ0 + ckCkR

−(k+1)t
k+1

2 + ckV
(
n, k, t

R2

)√
τ0

(√
t
R

) k
2

+1

≤ V
(
n, k + 1, t

R2

)
τ0 + Ck+1R

−(k+1)t
k+1

2

for t ∈ (0, T ), where V
(
n, k + 1, t

R2

)
denotes a non-negative function which is non-

decreasing in the third variable and which may vary from line to line. A similar remark
applies to Ck. Here we have used the induction assumption in the second inequality
together with the elementary inequality

√
a+ b ≤

√
a+
√
b for real numbers a, b ≥ 0 in

the third inequality. Finally, Young’s inequality is invoked in the last inequality. �

We are now in a position to prove the main result of this section:

Proposition 5.2 (Almost faster-than-polynomial L∞ convergence rate). Under the
same assumptions of Lemma 5.1 and for each k ∈ N, and r > 0, there exists Ck =
C(n, k) > 0 and a V = V (n, k, r) where V is non-decreasing in r, such that if B(p,

√
t)×

(2−1t, 2t) ⊂ B(0, 2−kR)× (0, T ), then:

(5.5) |g̃1(t)− g̃2(t)|2δ ≤ τ0 ·Rnt−
n
2 ·V

(
n, k, t

R2

)
+
( t

R2

) k−n
2 ·C(n, k), on B(p,

√
t/2).

In particular, if k ∈ N, l ∈ N \ {0}, and r > 0, there exists C(n, k, l) > 0 and V =
V (n, k, l, r) which is non-decreasing in r > 0, such that if B(p,

√
t) × (2−1t, 2t) ⊂
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B(0, 2−kR)× (0, T ), then on a smaller ball B(p,
√
t/4),

t
l
2 |Dl (g̃1(t)− g̃2(t)) |δ ≤

(
R
n
2 t−

n
4 V
(
n, k, t

R2

)√
τ0 + C(n, k)

(
t
R2

) k−n
2

)1− j
m

.

Remark 5.3. The estimates on the covariant derivatives of the difference of two solu-
tions to δ-Ricci-DeTurck flow satisfying the setting of Lemma 5.1 obtained in Proposi-
tion 5.2 are not sharp but they will be sufficient for the proof of Theorem 1.2.

Proof of Proposition 5.2. With the same notations as those of the proof of Lemma 5.1,
and according to the proof of [DSS19, Lemma 6.1], recall that the function |h|2 satisfies
the following differential inequality:

∂

∂t
|h|2 ≤ h̃ab∂a∂b|h|2 −

2

1 + ε
|Dh|2 + h ∗ ĥ ∗D2(g̃1 + g̃2)

+ h ∗ ĥ ∗ g̃−1
1 ∗Dg̃1 ∗Dg̃1 + h ∗ g̃−1

2 ∗ ĥ ∗Dg̃1 ∗Dg̃1

+ h ∗ g̃−1
2 ∗ g̃

−1
2 ∗Dh ∗Dg̃1 + h ∗ g̃−1

2 ∗ g̃
−1
2 ∗Dg̃2 ∗Dh .

In particular, since there exists C > 0 such that t|Dg̃i|2 + t|D2g̃i| ≤ C, i = 1, 2, for
t ∈ (0, T ), one gets:

∂

∂t
|h|2 ≤ h̃ab∂a∂b|h|2 −

2

1 + ε
|Dh|2 +

C

t
|h|2 +

C√
t
|h||Dh|

≤ h̃ab∂a∂b|h|2 − |Dh|2 +
C

t
|h|2,

(5.6)

where C is a positive constant depending on n that may vary from line to line. Here
we have used Young’s inequality in the second line to absorb the gradient term |Dh|.

In particular, based on the definition of the coefficients h̃ab in terms of the two
solutions, given at the beginning of the proof of Lemma 5.1,

∂

∂t
|h|2 ≤ ∂a

(
h̃ab∂b|h|2

)
− ∂ah̃ab∂b|h|2 − |Dh|2 +

C

t
|h|2

≤ ∂a
(
h̃ab∂b|h|2

)
+ C|h||Dh|(|Dg1|+ |Dg2|)− |Dh|2 +

C

t
|h|2

≤ ∂a
(
h̃ab∂b|h|2

)
− 1

2
|Dh|2 +

C

t
|h|2, on B(0, R)× (0, T ).

As a first conclusion, there exists a positive constant C such that the function t−C |h|2
satisfies:

∂

∂t

(
t−C |h|2

)
≤ ∂a

(
h̃ab∂b

(
t−C |h|2

))
.(5.7)

Choose k > 2C+n and perform a local Nash-Moser iteration on each ball B(p,
√
t)×

(t, 2t) ⊂ B(0, 2−kR)× (0, T ) to get for each θ ∈ (0, 1),

(5.8) sup
B(p,
√
θt)×(t(1+θ),2t)

t−C |h|2 ≤ C(n, θ)−
ˆ 2t

t
−
ˆ
B(p,
√
t)

(
s−C |h|2

)
dxds.

See for instance [Lie96, Theorem 6.17] with ‘k = 0’ for a proof.
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Now apply Lemma 5.1 so that if t < 2−2kR2, the previous inequality (5.8) leads to
the pointwise bound:

sup
B(p,
√
θt)×(t(1+θ),2t)

t−C |h|2 ≤ C(n, k, θ)
(
R2

t

)n
2−
ˆ 2t

t
s−C−
ˆ
B(0,2−kR)

|h(s)|2 ds

≤ C(n, k, θ)
(
R2

t

)n
2−
ˆ 2t

t

(
V
(
n, k, s

R2

)
τ0 +

(
s
R2

) k
2

)
· s−C ds

≤ C(n, k, θ)Rnt−(C+n
2

)−
ˆ 2t

t

(
V
(
n, k, s

R2

)
τ0 +

(
s
R2

) k
2

)
· ds

≤ C(n, k, θ)Rnt−(C+n
2

)
(
V
(
n, k, t

R2

)
τ0 +

(
t
R2

) k
2

)
,

= C(n, k, θ)Rnt−(C+n
2

)V
(
n, k, t

R2

)
τ0 + C(n, k, θ)t−C

(
t
R2

) k−n
2

for t ∈ (0, 2−2kR2).
Here we have used that V (n, k, r) is non-decreasing in r. This estimate in turn

implies the desired pointwise convergence rate, i.e.

sup
B(p,
√
θt)×(t(1+θ),2t)

|h|2 ≤ C(n, k, θ)Rnt−
n
2 V
(
n, k, t

R2

)
τ0 + C(n, k, θ)

(
t
R2

) k−n
2

as long as B(p,
√
t)× (t, 2t) ⊂ B(0, 2−kR)× (0, T ).

In order to prove the bounds on the derivatives, we recall the following standard
local interpolation inequalities on Euclidean space:

(5.9) sup
Rn
|Dju| ≤ C(n, j,m) sup

Rn
|u|1−

j
m · sup

Rn
|Dmu|

j
m ,

where u is any smooth function on Rn with compact support and 0 ≤ j ≤ m. See
for example [Aub98, Theorem 3.70], or inductively apply Lemma A.5 of [SSS11] for
a proof. Now, by interior Bernstein-Shi’s estimates on solutions to δ-Ricci DeTurck
flow as stated in [SSS08, Corollary 5.4] together with (5.5), the previous interpolation
inequalities applied to the coordinates of the tensor η · h where η is a smooth cut-off
function such that η ≡ 1 on B(p,

√
θ′ · t) with support in B(p,

√
θ · t) for 0 < θ′ < θ < 1

and such that t
k
2 |Dkη| is bounded on Rn for all k ≥ 0, imply for 0 ≤ j ≤ m:

sup
B(p,
√
θ′t)

|Djh((3 + θ′)t/2)| ≤ sup
Rn
|Dj(η · h((3 + θ′)t/2))| ≤

C(n, j,m) sup
Rn
|η · h((3 + θ′)t/2)|1−

j
m · sup

Rn
|Dm(η · h((3 + θ′)t/2))|

j
m

≤ C(n, j,m, θ) sup
B(p,
√
θt)

|h((3 + θ′)t/2)|1−
j
m

(
C(n,m)

t
m
2

) j
m

= C(n, j,m, θ) sup
B(p,
√
θt)

|h((3 + θ′)t/2)|1−
j
m

(
C(n,m)

t
m
2

) j
m

≤ C(n, j,m, θ) · t−
j
2 ·
(
R
n
2 t−

n
4 V
(
n, k, θ, t

R2

)√
τ0 + C(n, k, θ)

(
t
R2

) k−n
2

)1− j
m

,

(5.10)
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where C(n, j,m, θ) is a positive constant that may vary from line to line. This ends
the proof of the desired estimate once one fixes j ≥ 1 and let m be j2, and θ′ = 1

4 <

θ = 1
2 < 1. �

As a first consequence of Proposition 5.2, we derive the following result which is an
intermediate but essential step towards the proof of Theorem 1.2.

Corollary 5.4. There exists an ε̂0(n) > 0 such that the following holds. For i = 1, 2,
let (Mn

i , gi(t))t∈(0,T ) be smooth solutions to Ricci flow (not necessarily complete) both
satisfying (1.1) and (1.2) for 0 < ε0 ≤ ε̂0 such that the locally well defined metrics at
time zero agree (up to an isometry), that is for arbitrary p ∈ M1, limt↘0 d(g1(t)) =
d0,1 on Up,1, and limt↘0 d(g2(t)) = d0,2, on Up̂,2, and there exists an isometry ψ0 :
(Up,1, d0,1) → (Up̂,2 = ψ0(Up,1), d0,2), p̂ := ψ0(p), that is ψ0 : Up,1 → Up̂,2 = ψ0(Up,1) is
a homeomorphism with ψ∗0(d0,2) = d0,1. We assume (1.3) and for arbitrary p ∈M1, and
x0 ∈ Up,1 that (1.5) hold true for the locally defined metric d0,1 on Up,1 (and hence also
d0,2 on Up̂,2). Then for each x0 ∈ Up,1 there exists an R0 ∈ (0, 1) and T0 > 0 depending
on n, ε0 and x0 and solutions (ĝ1(t))t∈(0,T0) and (g̃2(t))t∈(0,T0) to δ-Ricci-DeTurck flow
defined on B(0, R0)× (0, T0) satisfying the following:

(1) The metrics ĝ1(t) and g̃2(t) are β0(ε0)-close to the δ-metric for t ∈ (0, T0),
where β0(ε0)→ 0 for ε0 ↘ 0.

(2) For each k ∈ N, there exists Ck = C(n, k, x0) > 0 and Tk = T (n, k, x0) > 0
such that if t ∈ (0, Tk]:

(5.11) |ĝ1(t)− g̃2(t)|δ ≤ Cktk, on B(0,
√
Tk).

(3) Moreover, ĝ1(t) = (F̂1(t))∗g1(t) and g̃2(t) = (F2(t))∗g2(t), where (F̂1(t))t∈(0,T0)

and (F2(t))t∈(0,T0) are smooth families of bi-Lipschitz maps on Bd0,1(x0,
3
2R0)

respectively Bd0,2(ψ0(x0), 3
2R0) that satisfy the following:

(a) The family of maps (F̂1(t))t∈(0,T0) (respectively (F2(t))t∈(0,T0)) is a solution
to the Ricci-harmonic map flow with respect to the Ricci flow solution
(g1(t))t∈(0,T0) (respectively (g2(t))t∈(0,T0)).

(b) |F̂1(t)−D0| ≤ C0

√
t, t ∈ (0, T0) on Bd0,1(x0,

3
2R0)

and |F2(t) − D0 ◦ (ψ0)−1| ≤ C0

√
t, t ∈ (0, T0) on Bd0,2((ψ0)(x0), 3

2R0),

where here D0 are the distance coordinates on Bd0,1(x0,
3
2R0) coming from

(1.5).

(c) The distances d̂1(t) := d(ĝ1(t)) and d̃2(t) := d(g̃2(t)) converge, uniformly
to the same distance (D0)∗d0,1 on B(0, R0) as t approaches 0.

Remark 5.5. We have denoted the solution to the Ricci-harmonic map heat flow from
(Mn

1 , g1(t))t∈(0,T0) to (Rn, δ) appearing in the statement of this theorem by F̂1 in order
to make it clear that is not necessarily the same solution to the one considered in
Proposition 4.2 (which comes from Theorem 4.1). The solution F̂1 appearing here is
obtained by modifying the F1 from Theorem 4.1 with the help of Corollary 4.3, as is
explained in the proof below.

Proof. Let p, x0 ∈ M1, p̂ = ψ0(p), x̂0 = ψ0(x0) ∈ M2 be as in the statement of the
theorem. By scaling the solutions once, we may assume that R(x0, n) = R(x̂0, n) > 400.
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We prove the estimates in this setting: scaling back to the original setting implies the
estimates for the original solution.

Let us start by proving part (3). To this end, let (tk)k∈N be an arbitrary sequence of
positive times with tk ↘ 0 for k →∞. According to Corollary 4.3, there exists a smooth
family of (1+β0)-bi-Lipschitz maps (F̂ k1 (t))t∈[tk,Ŝ) on Bd0,1(x0,

3
2R0) for some β0 ∈ (0, 1)

solving the Ricci-harmonic map heat flow equation such that |F̂ k1 (t) − D0| ≤ c(n)
√
t

on Bd0

(
x0,

3
2

)
, for t ∈ [tk, Ŝ), and, limtk→0+ |ĝk1 (tk) − g̃2(tk)|δ = 0, on B(0, R0), for

ĝk1 (tk) = (F k1 )∗(g1)(tk), in view of (4.8).

The Arzéla-Ascoli theorem guarantees the existence of a subsequence of (F̂ k1 (t))t∈[tk,Ŝ)

that converges locally uniformly on Bd0,1(x0,
3
2R0) × [tk, Ŝ) to a continuous family of

(1 + β0)-bi-Lipschitz maps (F̂1(t))t∈[0,Ŝ). For the rest of the proof we fix this subse-

quence. By interior parabolic regularity (see for instance (4.4) in the proof of Theorem
4.1 and the proof of [DSS19, Theorem 3.8]), the convergence takes place in the C∞loc
topology and this ensures that the family of maps (F̂1(t))t∈(0,Ŝ) is a solution to the Ricci-

harmonic map heat flow equation with respect to the Ricci flow solution (g1(t))t∈(0,Ŝ).

Moreover, estimates [(4.6), Proposition 4.2] and [(4.1), Theorem 4.1] ensure the maps

(ϕ̃k ◦ F̂1(tk))k converge to D0 at rate
√
tk. Passing to the limit in estimate [(4.8),

Corollary 4.3] gives us the second estimate (3b) for F̂1(t).
Now, let (F2(t))t∈(0,Ŝ) on Bd0,2(ψ0(x0), 3

2R0) be the smooth family of bi-Lipschitz

maps solving the Ricci-harmonic map heat flow equation with initial value the map
D0 ◦ (ψ0)−1 provided by Theorem 4.1. Estimate (3b) for F2(t) follows from [(4.1),
Theorem 4.1].

In order to prove (3c), let us notice that both distances d̂1(t) := d(ĝ1(t)) and d̃2(t) :=
d(g̃2(t)) converge to the same distance (D0)∗d0 as t approaches 0 thanks to condition
(1.2) and estimates (3b).

We are now in a position to prove part (1) and (2).

According to Corollary 4.3, the family of metrics (ĝk1 (t) = (F̂ k1 (t))∗g1(t))t∈[tk,Ŝ) is a

solution to δ-Ricci-DeTurck flow associated to (g1(t))t∈[tk,Ŝ) which is (1± β0) close to

the δ metric on B(0, R0). Moreover, if g̃2(t) := (F2(t))∗g2(t), t ∈ (0, T ), is the associated
solution to (g2(t))t∈(0,Ŝ) to δ-Ricci-DeTurck flow provided by Theorem 4.1,

(5.12) lim
tk→0+

|ĝk1 (tk)− g̃2(tk)|δ = 0.

Denote an upper bound on |ĝk1 (tk) − g̃2(tk)|δ on B(0, R0) by εk. Now, let us apply
Proposition 5.2 to (ĝk1 (τ + tk))τ∈[0,Ŝ/2) and (g̃2(τ + tk))τ∈[0,Ŝ/2) for tk sufficiently small

to get for each l ≥ 0, with θ = 4−1 and R = 1,

|ĝk1 (t)− g̃2(t)|δ ≤ V
(
n, l, Ŝ

)
εk(t− tk)−

n
2 + C(n, l) (t− tk)l ,

on B
(
p,
√
t−tk
2

)
×
(

5
4(t− tk), 2(t− tk)

)
,

(5.13)

in view of (4.8), as we pointed out above.

whenever B(p,
√
t− tk)×(t−tk, 2(t−tk)) ⊂ B2−l(0)×(0, Ŝ). Interior Bernstein-Shi’s

estimates for solutions to the δ-Ricci-DeTurck flow (1±β0) close to δ metric as stated in
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[SSS08, Corollary 5.4] let us pass to the limit as tk tends to 0+, i.e. for each l ≥ 1, there

exists T̂l > 0 such that the solution (ĝk1 (t))t∈(tk,T̂l)
converges in C∞loc(B2−l−1(0)× (0, T̂l))

to a solution ǧ1(t) to δ-Ricci-DeTurck flow which is (1± β0) close to the δ metric and
which satisfies thanks to (5.13) the expected C0-closeness to the solution g̃2(t) as stated

in (5.11). Finally, by construction, ǧ1(t) = limk→∞(F̂ k1 )∗g1(t) = (F̂1)∗g1(t) =: ĝ1(t),
which completes the proof of (2) and the theorem. �

6. Exponential convergence rate

Before stating the main result of this section, we take the opportunity of explaining
the behaviour at t = 0 of a solution to the heat equation on Euclidean space starting
from an initial data vanishing on a ball. Although this result (and the short proof
thereof) will not be used in the rest of the paper, we present it here, as it indicates
what one may expect in more general cases. More precisely,

Proposition 6.1. Let u0 ∈ L1(Rn) with compact support. Assume u0 vanishes on
B(0, R). Then the standard solution u to the heat equation with initial data u0 satisfies:

|u(x, t)| ≤ (4πt)−
n
2 exp

(
−(R− |x|)2

4t

)
‖u0‖L1(Rn), |x| ≤ R, t > 0.

Proof. The proof is a simple consequence of the fact that u(·, t) = Kt ∗ u0 on Rn for

t > 0 where Kt is the Euclidean heat kernel defined by Kt(x) := (4πt)−
n
2 exp

(
− |x|

2

4t

)
for t > 0 and x ∈ Rn. Indeed, if |x| ≤ R,

|u(x, t)| = |Kt ∗ u0(x)| ≤
ˆ
Rn
Kt(x− y)|u0(y)| dy

≤
ˆ
Rn\B(0,R)

(4πt)−
n
2 exp

(
−|x− y|

2

4t

)
|u0(y)| dy

≤ (4πt)−
n
2

ˆ
Rn\B(0,R)

exp

(
−(R− |x|)2

4t

)
|u0(y)| dy

≤ (4πt)−
n
2 exp

(
−(R− |x|)2

4t

)
‖u0‖L1(Rn), t > 0.

Here we have used the assumption on the support of u0 in the second line and the
triangular inequality in the third line. �

The following theorem can be interpreted as a non-linear version of Proposition 6.1
and as such, it proves a sharp qualitative convergence rate.

Theorem 6.2. Let n ≥ 2 be an integer. Then there exists ε(n) > 0 such that the
following holds true. Let R > 0, T > 0 and (g̃i(t))t∈(0,T ), i = 1, 2, be two smooth solu-
tions to δ-Ricci-DeTurck flow on B(0, R)× (0, T ) which are ε(n)-close to the Euclidean
metric,

(1 + ε(n))−1δ ≤ g̃i(t) ≤ (1 + ε(n))δ on B(0, R)× (0, T ),

for i = 1, 2. Assume furthermore that limt→0+ supB(0,R) |g̃2(t)− g̃1(t)|δ = 0.
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Then there exist positive constants T0, C0 and R0 depending on n,R, T such that

|g̃1(t)− g̃2(t)|δ ≤ exp

(
−C0

t

)
, on B(0, R0)× (0,min{T0, T}).

The proof of Theorem 6.2 relies on the following crucial result due to Aronson
[Aro67]:

Theorem 6.3 ([Aro67]). Let aij ∈ L∞(Rn × (0, T )), 1 ≤ i, j ≤ n, such that on
Rn × (0, T ),

λ−1|ξ|2 ≤ aij(x, t)ξiξj ≤ λ|ξ|2, ∀ ξ = (ξ1, ..., ξn) ∈ Rn,
for some positive uniform λ. Then there exist positive constants C = C(n, T, λ) and
α = α(n, T, λ) such that the fundamental solution of the divergence structure parabolic
equation ∂tu− ∂i

(
aij∂ju

)
= 0 on Rn × (0, T ) satisfies:

(6.1) K(x, t, y, s) ≤ C(t− s)−
n
2 exp

{
−α |x− y|

2

t− s

}
, 0 ≤ s < t, x, y ∈ Rn.

Remark 6.4. In [Aro67], a lower bound for the fundamental solution is also provided.
However, we will only use an upper bound in the sequel.

Let us now prove Theorem 6.2.

Proof of Theorem 6.2. Recall that equation (5.7) from the proof of Lemma 5.2 im-
plies that the weighted norm of the difference of the solutions u(x, t) := t−C |h(t)|2 :=
t−C |g̃2(t)− g̃1(t)|2δ satisfies for some large positive constant C on B(0, R)× (0, T ),

(6.2) ∂tu ≤ ∂a
(
h̃ab∂bu

)
.

The next step consists in localizing the previous differential inequality (6.2) in order to
apply Theorem 6.3. To do so, let ψ : Rn → [0, 1] be any smooth cut-off function with
support in B(0, R) such that ψ ≡ 1 on B(0, R/2) and |Dψ| ≤ c/R on B(0, R). Then
the function ψu satisfies on Rn × (0, T ):

∂t (ψu) ≤ ∂a
(
h̃ab∂b (ψu)

)
+ C|Dψ||Du|+ C

(
|Dψ|√
t

+ |D2ψ|
)
|u|︸ ︷︷ ︸

compactly supported in B(0, R) \ B(0, R/2)

,

where the coefficients h̃ab are extended arbitrarily by continuity on Rn× (0, T ) so that

(1− ε(n))|ξ|2 ≤ h̃ab(x, t)ξaξb ≤ (1 + ε(n))|ξ|2 for all ξ ∈ Rn. Here we have used the fact

that |Dg̃i|, i = 1, 2 (and hence |Dh̃|) is uniformly bounded by C/
√
t.

The parabolic maximum principle applied to ψu shows that for 0 < t0 < t and x ∈
Rn, (ψu)(x, t) ≤ `(x, t) where ` is the standard solution to ∂t` = ∂a

(
h̃ab∂b`

)
+S(t) with

`(t0) = u(t0) and where the source term is defined as S(t) := C|Dψ||Du|+C(t−
1
2 |Dψ|+

|D2ψ|)|u|: The maximum principle can be applied as `(t) ≥ 0 and ψu(t) = 0 outside
the ball B(0, R). In particular,

(ψu)(x, t) ≤
ˆ
Rn
K(x, t, y, t0)(ψu)(y, t0) dy +

ˆ t

t0

ˆ
Rn
K(x, t, y, s)S(y, s) dyds, x ∈ Rn.
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Taking into account the definition of S and the support of ψ leads to:

u(x, t) ≤
ˆ
B(0,R)

K(x, t, y, t0)u(y, t0) dy

+ C(R)

ˆ t

t0

ˆ
B(0,R)\B(0,R/2)

K(x, t, y, s)

(
|Du|(y, s) +

(
1 +

1√
s

)
|u|(y, s)

)
dyds,

(6.3)

if x ∈ B(0, R/2) and t0 < t.
Now, Proposition 5.2 applied to the time interval [ri, T ) for any sequence of positive

times ri with ri → 0 as i → ∞, and the fact that τi := supB(0,R) |g̃2(ri) − g̃1(ri)| → 0

tells us that |g̃2(t) − g̃1(t)| ≤ C(n, k,R)tk for t ∈ (0, T ) and hence u(·, t) satisfies

limt→0+

(
1 + t−

1
2

)
u(·, t) = 0 by replacing R with R/2k =: R0 with k ∈ N large enough

if necessary. Similarly, Proposition 5.2, ensures that the gradient of u is uniformly
bounded on B(0, R0)×(0, T ) and approaches zero uniformly as t↘ 0. In particular, by
letting t0 go to 0+, Inequality (6.3) together with Theorem 6.3 applied to u(·, t) imply
that there exist R0, C0 and α0 depending on n, ε(n) and T such that if x ∈ B(0, R0/4)
and t ∈ (0, T ):

u(x, t) ≤ C0

ˆ t

0

ˆ
B(0,R0)\B(0,R0/2)

(t− s)−
n
2 exp

{
−α0
|x− y|2

t− s

}
dyds

≤ C0

ˆ t

0

ˆ
B(0,R0)\B(0,R0/2)

(t− s)−
n
2 exp

{
−α0

3R2
0

16(t− s)

}
dyds

≤ C0R
n
0

ˆ t

0
s̃−

n
2 exp

{
−α0

3R2
0

16s̃

}
ds̃ = C0R

2
0

ˆ +∞

R2
0
t

τ
n
2
−2 exp

{
−α0

3τ

16

}
dτ

≤ 32

3α0
C0R

2
0

(
R2

0

t

)n
2
−2

exp

{
−α0

3R2
0

16t

}
,

if t ≤ T0 = min{T, ε0(n)α0R
2
0}, where ε0(n) denotes a positive constant depending on

n only. Indeed, an integration by parts show that:
ˆ +∞

R2
0
t

τ
n
2
−2 exp

{
−α0

3τ

16

}
dτ =

16

3α0

(
R2

0

t

)n
2
−2

exp

{
−α0

3R2
0

16t

}
+

8(n− 4)

3α0

ˆ +∞

R2
0
t

τ
n
2
−3 exp

{
−α0

3τ

16

}
dτ

≤ 16

3α0

(
R2

0

t

)n
2
−2

exp

{
−α0

3R2
0

16t

}
+

8t|n− 4|
3α0R2

0

ˆ +∞

R2
0
t

τ
n
2
−2 exp

{
−α0

3τ

16

}
dτ,

which implies the expected result by absorption if t is chosen small enough compared
to n, α0 and R0.

By unravelling the definition of u in terms of the norm of the difference of the
solutions to δ-Ricci DeTurck flow, this proves the expected exponential decay. �
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Combining Corollary 5.4 and Theorem 6.2 leads to the proof of Theorem 1.2:

Proof of Theorem 1.2. Thanks to Corollary 5.4, there exist solutions (g̃1(t))t∈(0,T̂ ) and

(g̃2(t))t∈(0,T̂ ) to δ-Ricci-DeTurck flow associated to (gi(t))t∈(0,T̂ ), i = 1, 2, which satisfy

all the conditions stated in Theorem 1.2 but the exponential decay (1.6).
Now, we can apply Theorem 6.2 to the two aforementioned solutions to δ-Ricci-

DeTurck flow in order to guarantee an exponential convergence rate as expected. �

7. Almost Ricci-pinched expanding gradient Ricci solitons

In this section, we prove that if an expanding gradient Ricci soliton has non-negative
Ricci curvature and if it is almost Ricci-pinched in a suitable sense then it is Euclidean.
Recall that a triple (Mn, g,∇gf) is an expanding gradient soliton if (Mn, g) is a smooth
Riemannian manifold, f : M → R is smooth and ∇g,2f = Ric(g) + 1

2g. We use the
following definition, compare [Der17, Definition 1.1], to describe exponential closeness
of an expanding gradient Ricci soliton to a smooth cone at infinity.

Definition 7.1. An expanding gradient Ricci soliton (Mn, g,∇gf) is asymptotic to a
metric cone (C(Σ), gC(Σ) := dr2 + r2gΣ, r∂r/2) over a smooth Riemannian link (Σ, gΣ)
at an exponential rate if there exists a compact K ⊂ M , a positive radius R and a
diffeomorphism ϕ : M \K → C(Σ) \Bd(gC(Σ))(o,R) such that

sup
∂B(o,r)

|∇k(ϕ∗g − gC(Σ))|gC(Σ)
= O(r−n+ke−

r2

4 ), ∀k ∈ N,

f(ϕ−1(r, x)) =
r2

4
, ∀ (r, x) ∈ C(Σ) \Bd(gC(Σ))(o,R),

as r → +∞.

We are now in a position to state the main rigidity result of this section.

Proposition 7.2. Let (Mn, g,∇gf) be a complete expanding gradient Ricci soliton with
non-negative Ricci curvature. Assume there exist c > 0 and β ∈ (0, 1) such that

(7.1) cRgg ≤ Ric(g) + exp
(
−fβ

)
g, on M .

Then,

(1) (Mn, g,∇gf) is asymptotic to a Ricci flat metric cone
(
C(Σ), gC(Σ),

1
2r∂r

)
at an

exponential rate in the sense of Definition 7.1, where Σ is diffeomorphic to Sn−1.

(2) If n ∈ {3, 4}, (Mn, g,∇gf) is isometric to the Gaussian soliton (Rn, δ, 1
2r∂r).

(3) If g has 2-non-negative curvature operator, then (Mn, g,∇gf) is isometric to
the Gaussian soliton (Rn, δ, 1

2r∂r).

Remark 7.3. (1) This proposition was proved in [Der17, Proposition 3.5] under the
assumption that the metric is Ricci pinched, i.e. cRgg ≤ Ric(g) on M for some positive
constant c. See the references therein for related results.

(2) The proof in dimension 3 can be simplified from the one given in [Der17] since in
this particular dimension, the Ricci curvature controls pointwise the whole curvature
tensor. Indeed, as soon as the Ricci curvature is shown to decay exponentially fast,
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then it follows that the norm of the full curvature tensor, as well as the norms of the
higher covariant derivatives of the curvature tensor also decay exponentially fast, in
view of Bernstein-Shi type estimates applied to the curvature tensor: See or example
[CLN06, Chapter 6].

Remark 7.4. We also mention the paper [Cha20] that shows that any expanding
gradient Ricci soliton coming out of Euclidean space is Euclidean and which relies on
the positive mass theorem due to [SY17] in all dimensions.

Remark 7.5. The assertion (3) from Proposition 7.2 supports Question 1.5.

We underline the fact that the rigidity part of the proof of Proposition 7.2 relies on
the rigidity of the Bishop-Gromov inequality only.

Before we start the proof of Proposition 7.2, we gather well-known soliton identities
holding on a self-similar expander:

Lemma 7.6. Let (Mn, g,∇gf) be an expanding gradient Ricci soliton. Then the trace
and first order soliton identities are:

∆gf = Rg +
n

2
,

∇gRg + 2Ric(g)(∇gf) = 0,

|∇f |2g + Rg = f + cst.

See for instance [CLN06, Chapter 4, Section 1] for a proof.

Proof of Proposition 7.2. Recall that the potential function of an expanding gradient
Ricci soliton with non-negative Ricci curvature satisfies:

∇g,2f ≥ g

2
, on M .

In particular, f is strictly convex and by integrating along geodesics, f is proper. More
precisely,

(7.2) f(x) ≥ min
M

f +
dg(p, x)2

4
, ∀x ∈M,

where p is the unique critical point of f which necessarily corresponds to the minimum
of f . In particular, by the Morse lemma, this implies that the level sets {f = t} of f ,
for t > minM f , are all diffeomorphic to Sn−1 and that M is diffeomorphic to Euclidean
space Rn.

By the first order identity |∇gf |2g + Rg = f that holds on M after subtracting a

constant from f if necessary (see Lemma 7.6) one also gets |∇gf |2g ≤ f on M which
implies:

(7.3) f(x) ≤
(√

min
M

f +
dg(p, x)

2

)2

, ∀x ∈M.

Let us consider the Morse flow associated to f which is well-defined outside a compact
set thanks to the first order identity mentioned above and the lower bound (7.2) on f ,
i.e.

(7.4) ∂tϕt =

(
1

|∇gf |2g
∇gf

)
◦ ϕt, ϕt0 = IdM , for t ≥ t0 ≥ min

M
f + 1.



30 ALIX DERUELLE, FELIX SCHULZE, AND MILES SIMON

Then, f(ϕt(x)) = f(x) + t − t0 = t, t ≥ t0 and x ∈ f−1({t0}). Now, thanks to
the contracted Bianchi identity, ∇gRg + 2Ric(g)(∇gf) = 0 on M from Lemma 7.6.
Contracting this identity with ∇gf and invoking (7.1), we see

2cRg|∇gf |2g + g(∇gRg,∇gf) ≤ 2e−f
β |∇gf |2g, on M.

Reinterpreting the previous differential inequality in terms of the Morse flow associated
to f , one gets:

∂

∂t

(
e2ctRg(ϕt(x))

)
≤ 2e−t

β+2ct, t ≥ t0.

In particular, by integrating from t0 to t:

e2ctRg(ϕt(x)) ≤ e2ct0Rg(ϕt0(x)) + 2

ˆ t

t0

e−s
β+2cs ds

= e2ct0Rg(x) + 2

ˆ t

t0

e−s
β+2cs ds

≤ e2ct0Rg(x) +
1

c
e2ct−tβ ,

if t0 is chosen sufficiently large. Here we have used β ∈ (0, 1) and c > 0 in the last
inequality.

As a first conclusion, one gets Rg(ϕt(x)) ≤ e−2c(t−t0)Rg(x) + 1
ce
−tβ for any x ∈

f−1({t0}). By definition of the Morse flow, this gives

Rg(y) ≤ max
x∈f−1({t0})

Rg · e2ct0−f(y) +
1

c
e−f(y)β ,

for any y ∈M such that f(y) ≥ t0 ≥ minM f + 1.

This shows that Rg decays as fast as e−f
β

at infinity. So does the Ricci curvature
since g has non-negative Ricci curvature.

The rest of the proof of (1) and (2) is [Der17, Proposition 3.5] verbatim.

In order to prove (3), we invoke (1) to ensure that the link is diffeomorphic to Sn−1

and is endowed with an Einstein metric such that the cone over it has 2-non-negative
curvature operator. The results of [BW08] then shows the expected rigidity result:
the cone is isometric to Euclidean space which forces the soliton to be the expanding
Gaussian soliton by Bishop-Gromov volume comparison. �

8. Compactness of Ricci-pinched manifolds in dimension three

We consider (M3, g0) a smooth, complete Riemannian manifold with uniformly
pinched, non-negative, bounded Ricci curvature. Assuming by contradiction that
(M3, g0) is non-compact and non-flat from now on, the work of Lott [Lot19] ensures
there exists a smooth, complete Ricci flow (M3, g(t))t∈[0,∞) with g(0) = g0, satisfying
the following properties:

(1) [Lot19, Propositions 2.1, 2.13] there exists C > 0 such that

|Rm(g(t))| ≤ C

t
, for all t > 0,
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(2) [Ham82, Theorem 9.4], [Lot19, Proposition 2.1] the flow has Ric(g(t)) > 0 and
is uniformly Ricci pinched, i.e. there exists λ0 > 0 such that

Ric(g(t)) ≥ λ0Rg(t) · g(t) , for all t ≥ 0,

(3) [Lot19, Propositions 1.5, 3.1 and 4.1] the flow is uniformly volume non-collapsed,
i.e. there exists v0 > 0 such that

Volg(t)(Bg(t)(x, r)) ≥ v0r
3 ,

for all x ∈M , r > 0 and t > 0.

By performing a blow-down we can instead assume that the flow (Mn, g(t)) is only
smooth for t > 0 and converges in the metric sense uniformly as t → 0 to a metric
space (M,d0), since d0 ≥ dt ≥ d0− c0

√
t for all t > 0 by Lemma A.1. In fact (M,d0) is

a metric cone over a 2-dimensional metric space (Σ2, d̃0) from Cheeger-Colding [Che01,
Theorem 9.79], and by Lemma A.1, (M,d0) is homeomorphic to (M,dt) for all t > 0.
Furthermore (M,d0,Hnd0

) is also an RCD∗(0, 3) space, as it is the limit (in the Gromov-
Hausdorff and distance sense) of smooth spaces with non-negative Ricci curvature and
uniform Euclidean volume growth, i.e. Volg(t)(Bg(t)(p0, r)) ≥ δ0r

n, r > 0: see [GMS15,
Theorem 7.2] for instance.

Finally, the result of Ketterer [Ket15] implies that (Σ, d̃0,Hn−1

d̃0
) is an RCD∗(1, 2)

space. Furthermore (M,d0) is uniformly volume non-collapsed.

Lemma 8.1. Let o be the tip of the cone (M,d0). Then for r′ > r > 0, (Ad0(o, r, r′) :=

Bd0(o, r′)\Bd0(o, r), d0) ⊆ M is Reifenberg (and hence uniformly Reifenberg due to
Lemma 2.1).

Proof. We first show that every tangent cone to (M,d0) at any point away from the
vertex o is 3-dimensional Euclidean space.

Let p ∈M \{o} and consider a blow-up sequence of the flow (Mn, g(t))t∈(0,∞) around
(p, 0). Since (M,d0) is a cone, this converges to a flow (M ′, (g′(t))t∈(0,∞)), with the
same properties (1), (2), (3) that the original solution had, coming out of a cone (C′, d′0)
which splits a line, i.e. (C′, d′0) is isometric to (C′′ ×R, d′′0 ⊕ ds2). But then Proposition
B.1 implies that (M ′, (g′(t))t∈(0,∞)) splits a Euclidean factor. Since (M ′, (g′(t))t∈(0,∞))
is still uniformly Ricci pinched and 3-dimensional, this implies that (M ′, (g′(t))t∈(0,∞))

is static flat Euclidean (R3, δ) and thus (C′, d′0) is isometric to (R3, d(δ)).

Considering Ad0(o, r, r′) ⊆ X, Lemma 2.1 then shows that (Ad0(o, r, r′), d0) is uni-
formly Reifenberg. �

We consider the induced distance d̃0 on the link Σ.

Lemma 8.2. The metric space (Σ, d̃0) is an Alexandrov space of curvature at least 1.

Proof. As we noted above, (C(Σ), d0,Hnd0
) = (M,d0,Hnd0

) is an RCD∗(0, 3) space, and

so the result of Ketterer [Ket15] implies that (Σ, d̃0,Hn−1

d̃0
) is an RCD∗(1, 2) space.

Now, by [CM21, Corollary 13.7], (Σ, d̃0,Hn−1

d̃0
) is an RCD (1, 2) space. But then the

result of Lytchak-Stadler [LS18] implies that (Σ, d̃0) is a two dimensional Alexandrov
space of curvature at least 1. �
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Lemma 8.3. There exists a smooth structure on Σ and a sequence of metrics (gi)i∈N
on Σ, which are smooth with respect to this structure, such that (Σ, gi) has sectional

curvature greater than one, and (Σ, d(gi)) converges to (Σ, d̃0) as i→∞ in the Gromov-
Hausdorff sense. In particular, Σ is a 2-sphere.

Proof. According to [BBI01, Corollary 10.10.3] and the references therein and thanks
to Lemma 8.2, Σ is a topological surface without boundary which therefore admits a
unique smooth structure: compare also the proof of [Lot19, Proposition 6.4]. Now,
[IRV15, Lemmata 2.3, 2.4] ensure that the set of smooth Riemannian metrics on Σ
with curvature bounded from below by 1 is dense in this space with respect to the
Gromov-Hausdorff topology. In particular, the Gauss-Bonnet formula guarantees that
Σ is a 2-sphere and that there exists a sequence of smooth metrics (gi)i∈N on Σ with

Kgi ≥ 1 such that (Σ, d(gi))i∈N converges to (Σ, d̃0) in the Gromov-Hausdorff sense.
Moreover, by stretching the sequence (gi)i∈N by a factor (1 − εi) where εi tends to 0,
we can assume that Kgi > 1. This ends the proof of the lemma. �

Remark 8.4. Some of the proofs of the results cited in the paper [IRV15, Lemmata 2.3,
2.4] may be replaced by alternative proofs from [CR21]. For example, an alternative
proof to the the result of Alexandrov and Zalgaller from [AZ67], of the fact that any 2-
dimensional manifold with bounded integral curvature can be decomposed into a finite
union of geodesic triangles whose interiors are disjoint, can be found in [CR21].

Lemma 8.5. There exists a smooth self-similar expanding solution (R3, ge,∇gefe) with
bounded non-negative curvature operator which is uniformly volume non-collapsed, such
that its tangent cone at infinity is C = (C(Σ), d0). That is: (R3, dεge) → (C(Σ), d0) in
the Gromov-Hausdroff sense as ε↘ 0.

Proof. By [Der16], alternatively [SS13] after approximating the cone by a smooth
space with non-negative curvature operator as in [Sch14, Proposition 3.2.6], we know
that there exists smooth, positively curved expanders (R3, gie(t))t∈(0,∞) coming out

of (C(Σ), diC , o), where diC denotes the cone metric induced by the Riemannian dis-
tance d(gi) on Σ. Here, and in the following, when we say that a solution to Ricci
flow (X, `(t))t∈(0,T ) is ’coming out of’ a metric space (Z, d0), then this means that
(X, `(t)) → (Z, d0) in the Gromov-Hausdorff sense, as t ↘ 0. By the continuity of
Hausdorff measure under Gromov-Hausdorff convergence for sequences of Alexandrov
spaces with curvature uniformly bounded from below ([BBI01, Theorem 10.10.10]), the
asymptotic volume ratios

AVR(gie) := lim
r→+∞

Volgie(Bgie(pi, r))/r
3 =

1

2
Volgi(Σ), pi ∈ R3,

are uniformly bounded from below by a positive constant V0 say. Now, this implies

that there is a uniform bound, |Rm(gie(t))|gie(t) ≤
B0(V0)

t on the curvature of the metrics

gie(t), where B0(V0) is a constant depending on V0, as explained in [SS13] or in the proof
of [Der17, Theorem 4.7]. This allows us to take a limit in the smooth Cheeger-Gromov
topology as i→∞ to obtain an expanding gradient Ricci soliton (R3, ge). Moreover, as
explained in the same aforementioned references, (R3, ge) must come out of (C(Σ), d0),
i.e. its asymptotic cone must be (C(Σ), d0). �
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We are now in a position to prove Hamilton’s conjecture in dimension 3:

Proof of Theorem 1.3. Assume (M3, g) is a complete Riemannian manifold with non-
negative uniformly pinched bounded Ricci curvature. Assume furthermore that M3 is
non-compact and non-flat. As explained in the beginning of this section this implies
that there exists an immortal solution to Ricci flow, (M3

1 , g1(t))t∈(0,∞) satisfying (1), (2)
and (3), whose singular initial condition, achieved in the distance sense, is by Lemma

8.2 a metric cone (C, d1(0), o) over an Alexandrov space (Σ, d̃1(0)) with curvature larger
than or equal to 1. By Lemma 8.1 the cone (C, d1(0), o) satisfies (1.3) away from o.
Moreover, Lemma 8.5 ensures the existence of a self-similar solution (M3

2 , g2(t))t∈(0,∞)

coming out of the metric cone (C, d2(0), ô), which is isometric to (C, d1(0), o) through

some map ψ0, where (C, d2(0), ô) is a cone over (Σ, d̃2(0)) where (Σ, d̃2(0)) is isometric

to (Σ, d̃1(0)) and (M3, g2(t))t∈(0,∞) is an expanding gradient Ricci soliton with non-
negative curvature operator.

Let x0 ∈ C such that d1(0)(o, x0) ≥ 2 so that Bd1(0)(x0, 1) ⊆ C \ {o}. Then
Theorem 1.2 guarantees that there exist 0 < T0 < 1, 0 < R0 < 1 and solutions
F1 : Bd1(0)(x0,

3
2R0)× (0, T0)→ Rn, F2 : Bd2(0)(ψ0(x0), 3

2R0)× (0, T0)→ Rn such that
g̃1(t) = (F1(t))∗g1(t) and g̃2(t) = (F2(t))∗g2(t), t ∈ (0, T0], are solutions to the δ-Ricci-
De Turck flow on B(0, R0) i = 1, 2, which are ε0-close to the δ metric and such that
there exist C0 > 0 such that if t ∈ (0, T0]:

(8.1) |g̃1(t)− g̃2(t)|δ ≤ exp

(
−C0

t

)
, on B(0,

√
T0).

In the following C0 denotes a constant, which may change from line to line, but re-
mains positive. Remembering that (g̃1(t))t∈(0,T0) is uniformly Ricci-pinched, we see
that (8.1), Shi’s type estimates on covariant derivatives of g̃1(t) − g̃2(t) and standard
local interpolation inequalities imply:

Ric(g̃2(t)) ≥ λ0Rg̃2(t)g̃2(t)− exp

(
−C0

t

)
g̃2(t), t ∈ (0, T0],

on B(0,
√
T0) for some uniform λ0 > 0.

Since g̃2(t) = (F2(t))∗g2(t) with F2(t) (1± ε0) bi-Lipschitz, the same estimate holds
on Bd2(0)

(
ψ0(x0) = x̂0,

√
T0/2

)
:

Ric(g2(t)) ≥ λ0Rg2(t)g2(t)− exp

(
−C0

t

)
g2(t), t ∈ (0, T0].

Recall that the solution g2(t) = tΦ∗t g2(1) is an expanding gradient Ricci soliton with
∂tΦt = −t−1∇g2f ◦Φt and Φt|t=1 = IdM , where f : M → R is the associated potential
function, therefore the previous estimate can be further simplified to:

Ric(g2(1)) ≥ λ0Rg2(1)g2(1)− exp

(
−C0

t

)
g2(1),

on Φt

(
Bd2(0)

(
x̂0,
√
T0/2

))
, t ∈ (0, T0].

Without loss of generality, we can assume x̂0 to lie in the annulus Ad2(0)(ô, 2, 4) =
{x ∈ C | 2 ≤ d2(0)(ô, x) ≤ 4} so that the previous estimate holds on Φt(Ad2(0)(ô, 1, 5)),
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t ∈ (0, T0], by reducing T0 if necessary by a compactness argument. We can also assume
ô to be the unique critical point of f .

We claim that there exists c1 > 0 and c2 > 0 such that for t ∈ (0, T0],

(8.2)

[
c−1

1

t
,
c1

t

]
⊆ f

(
Φt

(
Ad2(0)(ô, 1, 5)

))
⊆
[
c−1

2

t
,
c2

t

]
.

Indeed, by invoking the bounds of f in terms of d(g2(1))(ô, ·) given in (7.2) and (7.3)
and since ô is fixed by the diffeomorphisms Φt, t ∈ (0, T0], one gets on the first hand,

min
M

f +
d(g2(t))(ô, x)2

4t
≤ f(Φt(x)) ≤

(√
min
M

f +
d(g2(t))(ô, x)

2
√
t

)2

, t > 0.

On the other hand, thanks to distance distortion estimates from (1.2),√
f(Φt(x)) ≤

√
min
M

f +
d2(0)(ô, x)

2
√
t

,

d2(0)(ô, x)

2
√
t

≤ d(g2(t))(ô, x) + c0

√
t

2
√
t

≤
√
f(Φt(x))−min

M
f +

c0

2
, t > 0,

where c0 is a positive constant uniform in space and time.
In particular, if γ ∈ f

(
Φt

(
Ad2(0)(ô, 1, 5)

))
then, for all t > 0,

1

2
√
t
− c0

2
≤
√
γ −min

M
f ≤ √γ ≤

√
min
M

f +
5

2
√
t
.

This implies the second inclusion in (8.2) for a suitable positive c2 for all t ∈ (0, T0] by
reducing T0 if necessary.

Now, if γ ∈
[
c−1
1
t ,

c1
t

]
for some positive constant c1, since f is proper and bounded

from below, there must be some point y ∈ M such that f(y) = γ. Moreover, since Φt

is a diffeomorphism for all t > 0, y = Φt(x) for some unique x ∈M if t > 0 is fixed and
it must satisfy:

√
γ −

√
min
M

f ≤ d2(0)(ô, x)

2
√
t

≤
√
γ −min

M
f +

c0

2
.

This implies the first expected inclusion in (8.2) for a suitable positive constant c1 for
all t ∈ (0, T0] by reducing T0 again if necessary. This shows that (7.1) in Proposition
7.2 holds, i.e.

Ric(g2(1)) ≥ λ0Rg2(1)g2(1)− exp (−C0f) g2(1), on M .

As a conclusion, [2, Proposition 7.2] implies that (M3, g2) is isometric to Euclidean
3-space which in turn implies that the cone (C, d2(0)) is itself isometric to Euclidean 3-
space. Therefore, the asymptotic volume ratio AVR(g2) := limr→+∞ r

−3Volg2(Bg2(p, r))
(independent of the base point p ∈M) equals the volume ω3 of the unit ball B(0, 1) ⊆
R3. Now AVR(g2) = AVR(g1) since the two corresponding solutions share the same
cone at t = 0 (together with Colding’s continuity of the volume), one gets AVR(g1) = ω3

which implies that (M3, g1) is isometric to Euclidean 3-space by the rigidity part of
Bishop-Gromov volume comparison. This ends the proof of Theorem 1.3. �
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Appendix A. Volume and distance convergence, for solutions to Ricci
flow with Ric ≥ −1 and curvature bounded by c0/t

We recall the following result of Simon-Topping.

Lemma A.1 (Simon-Topping, [ST21, Lemma 3.1]). Let (Mn, g(t))t∈(0,T ), T ≤ 1, be
a smooth Ricci flow, satisfying Ric(g(t)) ≥ −g(t), |Rm(g(t))| ≤ c0/t, where M is
connected but (Mn, g(t)) not necessarily complete. Assume furthermore that Bg(t)(x0, 1)
is compactly contained in M for all t ∈ (0, T ).

Then X := (∩s∈(0,T )Bg(s)(x0,
1
2)) is non-empty and there is a well defined limiting

metric dt → d0 as t↘ 0, where

etd0 ≥ dt ≥ d0 − γ(n)
√
c0t for all t ∈ [0, T ) on X.(A.1)

Furthermore, there exists R = R(c0, n) > 0, S = S(c0, n) > 0 such that Bd0(x0, r) b
X ⊆ X and Bg(t)(x0, r) b X ⊆ X for all r ≤ R(c0, n) and t ≤ S where X is the
connected component of X which contains x0, and the topology of Bd0(x0, r) induced
by d0 agrees with that of the set Bd0(x0, r) ⊆M induced by the topology of M .

In the setting of solutions (Mn, g(t))t∈(0,T ) with Ric(g(t)) ≥ −1 and curvature
bounded by c0/t which are Reifenberg, at time zero, one has a Pseudolocality type
theorem, even when (Mn, g(t)) is not necessarily complete. This is in contrast to
the general setting, where completeness is required, as can be seen by the example of
Giesen-Topping [GT13].

Lemma A.2 (Pseudolocality for Reifenberg regions). Let (Mn, g(t))t∈(0,T ), T ≤ 1,
be a smooth Ricci flow, satisfying Ric(g(t)) ≥ −g(t), |Rm(g(t))| ≤ c0/t, where M is
connected but (Mn, g(t)) not necessarily complete. Assume furthermore that Bg(t)(x0, 1)

is compactly contained in M for all t ∈ (0, T ), and let X := (∩s∈(0,T )Bg(s)(x0,
1
2)) be as

in A.1 endowed with the metric d0. Assume that Bd0(x0, r) is as in Theorem A.1, and
furthermore that all tangent cones of Bd0(x0, r) are isometric to (Rn, d(δ)). Let ε > 0

be given. Then there exists a δ̂ > 0 depending on ε, n, x0 and the solution, such that if
0 < t ≤ δ̂ then

|Rm(g(t))| ≤ ε

t
, on Bd0

(
x0,

r
4

)
.

Proof. Let ε > 0 be fixed. Assume we find a sequence of points yi ∈ Bd0(x0, r/4) and
times 0 < ti → 0 as i→∞ so that ti|Rm(g(ti))|(yi) ∈ [ε, c0].

After taking a subsequence we may assume without loss of generality that yi → z ∈
Bd0(x0, r/2). We consider different cases, Case 1.2 being the most difficult.

Case 1: d2
0(yi, z) ≥ Ati for some A > 0 for all i ∈ N.

We scale solutions and initial data so that d̃i(0) := λidi(0), for λi := (d0(yi, z))
−1 →∞

so that d̃i(0)(yi, z) = 1, and (M, d̃i(0), z)) → (Rn, d(δ), 0) in the Gromov-Hausdorff
sense as i → ∞. Then the new times t̃i := tiλ

2
i for the scaled solution (M, g̃i(t̃) =

λ2
i g(λ−2

i t̃))t̃∈(0,λ2
i )

satisfy 0 < t̃i = (d̃i(0)(yi, z))
−2t̃i = (di(0)(yi, z))

−2ti ≤ A−1 <∞. In

particular, (M, d̃i(0), z) approaches (Rn, d(δ), 0) in the Gromov-Hausdorff sense as i→
∞, and the solution (M, g̃i(t), z)t∈(0,λ2

i )
(we denote the variable t̃ by t again, for ease of
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reading) approaches a solution (X,h(t), z)t∈(0,∞) with Ric(h(t)) ≥ 0, |Rm(h(t))| ≤ c0/t,
and

(A.2) ds ≥ dt ≥ ds − c
√
t− s, 0 ≤ s ≤ t,

such that (X, d(h(t)), z)→ (Rn, d(δ), 0) in the Gromov-Hausdorff sense as t↘ 0.
Hochard’s splitting result (Proposition B.1) then tells us that (X,h(t), z)t∈(0,∞) is

isometric for all times to (Rn, d(δ), 0) (alternatively, scaling the solution by ηi ↘ 0 leads
to solutions also coming out of (Rn, d(δ)), and hence the volume convergence theorem
of Cheeger-Colding, [Che01, Theorem 9.45] with the distance estimates (A.2), shows for
the solution (X,h(t)) for any fixed t > 0, that r−nVolh(t)(Bh(t)(x, r))→ ωn as r →∞,
and so Bishop-Gromov volume comparison tells us that r−nVolh(t)(Bh(t)(x, r)) = ωn
for all r > 0 which implies the solution is isometric to (Rn, dδ) (by the equality case of
Bishop-Gromov volume comparison)). From the construction, we know that t̃i ≤ A−1.

Note that t̃i|Rm(g̃i(t̃i))|(yi) = ti|Rm(g(ti))|(yi) ∈ [ε0, c0].

Case 1.1: For a subsequence of t̃i we have t̃i → τ > 0, as i→∞.

Then,

|Rm(g̃i(t̃i))|(yi) =
1

t̃i
(t̃i|Rm(g̃i(t̃i))|(yi)) ∈

[
ε0/t̃i, c0/t̃i

]
→ [ε0/τ, c0/τ ] ,

leads to a contradiction, since the limiting solution is flat.

Case 1.2: t̃i → 0 as i→∞.

For η > 0, we can find N(η) ∈ N large so that

Volg̃i(η)(Bg̃i(η)(yi, 1)) ≥ ωn(1− η), for all i ≥ N(η).

In the following, γ(η) > 0 can change from line to line, but always satisfies γ(η)→ 0 as
η → 0. Hence, with the help of Bishop-Gromov volume comparison and the fact that
Ric(g̃i(t)) ≥ −ε(i) for all t > 0 (in particular for t = η), where ε(i)→ 0 as i→∞, we
see Volg̃i(η)(Bg̃i(η)(yi, `)) ≥ ωn(1 − γ(η))`n for all i ≥ N(η), ` ∈ (0, 1), after adjusting
N(η) if necessary. Using the distance estimates (A.2), we know for arbitrary r ∈ (0, η)
that Bg̃i(r)(yi, 1) ⊇ Bg̃i(η)(yi, 1− γ(η)) and hence,

Volg̃i(η)(Bg̃i(r)(yi, 1)) ≥ Volg̃i(η)(Bg̃i(η)(yi, 1− γ(η))) ≥ ωn(1− γ(η))

for i ≥ N . For arbitrary r ∈ (0, η), let Ω := Bg̃i(r)(yi, 1) for i ≥ N(η). Using Rg̃i(t) ≥
−ε(i), with ε(i)→ 0 as i→∞ and

d

dt

ˆ
Ω
dµg̃i(t) = −

ˆ
Ω

Rg̃i(t) dµg̃i(t) ≤ ε(i)
ˆ

Ω
dµg̃i(t),

we see that

ωn(1− γ(η)) ≤
ˆ

Ω
dµg̃i(η) ≤ eε(i)η

ˆ
Ω
dµg̃i(r),

that is Volg̃i(r)(Bg̃i(r)(yi, 1)) ≥ ωn(1 − γ(η)) for arbitrary r ∈ (0, η), i ≥ N(η). Once
again, Ric(g̃i(t)) ≥ −ε(i) for all t > 0 coupled with Bishop-Gromov volume com-
parison tells us that Volg̃i(r)(Bg̃i(r)(yi, `)) ≥ ωn(1 − γ(η))`n for all ` ≤ 1, for all
i ≥ N(η), where we assume without loss of generality, ε(i) ≤ η for all i ≥ N(η).
Scaling the solution once more by ĝi(t) = t̃−1

i g̃i(t̃it), we see on the one hand that
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|Rm(ĝi(1))|(yi) ∈ [ε, c0] and on the other hand, Volĝi(t)(Bĝi(t)(yi, `)) ≥ ωn(1 − γ(η))`n

for all t ∈ (0, ηt̃−1
i ), for all i ≥ N(η). Taking a subsequence if necessary, we can

assume that (M, ĝi(t), yi)t∈(0,Ti) → (Y, ĝ(t), p)t∈(0,∞) as i → ∞ where Ti := ηt̃−1
i .

Moreover, (Y, ĝ(t), p) satisfies Ric(ĝ(t)) ≥ 0, |Rm(ĝ(t))| ≤ c0/t for all t > 0 and
Volĝ(t)(Bĝ(t)(p, `)) ≥ ωn(1 − γ(η))`n for all l > 0, t > 0. Thus letting η → 0 we
have Volĝ(t)(Bĝ(t)(p, `)) ≥ ωn`n, and hence Bishop-Gromov volume comparison implies
Volĝ(t)(Bĝ(t)(p, `)) = ωn`

n, for all l > 0 and so (Y, ĝ(t), p) is flat and isometric to
(Rn, δ, 0) for each t ∈ (0,∞). This is a contradiction to |Rm(ĝi(1))|(yi) ∈ [ε, c0].

Case 2: There exists a subsequence of ((yi, ti))i∈N so that d2
0(yi, z)/ti → 0 as

i→∞.

We scale solutions and initial data so that d̃i(0) := λid(0), for λi := t
−1/2
i so that

d̃2
i (0)(yi, z) = d2

0(yi, z)/ti → 0. Since by assumption, (M, d̃i(0), z)i → (Rn, d(δ), 0) in

the Gromov-Hausdorff sense as i → ∞, so does the sequence (M, d̃i(0), yi)i. Then
the new times t̃i := tiλ

2
i for the scaled solution (M, g̃i(t̃) = λ2

i g(λ−2
i t̃))t̃∈(0,λ2

i )
sat-

isfy t̃i = 1, and as before, (M, g̃i(t̃), yi)t̃∈(0,λ2
i )
→ (X,h(t), p)t∈(0,∞) as i → ∞, where

(X,h(t), p)t∈(0,∞) is a solution to Ricci flow satisfying Ric(h(t)) ≥ 0 and |Rm(h(t))| ≤
c0/t for all t > 0, which approaches (Rn, d(δ), 0) in the Gromov-Hausdorff sense as t↘
0, in view of the distance estimates (A.2). Hochard’s splitting result (Proposition B.1),
or the alternative argument presented in the proof above, show us that (X,h(t), p) is
isometric to (Rn, d(δ), 0) for each t > 0. But |Rm(g̃i(t̃i))|(yi) = |Rm(g̃i(1))|(yi) ∈ [ε, c0]
which is a contradiction for large enough i. �



38 ALIX DERUELLE, FELIX SCHULZE, AND MILES SIMON

Appendix B. A splitting theorem of R. Hochard for the Ricci flow in a
singular setting

We recall an unpublished result due to Hochard [Hoc19].

Proposition B.1 ([Hoc19, Lemma I.3.12]). Let (Mn, g(t))t∈(0,T ) be a complete Ricci
flow such that for t ∈ (0, T ) and for some K > 0,

(B.1) |Rm(g(t))| ≤ K

t
, injx(g(t)) ≥

√
t

K
, Ric(g(t)) ≥ 0.

Let (M,d0) := limt→0+(M,dg(t)) denotes the limit metric space obtained from Lemma
A.1 and assume it is non-collapsed at all scales, i.e. Hn(Bd0(x, r)) ≥ vrn for all r > 0
and x ∈ M for some v > 0. Assume furthermore that there exists a metric space
(X, dX) and for some 1 ≤ m ≤ n an isometry

ϕ : (X × Rm, dX×Rm)→ (M,d0),

where dX×Rm denotes the product metric on X × Rm. Then X is homeomorphic to a
smooth manifold N of dimension n−m and there exists a smooth, complete Ricci flow
(Nn−m, h(t))t∈(0,T ), satisfying (B.1), such that

ϕ∗g(t) = h(t)⊕ gRm .
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